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I . INTRODUCTION

The gameof blackjacknaturallylendsitself to analysisusingMarkov chains.Constructinga

statespacewhereeachstaterepresentsthe valueof a hand,for example,a sequenceof draws

can be viewed as a randomwalk with transition probabilitiesdictatedby the (unseen)cards

remainingin the deck. If we assumean in�nite deck (equivalently, that the probability of the

next carddoesnot dependon previously dealtcards),thentheprocessis �rst-order Markov: the

probability distribution on the next statedependsonly on the value of the currenthand.Such

simpli�cations aresomewhatarti�cial, of course,but they allow us to aska seriesof interesting

questionsthatmaysomedayleadto betterplayingstrategies.As evidencedby a trip to Harrah's

Lake CharlesCasinoduring the writing of this paper, intelligent play canbe both entertaining

andpro�table.

In this paper, we explore several methodsfor blackjackanalysisusingMarkov chains.First,

we develop a collection of Markov chainsusedto model the play of a single hand,and we

usethesechainsto computethe player's expectedadvantagewhenplaying accordingto a basic

strategy. Next, we analyzea simple card-countingtechniquecalled the CompletePoint-Count

System,introducedby Harvey Dubnerin 1963anddiscussedin Edward Thorp's famousbook,

BeattheDealer[1]. This systemrelieson trackingthestateof thedeckusinga High-Low Index

(HLI); we constructa Markov chain that modelsthe evolution of the HLI throughoutmultiple
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roundsof play. By computingthe equilibriumdistribution on this chain,we estimatehow much

time the player may spendin favorablestates,and we evaluatethe expectedadvantagefor a

card-countingplayer.

This paperis organizedasfollows.SectionII explainsthebasicrulesof blackjack.SectionIII

developsa collectionof Markov chainsfor modelingtheplay of a singlehand,andexplainshow

thesechainscanbeusedto computetheplayer's advantage.SectionIV introducestheComplete

Point-CountSystemanddescribestheconstructionof a Markov chainusingtheHLI statespace;

SectionV explorestheproblemof �nding theequilibriumfor thischain.In SectionVI, wepresent

our analysisof the CompletePoint-CountSystem.Finally, we concludein SectionVII.

I I . BLACKJACK RULES

We describein this sectiona basiccollectionof blackjackrules.We assumetheserules for

theanalysisthat follows. Many variationson theserulesexist [2]; in mostcasesthesevariations

caneasilybe consideredin a similar analysis.

A. Objectof the game

The player's objective is to obtain a total that exceedsthe dealer's hand,without exceeding

21.

B. Thecards

The valueof a handis computedas the total of all cardsheld. Facecardseachcountas10

towardthe total; we refer to any suchcardasa 10. Acesmaycountaseither1 or 11, whichever

yields a larger total that is lessthan 21. A handwith an 11-valuedAce is called soft. A hand

with a 1-valuedAce, or with no Aces, is called hard. A total of 21 on the �rst two cardsis

calleda blackjack or natural. Note that a naturalmustconsistof a 10 andan Ace.

For our analysis,thenumberD of 52-carddecksin play will bespeci�ed whenrelevant.The

valueD = 6 is typical in today's casinos.

A box calledtheshoeholdsthe cardsto be dealt.Whena certainnumberof cardshave been

played(roughly 3=4 of a shoe),the entire shoeis reshuf�ed when the next handis complete.

Reshuf�ing is discussedin greaterdetail in SectionIV.
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C. Thedeal

Theplayerplacesa betB at thebeginningof eachhand.To begin, theplayeranddealereach

receive two cards.Both of the player's cardsare faceup. Oneof the dealer's cardsis faceup;

one is facedown.

1) Insurance: If the dealershows an Ace, the player has the option of placing a side bet

called insurance. A player taking insurancebetsthe amount B
2 that the dealerholdsa natural.

If thedealerdoeshold a natural,the player's insurancebet is returnedwith a pro�t of B . If the

dealerdoesnot hold a natural,the player loseshis insurancebet.

The insurancebet hasno impacton the remainingaspectsof play.

2) Blackjack (Natural): If thedealerholdsa naturalandtheplayerdoesnot, theplayerloses

his bet. If thedealerandplayerboth hold a natural,thehandis over with no money exchanged.

If the playerholdsa natural,but the dealerdoesnot, his original bet B is returnedwith a pro�t

of 3
2B.

If neitherthedealernor theplayerholdsa natural,theplayerproceedsaccordingto theoptions

describedbelow. When he �nishes his turn, the dealerproceedsaccordingto a �x ed strategy,

drawing until her total exceeds16.

3) Hitting and standing: If his total is lessthan 21, the player may hit, requestinganother

card.Theplayermaychooseto continuehitting until his total exceeds21, in which casehebusts

andloseshis bet.This is an advantagefor the house,who wins even if the dealersubsequently

busts.The playermay alsoelect to standat any time, drawing no additionalcardsandpassing

play to the dealer.

At the conclusionof the hand,the playerwins if his total exceedsthe dealer's total. In this

case,his bet is returnedwith a pro�t B . If the dealerholds a higher total than the player, the

player loseshis bet. In the caseof a tie, calleda push, no money changeshands.

4) Doubling down: Whenholding his �rst two cards,the playermay elect to doubledown,

increasinghis original bet to 2B anddrawing a singleadditionalcardbeforepassingplay to the

dealer.

5) Splittingpairs: If theplayer's �rst two cardshave thesamevalue,theplayermayelectto

split thepair. In this case,the two cardsaredividedinto two distincthands(theplayerplacesan

additionalbetB to cover thenew hand),andplay proceedsasnormalwith two smallexceptions.

First, a total of 21 after a split is never countedasa natural.Second,a playerwho splits a pair
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of Aces is allowed only a single card drawn to eachAce. Otherwise,the player is allowed to

doublea bet after splitting, or even split againif he receives anotherpair. At the moment,we

placeno limit on the numberof timesa playermay split during a hand.

