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ABSTRACT
This thesis studies the effect of the traffic bursts in the queue. Knowledge of the
queueing behavior provides opportunity for additional control and improved performance. Most existing work on queueing today is based on Long-Range-Dependence
(LRD) and Self-similarity, two well-known properties of network traffic at large scales.
However, network traffic shows bursty behavior on small scales which are not captured by traditional self-similar models. We leverage a decomposition of traffic into
two components. The alpha component is the bursty part of the traffic consisting of
only few high bandwidth connections. The beta component collects the residual traffic and is a Gaussian LRD process. The alpha component is highly non-Gaussian and
bursty. We propose two models for the alpha component, a heavy-tailed self-similar
process and a high rate ON/OFF source. Our results explain how size and type of
bursts affect the queueing behavior.
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Chapter 1
Introduction
Predicting queueing behavior of the Internet traffic and understanding the causes of
its complex dynamics is of chief importance for network management and protocol
design. The true value of the discovery of long-range dependence (LRD) in network
flow dynamics, e.g., came with the identification of the source of this phenomenon —
the client behavior — along with the assessment of its impact on network performance.
While the concept of LRD allows to address the behavior of queues at large time scales,
ideally infinitely large, and for large buffer sizes, the concept of the critical time scale
(CTS) was born out of the need to handle more realistic time frames and queue sizes
[BCRH+ 00].
More recent analysis of real Internet traffic traces [WSRB02, SRB02] has shown
that the traffic bursts appearing at time scales of the order of round trip times (RTT)
on which the predominant transfer protocol TCP operates are typically generated by
just a few high bandwidth connections. This discovery has lead to a decomposition
of internet traffic into an alpha and a beta component. The alpha component collects
all traffic generated by a few high bandwidth connections; the beta component is
defined as all the residual traffic. As noted in [WSRB02, SRB02], the beta component
is statistically close to fractional Gaussian noise (fGn) while the alpha component is
highly non-Gaussian and bursty. The goal of this thesis is to assess the impact of the
two components on queueing behavior under various network conditions.
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Throughout this work, we follow [WSRB02, SRB02] and model the beta component by a fGn process. This is a well known Gaussian model with LRD which
approximates network traffic produced by a large number of identical sources particularly well [Nor97, LR97, WTSW97, DO95]. Since beta connection are reported to
be sending in first approximation at equal rates, an fGn model appears indeed most
suitable for the beta component [WSRB02, SRB02].
However, only little indication is given in [WSRB02, SRB02] as to an appropriate
choice of a model for the alpha component. In this thesis, we propose two different
approaches to this end. In the first one, called the self-similar burst model, the alpha
component is modelled as a self-similar bursty process while the second one, called
the ON/OFF burst model represents the alpha component by one high rate ON/OFF
source. Thereby, we will always assume that the alpha and beta component are
statistically independent, which seems reasonable in view of the fact that the two
components are generated by different types of connections.
In both modelling approaches we exploit the useful concept of the ON/OFF source.
An ON/OFF source alternates between ON periods when sending or receiving a file
and OFF periods when idle. It provides, thus, a simple yet effective abstraction of
an actual traffic source. Thereby, an ON/OFF source will send with equal transfer
rates during all its ON periods.
In its most classical form, an ON/OFF model of network traffic consists of a
superposition of equal ON/OFF sources. It is notable, that the aggregate process
obtained after superposing several such ON/OFF sources with identical rates has two
different limiting regimes. The limit of the aggregate process is fractional Brownian
motion (fBm) when the number of ON/OFF sources goes to infinity faster than the
time scale. On the other hand, if the number of sources is kept finite and the time scale
goes to infinity, the aggregate process of the ON/OFF sources converges to stable Levy
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motion (sLm). This latter model approximates the load of a few connections which
work at a fast looking pace, while the former represents the traffic of an overwhelming
number of connections. The increments of the fBm process is the fGn process, which is
a stationary Gaussian process with strong correlation. The increments of sLm process
is stable Levy noise (sLn), a sequence of independent stable variables. We note here
that the stable random variable (r.v.) has a heavy tailed distribution function which
could appear reasonable as a model for traffic bursts (see [LLDH02, Whi00]).
The above discussion makes the following choice natural. In the self-similar burst
model the alpha component of the traffic is modelled by a sLn process which seems
appropriate since the alpha traffic is generated by a few high bandwidth connections
which operate at fast clocking rate. Indeed, the study presented in [WSRB02, SRB02]
revealed that alpha connections run typically over paths with very small round trip
times; however, the round trip time is the basic time scale at which the control
mechanism TCP works. In this modelling approach, we represent the beta component
by a fGn process which again is natural since it is a superposition of the traffic of
many slow sources.
First, to exploit the benefits of dealing with self-similar processes we assume in
the self-similar burst model that alpha and beta components possess the same selfsimilarity parameters. This simplifies the analysis greatly. Our first result, which is
derived purely from the self-similarity, relates that the heavy tailed traffic bursts of the
alpha component may affect the queue tail strongly. More precisely, the probability
of buffer overflow takes on the usual Weibull form for small buffers, governed by the
beta component; yet, this behavior is contrasted by a power-law function for large
buffers where the alpha component dominates.
Second, in order to study the queueing of the self-similar model we de-multiplex
the incoming traffic aggregate into two flows which are served by two queues, one

4
total traffic

alpha component

5

2.5

=

1.5
1

2000
4000
time (1 unit=500ms)

6000

1.5

+

1

0
0

x 10

2

0.5

0.5
0
0

2.5

2

2

number of bytes

number of bytes

2.5

5

x 10

number of bytes

3

beta component

5

x 10

1.5

1

0.5

1000

2000 3000 4000 5000
time (1 unit=500ms)

6000

7000

0
0

1000

2000 3000 4000 5000
time (1 unit=500ms)

Figure 1.1 De-Multiplexing of two flows

of them serving the alpha component and the other serving the beta component.
Figure (1.1) shows the single queue and de-multiplexed queues. The service rate of
the queues and the buffer sizes are free parameters of the de-multiplexing operation.
Our goal is to choose the parameters to achieve efficient de-multiplexing. Indeed, the
sum of the sizes of the two queues must be larger than the size of the single queue. We
investigate for which parameter setting the sum of the two queues becomes close to a
single queue. Here, the critical time scale (CTS) emerges as an important parameter
for de-multiplexing. We will show that for efficient de-multiplexing the service rates
of queues and queue sizes should be chosen in such a way as to make the CTS of all
queues the same.
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Figure 1.2 A Queue with variable service rate

In the second model, namely the ON/OFF burst model, the alpha component
is modelled by a high rate ON/OFF source. Therefore the network traffic is the
superposition of the beta component which collects all small rate connections and
one high rate ON/OFF source. This is justified by the fact that typically only one
alpha connection is active of a time (see [SSB02, SRB02]). The ON/OFF source
increases the mean value of the traffic during the ON periods. So at large time scales
the ON/OFF source produces traffic bursts. When the ON/OFF burst model is
offered as the input traffic to a network queue, the ON/OFF source may or may not
affect the queueing behavior.
For an analysis of the queueing behavior, we define the free capacity of the queue
as the service rate of the queue minus the mean arrival rate of the beta component. If
the rate of the ON/OFF source during the ON periods is less than the free capacity
of the queue then the ON/OFF source does not change the asymptotic behavior of
the queue. In other words it does not have much effect on the queueing behavior.
However if the rate of the ON/OFF source during the ON period is larger than the
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free capacity then the average queue size increases during the ON periods. So the
queueing behavior can be strongly changed by the ON/OFF source.
In the presence of the beta component the high rate ON/OFF source can be viewed
as providing variable service rate. The service rate for the beta component when the
ON/OFF source is ON is equal to the full service rate minus the rate of the ON/OFF
source and it is equal to the full service rate when the source is OFF. Therefore
we prepare to study a variable service queue to analyze the queueing behavior the
ON/OFF burst model.
First we analyze the queueing behavior of a Markov service rate queue, meaning
discrete time queue where the service rate changes as a Markov chain. Necessarily,
the ON period of the ON/OFF source in the setting has a short-tailed distribution
which may be unrealistic. This leads us to study the renewal service rate queue,
where the variation of the service rate is modelled by a renewal process. Here, a
long-tailed ON period source maybe modelled by a renewal ON/OFF source with a
long-tail distribution function for the ON periods.
Second, we analyze the queueing behavior and the effect of the ON/OFF source
in the queue for several cases and we compare the queueing analysis results for the
self-similar burst model and the ON/OFF the burst model.
Here is the structure of the thesis. In section 2.1 we study the self-similar model
and the ON/OFF source concept and existing work on this subject. In the next section
we introduce the self-similar burst model which assumes that the alpha component
is well approximated by a self-similar bursty process. In section 2.3 we analyze the
queueing behavior for the self-similar burst model by self-similarity techniques of
queueing analysis. Next we propose a method for de-multiplexing a single flow into
two flows in a general queue. By this method we de-multiplex the self-similar burst
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model in order to compute the upper bound for probability of buffer overflow in
section 2.7.
In the first section of chapter 3 we survey existing work on the effect of the highrate ON/OFF source in the queue (section 3.1). Next we introduce the ON/OFF
burst model where the alpha traffic is modelled by an ON/OFF source. Sections
3.4 and 3.5 explain the behavior of the variable service rate queue which we use as
an abstraction of the effect of the one high rate ON/OFF source. In section 3.6 we
analyze the queueing behavior of the ON/OFF burst model for several cases. The
final section, 3.7 provides a summary of the queueing behavior for the ON/OFF burst
model. Finally, chapter 4 presents a comparison of the self-similar burst model with
the ON/OFF burst model and summarizes the important results of this thesis.
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Chapter 2
Background
2.1
2.1.1

Classical model and self-similarity
M/M/1 queue

The M/M/1 model is a queueing model where both the distribution of customer
arrivals and the distribution of service times are assumed to be exponential, and
there is a single server. Let f (t) and g(u) be the probability density function of the
inter-arrival times and service time respectively. In the M/M/1 queue f (t) and g(u)
are exponential functions, which can be defined as:
f (t) = λ exp(−λt)
g(u) = µ exp(−µu)
The distribution function of M/M/1 queue is exponential. It is determined by the
following formula
P [Q > b] = exp(−(µ − λ)b)

(2.1)

This equations shows the queue tail of M/M/1 queue is always an exponential functions which decreases very fast.
2.1.2

self-similarity

The network traffic has self-similar scaling properties. It can be modelled by fractional
Gaussian noise (fGn) process. The aggregate process of fGn process is fractional
Brownian motion (fBm). The fBm is a self-similar process.
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A process Z is H-self-similar with stationary increments (H-sssi) if for all a > 0
d

Z(at) = aH Z(t)

(2.2)

where H is the self-similar parameter (0 < H < 1). The random process fBm satisfies
(2.2). It is non-stationary process since is has stationary increments. The increments
of fBm, G(n) is defined by
GH (n) = BH (nδt) − BH ((n − 1)δt))

(2.3)

for finite δt. The fGn satisfies in scaling property
d

m1−H G(m) = G

(2.4)

where G(m) is the aggregate process. It is defined as:
(m)

G

1
(k) =
m

km
X

G(i)

(2.5)

i=(k−1)m+1

Also fGn process is a Long-Range-Dependence (LRD) process when .5 < H < 1,
which means the samples of process at different times are strongly correlated. The
autocorrelation function of LRD process has a long tail so sum of the values of autocorrelation function diverges. The network traffic exhibits both self-similar scaling
and long-range dependence properties. So, the fGn traffic which has these properties
is a good model for network traffic.

