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. INTRODUCTION

The gameof blackjacknaturallylendsitself to analysisusingMarkov chains.Constructinga
statespacewhereeachstaterepresentshe value of a hand,for example,a sequencef dravs
can be viewed as a randomwalk with transition probabilitiesdictatedby the (unseen)cards
remainingin the deck. If we assumean in nite deck (equivalently, that the probability of the
next carddoesnot dependon previously dealtcards),thenthe processs rst-order Markov: the
probability distribution on the next statedependsonly on the value of the currenthand. Such
simpli cations aresomevhatarti cial, of coursebut they allow usto aska seriesof interesting
guestionghat may somedayeadto betterplaying stratgies.As evidencedby a trip to Harrahs
Lake CharlesCasinoduring the writing of this paper intelligent play can be both entertaining
andpro table.

In this paper we explore several methodsfor blackjackanalysisusing Markov chains.First,
we develop a collection of Markov chainsusedto model the play of a single hand,and we
usethesechainsto computethe players expectedadvantagewhenplaying accordingto a basic
stratgy. Next, we analyzea simple card-countingtechniquecalled the CompletePoint-Count
System,introducedby Harvey Dubnerin 1963 anddiscussedn Edward Thorp's famousbook,
Beatthe Dealer[1]. This systemrelieson trackingthe stateof the deckusinga High-Low Index

(HLI); we constructa Markov chainthat modelsthe evolution of the HLI throughoutmultiple
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roundsof play. By computingthe equilibrium distribution on this chain,we estimatehow much
time the player may spendin favorable states,and we evaluatethe expectedadwantagefor a
card-countingplayer
This paperis organizedasfollows. Sectionll explainsthe basicrulesof blackjack.Sectionlll

developsa collectionof Markov chainsfor modelingthe play of a singlehand,andexplainshow
thesechainscanbe usedto computethe players advantage SectionlV introduceshe Complete
Point-CountSystemanddescribeghe constructiorof a Markov chainusingthe HLI statespace;
SectionV explorestheproblemof nding theequilibriumfor this chain.In SectionVI, we present

our analysisof the CompletePoint-CountSystem.Finally, we concludein SectionVII.

II. BLACKJACK RULES

We describein this sectiona basiccollection of blackjackrules. We assumetheserules for
the analysisthatfollows. Many variationson theserulesexist [2]; in mostcaseghesevariations

caneasilybe consideredn a similar analysis.

A. Objectof the game

The player’s objectie is to obtain a total that exceedsthe dealers hand,without exceeding
21

B. Thecards

The value of a handis computedas the total of all cardsheld. Facecardseachcountas 10
towardthetotal; we referto ary suchcardasa 10. Acesmay countaseitherl or 11, whichever
yields a larger total that is lessthan21. A handwith an 11-valuedAce is called soft A hand
with a 1-valuedAce, or with no Aces,is called hard. A total of 21 on the rst two cardsis
calleda blackjack or natural. Note that a naturalmustconsistof a 10 andan Ace.

For our analysisthe numberD of 52-carddecksin play will be speci edwhenrelevant. The
valueD = 6 is typical in today's casinos.

A box calledthe shoeholdsthe cardsto be dealt. Whena certainnumberof cardshave been
played(roughly 3=4 of a shoe),the entire shoeis reshufed whenthe next handis complete.

Reshufing is discussedn greaterdetailin SectionlV.



MAY 5, 2003 3

C. Thedeal

The playerplacesa betB atthe beginningof eachhand.To begin, the playeranddealereach
receve two cards.Both of the players cardsare faceup. One of the dealers cardsis faceup;
oneis facedown.

1) Insurance: If the dealershowns an Ace, the player hasthe option of placing a side bet
calledinsurance A playertaking insurancebetsthe amount% that the dealerholds a natural.
If the dealerdoeshold a natural,the player's insurancebetis returnedwith aprot of B. If the
dealerdoesnot hold a natural,the playerloseshis insurancebet.

