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that is non-zero in the first time unit, i.e., the information sequence for a detour beginning at node 1
when 0 is the correct path. The following result now follows from (6.24) and our previous observations
about finite trellises.

Lemma 6.2: For any correct path and any 7,a(d,4) is the number of detours beginning at node j that
have Hamming distance d from the corresponding segment of the correct path and contain ¢ information
bit errors in the Ly = oo trellis for the given convolutional encoder, and is an upper bound on this
number for every finite L.

6.5 A Tight Upper Bound on the Bit Error Probability of a
Viterbi Decoder

We will shortly use T(D, I) as the basis for a useful upper bound on the bit error probability, I, of a
Viterbi decoder for a binary convolutional code. First, however, we recall and extend our understanding
of two matters that arose in our discussion of block codes.

First, we recall the Bhattacharyya bound (5.28) for a block code with two codewords. We note that for
a binary-input DMC, the summation on the right side of (5.28) equals 1 for all n where 73, = T2, but
equals

Z \/PYIX (¥10) Py x (y|1) = 270»

for those n where Tin, # Zan. But since the number of these latter n is just the Hamuming distance,
d(z1,Zs), between the two codewords, we see that (5.28) implies:

Lemma 6.8: For a binary-input DMC and the code (z;,z5), the worst-case block error probability for
an ML decoder satisfies

(P )we < (27 Pp)d(21:20) (6.25)

where Dg is the Bhattacharyya distance between the two channel input digits and d{z;,z,) is the
Hamming distance between the two codewords.

Next, we recall the definition (4.46) of the bit error probability of a decoder for a block code with K
information bits, namely,

L&
B, = 'E;Pe,i

where P, ; is the probability of a decoding error in the ¢-th information bit. We now define V; to be the
indicator random variable for an error in the i-th information bit, i.e., V; = 1 when such an error occurs
and V; = 0 otherwise. But then

P %(1) =P, X

80 that
ElVi]=P.;. (6.26)

Using (6.26) in (4.46), we find

1 K
=E|% > Vi] : (6.27)



-

But the random variable Zfil V; is the total number of information bit errors made by the decoder so
(6.27) can be stated as:

Lemma 6.4: The bit error probability of a decoder for a block code equals the average fraction of
erroneously decoded information bits.

We are now ready to derive a tight upper bound on B, for a Viterbi decoder for the trellis code of length
Ly + T branches generated by a convolutional encoder. We begin by defining the random variable W;
as the number of information bit errors made by the Viterbi decoder as it follows a detour beginning at
node j. Naturally, W; = 0 when the decoder does not follow a detour beginning at node j either because
it is already on a detour that began earlier or because it follows the correct path from node j to node
j+1. Then E -t . W; is the total number of information bit errors made by the Viterbi decoder so that
Lemma 6.4 gives

Ly
1
Po=E|— > W;|, 6.28
b kOLtj=1 2 ( )

where kg is the number of information bits per time unit that enter the convolutional encoder. For the
encoder of Figure 6.1, kg = 1 — but of course we wish our treatment here to be general.

Next, we define Bj; to be the event that the Viterbi decoder follows the k-th detour at node j on
the correct path (where the detours are numbered in any order). Letting di be the Hamming distance
between this detour and the corresponding segment of the correct path, we can invoke Lemma 6.3 to
assert that

P(Bjs) < (27Pe)™. (6.29)

Letting iy be the number of information bit errors on this detour, we see that

W, = ig, if Bjx (?ccurs for some k (6.30)
0, otherwise.
Thus, (6.30) and the theorem on total expectation imply
E[W,] = > irP(Bjs)- (6.31)
k
Using (6.29) in (6.31) now gives
Wil < S i (2772) ™ (6.32)
k

But, by the definition of a;(d, ¢), the number of indices & in (6.32) for which 4, = ¢ and di = d is just
a;(d,©) so that (6.32) can be written

] < sz, d i) (277=)". (6.33)

But Lemma 6.2 states that
a;(d,i) < a(d,q) {6.34)

for all j. Using (6.34) in (6.33) and then (6.33) in (6.28), we have finally

Po< & 5 Y iald i @7%)%, (6.35)
i 4

which is our desired bound. Notice that (6.35) holds for every Ly — even for L, = oo when we never
insert the tail of dummy information bits to return the encoder to the zero state and when Ry is the true
information rate of the trellis code.
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It remains only to express the right side of (6.35) in terms of the transmission gain T'(D, I) of the detour
flowgraph. Differentiating with respect to I in (6.19) gives

T =X  ia(d 1D, (6.36)

k]

Comparing (6.35) and (6.36), we obtain the following result:

Theorem 6.1: The bit error probability for Viterbi decoding of the trellis code generated by a
binary convolutional encoder used on a DMC satisfies
1 8T(D,I)

Pautadl \nt It 6.37
ko o1 I=1,D=2"P8 ( )

B <
provided that the power series on the right of (6.36) converges at ] = 1 and D = 2-Ds | where
kg is the nmumber of information bits per time unit that enter the convolutional encoder, where
T(D, I) is the transmission gain of the detour flowgraph of the convolutional encoder, and where
Dg is the Bhattacharyya distance between the two input letters of the DMC.