2.2

ON/OFF Model

The connection oriented view of internet traffic considers the traffic as a superposition
of independent ON/OFF sources which have heavy-tailed distributions for the ON
and OFF periods. In the ON/OFF model an individual source is modelled as an
alternating renewal process. When the source is active or ON, it sends packets into
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the network, and when it is inactive or OFF, it is idle and does not send any packets.
Let {Xi (t), t ≥ 0} be a stationary process, where

 1 if t lies in an ON period
X(t) =
 0 if t lies in an OFF period
The length of the ON intervals are i.i.d., and the length of the OFF intervals are
i.i.d, and also the length of ON and OFF periods are independent. Assume that
X1 (t), X2 (t), ..., XM (t) are M ON/OFF sources, then
total traffic = X1 (t) + X2 (t) + ... + XM (t)
Let F on (x) and F off (x) represent the complementary distribution function of the
ON and OFF intervals. Let σon and σoff denote the variance of ON and OFF interval
lengths. Assume that as x → ∞
either F on (x) = Lon (x)x−αon , 1 < αon < 2 or σon < ∞
and
either F off (x) = Loff (x)x−αoff , 1 < αoff < 2 or σoff < ∞
where Lon (x) > 0 and Loff (x) > 0 are slow varying functions at infinity, which means
L(tx)
=1
x→∞ L(x)
lim

for any t > 0. For example the constant function and the Log function are slow
varying functions at infinity. Here, the exponents αon and αoff are the tail parameters
for the ON and OFF periods respectively. Also let µon and µoff be the expected values
of ON and OFF interval lengths respectively.
The superposition packet count at time t is

PM
i=1

Xi (t). So the aggregate cumu-

lative packet for the interval [0, t] is
Z

M
t X

Y (t) =

[

0

k=1

Xk (u)]du
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The limit of the scaled random process {Y (T t)} has two different regimes. The limit
regimes depend on the distribution function of the ON and OFF periods, and how
the parameters M (number of sources) and T (scaling parameter) go to infinity.
The following theorems 2.1 and 2.2 ([TL86, TWS97, GK02]) determine the limits
of the aggregate process Y (T t) when M → ∞ and T → ∞.
Theorem 2.1 For large M and T , the aggregate cumulative packet
process {Y (T t), t > 0} behaves statistically like
TM

p
µon
t + T H L(T )M σBH (t)
µon + µoff

where H = (3 − min(αon , αoff ))/2 is self-similar parameter and σ is the
scale parameter which depends on the distribution function of ON and
OFF periods. The BH (t) is standard fractional Brownian motion. In the
limit:

on
YM (T t) − T M µonµ+µ
t
off
p
lim lim
= σBH (t)
T →∞ M →∞
T H L(T )M

where the limit converges in the sense of the finite-dimensional distributions.
Theorem 2.2 For a large T , the aggregate packet process of an ON/OFF
sources {X(T t), t > 0} behaves statistically like the stable Levy motion
(sLm) [ST94, LLDH02]. In the limit:
lim

T →∞

1
T αmin

Z

Tt

[X(u) −
0

µon
T t]du = σLα,β (t)
µon + µoff

where α = min(αon , αoff ) and σ is the scale parameter which depends on
the distribution functions of ON and OFF periods. The Lα,β (t) is stable
Levy motion process with scaling parameter 1, and skew β. The β = 1
when αon > αoff and β = −1 when αon < αoff and −1 < β < 1 when
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αon = αoff . In the particular case that ON and OFF periods have the
same distribution function, β = 0 and Lα,β (t) is a symmetric Levy stable
motion.

2.3

Alpha-Beta decomposition

The study in [WSRB02, SRB02] on the Internet traffic shows that the traffic bursts
come from huge file transmissions over high bandwidth links and concludes that the
internet traffic is non-Gaussian. But if the traffic which is generated by the few high
bandwidth connections is taken away, the residual traffic becomes Gaussian and nonbursty. Consequently, we define the alpha component according to [WSRB02, SRB02]
to be the traffic which is generated by the few high bandwidth connections and the
beta component to be the residual traffic.
total traffic = alpha component + beta component
The Alpha-Beta traffic can be modelled by ON/OFF sources. Most of the low bandwidth connections (more than 98% of connections by [WSRB02, SRB02]) can be modelled by ON/OFF sources with the same rate and the same inter-arrival distribution
function. These sources are beta-sources which model beta-connections [WSRB02,
SRB02]. The superposition of beta-sources models the beta component. The few
high bandwidth connections (less than 2% of connections by [WSRB02, SRB02]) are
modelled by high rate ON/OFF sources. These ON/OFF sources which model alpha
connections are alpha-sources. The alpha connections are high bandwidth connections. So the load of the alpha-sources is more long tailed than that of the betasources. Because they have high bandwidth and they send and receive huge files, the
ON periods of alpha-sources are more long tailed than that of the beta-sources.
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By theorem 2.1 when there are many ON/OFF sources and they have almost the
same rate, the aggregate cumulative process of sources in the large time scale behaves
like a fBm process. So the superposition of many i.i.d. ON/OFF sources at large time
scales is fractional Gaussian noise (fGn). The fGn process is the increment of fBm
traffic and is a stationary and strongly correlated process. So the beta component
which is the superposition of the many beta-sources is well modelled by a fGn process.
The theorem 2.2 shows that the aggregate process of an ON/OFF source converges to stable Levy motion (sLm) [ST94, Whi00] at very large time scales. So the
superposition of few ON/OFF sources converges to stable Levy noise (sLn) when the
time scale is large. The sLn process, the increment of sLm, which is a stationary process with heavy-tailed marginals. So the alpha component which is the superposition
of few high bandwidth connections could be modelled by a sLn process. The high
bandwidth connections send and receive huge files and the files have a heavy-tailed
distribution function [CB97]. On the other hand, the Round-trip-time (RTT) for high
bandwidth TCP connection is too small, so the connection can be considered as an
ON/OFF source which has been compressed in time. So, when the time scale is large
enough, the alpha component is well modelled by a sLn process.
Throughout this work ([WSRB02, SRB02]) the beta traffic is modelled by a fractional Gaussian noise (fGn) process which is a good model for beta component. In
many investigations the fGn process has been introduced as a model for Internet
traffic [WPRT, Nor97, LR97, WTSW97]. On the other hand, the alpha traffic can
be modelled in many different ways, because the number of bursty periods is much
smaller compared to the number of non-bursty periods and the heights of the bursts
vary a great deal. Furthermore, the study of [CB97] shows that the internet file sizes
have a heavy-tailed distribution function. So, the traffic bursts in large time scales
have a heavy-tailed distribution.
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If we suppose that the traffic is self-similar, then the beta component (fGn traffic)
and the alpha component of the traffic will be self-similar with the same self-similarity
parameters. Under those conditions (self-similar heavy-tailed arrivals) the fractional
Stable noise (fSn) could be a good model for alpha traffic. The self-similar parameter
of fSn is chosen to be the same as fGn and the tail of the traffic bursts determines
the tail parameter of the fSn process. Also in [KH98, BM00] the internet traffic with
heavy-tailed distribution in bursty points is modelled by a fSn process only, which
shows that in some cases it can model the bursty traffic well by itself.
Let αon(β) represent the tail parameter of beta-sources at ON period and the
σ1 BH1 (t) denote the aggregate cumulative process of beta-sources. By theorem 2.1:
H1 =

3 − αon(β)
2

(2.6)

Also, let αon(α) represent the tail parameter of alpha-sources and the σ2 LH2 (t) denote
the aggregate cumulative process of alpha-sources. By theorem 2.2:
H2 =

1
αon(α)

(2.7)

The network traffic which is a superposition of independent alpha and beta components exhibits the self-similarity properties. If we assume that the superposition
of fGn and sLn processes is self-similar, then the fGn and sLn processes have the
same self-similarity parameter (because sum of two independent self-similar traffics is
self-similar if and only if they have the same self-similarity parameters). This means
that
H1 = H2
and the equations (2.6) and (2.7) imply that
αon(α) < αon(β) .
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This is consistent with the assumptions about the alpha and beta sources that the
alpha sources are more long tailed than beta sources.
So by using the above results on the ON/OFF model we propose a model for the
network traffic which is a sum of the fGn and sLn processes. The model is explained
in chapter 3.

2.4

Exploiting self-similarity in queueing analysis

Let us set up same notation in queueing analysis. Let A(t) be the total arrival into
the queue from 0 to the time t and C service rate of the queue. Thus, A(t) − A(s) is
the amount of traffic comes into the queue during the time interval (s, t] and C(t − s)
the maximum amount of traffic which is served by the queue in that time interval.
So by the expansion of the Lindley’s formula [Pra97, CY01] the backlog traffic at the
time t is
W A,C (t) = sup (A(t) − A(s) − C.(t − s))

(2.8)

0≤s≤t

For a stationary reversible input traffic (the increment of a self-similar traffic has
these properties), the backlog r.v. could be defined as
W A,C = sup(A(t) − Ct).

(2.9)

t≥0

Also the following inequality (2.10) gives a lower bound for the P [W A,C > b]
P [W A,C > b] = P [sup W A,C (t) > b] ≥ sup P [W A,C (t) > b]
t∈Ω

(2.10)

t∈Ω

There are several methods to perform the queueing analysis of a self-similar traffic. In
the Norros model for a self-similar traffic [Nor97, LR97, DO95, NW98], the aggregate
process of traffic is defined as:
A(t) = ZH (t) + mt

(2.11)
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where ZH (t) is a self-similar process with self-similarity parameter H and m is mean
arrival of traffic. Therefore, the queue size distribution can be computed as:
P [Q > b] = P [sup A(t) − Ct > b] = P [sup ZH (t) + mt − Ct > b]
t≥0

(2.12)

t≥0

so by the equations (2.12), (2.9) and (2.10)
P [Q > b] = P [sup ZH (t) − (C − m)t > b] ≥ sup P [ZH (t) − (C − m)t > b].
t≥0

(2.13)

t≥0

d

Since ZH (t) is self-similar, ZH (t) = tH ZH (1) we have
sup P [ZH (t) − (C − m)t > b] = sup P [ZH (1) >
t≥0

t≥0

For maximizing P [ZH (1) >

b+(C−m)t
],
tH

the value of

b + (C − m)t
]
tH

b+(C−m)t
tH

(2.14)

should be minimized.

This is achieved when t = t∗ where
t∗ =

Hb
.
(1 − H)(C − m)

(2.15)

The time t∗ which maximizes the probability in (2.14) is called the Critical Time Scale
(CTS). In other words, at the CTS time the probability of overflowing of the queue
is maximized. The CTS is an important parameter to find the asymptotic queueing
behavior of the queue.
So, by following the basic ideas of Norros, we achieve the following lemma.
Lemma 2.1 Assume that the aggregate input traffic is defined as (2.11)
then the queue tail of traffic has following lower bound.
P [Q > b] ≥ P [ZH (1) > κb1−H ]
where κ =

(C−m)H
H H (1−H)1−H

(2.16)

depends on the self-similar parameter (H) and the

free capacity of the queue (C − m).
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We check the inequality (2.16) for two well known self-similar processes: the fBm and
sLm. Before explaining queueing analysis of each process, let define the asymptotic
equality of two functions that we use in our work.
Definition 2.1 Two functions f (x) and g(x) are asymptotically equal
when h(x) =

f (x)
g(x)

is a slow varying function at infinity. The asymptotic

equality is represented as: f (x) ³ g(x).
log

Also when the log f (x) ³ log g(x) then we represent then as f (x) ³ g(x).
It is clear, for positive functions f (x) and g(x), when f (x) ³ g(x) then
log

we will have f (x) ³ g(x) too.
First assume that the input traffic is a fGn process; then the aggregate traffic is
d

a fBm process ([WPRT, Nor97, ST94, BD01]). In other words ZH (t) = σBH (t),
where σ is the scale parameter and BH (t) is the standard fractional Brownian motion
(BH (1) ∼ N(0, 1) Gaussian r.v.).
By the inequality (2.16)
P [Q > b] ≥ P [σBH (1) > κb1−H ]
κ
³ exp(−( b1−H )2 /2)
σ

log

= exp(−γ1 b2(1−H) )

(2.17)

This lower bound agrees with results of Norros and Duffield [Nor97, DO95, LR97] for
fGn traffic. They have shown this lower bound is tight when b → ∞. It shows that
the queue tail decreases as a Weibull function with parameter 2(1 − H). As we noted,
for a self-similar LRD traffic 0.5 < H < 1, therefore 0 < 2(1 − H) < 1, which means
the queue tail decreases slower than an exponential function.
In the second case, assume the input process to the queue is a sLn process (β = 1),
d

the aggregate traffic is sLm. In other words ZH (t) = σLH (t), where H = 1/α, α being
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the tail parameter and σ the scale parameter (LH (1) ∼ S(α, 1, 1, 0) stable r.v.). By
the inequality (2.16)
κ 1−H
b
]
σ
Γ(α + 1) sin( πα
) κ 1−H −α
2
³
( b
)
πα
σ

P [Q > b] ≥ P [LH (1) >

= Mα γ2 .b−α+1

(2.18)

This lower bound agrees with a result of Laskin and Lambadaris in [LLDH02](also
[MDM02]). It shows that the queue size has a power-law asymptotic with the exponent −α + 1.
The asymptotic lower bound for the queue tail for fGn and sLn processes show
that when the fGn process is the input traffic of a queue, the queue tail decreases
much faster than when the sLn process is the input traffic.

