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Problem 2.1 Determine the mean and correlation function of each of the processes X,
defined below.

(a) Xy is defined by the following equally likely sample functions.

Xi(wr) =1 Xi(ws3) = sin7t
Xi(w2) = —2 Xi(wq) = cost

(b) X is defined by X; = cos(At + ), where A and 6 are statistically independent
random variables. 6 is uniformly distributed over [0,27) and A has the density
function

1
pa(A) = m

Problem 2.2 (a) Which of the following are valid correlation functions? Indicate your

reasoning.
(i) Rx(7) = eI — 72V (i) Ry (r) = 25010007
T
1= <7 L rl<T
5 R _ : < - ) -
(iii) Rx () 0 otheruise (iv) Rx(7) oo
(v) Rx (1) =0(1) + 25 (vi) Rx (1) = 6(r + 1) + () + 6(r — 1)

(b) Which of the following are valid power density spectra? Indicate your reasoning.

(il) Sx(f) = (Si?r;f> 2

} (iv) Sx(f) = e Ml — =2/l
L |fl<yT

0 otherwise

(v) Sx(f) =1+ 0.25¢ 772/ (Vi) Sx(f) = {

Problem 2.3 (a) Show that necessary and sufficient conditions for the stochastic process
X; defined by X; = cos(27 fot 4 6) to be wide-sense stationary is that the char-
acteristic function ®y(jv) satisfy

Pg(j1) = 0 = Py(52).
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NOTE: fj is a constant and is not a random variable.

(b) Let Xy = Acos(27 fot) + Bsin(27 fot), where A and B are random variables and
fo constant. Find necessary and sufficient conditions for X; to be wide-sense
stationary.

(c) Consider the process defined by:
X = Acos(27 fot)

where A is a random variable and fy is a constant. Under what conditions is X;
wide-sense stationary?

Problem 2.4 It is desired to generate a wide-sense stationary process with correlation
function

Rx(r) = e Il
Two methods are proposed.

(i) Let Xy = Acos(2nFt+60) where A, F', and 6 are statistically independent random
variables.

(ii) Define X; by:
X —/ h(a)Ny—q da
0

where Ny is white and h(t) is the impulse response of the appropriate filter.

(a) Find two impulse responses h(t) that will work in method 2.

(b) Specify the densities for A, F', § in method 1 that yield the desired results. Hint:
Use results from Problems 1.4 and 2.3.

(c) Sketch sample functions generated by each method. Interpret your result. What
are the technical differences between these processes?

Problem 2.5 Let X; be a Gaussian random process with mean mx(¢) and covariance
function Kx(t,u). The process is passed through the depicted system.

Xy Yy
~(+

Gain Delay
-

(a) Is Y; a Gaussian process? If so, compute the pdf of Y;.
(b) What is covariance function of Y;?
(c) If X; is WSS stationary, is Y; WSS stationary?

)

(d) Compute the cross-correlation function between X; and Y;.

2



Problem 2.6 A process X; is said to be a martingale if it satisfies the relationship
E[Xy| Xy,v' <ul =X, ,u<t.

In words, the expected value of a martingale at time ¢ given all values of the process
that have been observed up to time u (u < t) is equal to the most recently observed
value of the process (Xy).

(a) Show that the mean of a martingale is a constant.

(b) If X; is a zero-mean martingale having a possibly time-varying variance o2(t),

show that its correlation function is given by

Rx (t,u) = o%(min(t, u))