II I . ANALYZING A BASIC STRATEGY

In this section,we useMarkov chainsto modeltheplay of a singlehand.First,we constructa

Markov chainfor thedealer's hand,andwe usethe transitionmatrix to computethe probability

distribution amongthe possibledealeroutcomes.Next, we analyzea playing strategy for the

player(known asthe “Basic Strategy” [1]–[3]); in this system,the playermakes�rm decisions

thatdependstrictly on thecontentof his own handandthevalueof thedealer's up card.Again,

we use a Markov chain to determinethe probability distribution among the possibleplayer

outcomes;we thenusethis distribution to computethe player's expectedpro�t on a hand.

For this sectionwe assumea uniform, in�nite shoe– that is, we assumefor eachdraw the

probability di of drawing card i is as follows:

dA = d2 = d3 = � � � = d9 = 1=13; (1)

d10 = 4=13: (2)

A. Thedealer's hand

The dealerplaysaccordingto a �x ed strategy, hitting on all hands16 or below, andstanding

on all hands17 or above. To modelthe play of the dealer's hand,we constructa Markov chain

(	 d; Zd). The statespace	 d containsthe following elements:

� f f ir sti : i 2 f 2; : : : ; 11gg: the dealerholdsa singlecard,valuedi . All otherstatesassume

the dealerholdsmore thanonecard.

� f hardi : i 2 f 4; : : : ; 17gg: the dealerholdsa hardtotal of i .

� f sof t i : i 2 f 12; : : : ; 17gg: the dealerholdsa soft total of i .

� f standi : i 2 f 17; : : : ; 21gg: the dealerstandswith a total of i .

� bj: the dealerholdsa natural.

� bust: the dealerbusts.
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TABLE I

Distribution of dealeroutcomes:before the �r st card is dealt, and giventhat an Ace is dealt �r st.

Outcome Probability, before start Probability, givenAce

stand17 0.1451 0.1308

stand18 0.1395 0.1308

stand19 0.1335 0.1308

stand20 0.1803 0.1308

stand21 0.0727 0.0539

bj 0.0473 0.3077

bust 0.2816 0.1153

In total, we obtain a statespacewith j	 dj = 37. The dealer's play correspondsto a random

walk on this statespace,with initial statecorrespondingto thedealer's �rst card,andwith each

transitioncorrespondingto the draw of a new card.Transitionprobabilitiesaredictatedby the

shoedistribution di .

For thesituationswherethedealermuststand(i.e. whenhertotal is above 16), we specifythat

eachstatetransitionsto itself with probability1.1 Thestatesstand17; : : : ; stand21; bj; and bust

thenbecomeabsorbingstates. Becausethe dealer's total increaseswith eachtransition(except

possiblyoncewhen a soft handtransitionsto hard), it is clear that within n = 17 transitions,

any randomwalk will necessarilyreachoneof theseabsorbingstates.

To computea probability distribution amongthe dealer's possibleoutcomes,we needonly

to �nd the distribution amongthe absorbingstates.This is accomplishedby constructingthe

transition matrix Zd, and observing(Z 17
d ) i;j . Given that the dealershows initial card 
 , for

example, we may the computeher possibleoutcomesusing (Z 17
d )f ir st 
 ;�. Averagingover all

possibleinitial cards
 (and weighting by the probability d
 that shestartswith card 
 ), we

may computeher overall distribution on the absorbingstates.As an example,Table I lists the

distribution of the dealer's outcomes,beforethe �rst cardis dealt,aswell asthe distribution of

the dealer's outcomes,given that shestartswith an Ace faceup.

1Note that stateshar d17 and sof t17 �rst transition to stand17 with probability 1, however – these are provided to

accommodatepossiblerulesvariations.
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Notice that our assumptionregarding the in�nite shoeis key for this analysis.Otherwise,

the cardsplayedwould impact the distribution of the remainingcards.Our assumptionabouta

uniform distribution is not necessary, however. In SectionIV, we performa similar analysisfor

nonuniform,in�nite shoedistributions.

B. Theplayer's hand

The player's decisionsunderBasic Strategy dependonly on the cardsheld in his handand

the single card shown by the dealer. Basic Strategy is known as the optimal techniquewhich

maximizesthe player's expectedreturnwithout consideringthe cardsdealt in previous hands.2

Under Basic Strategy, the player sometimeswill elect to doublehis bet, or to split a pair, but

never to take insurance.Full detailsof the strategy areprovided in [1]–[3].

We againuseMarkov chainsto computethe distribution of the player's outcomesunderthe

BasicStrategy. Becausethe player's strategy dependson the dealer's card,we use10 different

Markov chains,onefor eachcard
 2 f 2; : : : ; 11g that thedealermaybeshowing. Thesechains

will be analyzedtogetherin the next section.

For eachMarkov chain(	 
 ; Z 
 ) , we usea statespacecontainingthe following elements:

� f f ir sti : i 2 f 2; : : : ; 11gg: the playerholdsa singlecard,valuedi , andwill automatically

be dealtanother.

� f twoHardi : i 2 f 4; : : : ; 21gg: theplayerholdstwo differentcardsfor a hardtotal of i and

may hit, stand,or double.

� f twoSof t i : i 2 f 12; : : : ; 21gg: theplayerholdstwo differentcardsfor a soft total of i and

may hit, stand,or double.

� f pair i : i 2 f 2; : : : ; 11gg: the playerholds two cards,eachof value i , andmay hit, stand,

double,or split.

� f hardi : i 2 f 5; : : : ; 21gg: the player holds more than two cardsfor a hard total of i and

may hit or stand.

� f sof t i : i 2 f 13; : : : ; 21gg: the player holds more than two cardsfor a soft total of i and

may hit or stand.