2.5

Multiplexing of an ON/OFF source and a background
traffic

The alpha component could be modelled by an ON/OFF source in different ways
and in each case it has a different effect on the network queue. In the studies
[WSRB02, SRB02], which analyze traffic bursts, the Internet traffic is divided into
500ms time bins. Then, the bursty time bins are determined which contain an alpha
component by using signal processing techniques. Here, we model the traffic bursts
by an ON/OFF source: the source is ON in the bursty time bins and is OFF in the
non-bursty time bins. Next, we study the queueing behavior of this model under
the simplifying assumption that the ON/OFF source’s state changes as a Markov
chain from a one bin to the next. The bursts of the alpha component which is
generated by an ON/OFF source in the Markov model have an exponential (thus

19
short-tailed) distribution function. For more realistic we consider bursts which have
a long-tailed distribution; here, a renewal process with long-tailed distribution for
the ON period can be used as a model for the bursts of the alpha component. In
[JL99, Jel98, AMN99, Box96, BC00] the renewal ON/OFF source with a long-tailed
distribution for the length of the ON period has been studied. Also the asymptotic
queueing behavior has been analyzed when the input traffic is the superposition of the
ON/OFF source and some other traffic source. Before explaining the main theorem
of their studies, let define the long-tailed and subexponentail random variable.
Definition 2.2 The random variable x is long-tailed, if for each y ∈ R
P [X > x − y]
=1
x→∞
P [X > x]
lim

Examples: The Pareto, Weibull (0 < β < 1) and log-normal random
variables are long-tailed.
Definition 2.3 The random variable x in subexponential, if
P [X + X 0 > x]
=2
x→∞
P [X > x]
lim

where X 0 is an independent copy of X. Example: The Pareto random
variable is subexponential.
Definition 2.4 The integrated tail distribution of the random variable
X is X ∗ . The complementary distribution function of X ∗ is defined as:
1
P [X > b] =
EX

Z

∞

∗

P [X > u]du
b

Theorem 2.3 Assume that A1 (t) is the aggregate process of the traffic
with mean arrival R and A2 (t) is the aggregate process of the renewal
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ON/OFF source with mean arrival ρron , where ron is the rate during the
ON periods. If ron + R > C > ρron + R , and if A1 (t) satisfies
P [W A1 (t),R+ε > x] = O(P [Tα∗ >

x
])
R + ron − C

for every ε > 0, then
P [W A1 +A2 ,C > x]
lim
=1
x→∞ P [W A2 ,C−R > x]
(for a proof of the theorem see [AMN99]).
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Chapter 3
A self-similar burst model
The traffic self-similar burst model is a self-similar bursty model for the network traffic. The aggregate traffic of self-similar burst model is the superposition of fractional
Brownian motion (fBm) and stable Levy motion (sLm) (α = 1/H and β = 1) traffics with the same self-similar parameter. The aggregate process of self-similar burst
model is defined as
A(t) = mt + σ1 BH (t) + σ2 LH (t)

(3.1)

where σ1 and σ2 are scale parameters of the fBm and sLm processes, and m is the
mean value of the traffic. Figure (3.1) depicts the beta component as a fGn process
and the alpha component as a sLn process. As figure (3.1) shows, in the self-similar
burst model the mean value of the traffic is much bigger than the scale parameters
of fGn and sLn processes. In addition the parameter β of sLn process is equal to 1.
So the probability that the process takes negative values is almost zero. In the next
few sections we analyze the queueing behavior of self-similar burst model by making
use of the self-similarity of model.
Before starting to analyze the self-similar burst model, let explain why the model
is self-similar. Next we analyze the queueing behavior of the model by using the
self-similarity.
Proposition 3.1 The sum of two independent self-similar processes
with the same self-similarity parameters is self-self-similar.
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Figure 3.1 self-similar decomposition of traffic: the bursty
component is modelled as sLn, the residual component by fGn

Proof of proposition 3.1 : Assume that σ1 BH (t) and σ2 LH (t) are two independent
self-similar processes. Let
ZH (t) = σ1 BH (t) + σ2 LH (t)
be the sum of self-similar processes. Also let Φ[ZH (at1 ), ZH (at2 ), ..., ZH (atn )] be the
deterministic function of finite random variables ZH (at1 ) to ZH (at2 ). By the assumptions that σ1 BH (t) and σ2 LH (t) are two independent self-similar processes we
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have
φ[ZH (at1 ), ..., ZH (atn )] = φ[σ1 BH (at1 ) + σ2 LH (at1 ), ..., σ1 BH (atn ) + σ2 LH (atn )]
= φ[σ1 BH (at1 ), ..., σ1 BH (atn )] + φ[σ2 LH (at1 ), ..., σ2 LH (atn )]
= φ[aH σ1 BH (t1 ), ..., aH σ1 BH (tn )] + φ[aH σ2 LH (t1 ), ..., aH σ2 LH (tn )]
= φ[aH σ1 BH (t1 ) + aH σ2 LH (t1 ), ..., aH σ1 BH (tn ) + aH σ2 LH (tn )]
= φ[aH ZH (t1 ), ..., aH ZH (tn )]
This shows that ZH (t) is a self-similar process with the same same similarity parameter.

3.1

Queueing analysis of self-similar burst model

The aggregate process of self-similar burst model is the sum of the fBm and sLm
processes. The fBm and sLm processes have very different statistical properties [ST94,
Whi00]. In this section we explain the different effects of these processes in the
network queue. When the traffic self-similar burst model is the input traffic of a
queue, the fGn traffic and sLn traffics have different effects in the queue. As figure
(3.2) shows, the queueing behavior of the self-similar burst model is strongly affected
by the sLn process for large buffer sizes.
By equation (2.17) when the input traffic is a fGn process, the queue size has a
Weibull tail for large b. But figure (3.2) shows that for very large values of b, the
P [Q > b] does not decrease as a Weibull function, instead it decreases as a power-law
function, and when the fGn process is the only input traffic, the queue tail decreases
very fast. Therefore, the power-law decay of queue tail is the effect of the sLn process
in the queue.
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Figure 3.2 The queue behavior of self-similar burst model has two
regimes: It has a Weibull decay like fGn traffic for small buffers, and it has
power-law decay like sLn traffic for large buffers

The self-similar burst model is a self-similar process. So we can use the asymptotic lower bound for the self-similar traffic (equation (2.16)) to analyze the queuing
behavior of self-similar burst model. The equations (2.12) and (2.16) imply
P [Q > b] ≥ P [ZH (1) > κb1−H ] = P [σ1 BH (1) + σ2 LH (1) > κb1−H ]

(3.2)

where ZH (1) is the sum of independent Gaussian and stable random variables. Therefore
the density function of ZH (1) is the convolution of Gaussian and stable density functions. Figure (3.3) plots the density function of ZH (1) for a Gaussian and a nonsymmetric stable random variable (β = 1). As figure (3.3) shows that the density
function of Z(1) is close to the Gaussian density function for small buffer sizes, and
is close to the stable (heavy-tailed) density function for very large buffer sizes. This
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means that the asymptotic lower-bound for P [Q > b] is close to the case when the
input is a fGn process (equation (2.17)) for small buffers, and the asymptotic lower
bound is power-law as the case when the input process is a sLn process (equation
(2.18)) for very large buffers. This agrees with simulation result in figure (3.2).

3.2

De-multiplexing of two general flows

In this section we de-multiplex the flows of a queue into two flows which feed into
two multiplexed queues. This work gives us knowledge about how much each of the
components affects the queueing behavior.
Figure (1.1) shows a queue with service rate C which is compared with a two
queue system with service rates C1 and C2 where C1 + C2 = C. Our goal is to choose
C1 and C2 such that the superposition of the de-multiplexed queue sizes is close to
the queue size of the single queue, and therefore the queueing behavior of the single
queue could be analyzed by using the two de-multiplexed queues. Let A(t) be the
aggregate process of the input traffic of the single queue, hence
A(t) = A1 (t) + A2 (t)

(3.3)

where A1 (t) and A2 (t) are the aggregate processes of the traffic(1) and the traffic(2).
Let W A1 ,C1 (t) and W A2 ,C2 (t) be the corresponding backlog traffics of the queues Q1
and Q2 (equation (2.8)).
In the following sections we find some bounds for W A,C (t) in terms of W A1 ,C1 (t)
and W A2 ,C2 (t) which are helpful for the queueing analysis of the single queue using
the de-multiplexed queues.
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Figure 3.3 Marginal density of the self-similar
bursty model ZH (1) = σ1 BH (1) + σ2 LH (1)

3.2.1

Lower bounds

If we consider the single queue with only one of the two de-multiplexed flows feeding
into it, then the queue size at each time is less than the case when the superposition
of two traffics feeds into the queue. The proposition 3.2 determines a lower bound
for P [Q > b] in terms of the input components by using this idea.
Proposition 3.2 (lower bound) Assume for the queue with service
rate C, that A(t) = A1 (t) + A2 (t) is the aggregate process of the superposition of two traffics. A1 (t) and A2 (t) are the aggregate traffics of each
component. Then for each b > 0
max(P [W A1 ,C > b], P [W A2 ,C > b]) ≤ P [W A,C > b]
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Proof of Proposition 3.2 : A1 (t) and A2 (t) are non-decreasing functions. So by the
definition of W A,C (t) in (2.8)
W A,C (t) =

sup (A(t) − A(s) − C(t − s))
0≤s≤t

=

sup (A1 (t) − A1 (s) + A2 (t) − A2 (s) − C(t − s))

0≤s≤t

≥ max{ sup (A1 (t) − A1 (s) − C(t − s)), sup (A2 (t) − A2 (s) − C(t − s))}
0≤s≤t

= max(W

0≤s≤t

A1 ,C

(t), W

A2 ,C

(t))

therefore
P [W A,C > b] = P [sup W A,C (t) > b]
t≥0

≥ P [sup max(W A1 ,C (t), W A2 ,C (t)) > b]
t≥0

≥ max(P [sup W A1 ,C (t) > b], P [sup W A2 ,C (t) > b])
t≥0

= max(P [W

A1 ,C

t≥0

> b], P [W

A2 ,C

> b])

The above lower bound for P [Q > b] tells us that the queueing behavior of the
superposition of two traffic has a tail longer than the case when only one of the
traffics is offered as the input traffic into the same queue. For example suppose the
P [W A2 ,C > b] has a power-law lower bound, then P [W A,C > b] will at least have a
power-law lower bound.
3.2.2