The bound (6.37) holds for all trellis lengths Ly (including L; = co) and all assignments of probabilities
to the kg - Ly “information bits”.

For the encoder of Figure 6.1, we find by differentiation in (6.20) that

oT(D,I) DS
81  (1-2IDy

Suppose this convolutional code is used on a BEC with erasure probability 4. Then (5.34) gives

27 D8 =§

so that (6.37) becomes (because kp = 1 for this encoder)

5%
S T

In particular, for § = 113, our bound becomes
B, < 1.56 x 1075,

It has been determined from simulations that the bound of (6.37) is so tight in general that it can be
used o design convolutional decoders for particular applications without appreciable extra complexity
resulting from the fact that an upper bound on P, rather than the true B, is used. This should not
surprise us in light of the tightness of the Bhattacharyya bound on which (6.37) is based.

‘When the memory, T, of the convolutional encoder is very small, it is practical to calculate T(D,I),
as we have done here for the encoder of Figure 6.1. For larger values of T but still in the range where
Viterbi decoding is practical (say, koT* < 10), it is impractical to calculate T(D,I) as a function of D
and I from the detour flowchart, although it is still easy enough to calculate T(D, I} for particular values
of D and I. In this case, we can still make use of the bound (6.37) by approximating the derivative, for
instance as

aT(D,I) _ T(27P=,1.01) - T(2~Ps, .99)

6.38
oI |;.1 p=n-Ds .02 (6.38)

which requires the evaluation of T(D, I) for only two particular cases.
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Finally, we should mention that when L; = co (as is normally the case for practical systems that use
Viterbi decoders) we do not want, of course, to wait until the end of the trellis before announcing the
decoded informstion sequence. Theoretical considerations indicate, and simulations have confirmed, that
B, is virtually unchanged when the Viterbi decoder is forced to make its decisions with a delay of about
5 constraint lengths. In this case, the decoded information bits at time unit j are taken as their values
in the information sequence for the currently best path to the state with the highest metric at time unit
J+5T+1).

6.6 Random Coding — Trellis Codes and the Viterbi Exponent

‘We are about to develop a random coding bound for trellis codes which will show that, in an important
way, trellis codes are superior to ordinary block codes. To do this, however, we must first suitably
generalise our concept of a “trellis code”.

The general form of what we shall call an “(nog, ko) trellis encoder with memory T is shown in Figure 6.10.
At each “time unit”, ko information bits enter the encoder while ng channel input digits leave the encoder.
Thus, the rate of the trellis code is

) bits/use (6.39)
7o

(which is of course a true information rate only if all the information bits are statistically independent
and each is equally likely to be 0 or 1.) Notice that, although our information symbols are binary, the
encoded symbols are digits in the channel input alphabet. The ng encoded digits formed each time unit
depend only on the current kg information bits and on the koT information bits in the T most recent
time units, but the functional form of this dependence is arbitrary — in particular this function need
not be linear nor time-invariant as it was for the convolutional codes previously considered. By way of
convention, we assume that the “past” information bits are all zeroes when encoding begins.

—_ 1 o 11
2 = General i B
g 2, synchronous 2 _ . (2,32
binary a¥ . logic with 8 channel
information—y{ S : Input memory = e input
sequence 2 |k of T time = sequence
& |20 | units, possibly 5
3 time-varying o a
Figure 6.10: A general (ng, ko) trellis encoder with memory T and rate By = ﬁ%
It makes the notation much simpler if we write
U; = [Utcykor1s U=1)ko+2s - - - » Uia (6.40)
and
X = X (—1)yno+1s X(i=1)no+21 - « - » Xing) . (6.41)
for the “byte” of ko information bits that enter the encoder and the “byte” of ng channel input symbols
that leave the encoder, respectively, at time unit i = 1,2,3,... . Then Figure 6.10 corresponds to the
functional relationship
X = filU;, Uiy, -+ s Uier) (6.42)
where, by way of convention,
U;=10,0,...,0], i<l #i (6.43)
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