2Thissystemis describedasoptimalamong“total-based”systems,thosewhichdonotdependontheparticularcardscomposing

the player's hand.
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� f standi : i 2 f 4; : : : ; 21gg: the playerstandswith his original bet anda total of i .

� f doubStandi : i 2 f 6; : : : ; 21gg: the playerstandswith a doubledbet anda total of i .

� f split i : i 2 f 2; : : : ; 11gg: the player splits a pair, each card valued i (modeledas an

absorbingstate).

� bj: the playerholdsa natural.

� bust: the playerbustswith his original bet.

� doubBust: the playerbustswith a doubledbet.

Note that different stateswith the sametotal often indicatethat differentoptionsare available

to the player. In total, we obtaina statespacewith j	 
 j = 121.

Analysis on this Markov chain is similar to the dealer's chain describedabove. The Basic

Strategy dictatesa particularmove by the player (hit, stand,double,or split) for eachof the

states.Transitionprobabilitiesthen dependon the movesof the Basic Strategy, as well as the

distribution di of cardsin the shoe.Becausethe player's total increaseswith eachtransition

(except possibly once when a soft hand transitionsto hard), it is clear that within n = 21

transitions,any randomwalk will necessarilyreachone of the absorbingstates.The primary

differencein analysiscomesfrom the possibility of a split hand.

We includea seriesof absorbingstatesf split i g for the event wherethe playerelectsto split

a pair of cardsi . Intuitively, we imaginethat the playerthenbegins two new hands,eachin the

statef ir sti . To modelthe play of oneof thesehands,we createanotherMarkov chain(similar

to the player's chaindescribedabove), but we constructthis chainusingthe particularrulesfor

a handthat follows a split (seeSectionII-C.5). Becausemultiple splits areallowed, this chain

also includesthe absorbingstatesplit i .

C. Computingthe player's advantage

Assumethedealershowscard
 faceup.As describedin SectionIII-A, wemayuse(Z 17
d )f ir st 
 ;�

to determinethe distribution u
 on her absorbingstatesU � 	 d. Similarly, we may useZ 21

 to

determinethedistribution v
 on theplayer's absorbingstatesV � 	 
 . Note that theseoutcomes

are independent,given 
 , so the probability that any pair of player/dealeroutcomesoccurscan

be computedfrom the productof the distributions.

If theplayernever electedto split, theneachof theplayer's absorbingstateswould correspond

to the endof the player's turn. Using any combinationof the dealer's absorbingstatei andthe
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player's absorbingstatej , we could refer to the rules in SectionII and determinethe exact

pro�t (or gain) g(i; j ) to the player. Averagingthis gain over all possiblecombinationsof the

player's and dealer's absorbingstates(and weighing eachcombinationby its probability), we

could computepreciselythe player's expectedgain on a singlehandas follows

G =
11X


 =2

d


X

i 2 U

X

j 2 V

u
 (i )v
 (j )g(i; j ): (3)

Thesituationis morecomplicated,however, if theplayerelectsto split. Supposej 2 V is one

of the player's split-absorbingstates.We needto computethe player's expectedpro�t gs(i; j ),

given that he startsa singlepost-splithand.This canbe accomplishedasusualusingthe post-

split Markov chaindescribedin SectionIII-B, exceptthat thereis someprobability that he will

electto split again.In that case,the playerplaystwo morepost-splithands,eachwith expected

gaings(i; j ). This recursionallows us to computegs(i; j ) precisely. Letting x be the probability

of splitting again,and letting y be the payoff given that he doesnot split again,we have:

gs = (1 � x)y + 2xgs =
(1 � x)y
1 � 2x

: (4)

As long asx < 0:5, we may usethis formula to computethe expectedgain g(i; j ) = 2gs(i; j ),

andcombiningwith (3), we cancomputethe player's overall expectedgain G.

For the Basic Strategy table publishedin [2], with the player placing a unity bet B = $1,

we computeG = � 0:0052. This correspondsto an averagehouseadvantageof 0:52%, or an

expectedloss for the playerof 0:52 centsper hand.

IV. THE COMPLETE POINT-COUNT SYSTEM

The CompletePoint-CountSystem[1] is basedon a few simpleobservations:

� The player may vary his betsand playing strategy at will, while the dealermust play a

�x ed strategy.

� When the shoehasrelatively many high cardsremaining,thereis a playing strategy that

givesthe playeran expectedadvantageover the house.The advantageoccursbecausethe

dealermust hit on totals 12-16, even when thereare disproportionatelymany tensleft in

the shoe.

� When the shoehasrelatively few high cardsremaining,the househasa small advantage

over the player, regardlessof his strategy.
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Theseobservations are fundamentalto most card-countingstrategies and are also the basic

reasonswhy card-countingis not permittedby casinos.Becausethe player can placebets in

sucha way to minimize lossesduring unfavorabletimes,card-countingcangive the playeran

overall expectedgain over the house.

The CompletePoint-CountSystemis one methodfor tracking the relative numbersof high

cardsremainingin theshoe.We assumenow that theshoecontainsa �nite numberD of decks,

sothatthecardsplayedthroughouta roundhaveanimpacton thedistributionof cardsremaining.

In this section,we explain how Markov chainscanbe usedto analyzesucha scheme.

A. Details of the card-countingsystem

In this system,all cardsin thedeckareclassi�ed aslow (2 through6), medium(7 through9),

and high (10 and Ace). Each52-card deck thus contains20 low cards,12 mediumcards,and

20 high cards.

As the round progresses,the player keepstrack of the cardsplayed.For convenience,we

assumethat he keepstrack of an orderedtriple (L; M ; H ), representingthe numberof low,

mediumand high cardsthat have beenplayed.This triple is suf�cient to computethe number

of cardsremainingin the shoe,R = 52D � (L + M + H ).