Upper bounds

When the single queue and the de-multiplexed queues are compared, the total input
traffic is same in both cases. However the service rate of the single queue is C =
C1 + C2 when there is load in the queue but the sum of service rates of the demultiplexed queues could be C = C1 + C2 , C = C1 + 0 or C = C2 + 0 at different
times. Indeed, when one of the de-multiplexed queues is empty, the other one serves
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the loads with a service rate (C1 or C2 ) which is less than C. So the queue size
of the single queue at each time t ≥ 0 is less than the sum of queue sizes of the
de-multiplexed queues. Proposition 3.3 determines an upper bound for P [Q > b] in
terms of the de-multiplexed queues by using that idea.
Proposition 3.3 (upper bound) Assume that A(t) = A1 (t) + A2 (t) is
the aggregate process of superposition of two traffics. Also C = C1 + C2
(C1 , C2 > 0), then for each b > 0
P [W A,C > b] ≤ P [W A1 ,C1 + W A2 ,C2 > b]

Proof of Proposition 3.3 : By the definition of W A,C (t) in (2.8)
W A,C (t) =

sup (A(t) − A(s) − C(t − s))
0≤s≤t

=

sup {A1 (t) + A2 (t) − A1 (s) − A2 (s) − C1 (t − s) − C2 (t − s)}

0≤s≤t

≤

sup (A1 (t) − A1 (s) − C1 (t − s)) + sup (A2 (t) − A2 (s) − C2 (t − s))

0≤s≤t

= W

A1 ,C1

0≤s≤t

(t) + W

A2 ,C2

(t)

therefore
P [W A,C > b] = P [sup W A,C (t) > b]
t≥0

≤ P [sup(W A1 ,C1 (t) + W A2 ,C2 (t)) > b]
t≥0

≤ P [sup W A1 ,C1 (t) + sup W A2 ,C2 (t) > b]
t≥0

= P [W

A1 ,C1

t≥0

+W

A2 ,C2

> b]

The above upper bound of overflow probability of the single queue could be found
in terms of the overflow probabilities of the de-multiplexed queues.
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Proposition 3.4 Assume that Q1 and Q2 denote the de-multiplexed
queues, then
P [Q > b] ≤ P [Q1 > ηb] + P [Q2 > (1 − η)b]
where b > 0 and 0 < η < 1
This inequality can be interpreted as the probability that a queue with size b and
input A1 (t) + A2 (t) overflows. It is smaller than the sum of probabilities that one of
the queues with size ηb and (1−η)b, and with input traffics A1 (t) and A2 (t), overflows.
3.2.3

De-multiplexing parameters

The free parameters of the de-multiplex model {C1 , C2 , η} should be chosen in such
a way as to the upper bound (P [Q1 > ηb] + P [Q2 > (1 − η)b]) for the probability
of overflowing (P [Q > b]) minimize. The theorem 3.1 gives some information about
the critical time scale (equation (2.14)) of the queues in the efficient de-multiplexing
case. It helps us to compute the free parameters for efficient de-multiplexing when
the input process is self-similar.
Theorem 3.1 Let Q be the single queue. Also Q1 and Q2 be the demultiplexed queues. If the P [Q > b] and P [Q1 > ηb] + P [Q2 > (1 − η)b]
have same asymptotic queueing behavior. Further if Q1 and Q2 have only
one critical time scale, then the Q, Q1 and Q2 will have the same critical
time scale.
Proof of theorem 3.1: Let t∗ , t∗1 and t∗2 represent the CTS of the single queue and
de-multiplexed queues. By the inequality (2.10)
P [Q1 > ηb] ≥ P [A1 (t∗1 ) − C1 t∗1 > ηb]

(3.4)
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at time t∗1 , P [A1 (t) − Ct > ηb] is maximized. So for t = t∗
P [Q1 > ηb] ≥ P [A1 (t∗1 ) − C1 t∗1 > ηb]
≥ P [A1 (t∗ ) − C1 t∗ > ηb]

(3.5)

similarly for t∗2 :
P [Q2 > (1 − η)b] ≥ P [A2 (t∗2 ) − C2 t∗2 > (1 − η)b]
≥ P [A2 (t∗ ) − C2 t∗ > (1 − η)b]

(3.6)

By these inequalities (3.5) and (3.6)
P [Q1 > ηb] + P [Q2 > (1 − η)b] ≥ P [A1 (t∗1 ) − C1 t∗1 > ηb] + P [A2 (t∗2 ) − C2 t∗2 > (1 − η)b]
≥ P [A1 (t∗ ) − C1 t∗ > ηb] + P [A2 (t∗ ) − C2 t∗ > (1 − η)b]
≥ P [A1 (t∗ ) − C1 t∗ + A2 (t∗ ) − C2 t∗ > ηb + (1 − η)b]
= P [A1 (t∗ ) + A2 (t∗ ) − (C1 + C2 )t∗ > b]
= P [A(t∗ ) − Ct∗ > b]
On the other hand, the last term (P [A(t∗ ) − Ct∗ > b]) is the asymptotic lower bound
of the P [Q > b]. So if the P [Q1 > ηb] + P [Q2 > ηb] and P [Q > b] are asymptotically
equal then P [Q1 > ηb] + P [Q2 > (1 − η)b] ³ P [A(t) − Ct]. This shows that all of
the inequalities become equalities asymptotically. But by the hypothesis Q1 (t) has
only one CTS which is t∗1 . So if the inequalities convert to asymptotic equality, then
t∗ = t∗1 . Similarly t∗ = t∗2 . Therefore the CTS of the queues are equal. In other
words t∗ = t∗1 = t∗2 . It makes sense because when the single queue and de-multiplexed
queues have almost the same behavior, we expect the overflowing probability of all
the queues to be maximized at the same time scale.
Remark: When the aggregate traffic is a self-similar process then it has only one
critical time scale which depends on the self-similar parameter, the buffer size and
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the free capacity of the queue (equation (2.15)). By theorem 3.1, we can determine
the efficient de-multiplexing for a single queue when input traffic is a superposition
of two self-similar inputs.
Example 1: Suppose that A1 (t) = m1 t is the aggregate process of a Constant Bit
Rate (CBR) traffic and A2 (t) = m2 t + ZH (t) is the aggregate process of a self-similar
traffic. For Q1 , the CTS time can be chosen arbitrary, because when C1 ≥ m1 then
Q1 is always empty. And the CTS time of A2 can be computed by equation (2.15).
Therefore
t∗2 =

H(1 − η)b
.
(1 − H)(C2 − m2 )

On the other hand
A1 (t) + A2 (t) = (m1 + m2 )t + ZH (t)
is the aggregate process of a self-similar traffic. Therefore
t∗ =

Hb
.
(1 − H)(C1 + C2 − m1 − m2 )

It is clear that for efficient de-multiplexing C1 = m1 because it is the minimum value
for C1 for which Q1 is stable and also empty. Also note that Q1 is zero because that
queue is always empty. This means that η = 0. Then we have
Hb
(1 − H)(C1 + C2 − m1 − m2 )
Hb
=
(1 − H)(C2 − m2 )
H(1 − η)b
=
(1 − H)(C2 − m2 )

t∗ =

= t∗2 .
This is the condition that theorem 2.3 for efficient de-multiplexing implies.
Example 2: Suppose the A1 (t) and A2 (t) are two independent identical selfsimilar process. It is clear, in this case, that efficient de-multiplexing occurs for
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C1 = C2 =

C
2

and η = .5. Then
Hηb
(1 − H)(C1 − m1 )
.5Hb
=
.5(1 − H)(C − m)
Hb
=
(1 − H)(C − m)

t∗2 = t∗1 =

= t∗ .
This is the condition that theorem 2.3 implies for efficient de-multiplexing.

3.3

De-multiplexing for the self-similar burst model

In the self-similar burst model, the aggregate traffic is A(t) = mt+σ1 BH (t)+σ2 LH (t).
Here, H is the self-similar parameter and A(t) is the superposition of two traffics: one
of them is fGn traffic with a mean value m1 and the other one is sLn with another
mean value m2 . In other words
A(t) = A1 (t) + A2 (t) = m1 t + σ1 BH (t) + m2 t + σ2 LH (t)

(3.7)

By using the de-multiplexing method the queueing behavior for the self-similar burst
model can be analyzed.
3.3.1

Lower bound

By the proposition 3.2 the self-similar burst model has the following lower bound
P [Q > b] ≥ max{P [W σ1 BH (t)+m1 t,C > b], P [W σ2 LH (t)+m2 t,C > b]}

(3.8)

The simulation results of the queueing behavior for the self-similar burst model and
each part of the traffic are shown in figure (3.2). As the figure shows, the lower bound
(equation (3.8)) can give a good approximation for P [Q > b] for small as well as for
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large values of b. This makes sense because for small values of b the large arrivals of
fGn process cause the buffer overflow, and when b is too large only the huge bursts
in the sLn process cause the buffer overflows. The following lemma determines the
lower bounds of queue tail of self similar burst model.
Lemma 3.5 If the aggregate input traffic of a queue defined as (3.7)
then queue tail has the following lower bounds.
P [Q > b] ≥ exp(−γ10 b2(1−H) )

(3.9)

and for very large values of b
P [Q > b] ≥ Mα γ20 b−α+1

(3.10)

where α, −γ10 , γ20 and Mα are computed as (2.17) and (2.18).
3.3.2

Upper bound

In the self-similar burst model the queues Q1 and Q2 have both self-similar inputs.
So each one has only one critical time scale (CTS) which can be computed in terms
of the queue parameters. Let t∗1 and t∗2 be the CTS of the queues. By equation (2.15),
t∗1 =

ηb
H
,
1 − H C1 − m1

(3.11)

t∗2 =

H (1 − η)b
.
1 − H C2 − m2

(3.12)

On the other hand by theorem 3.1, in the efficient de-multiplexing case
t∗ = t∗1 = t∗2
So by equations (2.15), (3.11) and (3.12)
t∗ =

H
H
H (1 − η)b
b
ηb
=
=
.
1−HC −m
1 − H C1 − m1
1 − H C2 − m2

(3.13)
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So we can find the de-multiplexing queue service rate in terms of η and free capacity
of the single queue, via
C1 − m1 = η(C − m) ,

(3.14)

C2 − m2 = (1 − η)(C − m) .