The playerusesthe orderedtriple to computea high-low index (HLI):

H LI = 100�
L � H

R
: (5)

The HLI givesan estimatefor the favorability of the shoe:whenpositive, the playergenerally

hasan advantageand shouldbet high; whennegative, the player generallyhasa disadvantage

andshouldbet low. Thorp suggestsa speci�c bettingstrategy accordingto the HLI [1]:

B =

8
>>><

>>>:

b if � 100� H LI � 2
�

H LI
2

�
b if 2 < H LI � 10

5b if 10 < H LI � 100:

(6)

whereb is theplayer's fundamentalunit bet.For thesimplicity of this paper, we assumeb= $1.

It is important also to note that, although the player's advantageis presumablyhigh when

H LI > 10, Thorp recommendsan upper limit on the bets for practical reasons.If a casino

suspectsthat a player is countingcards,they will often remove that player from the game.
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The player's optimal playing strategy (hit, stand,double,or split) changesas a function of

HLI. Thorp gives a seriesof tablesto be usedby the player [1]. To be precise,the player's

decisionsdependon HLI, the dealer's facecard, and the stateof the player's own hand.For

simplicity, we assumethe player �x es his strategy at the beginning of eachhand– that is, he

doesnot track changesin HLI until the handis complete.

Finally, Thorp recommendstaking the insurancebet whenH LI > 8.

B. Computingthe player's expectedgain

We would like to computethe expectedgain per handof a playerusingthe CompletePoint-

Count System.We cannotimmediatelyapply the techniquesof SectionIII, however, because

the player's strategy is a function of HLI.

Suppose,however, that we are given an orderedtriple (L; M ; H ) that the player observes

prior to beginning a hand.From the triple we may computeHLI and obtain his betting and

playing strategies. In order to able to apply the techniquesof SectionIII, we must make two

key assumptions.First, we assumethat the pdf for the next card drawn is uniform over each

category: low, medium,andhigh. To be precise,we assume

d2 = � � � = d6 =
�

1
5

�
20D � L

R (7)

d7 = d8 = d9 =
�

1
3

�
12D � M

R (8)

d10 =
�

4
5

�
20D � H

R (9)

dA =
�

1
5

�
20D � H

R : (10)

Second,we assumethat theshoepdf doesnot change duringtheplay of thenext hand.This is a

kind of “locally in�nite” assumption,enoughto permit the techniquesof SectionIII. With these

two assumptions,we are able to computethe player's expectedgain G(L;M ;H ) on that hand.3

Accountingfor the expectedgain of an insurancebet is also simple,given theseassumptions,

as the probability of winning an insurancebet is preciselyd10.

If we were able to determinethe overall probability � (L;M ;H ) that the player begins a hand

with triple (L; M ; H ), we would beableto computehis overall expectedgainby averagingover

3WhentheHLI is very high,we mayviolatetheassumptionof (4) thatx < 0:5. To avoid thedangerof a negative probability,

we make a slight changeandusegs = (1 � x)y, which is similar to limiting the player to a singlesplit.
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all triples:

G =
X

(L;M ;H )

� (L;M ;H )G(L;M ;H ) : (11)

We turn onceagainto Markov chainsto �nd the probabilities� (L;M ;H ) .

C. Markov chain framework for shoeanalysis

In the CompletePoint-CountStrategy, the stateof the shoeafter n cardshave beenplayed

is determinedby the proportionof high, mediumand low cardspresentin the �rst n cards.To

calculatethe stateof the shoeafter n + 1 cardshave beenplayed, it is enoughto know the

(n + 1)th card and the stateof the shoeat time n. The �nite memoryof the systemmakes it

perfectfor a Markov chainanalysisframework. We will study the stateof a changingshoein

isolation from the analysisof a playing strategy. You can imaginethat we sit with a shoeof

cardscontainingD decksandturn over onecardat a time while we watchhow the stateof the

remainingcardschange.Oncewe know the equilibriumpropertiesof a shoeasyou draw cards

from it, we canincorporatethat informationinto an analysisof playing strategies.

In theCompletePoint-CountStrategy, theonly informationaboutacardthatmattersis whether

it belongsto the low, mediumor high category. Considera Markov chain (� ; P) whereeach

stateof � is an orderedtriple (L; M ; H ), representingthe numberof low, mediumand high

cardsthat have beenplayed.This (assumingknowledgeof the shoesize) is clearly enoughto

determinethe currentHLI, as well as the probability distribution on the category of the next

card.As mentionedearlier, in D decksof cards,thereareN = 52D total cards,distributedas

12D mediumcardsand20D eachof high andlow cards.The total numberof statesin thechain

is thereforegiven by

j� j = (20D + 1)(12D + 1)(20D + 1) = 4800D 3 + 880D 2 + N + 1:

Clearly j� j grows asN 3. Table II shows the numberof statesfor someexampleshoesizes.

For now, eachstatewill have only threepotentialtransitionsout. From the staterepresenting

(L; M ; H ) the chain can transition to (L + 1; M ; H ); (L; M + 1; H ) and (L; M ; H + 1) with

probabilities equal to the probability the next card drawn is a low, medium or high card,

respectively. To be more explicit, if the current state is (L; M ; H ), the transition matrix for

that row is given by
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TABLE II

Summaryof the numberof cards and j� j for somecommonshoesizesdiscussedin this report.

D N j� j N � N j� j � j� j

1/4 13 144 169 20,736

1/2 26 847 676 717,409

1 52 5733 2704 3:29 � 107

2 104 42,025 10,816 1:7 � 109

4 208 321,489 43,264 1:03 � 1011

6 312 1,068,793 97,344 1:14 � 1012

~P(L;M ;H )( a;b;c) =

8
>>>>><

>>>>>:

(20D � L )
R if (a;b;c) = (L + 1; M ; H )

(12D � M )
R if (a;b;c) = (L; M + 1; H )

(20D � H )
R if (a;b;c) = (L; M ; H + 1)

0 otherwise

(12)

Note that someof theseprobabilitiescould be zero, but theseare the only three possible

transitionsin one step.For simplicity right now, assumethat the last state(20D; 12D; 20D)

transitionsto the �rst state(0; 0; 0) with probability one.