(3.15)

These equations also show that the free capacity of the single queue is split between
de-multiplexed queues in proportion η and 1 − η between the two queues. If the
asymptotic lower bound of P [Q1 > ηb] and P [Q2 > (1 − η)b] is written in terms of η,
then
P [Q1 > ηb] ≥ P [A1 (t∗1 ) − C1 (t∗1 ) > ηb]
ηb + (C1 − m1 )t∗1
]
t∗H
1
(C1 − m1 )H (ηb)1−H
= P [σ1 BH (1) >
]
H H (1 − H)1−H
(C − m)H b1−H
]
= P [σ1 BH (1) > η H
H (1 − H)1−H
= P [σ1 BH (1) >

= P [σ1 BH (1) > ηκb1−H ]
so for the self-similar traffics A1 (t) and A2 (t) and A1 (t) + A2 (t) we have
log

P [Q1 > ηb] ³ P [σ1 BH (1) > ηκb1−H ]

(3.16)

P [Q2 > (1 − η)b] ³ P [σ2 LH (1) > (1 − η)κb1−H ]

(3.17)

P [Q > b] ³ P [σ1 BH (1) + σ2 LH (1) > κb1−H ]

(3.18)

The equations (3.16) and (3.17) imply
log

P [Q1 > ηb] + P [Q2 > (1 − η)b] ³ φ(η)

(3.19)

φ(η) = P [σ1 BH (1) > ηκb1−H ] + P [σ2 LH (1) > (1 − η)κb1−H ]

(3.20)

where
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On the other hand the following equation is trivial for any η ∈ (0, 1):
φ(η) ≥ P [σ1 BH (1) + σ2 LH (1) > κb1−H ]

(3.21)

So the equations (3.18), (3.19) and (3.21) give us that the asymptotic lower bounds
of the de-multiplexed queues is an upper bound for the asymptotic lower bound of the
single queue. It makes sense because the inequality (3.4) for η ∈ (0, 1) tells us that
the superposition of the de-multiplexed queues gives an upper bound for the single
queue. Now, by using the lower bound asymptotics of the de-multiplexed queues,
we calculate the η ∈ (0, 1) which gives the minimum asymptotic upper bound. As
explained in section 2.4 the density function of ZH (1) is the convolution of the density
functions of a Gaussian and a stable random variable. Figure (3.3) shows that for the
small values the density function of ZH (1) is more like the Gaussian density function
and for large values it is more like the stable density function. Thus, it has a tail
which is the same as the one of the stable density function.
The value of η which minimizes the function φ(η) can be found by numerical
methods for each b > 0. By the equation (3.16) the value of P [σ1 BH (1) > ηκb1−H ]
decreases as a Weibull function when b increases. However, equation (3.17) shows that
the value of P [σ2 LH (1) > (1 − η)κb1−H ] decreases as a power-law function. Therefore
for large values of b, η is small positive number. So
φ(η) ³ P [σ2 LH (1) > (1 − η)κb1−H ]
³ P [σ2 LH (1) > κb1−H ]
³ P [ZH (1) > κb1−H ]
So when b → ∞ the asymptotic upper bound and asymptotic lower bound of P [Q > b]
have the same power-law exponent. So for very large values of b
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Theorem 3.2 Assume that (3.7) holds then queue tail for large buffer
sizes is a power-law function.
P [Q > b] ³ Mα γ20 .b−α+1

b→∞

(3.22)

Therefore the tail of the queue in the self-similar burst model has a power-law
decay with exponent −α + 1. It means that only the alpha component affects the
queue overflowing probability for large buffer sizes.

3.4

Summary of the self-similar burst model

In the self-similar burst model the alpha component is modelled by a stable Levy
noise (sLn) process and the beta component is modelled by a fractional Gaussian
noise (fGn) process. Since the sum of the alpha and beta component is assumed to
be self-similar as well, the two independent components must have the same selfsimilarity parameters.
The queueing analysis of the self-similar burst model shows that the buffer overflow
probability is approximately a Weibull function for small buffer sizes and a power-law
function for large buffer sizes. So, the asymptotic queueing behavior of the queue tail
for the self-similar burst model is a power-law.
Also, it is possible to de-multiplex the flow into two flows feeding into two buffers.
This allows to for proposes of compute the upper bound of queue tail. When the
input traffic obeys the self-similar burst model, the parameters of the de-multiplexed
queues are chosen such they have the same critical time scale (CTS) and efficient
de-multiplexing. By using the de-multiplexing method we showed that for very large
buffer sizes, only the alpha-traffic causes the buffer overflows.
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Chapter 4
An ON/OFF burst model
The alpha component which generates the bursts in the small time scales could be
considered as the ON periods of a high rate ON/OFF source. In this model the alpha
component is modelled by an ON/OFF source (not necessarily a renewal ON/OFF
source). By the connection-level analysis, when the highest bandwidth connection
is sending or receiving a huge file it increases the average traffic for duration of the
file transfer. So, it generates the traffic bursts in the large time scales. The rate of
such a connection has been observed to be high and is almost constant [WSRB02,
SRB02]. Therefore, the highest bandwidth connection would be modelled by a high
rate ON/OFF source. In the ON/OFF burst model the aggregate process is
Z t
A(t) = A1 (t) + A2 (t) = mt + σBH (t) +
ron · X(s)ds

(4.1)

0

where A1 (t) is the aggregate process of the beta component and A2 (t) is the aggregate
process of a high rate ON/OFF source that models the alpha component. The R(s) =
ron · X(s) represents a high rate ON/OFF source, i.e.,

 ron if s lies in an ON period
R(s) =
 0
if s lies in an OFF period

(4.2)

Figure (4.1) depicts a simulation result for the ON/OFF burst model. As the figure
shows, the ON periods of the high rate ON/OFF appear as traffic bursts in the large
time scales.
When the alpha traffic is modelled by an ON/OFF source, it has a different effect
on the network queue than the previously discussed self-similar burst model. In the
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Figure 4.1 ON/OFF burst model in the large scale limit

network queue, when the ON/OFF source along with the background traffic feeds into
the queue, the ON/OFF source reduces the queue capacity during the ON periods.
Therefore, the queue behaves as a variable service rate queue, which decreases the
service rate during the ON periods to the ON/OFF source. Figure (1.2) shows how a
variable service rate queue models effect of an ON/OFF source in a constant service
rate queue. So, we may consider a queue with variable capacity C(s) = C − R(s):

 C − ron if s lies in an ON period
(4.3)
C(s) =
 C
if s lies in an OFF period
In this chapter we first prepare the ground to study the queueing behavior of a
variable service rate queue for general models by considering simple cases. Next we
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determine the queueing behavior of the particular case where the alpha component
of the traffic is modelled by a high rate ON/OFF source and the beta component is
modelled by the fGn traffic. Then, we analyze the queueing behavior for the ON/OFF
burst model in the different cases. Finally we compare queueing behavior of those
cases of the ON/OFF burst model.

4.1

Markov service rate queue model

In this section we use the idea of [WSRB02, SRB02], which was explained in section
2.3. We model the occurrence of the bursty time bins (which have alpha traffic)
and the non-bursty time bins (which have only beta traffic) as a Markov chain. So
the alpha traffic is modelled by a high rate ON/OFF source, where the ON periods
correspond to the bursty time bins.
In the Markov chain model, time bins have two states. A time bin is in the betastate when there is no alpha traffic in the time bin, and it is in the alpha-state when
there is alpha traffic in the time bin. When the superposition of the alpha and beta
traffics is feed into a queue, the queue can be considered as a variable service rate
queue with a decreased service rate during the alpha-state time periods.
Let C1 and C2 represent the service rates of the queue in the beta-state and the
alpha-state time bins (C1 ≥ C2 ). So the service rates of the queue (C1 and C2 ) change
as a Markov chain in the different time bins. We analyze the queueing behavior of this
model for some input traffic models. Let Pαα , Pαβ , Pβα and Pββ denote the transition
probabilities of the Markov Chain. Also, let T represent the size of time bins and
Q(t) represent the size of the queue at time t.
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4.1.1

Markov service rate queue model with CBR input

For the queueing analysis of the Markov service rate queue, we first analyze the
Constant Bit Rate (CBR) traffic as the input traffic of the queue. Let R be the rate
of CBR traffic. When R < C2 , the queue can forward input packets as soon as they
come inside the queue. This means that even in the alpha-state time bins, the queue
has the ability to serve the packets that come into the queue as soon as they arrive.
So in this case the queue size is zero (Q(t) = 0).
However when the input rate of queue is larger than the service rate during the
alpha-state time bins, the queue size increases in time in the alpha-state time bins.
The stability of the queue implies that R < C, where C is average service rate
[Pra97, CY01]. In other words:
R < C = C1 Pβ + C2 Pα

(4.4)

where Pα and Pβ represent the probabilities that a time bin is in the alpha-sate or
in the beta-state. In this case the queue size increases with the rate R − C2 in the
alpha-state time bins and it decreases with the rate C1 − R in the beta-state time
bins (when queue is not empty). Figure (4.2) shows that the variation of the queue
size in different time bins. It has linear increase and linear decrease. In Theorem 4.1
(which will be explained later) we will show, when C2 < R < C the queue size has a
short-tailed (exponential) distribution function, which can be computed in terms of
the queue parameters. Before stating the theorem we will state Lemmas 4.1 and 4.2
for the Markov service rate queue model.
Lemma 4.1 Let C1 and C2 be the service rates of the Markov service
rate queue and R(t) be the rate of the input traffic at time t. Assume
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Figure 4.2 Discretized queue and CBR traffic

that (4.4) holds and limt→∞

R(t)
t

= R, then

Q(t)
=0
t→∞
t
lim

Proof of lemma 4.1 : If limt→∞
time instance tk such that

Q(tk )
tk

Q(t)
t

6= 0 then there exists ε > 0 and infinite discrete

> ε for k = 1, 2, 3, ... . It implies that the sequence

∞
{Q(tk )}∞
k=0 is an unbounded sequence. So there exists a subsequence {lk }k=0 of the

sequence {tk }∞
k=0 such that for each positive integer number n : Q(ln ) > Q(tk ) for all
0 ≤ tk < ln .
Consider a positive integer number n that ln >> max(T, R/ε), where T is the size
of time bin. The Lindley’s equation [Pra97, CY01] for the discrete queue gives the
recursive formula of the queue size,
Q(t) = max(Q(t − 1) + R(t) − C(t), 0).

(4.5)

If we expand this formula from t − 1 to t − k, then
Q(t) = max{Q(t − k) +

t
X
τ =t−k+1

R(τ ) − C(τ ),

t
X

R(τ ) − C(τ ), ..., R(t) − C(t), 0}.

τ =t−k+2

(4.6)
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The equation (4.6) for t = ln and t − k = ln0 implies the following inequality
Pln
0 +1 R(t) − C(t)
Q(ln0 )
Q(ln )
t=ln
+
≤
ln
ln
ln

(4.7)

where ln0 = ln (1 − ε/R). But the maximum increase of the queue size from the time
Pn
R(t) − C2 (ln − ln0 ). By hypothesis of
t = ln0 to the time t = ln is equal to lt=l
0
n +1
lemma, limt→∞

R(t)
t

= R. So for large enough n
Pln

0 +1
t=ln

R(t) − C2

' (ε/R)(R − C2 ) < ε

ln

This inequality shows that the queue size cannot be zero at the time ln0 < t < ln . So
by the equation (4.6) at the times t = ln0 and t = ln we have:
Q(ln ) =

max{Q(ln0 )

t
X

+

R(τ ) − C(τ ),

0 +1
τ =ln

t
X

t
X

R(τ ) − C(τ ),

τ =ln +2

R(τ ) − C(τ ), ..., R(t) − C(t), 0}

τ =ln +3

=

Q(ln0 )

+

t
X

R(τ ) − C(τ )

0 +1
τ =ln

In other words
Q(ln0 )
+
ln

Pln

0 +1
t=ln

R(t) − C(t)
ln

=

Q(ln )
ln

Also the Markov chain property implies for enough large n’s:
Pln
0
0 +1 Ct (ln − ln )
ln − ln0
t=ln
= C
ln
ln
= C(ε/R),
where C is the average queue service rate. So
Pln
0 +1 R(t) − C(t)
Q(ln0 )
Q(ln0 )
t=ln
+
'
+ (ε/R)(R − C)
ln
ln
ln
Q(ln )
=
.
ln
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But by the hypothesis of Lemma C > R so

0 )
Q(ln
ln

>

Q(ln )
.
ln

On the other hand, the

property of {lk }∞
1 sequence implies, Q(ln ) > Q(t) for 0 < t < ln . It shows there is no
ε > 0 and infinite points in the discrete time
limt→∞

Q(t)
t

Q(tk )
tk

with those conditions. This means

= 0.