The current simple chain is unrealistic becauseit plays through the entire shoe before

reshuf�ing back to the beginning. In a typical casinosituation, a dealerwill normally play

throughmost,but not all, of a shoebeforereshuf�ing. To eliminatemostof theadvantagefrom

countingcards,the casinocould reshuf�e after every hand.However, this desireopposesthe

casino's desireto play asmany handsasquickly aspossibleto maximizethe payoutfrom their

advantageover most players.In reality, a dealerwill cut � 75% into the shoeand play up to

this point beforereshuf�ing.

To modelthetypical reshuf�e pointascloselycenteredaround� 75%of theshoe,we madethe

reshuf�e point a (normalized)Laplacianrandomvariablecenteredaround:75(N ), with support

over thesecondhalf of theshoe.Thevarianceis scaledwith thesizeof theshoein orderto keep

a constantproportionof the shoein a region with a high probability of a reshuf�e. Precisely,
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the probability of the reshuf�e point beingafter the n th card is playedis given by

Prob [reshuf�e = n] =

8
><

>:

Cp
2� 2 exp

�
�j n� :75(N )jp

� 2=2

�
if n � dN=2e

0 otherwise

where� 2 = N=10, andC is a normalizingconstantto make the distribution sumto one,

C� 1 =
NX

n= dN=2e

Prob [reshuf�e = n] :

To translatethis into theMarkov chain,every statewill now beallowedfour possibletransitions.

Threepossibletransitionsweredescribedearlier, resultingfrom the drawing of a low, medium

or high card. The fourth possibletransitionis the possibility of “reshuf�ing”, or transitioning

backto the (0; 0; 0) state.

Let I n � � be thesetof all statessuchthatn cardshave beenplayed,I n = f (L; M ; H ) 2 � :

L + M + H = ng. To calculatetheprobability � n of a reshuf�e from a state(L; M ; H ) 2 I n , we

must calculatethe probability that the reshuf�e point is n conditionedon the assumptionthat

the reshuf�e point is at leastn,

P(L;M ;H )(0;0;0) = � n = Prob [reshuf�e = njreshuf�e � n] =
Prob [reshuf�e = n]

P N
m= n Prob [reshuf�e = m]

: (13)

The probability distribution on the reshuf�e location as well as the reshuf�e transitionproba-

bilities areshown in Figure1. The restof the transitionmatrix is �lled in with the reweighted

valuesfrom the chaindescribedin (12):

P(L;M ;H )( a;b;c) = (1 � � n) ~P(L;M ;H )( a;b;c) ; 8 (a;b;c) 6= (0; 0; 0): (14)

Beforewe canmake any claimsabouttheequilibriumof this chain,it is necessaryto examine

the propertiesof the transitionmatrix P. By inspection,it is clear that the chain is irreducible.

From any state,it is possibleto reachany otherstatewith somenon-zeroprobability. It is also

clear that this chainaperiodic.To seethis, we note that startingat state(0; 0; 0), two possible

returntimesaredN=2e anddN=2e+ 1. Sincegcd(dN=2e; dN=2e+ 1) = 1, theperiodfor (0; 0; 0)

is one,andthe stateis aperiodic.Becausethe chain is irreducible,all of the elementshave the

sameperiod and (� ; P) itself is aperiodic.The combinationof irreducibility and aperiodicity

give us that the chain converges to a unique equilibrium, lim n!1 Pn = � , where � = � P.

Finally, it is alsoclearby inspectionthat the chain is not � -reversible.If i; j 2 � andPi;j > 0,

then we know from the propertiesof the chain that Pj;i = 0. Oncea card hasbeenplayed,it

cannotbe taken back.
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Fig. 1. Reshuf�e point PDF and statereshuf�e prob. for 1 deck.

V. DECK EQUILIBRIUM

A. Analytic calculationsof shoeequilibrium

To evaluatethe effectivenessover the long run of a playing strategy that dependson the

stateof the shoe,we must be able to determinethe relative proportionof time the shoeis in

favorableor unfavorablestates.In other words, we must be able to calculateor estimatethe

equilibrium distribution of the shoeMarkov chain describedin sectionIV-C. Furthermore,in

order for the resultsto be mostapplicableto real gamesituations,we mustbe able to analyze

multiple deck games(at least two decks,and preferablyfour or six). Equations(13) and (14)

give an explicit expressionfor the transitionmatrix P. Knowing P, the uniqueequilibrium can

be solved analyticallyas

� = (1; 1; : : : ; 1)(I � P + E) � 1; (15)

where I and E are the j� j � j� j identity and onesmatrices,respectively [4]. Referringback

to Table II, we seethat even for one deck shoe,P would have 33 million entries.To storeP

as a matrix of 8-byte, double-precision�oating point numbers,it would requireapproximate

263MB of memory. To analyzea two deck shoe,P would requireapproximately13.6GB of

memory. Aside from the issueof storingP in memory, onewould alsoneedto createthe I and

E matrices,and then invert (I � P + E). Clearly, this is a situationin which we have perfect
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knowledgeof local transitions,but it is impossibleto dealwith P asa whole. In practice,using

MATLAB on a PentiumIII PC with 512MB of memory, we can calculate� through direct

matrix inversionfor 1/4, 1/2 and3/4 deckshoes,but not for anything larger.

If we cannotusethe direct inversionof equation(15) to analyticallydetermine� , we could

turn to simulationmethods.The ergodic theoremtells us that if we let the walk run, it will

asymptoticallyconverge to the equilibrium distribution. Oncea walk is suf�ciently well-mixed

(within someerror tolerance),we could stop it and take the �nal stateto be one samplefrom

� . Alternately, we could use a techniquesuch as “coupling from the past” to draw samples

exactly from � . However, a histogramestimatorover analphabetwith j� j entriesrequiresmany

samples.To get estimatesthat match (with reasonableprobability) the true distribution with

moderateerror, we calculatedthat we would needon the order of 107 samplesin the D = 1

caseand 109 samplesin the D = 4 case[5]. Consideringthe convergenceboundsavailable to

us (discussedin sectionV-B), estimating� throughsimulationcould be very computationally

intensive.

Looking more carefully at the Markov chain we have constructed,there is a greatdeal of

structure.The form of the chain is more clear in a graphicalrepresentation.Imaginethat we

arrangedall of thestatesso thatstatesrepresentingthesamenumberof cardsplayed(belonging

to the sameset I n) are in the samecolumn,andeachcolumnrepresentsonemorecardplayed

thanin thepreviouscolumn(depictedgraphicallyin Figure2). Note thatwhena cardis played,

a statein I n canonly move to a statein I n+1 . Only thestatesin I n for n � dN=2e arecapableof

causinga reshuf�e (transitioningbackto the (0; 0; 0) state),andeachstatein I n reshuf�es with

the sameprobability (� n). Columnscloserto the midpoint of the shoecontainmorestates,and

the�rst andlastcolumnstaperdown to onestatein each(jI 0j = jI N j < jI 1j = jI N � 1j < jI 2j : : : ).

The fan out to many statesfollowed by a taperbackdown to onestatehappensbecausethere

aremany valid waysto make valid triplesrepresentingdN=2e cardsplayed,but the (0; 0; 0) and

(20D; 12D; 20D) statesare the only ways to have played0 andN cards,respectively.

Startingat state(0; 0; 0) a walk will take oneparticularpath from left to right, moving one

columnwith eachstepandalways taking exactly dN=2e stepsto reachthe midpoint.After the

midpoint, the statescan also reshuf�e at eachstepwith a probability � n that only dependson

the the current column and not on the path taken up to that point or even the exact current

statewithin thecolumn.Essentially, this structureallows us to separatethecalculationof � into
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Fig. 3. Graphical depictionof reducedcolumnstatespace� .

two components:how much relative time is spentin eachcolumn,and within eachindividual

column,what proportionof time is spentin eachstate.To investigatethe relative time spentin

eachcolumn,we createa reducedchain (� ; Q) whereeachcolumn in Figure 2 is represented

by onestatein � (depictedgraphicallyin Figure3). The transitionmatrix is given by

Qn;m =

8
>>><

>>>:

(1 � � n ) if m = n + 1

� n if m = 0

0 otherwise

(16)

It is clear that the chain (� ; Q) is also irreducible,aperiodicandnot reversible.From this, we

know thatthechaindoesconvergeto a uniqueequilibrium� , representingtherelative proportion
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of time that the original chain (� ; P) spentin eachcolumn of Figure 2. This is statedmore

preciselyas

� n =
X

(L;M ;H )2 I n

� (L;M ;H ) : (17)

Figure4 shows � for D = 1. Importantly, the dimensionof the reducedcolumn-spacechain is

muchsmallerthan the original chain,with j� j = N and j� j = O(N 3). Even in the casewhen

D = 6, the direct inversioncalculationof

� = (1; 1; : : : ; 1)(I � Q + E) � 1

is easilydonein minutes.It is also importantto noteherethat becausejI 0j = 1, � 0 = � 0.

Thestructureof theMarkov chainallows us to compute� oncewe have � . Usingtherelation

� = P� , we observe that

� (L;M ;H ) =
X

k2 �

� kPk;(L;M ;H ) : (18)

Suppose(L; M ; H ) 2 I n with n > 0. The only statesthat transitionto (L; M ; H ) arecontained

in I n� 1, andso we have

� (L;M ;H ) =
X

k2 I n � 1

� kPk;(L;M ;H ): (19)

Becausewe know that � 0 = � 0, we are able to compute� 1, followed by � 2, and so on. With

knowledgeonly of � 0, we are able to completelydeterminethe equilibrium � . The technique
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Fig. 5. Equilibria for 1/2, 1 and 4 deck shoes.

describedhere takes advantageof the rich structurein the chain to analytically calculate�

exactly usingonly local knowledgeof P, andtheinversionof a jN j � jN j matrix.Thetechnique

givesnumericallyidenticalresults(accurateup to the precisionof the computer)to equilibrium

calculatedthroughthe direct inversionin (15) for 1/4 and 1/2 deck shoes.The algorithm can

calculatethe equilibrium when D = 6 in underan hour, making it much more ef�cient and

accuratethanestimationthroughsimulation.Equilibria calculatedthroughthis methodfor D =

f 1=2; 1; 4g areshown in Figure5. Becausetheequilibriumwould bedif�cult to plot in thethree

dimensionalstatespace� , stateswith thesameHLI arecombinedandtheequilibriaareplotted

vs. HLI.

B. Convergenceboundsand actual mixing rates

Even thoughwe have a methodfor analyticallycalculating� exactly for the casesof interest

to us,we arestill interestedin investigatingthemixing rateof thechain(� ; P). If we analyzethe

playeradvantageaccordingto theequilibriumdistributionon thestateof thedeck,it is important

to know how long a player would have to wait in order for the equilibrium assumptionto be

reasonablyvalid. For an irreducible,aperiodicchainwith an K suchthatP K > 0, we have two

known boundson the convergencespeed:

jPn
i;j � � j j � (1 � 2� )(n=K )� 1 (20)

jPn
i;j � � j j � (1 � j� j� )(n=K )� 1; (21)

where � = mini;j
�
PK

i;j

�
. It should be noted that calculating� will be very dif�cult when P

is so large that we are unableto constructor manipulateit. Because(� ; P) is not reversible,
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eigenvaluetechniquesfor boundingconvergencespeedcannotbe applied.Coupling techniques

couldbeappliedto (� ; P) andindeedconstructinga suitablecouplingis not dif�cult. However,

we wereunableto �nd a tractableboundfor the expectedcouplingtime so we wereunableto

boundthe convergencespeedusingcoupling.