Lemma 4.2 Let C1 and C2 be the service rates of the Markov service
rate queue and R be the rate of the CBR input. If (4.4) holds and R > C2 ,
then
P [Q > 0] =

C1 − C2
Pα
C1 − R

Proof of lemma 4.2 : By the Lemma (4.1) limt→∞ Q(t)
= 0. This expression can
t
R
t
be written in the integral form: limt→∞ 1t 0 dQ(τ ) = 0. For the CBR input dQ(t)
can have three values, Case(1): when t is in the alpha-state time bin, the queue size
increases at the time t and dQ(t) = R − C2 . Case(2): when t is in the beta-state time
bin and Q(t) > 0, the queue size decreases at the time t and dQ = R − C1 . Case(3):
when t is in the beta-state time bin and Q(t) = 0 then Queue size does not change
at time t and dQ(t) = 0. So the integral expression can be written as:
Z
1 t
1
lim
dQ(τ ) = lim ((R − C2 )tinc − (C1 − R)tdec )
t→∞ t
t→∞ t 0

(4.8)

where
tinc = #{0 < τ < t : dQ(τ ) > 0}
tdec = #{0 < τ < t : dQ(τ ) < 0}.
Let P (Q ↑) and P (Q ↓) be probabilities that queue size is increasing; respectively
decreasing at the time τ . Then we have
tinc
= P (Q ↑)
t→∞ t
lim

(4.9)
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tdec
= P (Q ↓)
t→∞ t
lim

Therefore limt→∞

1
t

Rt
0

(4.10)

dQ(τ ) = (R − C2 )P (Q ↑) − (C1 − R)P (Q ↓) = 0. By this

equation P (Q ↓) can be computed in terms of P (Q ↑)
P (Q ↓) =

R − C2
P (Q ↑)
C1 − R

(4.11)

On the other hand, the queue size increases only in the alpha-state time bins. Therefore
they all have the same probability, i.e.,
P (Q ↑) = Pα

(4.12)

By the equations (4.11) and (4.12)
R − C2
)
C1 − R
C1 − R + R − C2
= Pα
C1 − R
C1 − C2
=
Pα
C1 − R

P (Q > 0) = P (Q ↑) + P (Q ↓) = P (Q ↑)(1 +

Theorem 4.1 Let C1 and C2 be the service rates of a Markov service
rate queue and R be the rate of CBR input. If (4.4) hols and R > C2 ,
then the queue size has a short-tailed (sum of exponentials) distribution
function. Also P [Q > b] can be computed explicitly in terms of the queue
parameters.
Proof of the theorem 4.1 : For proving the theorem we discretize the queue size and
time by the following method. First assume

R−C2
C1 −R

=

k2
,
k1

where k1 and k2 are positive

integers which do not have a common divisor greater than 1. By the assumptions the
queue size increases by (R − C2 )T in the alpha-state time bins, and it decreases by
(C1 − R)T in the beta-state time bins when Q(t) ≥ (C1 − R)T . This fact shows that
if we consider the queue size at the discrete times t = 0, T, 2T, 3T, ... the queue size
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is (R − C2 )T.X − (C1 − R)T.Y where X and Y are some integers. Also we define the
parameter
D=

(R − C2 )T
(C1 − R)T
=
.
k2
k1

(4.13)

By the definition of D, the queue size at the times t = 0, T, 2T, ... is an integer multiple
of D (Q(0)=0, because the queue is empty at the time t = 0). In other words for
arbitrary integers X and Y there exists an integer Z such that
(R − C2 )T.X − (C1 − R)T.Y = D.Z
Therefore the queue size at times t = 0, T, 2T, ... takes the values from the set
{0, D, 2D, 3D, ..}. We define the probabilities αk and βk by the set A = {0, T, 2T, ...}

αk = P [Q(t) = kD| t ∈ A, (t, t + T ) : alpha-state]

(4.14)

βk = P [Q(t) = kD| t ∈ A, (t, t + T ) : beta-state]

(4.15)

The recursive formula for the αk and βk can be found in terms of the transition
probabilities of the Markov chain. Figure (4.3) shows how αk and βk are related
to each other by the transition probabilities of the Markov Chain. So the recursive
formulas of αk and βk are
αn = Pαα αn−k2 + Pβα βn+k1 ,

(4.16)

βn = Pαβ αn−k2 + Pββ βn+k1 .

(4.17)

The initial conditions for the recursion are
i) α(n) = 0 for n < 0
ii) Pα = α0 + α1 + α2 + ....
The recursive formula of each parameter αn and βn can be found in this way:
βn+k1 =

αn −Pαα αn−k2
Pβα

so if we write βn+k1 and βn in terms of αn and put it in the
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Figure 4.3 Discretized queue and CBR traffic

second recursive formula, then
Pββ αn + (Pβα Pαβ − Pαα Pββ )αn−k2 + Pαα αn−k2 −k1 − αn−k1 = 0.

(4.18)

By the same method we can show that
Pββ βn+k1 +k2 + (Pβα Pαβ − Pαα Pββ )βn+k1 + Pαα βn − βn+k2 = 0.

(4.19)

The linear recursive sequence theorems imply that αn and βn can be written in the
form:
αn = a1 r1n + a2 r2n + .... + ak1 +k2 rkn1 +k2 ,
βn = b1 r1n + b2 r2n + .... + bk1 +k2 rkn1 +k2 ,
where ak and bk are the constant coefficients which depend on the initial conditions of
the recursion. The rk ’s are the roots of this equation (the polynomial is obtained by
replacing αn in the recursive formula (4.18) by X n , where X is the variable). Thus,
f (X) = Pββ X k1 +k2 + (Pβα Pαβ − Pαα Pββ )X k1 − X k2 + Pαα = 0

(4.20)

As we know, αn → 0 and βn → 0 when n → ∞. So the coefficients of the roots
rk , with |rk | ≥ 1 must be zero (ak = bk = 0). So only the roots of the polynomial
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f (X) which are inside the unit circle of the complex plane should be considered in
the expansion of αn and βn .
The queue size discrete distribution function can be computed in terms of αn and
βn , the in this way:
P (nD ≤ Q < (n + 1)D) =

So P (Q ≥ nD) =

P∞
k=n

αn + αn−1 + .. + αn−k2 +1 βn+1 + βn+2 + .. + βn+k1
+
k2
k1
(4.21)

P (kD ≤ Q < (k + 1)D) is a linear combination of r1n , r2n , ...,

rkn1 +k2 can be written as
P (Q ≥ nD) = q1 r1n + q2 r2n + .... + qk1 +k2 rkn1 +k2

(4.22)

Thus, P [Q > b] is sum of some exponential functions with negative exponents since
only roots within the unit circle have non-zero coefficients. So, the queue size has a
short-tailed distribution function (which means limx→∞

P [Q>x+a]
P [Q>x]

6= 1).

Remark 1: When r is a root of f (X) with multiplicity m > 1 then rn , nrn , ...,
nm−1 rn appear in the expansion formula of αn and βn instead of m roots. Again for
this case P (Q > n.D) decreases as q1 rn + q2 nrn + ... + qm nm−1 rn for |r| < 1 and large
n. This shows that the queue size of this model always has a short-tailed distribution
function.
Remark 2: When there are many states (more than 2) and the Markov chain has
higher order, the parameters D and αk , βk , γk , δk ,... could be defined in the similar
way. By similar arguments it follows that the queue has a short-tailed distribution
function.
Remark 3: The function f (X) has some useful properties which help determine
the locations of the roots in the complex plane:
i) f (1) = 0
ii) f (0) = Pαα
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iii)
f 0 (1) = (k1 + k2 )Pββ + k1 (Pβα Pαβ − Pαα Pββ ) − k2
= −(k1 + k2 )Pβα + k1 (Pβα + Pαβ )
= k1 (Pβα + Pαβ )(1 − P (Q > 0)) > 0
These equations show that f (X) has at least one root in the interval (0, 1). For some
cases, this is the only root of polynomial f (X) in the unit circle of the complex plane.
For those cases, let r represent the root of f (X) in the interval (0, 1). The initial
conditions imply then that αn = Pα (1 − r)rn and βn =

R−C2
P (1
C1 −R α

− r)rn .

So by the Theorem 4.2, the coefficient r could be found in this case as:
P (Q > n.D) = P (Q > 0).rn = P (Q > 0).z n.D

(4.23)

where z = r1/D and for b > 0,
P (Q > b) = P (Q > 0).z b = Pα

C1 − C2 b
.z
C1 − R

(4.24)

We present such a special case.
Corollary 4.1 Let C1 and C2 be the service rates of the Markov service
rate queue and let R be rate of the CBR input. If (4.4) holds and R =
C1 +C2
2

then
P (Q > b) = 2Pα (

Pαα 2b/(C1 −C2 )T
)
Pββ

Proof of Corollary 4.1 : By the Theorem 4.1 in this case k1 = k2 = 1 and D =
T (C1 − C2 )/2. So
f (X) = Pββ X 2 + (Pβα Pαβ − Pαα Pββ − 1)X + Pαα
= Pββ X 2 − (Pαα + Pββ )X + Pαα
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The roots of f (X) are equal to 1 and
Pαα
Pββ

Pαα
.
Pββ

The condition P (Q > 0) < 1 implies that

< 1. This is the root of f (X) in the interval (0, 1) and this case it is the only

root of f (X) that is inside the unit circle of the complex plane. So by Remark (2)
P (Q > b) = P (Q > 0).z b
= Pα
)1/D , and
where z = ( PPαα
ββ

C1 −C2
C1 −R

= 2. Therefore

P (Q > b) = 2Pα .(

4.1.2

C1 − C2 b
.z
C1 − R

Pαα 2b/(C1 −C2 )T
)
Pββ

Lower bound for the buffer overflow probability with CBR input

In this section we give a formula for the Markov service rate queue, which provides a
lower bound for P [Q > b] in terms of the service rates of the queue and the transition
probabilities of the Markov chain. It is possible to use theorem 4.1 to find the queue
size distribution function, but depending on the values of k1 and k2 it may need a lot
of computations. This lower bound gives an exponential lower bound that depends
on the queue parameters in some cases is close to the distribution function of queue
size.
Theorem 4.2 Let C1 and C2 be service rates of a Markov service rate
queue and R be rate of CBR input. If (4.4) hols and R > C2 , then
P [Q > b] ≥ Pα

C1 − C2
.Pαα b/T (R−C2 )
C1 − R

Proof of theorem 4.2 : We define the consecutive alpha-state time bins as an alphaperiod. The size of the alpha-period is a random variable. It can be one time bin
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Figure 4.4 Comparison of CBR and Poisson traffic in a queue with
Markov service rate. For small variance of the Poisson traffic the two queues
behave almost the same

or more than one time bin. The size of the alpha-period is a random variable in
terms of the number of time bins. To approach the problem at hand we introduce
an approximation QLS to the true queue Q which provides always a lower bound. To
this end, we define QLS to be the queue length of a queue with the same input as the
given Q, however, with a different policy: The queue QLS will disregard and drop any
packet of an alpha source if there are still packets in the queue which entered during
a previous alpha period. In other words, the queue QLS will first relax and empty
completely before accepting new alpha packets.
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Clearly, QLS (t) is always smaller than Q(t) since it accepts fewer packets. On the
other hand, QLS provides a good approximation to Q if the queue will relax after
each alpha period with high probability. A first such case is found when Pββ ' 1.
Here, the beta-periods are long and thus, two consecutive alpha periods are far from
each other. Also in the case that C1 − R >> R − C2 , the consecutive alpha-periods
do not effect each other and we have QLS (t) ' Q(t).
The distribution function of QLS could be found in terms of the Markov service
rate queue in the following way
P [QLS > b] =
=

∞
1 X
M.P [period = kT ].N (k, b)
M →∞ M T
k=1

lim

∞
X

P [period = kT ].N (k, b)/T

k=1

=

∞
X

k−1
Pβ Pβα Pαα
Pαβ (N (k, b)/T )

k=b0

Here, N (b, k) denotes the number of consecutive time bins during which the queue
size exceeds b during and after an alpha period of k time bins. In other words, N
measures how long it takes the queue to relax back to the level b once it exceeded
the level b due to an alpha connection. Note that N (k, b) = 0 for k < b0 , where b0 T is
the minimum period size during which the queue size could be larger than b in some
period of the time (b0 =
P [QLS > b] =

∞
X

b
).
(R−C2 )T

Also we can show

k−1
Pβ Pβα Pαα
Pαβ

k=b0

N (k, b)
T

=

C1 −C2
(k
C1 −R

− b0 ).

C1 − C2
(k − b0 )
C1 − R

∞
C1 − C2 X k−1
= Pβ Pβα Pαβ
P (k − b0 )
C1 − R k=b0 αα

= Pα

∞
C1 − C2 2 X 0 b0 −1
b0
b0 −1
Pαβ
{b .Pαα /(1 − Pαα ) + Pαα
/(1 − Pαα )2 − b0 Pαα
/(1 − Pαα )}
C1 − R
0
k=b

= Pα

C1 − C2 b0
.P
C1 − R αα

= P (Q > 0)Pαα b/(R−C2 )T
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If the input traffic is CBR or any other traffic with a tail shorter than Pαα b/T (R−C2 )
the queue size distribution can be approximated by theorems 4.1 and 4.2. Figure
(4.4) compare the queue tails of simulated CBR and Poisson traffics with results of
theorems 4.1 and 4.2. The figure shows that the queueing behavior of Poisson and
CBR traffic is almost the same as in the Markov service rate queue model and it can
be estimated by theorem 4.1. In the next section we analyze the queueing behavior
of non-CBR traffics in the Markov service rate queue.
4.1.3

Markov service rate queue with non-constant rate input

When the Markov service rate queue is fed by a non-constant rate input, the distribution function of the queue size depends on the queue parameters and the statistical
properties of the input process. In this section we compute some bounds for the queue
size distribution by using the de-multiplexing method (section 3.2). The theorem 4.3
determines an upper bound and a lower bound for the queue tail of a non-CBR traffic
in the variable service rate queue.
Theorem 4.3 Let C1 and C2 be service rates of the variable service
rate queue and R(t), the input rate. If (4.4) holds and R > C2 , then for
arbitrary F, η such that R < F < C and 0 < η < 1
P [W A(t),C1 > b] ≤ P [W A(t),(C1 ,C2 ) > b] ≤ P [W A(t),F > ηb]+P [W F t,(C1 ,C2 ) > (1−η)b]
where A(t) is the aggregate process of R(t) and W A(t),F as defined in (2.9).

53
Proof of theorem 4.3 : By the expansion of the Lindley formula (4.6) for the discrete
queue (here C(t) is not constant) we find
P [W

A(t),(C1 , C2 )

s
X
> b] = P [max
{R(t − k) − C(t − k)} > b]
s≥0

k=0

s
X
= P [max
{R(t − k) − F + F − C(t − k)} > b]
s≥0

k=0

s
X
≤ P [max
{R(t − k) − F } +
s≥0

k=0

s
X
max
{F − C(t − k)} > ηb + (1 − η)b]
s≥0

k=0
s
X

≤ P [max
s≥0

{R(t − k) − F } > ηb] +

k=0
s
X

{F − C(t − k)} > (1 − η)b]

P [max
s≥0

= P [W

k=0
A(t), F

(t) > ηb] + P [W F t,(C1 , C2 ) (t) > (1 − η)b]

This note that the above inequality is true for all time t. Therefore,
P [Q(t) > b] ≤ P [W A(t), F > ηb] + P [W F t,(C1 ,C2 ) > (1 − η)b]
Note: This inequality shows that for a Markov service rate queue with nonconstant input we can find an upper bound for the overflowing probability, which is
sum of two overflow probability, one for the same queue with CBR input traffic and
a one for constant service rate queue with the same non-constant rate input traffic.
The lower bound inequality: By the hypothesis that C(t) is equal to C1 or C2 at
each time, we find C(t) ≤ C1 . Thus,
P [W

A(t),(C1 , C2 )

> b] = P [max
s≥0

≥ P [max
s≥0

= P [W

s
X
k=0
s
X

{R(t − k) − C(t − k)} > b]
{R(t − k) − C1 } > b]

k=0
A(t), C1

> b]

(4.25)
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In the Markov service rate queue, if P [W A(t),C > b] has a longer tailed distribution
than the exponential function, then the upper bound and lower bound are asymptotically the same. Therefore the asymptotic of P [W A(t),(C1 ,C2 )(t) > b] is determined.
For example, when the input process is fGn with 1 > H > .5 then A(t) is fBm. By
the equation (3.9),
log

P [W A(t),C1 > b] ³ exp(−γ1 b2−2H )
Also
log

P [W A(t), F > ηb] + P [W F t,(C1 ,C2 ) > (1 − η)b] ³ exp(−γ10 b2−2H ) + z b
log

³ exp(−γ10 b2−2H )

Therefore
log

P [W A(t),(C1 ,C2 )(t) > b] ³ exp(−b2−2H )
So the Markov service rate queue does not change the asymptotic queueing behavior of input traffic with long-tailed queue tail.
Note: If we use the de-multiplexing technique which was explained in subsection
3.2 for the two components of the ON/OFF burst model, we get the same bound
which we found in theorem 4.3. In other words theorem 4.3 for variable service rate
queue is equivalent to proposition 3.2 and proposition 3.3 for the ON/OFF burst
model traffic.

4.2

Renewal service rate queue model

In the renewal service rate queue, the service rate changes in time as a renewal process.
The Markov service rate queue cannot model the variation of the queue service rate
for heavy-tailed bursts because its alpha-period has an exponential distribution. For

55
more flexibility and realistic case introduce the renewal service rate queue and focus
on heavy-tailed distribution of the alpha-periods.
In this model the service rates of the queue (C1 and C2 ) changes like a renewal
ON/OFF source. We define the state of the queue as follows: when it has full capacity
(C(t) = C1 ) the queue is in the beta-period and when traffic burst takes a part of
the queue capacity (C(t) = C2 < C1 ) the queue is in the alpha-period. Let τα and τβ
represent the expected values for the alpha-period and beta-period (τα , τβ < ∞). In
the steady state (when t → ∞) the service rate queue process becomes a stationary
process. The average service rate can be computed by the renewal theorem:
C = E[C(t)] = P [C(t) = C1 ]C1 + P [C(t) = C2 ]C2
=

(4.26)

τβ C1 + τα C2
τα + τβ

Let R(t) represent the input traffic of the queue. For the stability of the queue we
require
R = E[R(t)] < C = E[C(t)]
Therefore
R = E[R(t)] < C =

τβ C1 + τα C2
τα + τβ

(4.27)

Assume that the input traffic is a CBR traffic. If R < C2 the queue forwards the
packets as soon as they enter the queue. So the queue size is almost zero. But if
R > C2 , the queue size increases in the alpha-periods. So the queue has a different
behavior which depends on the distribution function of the length of the alpha-periods
and beta-periods. Also for the non-CBR traffic we analyze the variable queue as CBR
traffic in two cases (R < C2 and R > C2 ) separately.
Case 1: When R < C2 , the variation in service rate does not affect the asymptotic
queueing behavior. This is because the average of input traffic even during the alphaperiods, is less than the service rate. Denote by QL (t) and QU (t) to be the queue
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length of the two queues with service rates C1 and C2 , and let Q(t) be the size of the
variable service rate queue at time t. By assumption C2 ≤ C(τ ) ≤ C1 for 0 ≤ τ . So
when Q, QL and QU receive the same input traffic then
QL (t) ≤ Q(t) ≤ QU (t)

(4.28)

This inequality helps us to analyze P [Q > b] asymptotically. The distribution function
of the queue size depends on the type of input traffic. So the queues QL and QU have
the same type of distribution functions which helps us to find the asymptotic queueing
behavior of Q. The following theorem develops the asymptotic equality of the queue
tails.
Theorem 4.4 Let C1 and C2 be service rates of a variable service
rate queue and R(t), the input rate. If R = E[R(t)] < C2 < C1 and
if P [W A(t), C1 > b] and P [W A(t), C2 > b] are equal asymptotically, then
P [W A(t),(C1 ,C2 ) > b] is equal to both asymptotically.
Proof of theorem 4.4 : By the definition of backlog traffic:
P [W

A(t),(C1 , C2 )

> b] = P [max
s≥0

≤ P [max
s≥0

= P [W

s
X

{R(t − k) − C(t − k)} > b]

(4.29)

k=0
s
X

{R(t − k) − C2 } > b]

k=0
A(t), C2

> b]

By inequalities (4.26) and (4.30) we have:
P [W A(t), C2 > b] ≤ P [W A(t),(C1 , C2 ) > b] ≤ P [W A(t), C1 > b]
So, the Sandwich theorem implies that if P [W A(t), C2 > b] and P [W A(t), C1 > b] are
asymptotically equal, then P [W A(t), C2 > b] is asymptotically equal to them.
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For example, lets assume that the input traffic is an fGn process with a positive
mean value less than C2 . It is known [Nor97, LR97, DO95] that the QL and QU
processes have Weibull distribution functions with different scaling parameters. So
distribution function of the queue Q is bounded between the Weibull distribution
functions. This shows that Q has a Weibull distribution function asymptotically.
Case 2: When the average input traffic is larger than the service rate during the
alpha-periods (R > C2 ), the average queue size increases in alpha-periods. In this case
the queueing behavior could be strongly changed, and it depends on the distribution
function of the alpha-period. In [JL99, SSB02, AMN99, Box96, BC00], the queueing
behavior constant service rate queue with multiplexing input has been analyzed. In
these studies the input traffic is modelled as a superposition of an arbitrary traffic
and high rate ON/OFF traffic and found the asymptotic queue tail of the input traffic
in terms of the distribution of the ON time period. Below, we will use some of the
these results cast in our frame work (variable service rate queue).
Proposition 4.3 Let C1 and C2 be the service rates of the renewal
service rate queue and R be the rate of the CBR input. Also let τα < ∞
and τβ < ∞ be the expected values of the alpha-period (C(t) = C2 and
beta-period (C(t) = C1 ). If C2 < R < C = E[C(t)] then
P [Q > 0] =

C1 − C2 τα
C1 − R τα + τβ

Proof of Proposition 4.3: As we showed in the proof of Lemma 4.2, in equation (4.11)
P [Q > 0] = P (Q ↓) + P (Q ↑)
=

C1 − C2
P (Q ↑)
C1 − R
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and by the renewal theorem P (Q ↑) = P [t ∈ alpha-period] = τα /(τα + τβ ), so
C1 − C2
P (Q ↑)
C1 − R
C1 − C2 τα
=
C1 − R τα + τβ

P [Q > 0] =

Theorem 4.5 Let C1 and C2 be the service rates of a renewal service
rate queue and R be the rate of the CBR input. Also let τα < ∞ and
τβ < ∞ be the expected values of the alpha-period (C(t) = C2 ) and
beta-period (C(t) = C1 ). If C2 < R < C = E[C(t)] and if the size of
the alpha-period (Tα ) is a long-tailed random variable such that Tα∗ is a
subexponential random variable then:
P [Q > b] ³

τβ
C1 − C2
b
P [Tα∗ >
]
2
(τα + τβ ) C − R
R − C2

Remark: In the study [JL99, Box96] the queueing behavior of a single ON/OFF
source has been explained. In the case that Tα is a long-tailed random variable and
Tα∗ is a subexponential random variable, the queue tail can be computed in terms
of distribution functions of the ON periods and OFF periods asymptotically. If the
variation of queue input in the ON and OFF periods is modelled by an renewal
service rate queue then by using their result, the queue tail can be computed in terms
of distribution functions of the alpha-periods and beta-periods asymptotically. Also
by considering proposition 4.3 we have:
P [Q > b] ³

b
1 − P [Q > 0]
P [Tα∗ >
]
τα + τβ
R − C2

(4.30)

We can determine the asymptotic queueing behavior of a non-CBR traffic in the
renewal service rate queue. We compare the tail of P [Tα∗ > x] with the tail of
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P [W A, C > x]. If P [Tα∗ > x] has a tail longer than the tail of P [W A, C > x] then, the
renewal service rate queue with input A(t) behaves like a renewal service rate queue
with CBR input (A(t) = Rt), in the queue tail. It makes sense because when the
alpha-period is too long and the variation of input process is small, the size of the
queue increases almost with rate R − C2 in the alpha-periods and it decreases almost
with the rate C1 − R in the beta-periods. So for large queues, only the mean value
of input process affects the queueing behavior.
By having some conditions on A(t) and the distribution of Tα we have the following
asymptotic equality.
P [W A(t),(C1 ,C2 ) ]
=1
x→∞ P [W Rt,(C1 ,C2 ) ]
lim

(4.31)

Thereby, we use some of the results of [JL99, SSB02, AMN99, Box96] to find the
asymptotic queueing behavior of the renewal service rate queue. The following theorem explains a particular case that (4.31) holds.
Theorem 4.6 Assume that Tα has a heavy-tailed distribution function
(Tα ∼ L(x).x−γ where 1 < γ < 2 and L(x) is a slowly varying function),
and for ε > 0
P [W A(t), R+ε > x] = O(x−γ+1 ).