For D = 1=2 (and no larger) we can constructand exponentiateP. Also calculating� as

describedin sectionV-A, we cancomputethemixing rateexactly andcompareit to thebounds

in (21). To get PK > 0, we needK � 41. However, with K = 41, � is very small.The bounds

in (21) hold for any K suchthat P K > 0, andby choosingK = 100 we canget a signi�cant

improvementin thebounds.However, it is clearthat theseboundsarenot at all tight. According

to the boundsin equation(21), to guaranteethat jP n
i;j � � j j < :1, we needto wait for n � 1012

cardsto beplayed.Direct calculationshows us that jP n
i;j � � j j < :01 for n � 400cards!In order

to computea tighter boundfor jP n
i;j � � j j, we focusonceagainon the columnstructureof the

statespace.

Supposen > N + 1, andlet i; j 2 � be orderedtriples.We de�ne ci to be the columnindex

of triple i ; that is, i 2 I ci . We wish to investigatethe behavior jP n
i;j � � j j. Due to our reshuf�e

scheme,a path from i to j in n stepsmust involve a reshuf�e after preciselyn � cj steps.

Thereforewe have

Pn
i;j = Pn� cj

i; 0 P cj
0;j : (22)

Note that the �rst term is dependentonly on the reshuf�e probabilities,so we have

Pn� cj
i; 0 = Qn� cj

ci ;0 : (23)

Also, it follows from recursively applying(19) that

� j = � 0P cj
0;j : (24)

Thereforewe have

�
�Pn

i;j � � j

�
� =

�
�
�Q

n� cj
ci ;0 P cj

0;j � � 0P
cj
0;j

�
�
� (25)

= P cj
0;j

�
�
�Q

n� cj
ci ;0 � � 0

�
�
� (26)

�
�
�
�Q

n� cj
ci ;0 � � 0

�
�
� : (27)
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Fig. 6. Goodandbadconvergenceboundsfor D = 1=2.

We seethata convergenceboundfor (� ; P) is closelyrelatedto a convergenceboundfor (� ; Q).

Continuing,we have

�
�Pn

i;j � � j

�
� � max

k;l

�
�
�Q

n� cj
k;l � � l

�
�
� (28)

� max
k;l

�
�
�Qn� (N +1)

k;l � � l

�
�
� (29)

where the last step follows becausewe observe that the convergenceis nonincreasing.The

bound achieved in (29) (under the assumptionof (29) not increasingwith n) is signi�cant

becausethoughwe cannotexponentiateP, we canexponentiateQ (for any reasonablenumber

of decks).

Figure 6(a) plots maxk;l

�
�
�Qn� (N +1)

k;l � � l

�
�
� as a bound for jP n

i;j � � j j. On this plot, we also

show the actual deviation of P n from � . Our bound using Qn� (N +1) is rather close. As a

stark comparison,we show on the sameplot our bestboundthat resultsfrom (21) with K =

100. This boundis approximatelyequalto 1 for all interestingvaluesof n. By exploiting the

columnstructure,we have improved our boundon runningtime by approximately10 ordersof

magnitude!

We brie�y mentiona few interestingfacts about the convergenceof the chain (� ; Q). For

the sake of completeness,we plot in Figure6(b) the boundsfor jQn
i;j � � j j that result from the

analysisof (20) and(21). Theseboundsconverge slightly fasterthanthe correspondingbounds
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Fig. 7. Interestingboundresults,D = 1=2.

for jPn
i;j � � j j. We can,of course,computeQn directly, and we observe that it still converges

muchmorequickly thantheboundsindicate.Figure7(a)shows a close-upzoomof Figure6(a).

It is quite interestingto notethat theconvergenceof theseMarkov chainsoccursin ratherabrupt

stages.Figure7(b) plots the (discrete)derivative of the error maxi;j jQn
i;j � � j j. We observe that

thesechangesare nonpositive (this was necessaryto obtain (29)), and also that the changes

are periodicwith periodof roughly n = 20 cards,or 75% of the size of the shoe.Computing

jQn
i;j � � j j for othervaluesof D, we seethat the periodicity is alwaysapproximately3

4 � 52D.

Though we have no preciseexplanationhere,we believe that the behavior is intimately tied

to the reshuf�ing strategy of our model. The constantsegmentsin Figure 7(a) have a width

that correspondsto dN=2e and Figure 7(b) has a period that is the expectedreshuf�e time,

:75N . The constantsegmentsin Figure7(a) suggestto us that the chainwe have developedis

almostperiodic,and the only real mixing occursbecauseof a reshuf�e. The readerinterested

in observingconnectionsbetweenthe mixing behavior seenin Figure 7(a) and the reshuf�ing

schemeis referredbackto Figure1, upside-down andheld backwardsup to the light.