(4.32)

If C2 < R < C, then (4.31) holds.
Remark: For a heavy-tailed Tα :
P [Tα∗ > x] ³

L(x) −γ+1
x
τα

(4.33)

Therefore for many types of input processes, (4.31) holds. For example when the
input process is fGn, W A(t), R+ε has a Weibull distribution function. So it satisfies the
condition of theorem 4.6.
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4.3

Queuing analysis of ON/OFF burst model: Particular
case

The effect of the ON/OFF source in the queue depends on the rate of the ON/OFF
source during the ON periods and the free capacity of the queue. The free capacity of
the queue is the service rate of the queue minus the mean value of beta component. It
is the free capacity of the queue that can be used by the alpha traffic. Let ron be the
rate of the ON/OFF source during the ON periods. Let τon and τoff be the expected
values of the length of the ON and OFF periods. Also let R be the average rate of
beta traffic and C the service rate of the queue. For the stability of the queue, the
rate of input traffic should be less than the service rate of the queue. Therefore
C >R+

τon ron
τon + τoff

(4.34)

If ron < C − R, the queue has enough capacity during the ON periods, and so the
ON/OFF source only changes the rate of input traffic and it does not change the
asymptotic queueing behavior of queue. This fact will be explained in next section
by the variable service rate queue concept.
However when ron > C − R, the queueing behavior strongly depends on the
distribution function of the length of the ON period. Since in this case the rate of
the input process is larger than the service rate during the ON periods, the size of
the queue increases during the ON periods. Therefore depending on the distribution
function of the length of the ON period the queueing behavior could be very different.
Theorem 4.6 determines the asymptotic queueing behavior of the queue when the
ON/OFF source has a heavy-tailed distribution for the ON period and the beta
traffic is modelled by fGn traffic. The following corollary determines the asymptotic
queueing behavior of special case by using the theorems 4.4 and 4.6.
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Corollary 4.2 Assume that Tα (length of ON periods) has a heavytailed distribution function and A(t) = σBH (t) + R t is the aggregate of
fGn traffic, if R + ron > C and (4.34) holds then
P [Q > b] ³ Mα γ2 b−α+1

(4.35)

and if R + ron < C
log

P [Q > b] ³ exp(−γ1 b2(1−H) )

(4.36)

.
The asymptotic queueing behavior of the self-similar burst model (equation (3.22))
and the ON/OFF burst model (equation (4.2)) shows that if the ON/OFF traffic has
a rate larger than free capacity of the queue during the ON periods then it behaves
like a heavy-tailed arrival traffic.
Also when there are N ON/OFF sources with heavy-tailed ON periods, and if
ron1 + ron2 + .. + ronN is larger than the free capacity, then the queue tail is a powerlaw function for large buffers. But when ron1 + ron2 + .. + ronN is less than the free
capacity, the queue tail is described by a Weibull function.

4.4

Queueing analysis of ON/OFF burst model in the variable service queue framework

When the input traffic obeys the ON/OFF burst model, the queue behaves like a
variable service rate queue. Assume that an ON/OFF source with a rate ron during
the ON periods is feed into the queue with service rate C1 . So the service rate of
queue is C1 − 0 = C1 during the OFF periods and it is C2 = C1 − ron during the
ON periods. If the rate of ON/OFF source is smaller than free capacity of the queue
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(ron < C − R), the asymptotic behavior of the queue can be determined by theorem
4.4. So we wonder to focus in the case that the rate of the ON/OFF source during
the ON periods is larger than free capacity of the queue (ron > C − R) and also for
the stability of the queue (4.34) holds.
We consider two cases for ON/OFF source with the rate larger than free capacity
of the queue during the ON periods. First when the ON/OFF source satisfies the
moment conditions, for example when the transition states is a Markov chain in the
constant size time bins and second when ON/OFF source has a long-tailed distribution in the ON periods, for example when ON/OFF source is renewal process and
ON period has a heavy-tailed distribution function.
Case 1: When the ON/OFF source satisfies the moment conditions (4.37) and
(4.38), it can affect the queueing behavior of short-tailed traffic. For example when
the ON/OFF periods can be modelled by a Markov chain in the constant size time
bins and the other part of traffic is CBR, the queueing behavior could be analyzed
by theorems 4.1 and 4.2. Also by theorem 4.3 when the other part of the traffic has
a queue tail longer than the exponential function then these ON/OFF sources do not
affect the queueing behavior very much.
Definition 4.1 The moment conditions for an ON/OFF source are

E[exp(θTon )] < ∞

(4.37)

E[exp(θron )] < ∞

(4.38)

for 0 < θ < θ0 , where Ton and ron are the length and height of the ON
period respectively. For example the Poisson process with constant or
exponential distribution for the heights satisfies the moment conditions.
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Proposition 4.4 When the superposition of a CBR traffic with rate
R and Markov ON/OFF sources with rate ron during the ON periods is
the input traffic of a queue with service rate C1 and if (4.34) holds and
R > C2 = C1 − ron , the queue size has short-tailed distribution and it can
be computed by theorem 4.1.
Proposition 4.5 When the superposition of a long-tailed traffic with a
finite number of Markov ON/OFF sources is the input traffic of a queue
and the stability condition of the queue holds, then the queueing behavior
is asymptotically the same as in the case when the long-tailed traffic and
a CBR traffic with the rate equal to the mean values of ON/OFF sources
(instead of the ON/OFF sources) are feed into the queue.
(proof by theorem 4.3)
Case 2: When the ON/OFF source does not satisfy the moment condition, then it
can not be modelled by a Markov ON/OFF source. We may still model it by a renewal
process. Let Tα represent the ON period random variable and also let τα , τβ < ∞
represent the expectation values of the length of the ON and OFF periods. The
proposition 4.6 determines the queue tail for the long-tailed ON/OFF source.
Proposition 4.6 Assume that Tα has a heavy-tailed distribution function (Tα ∼ L(x).x−γ where 1 < γ < 2 and L(x) is a slowly varying
function), and for ε > 0
P [W A(t), R+ε > x] = O(x−γ+1 ).
If ron > C − R and (4.34) holds, then
P [Q > b] ³ M.b−γ+1

(4.39)
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4.5

Summary of the ON/OFF burst model

In the traffic ON/OFF burst model the alpha component is modelled by a high rate
ON/OFF source. We showed that when the rate of the ON/OFF source during the
ON periods is less than the free capacity (which is the service rate of the queue
minus mean arrival of the beta component) the ON/OFF source does not change the
asymptotic quality of the queueing behavior of the queue. However when the rate is
larger than the free capacity, the queueing behavior could be strongly changed by the
ON/OFF source.
If the rate of the ON/OFF source is larger than the free capacity during the ON
periods then the asymptotic queueing behavior for the traffic obeying the ON/OFF
burst model is determined by the beta traffic or the distribution function of ON
periods, depending on which of the components has a longer tailed queueing behavior.
For example when the ON/OFF source is a Markov process and if the beta component
is CBR or Poisson with small variance then the queueing behavior is determined by
the Markov chain parameters. But if the beta traffic is fGn (1/2 < H < 1) or
any other long-tailed traffic then the asymptotic queuing behavior is determined by
the beta traffic. In the particular case when the alpha component is modelled by
a renewal ON/OFF source with heavy-tailed distribution for the ON period and
the beta component is modelled by a fGn process, the queue tail has a Weibull
distribution function when the rate of ON/OFF source during the ON periods is less
the free capacity, and it has a power-law distribution function when the rate is larger
than the free capacity.
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Chapter 5
Conclusion
In this thesis, we studied the effect of traffic bursts in the network queue, building on
the alpha-beta decomposition of internet traffic. The alpha component is the traffic
which is generated by a few high bandwidth sources. The beta traffic is the residual
traffic and makes up the bulk of the traffic. The beta traffic is Gaussian and it is
well modelled by the fractional Gaussian noise (fGn) process. But the alpha traffic is
non-Gaussian and bursty. In this work, the alpha traffic is modelled in two different
ways.
First the alpha traffic is modelled by a self-similar bursty process. The full traffic
is the superposition of a fGn traffic which models the beta component and stable Levy
motion (sLn) which models the alpha component. So the self-similar burst model has
bursts with a heavy-tailed distribution function. The queueing analysis of this model
shows that the components affect the network queue differently. The fGn traffic (beta
component) affects the queueing behavior only for small buffer sizes; when the buffer
size is large, it is strongly affected by the sLn traffic (alpha component).
In the second model (ON/OFF burst model) the alpha traffic is modelled by a
high rate ON/OFF source. At large time scales, a long ON period of this source
produces a burst in the traffic. When the alpha component is feed into a queue it
consumes a part of the queue capacity. So the queueing behavior depends on the
amount of capacity which the ON/OFF source takes up.
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When the rate of the ON/OFF source during the ON periods is less than the
free capacity of the queue (which is capacity of the queue minus mean value of the
beta component) the ON/OFF source does not change the asymptotic behavior of
the traffic. But when it is larger than the free capacity, the queueing behavior could
be very different. The queueing behavior in this case is analyzed in the two cases of
ON/OFF source with short-tailed and long-tailed ON duration.
When the ON/OFF source has a short-tailed distribution for the ON periods or
when the ON and OFF state transitions occur as a Markov chain in the constant
size time bins then it does not affect the asymptotic queueing behavior of long-tailed
traffic. It just affects the queueing behavior in the presence of CBR or any other
short-tailed traffic. For example when the ON/OFF source changes as a Markov
chain in the constant size time bins and the beta traffic is fGn traffic (1/2 < H < 1)
then the ON/OFF source does not change the asymptotic behavior of the queue, and
the queue tail has a Weibull decay in this case.
When the ON periods have a long-tailed distribution function, the source can be
modelled by a renewal ON/OFF source. If the rate of the ON/OFF source during the
ON periods is larger than the free capacity, the average queue size increases during
the ON periods. Therefore the queueing behavior depends on the distribution of
ON periods. For example, when the beta component is fGn traffic and the ON time
period has a heavy-tailed distribution function, the queue tail has a power-law decay.
The queue tails in both presented models have the same asymptotic behavior
assume that the ON time periods in the ON/OFF burst model have a heavy-tailed
distribution which is the same as the distribution of bursts in the self-similar burst
model; assume also that the rate of the ON/OFF source during the ON periods is
larger than the free capacity, then. It shows that if we consider the traffic bursts as
huge TCP windows with heavy-tailed distribution or as heavy-tailed ON periods of
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an ON/OFF source with a rate larger than the free capacity during the ON periods,
the queue tail has the same asymptotic behavior. This makes sense because the selfsimilar burst model is a large scale version of the ON/OFF burst model; therefore
they should have the same queueing behavior. However, the ON/OFF burst model
gives more accurate results for various types of alpha and beta traffics. In particular
the queue tail remains Weibullian for a fGn beta traffic component and an ON/OFF
alpha component with high rate yet not too high as to consume not more than the
free capacity.
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