Finally, becausewe cannotcomputeP n directly for the caseD = 4, we plot in Figure8 the

boundsthat arise from (20), (21), and (29). Notice here that the bound from (29) is roughly

12 ordersof magnitudebetterthan the boundsthat would be available to us from the general

resultson Markov Chains.
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VI. ANALYSIS

We presentin this sectionour analysisof the CompletePoint-CountSystem.Becausethe

betting is not constantin this system,it is importantnow to distinguishbetweenthe player's

advantage andthe player's expectedgain. The player's expectedgain G is de�ned asthe dollar

amounthe expectsto pro�t from a single hand when betting accordingto (6). The player's

advantageA is the percentof his bet he expectsto win:

A = 100�
G
B

: (30)

A. Player advantage vs. HLI

For a gamewith D = 1 deck,we usethe methoddescribedin SectionIV-B to computethe

player's advantagefor eachpossibletriple (L; M ; H ). Figure9(a) plots the player's advantage

againstthe correspondingHLI for eachpossibletriple in the 1-deck game(assumingfor the

momentthattheplayerdoesnot take insurance).It is interestingto notethatasinglevalueof HLI

may correspondto several possibledeckstates;thesestatesmay, in turn, correspondto widely

varying advantagesfor the player. Someof thesetriples may be highly unlikely, however. To

get a betterfeel for the relationbetweenHLI andplayeradvantage,we usethe analyticmethod

of SectionV-A to computethe equilibrium distribution of the states.Figure 9(b) shows a plot
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Fig. 9. (a)Playeradvantagesgenerallyincreasewith HLI, with someoutliers(D = 1). (b) Averageplayeradvantagegivenstate

HLI.

wherewe use the relative equilibrium time to averageall triples that correspondto the same

HLI value.

As expected,the player's advantagegenerally increaseswith HLI, and the player is at a

disadvantagewhen HLI is negative. Surprisingly, though, as the HLI approaches� 100, the

player's disadvantagediminishes.4 Figure 10 focuseson a more typical rangeof HLI values,

andincludesthe player's advantagewhenplaying with insurance.For comparisonpurposes,we

includethe correspondingplot that appearsin Thorp's descriptionof the CompletePoint-Count

System[1].

B. Expectedgains

Figure 11 shows the average amount of time the player expects to play with different

advantages(we assumeD = 1 and that the player plays with insurance).The player spends

a considerableamountof time in stateswith a disadvantage.In fact, if theplayerplaceda unity

bet on every hand,he would play at a disadvantageof 0:64%.

Adjusting the bets is key to the player's hope for a positive expectedgain. Figure 11 also

shows the averageamountof time the playerexpectsto play with differentexpectedgains.The

4This is alsomentionedin [1], althoughThorp claimsa signi�cant advantagefor the playerasH LI ! � 100.
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Fig. 10. Playeradvantagevs.HLI. (a)Ouranalysis.(b) Thorp's result[1].
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Fig. 11. (a)Relative timespentwith differentplayeradvantages(D = 1). (b) Relative timespentwith differentexpectedgains.

larger betsthat areplacedwhenthe shoeis favorable(accordingto (6)) allow the playerto win

more money in thosestates.We compute,in fact, that the player plays with an expectedgain

of G = 0:0167, or 1:67 centsper hand.

C. Dependencyon deck size

Not surprisingly, the numberof decksin play hasa direct impact on the player's expected

gain. We notice, however, that plots such as Figure 9 changelittle as the numberof decks
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Fig. 12. (a)Timein favorablestatesdependsonnumberof decks.(b) Expectedplayergain(perhand)usingCompletePoint-Count

System.

changes,indicating that HLI is a universally good indicator of the player's advantage.As we

observed in Figure5, however, the relative amountof time spentin eachHLI dependsstrongly

on the numberof decksin play. As we saw in the previous section,muchof the player's gain

comesfrom placinglarge betswhenHLI is large. With moredecksin play, he is lesslikely to

encountertheseextremesituations.Figure12 illustratesthis dependency andplots the player's

overall expectedgain,as the numberof deckschanges.

VII. CONCLUSIONS

Blackjack is a non-trivial game,and any precise,analytic statementsabouta player's odds

whenusinga particularstrategy would beoverwhelming(if not impossible)to calculatewithout

theframework of a Markov chainanalysis.We have seenin this work thatundera very few mild

simplifying assumptions,the long-termadvantageandexpectedwinningsof a playing strategy

canbecompletelydeterminedusingtheequilibriumanalysisof a combinationof Markov chains.

Thoughblackjackis only a casinogame,our exerciseillustratesthe power of Markov chainsin

analyzingcomplicated,real-world problems.

Ourbasicstrategy analysisis asimpleapplicationof aMarkov chainbasedon thedeterministic

choicesmadeby theplayer. Weobservethatthein�nite shoeassumptionis critical to thisanalysis

becauseit allows us a tractablemethodfor calculatingthe distributionson the absorbingstates.
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In our analysisof theCompletePoint-Countsystem,we dealwith thesituationwheretheshoeis

�nite. Our “locally in�nite” assumption,however, allows usto computetheplayer's approximate

advantagefor eachstate.By computingtheaveragetime theplayerspendsin eachstate,we are

able to computehis overall advantage.

Our Markov chainto modelthe High-Low Index containsa large numberof states,andonly

throughour knowledgeof its column structurecan we perform a preciseanalysis.This paper

truly highlights the importanceof exploiting the known structureof the speci�c Markov chain

underanalysis.Perhapsthe mostpowerful examplewe provide arethe boundsfor convergence

to equilibrium.Usingour column-structureanalysis,we obtainboundsthatareimmenselymore

useful than the boundsapplicableto generalMarkov chains.Thoughtaking advantageof the

structurecanbea big win in achieving betterbounds,it is sometimesdif�cult (or impossible)to

do so.This is illustratedby the inapplicabilityof an eigenanalysis(dueto the non-reversibility)

andthe intractability of a couplinganalysis.

The mixing boundswe obtain using a column analysisshow that the player can expect the

shoeto approachequilibrium within a reasonableamountof time. The 1000 or so cardsthe

playerneedsto observe is quite a few, but is alsoeasilyachievablein a few hours.In practical

terms, the expectedgain provided by the CompletePoint-CountSystemis subtle (compared

to, say, the Basic Strategy). It doesallow the player, however, to be on the lookout for the

occasionalhighly favorabledeck.It is in thesesituations,whentheplayerincreaseshis bet, that

the card-counter's gamecantruly be both entertainingandpro�table.
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