The insurancebet hasno impacton the remainingaspectsf play.

2) Blackjadk (Natural): If the dealerholdsa naturalandthe playerdoesnot, the playerloses
his bet. If the dealerandplayerboth hold a natural,the handis over with no money exchanged.
If the playerholdsa natural,but the dealerdoesnot, his original betB is returnedwith a pro t
of 3B.

If neitherthe dealemor the playerholdsa naturalthe playerproceedsaccordingo the options
describedbelon. When he nishes his turn, the dealerproceedsaccordingto a x ed strat@y,
drawing until her total exceedsl6.

3) Hitting and standing: If his total is lessthan 21, the player may hit, requestinganother
card.The playermay chooseo continuehitting until his total exceed<21, in which casehe busts
andloseshis bet. This is an adwvantagefor the house who wins evenif the dealersubsequently
busts.The playermay alsoelectto standat ary time, draving no additionalcardsand passing
play to the dealer

At the conclusionof the hand,the playerwins if his total exceedsthe dealers total. In this
case,his betis returnedwith aprot B. If the dealerholdsa highertotal thanthe player the
playerloseshis bet. In the caseof atie, calleda push no moneg/ changeshands.

4) Doubling down: Whenholding his rst two cards,the player may electto doubledown
increasinghis original betto 2B anddrawing a singleadditionalcardbeforepassingplay to the
dealer

5) Splitting pairs: If the players rst two cardshave the samevalue,the playermay electto
split the pair. In this case the two cardsaredividedinto two distincthands(the playerplacesan
additionalbetB to cover the new hand),andplay proceedsasnormalwith two smallexceptions.

First, a total of 21 after a split is never countedas a natural.Seconda playerwho splits a pair
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of Acesis allowed only a single card dravn to eachAce. Otherwise,the playeris allowed to
doublea bet after splitting, or even split againif he receves anotherpair. At the moment,we

placeno limit on the numberof timesa player may split during a hand.

[11. ANALYZING A BASIC STRATEGY

In this section,we useMarkov chainsto modelthe play of a singlehand.First, we constructa
Markov chainfor the dealers hand,andwe usethe transitionmatrix to computethe probability
distribution amongthe possibledealeroutcomes Next, we analyzea playing stratgy for the
player (known asthe “Basic Strat@y” [1]—-[3]); in this system,the playermakes rm decisions
thatdependstrictly on the contentof his own handandthe valueof the dealers up card.Again,
we use a Markov chainto determinethe probability distribution amongthe possibleplayer
outcomeswe then usethis distribution to computethe players expectedprot on a hand.

For this sectionwe assumea uniform, in nite shoe- thatis, we assumefor eachdraw the

probability d; of draving cardi is asfollows:

d/_\ = d2 = d3 = = dg = 1=13 (1)

le = 4=13 (2)

A. Thedealers hand

The dealerplaysaccordingto a x ed stratgy, hitting on all hands16 or below, and standing
on all hands17 or above. To modelthe play of the dealers hand,we constructa Markov chain

( 4;Z4q). The statespace 4 containsthe following elements:

fsoft; i 2 f12:::;179g the dealerholdsa soft total of i.
fstand; :i 2 f17;:::;21gg the dealerstandswith a total of i.
bj: the dealerholdsa natural.

bust the dealerbusts.
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TABLE |

Distribution of dealeroutcomesbefoe the r st card is dealt, and giventhat an Aceis dealt r st.

Outcome| Probability, befoe start | Probability, given Ace
stand 17 0.1451 0.1308
stand s 0.1395 0.1308
standig 0.1335 0.1308
stand 2o 0.1803 0.1308
stand; 0.0727 0.0539
bj 0.0473 0.3077
bust 0.2816 0.1153

In total, we obtain a statespacewith j 4 = 37. The dealers play correspondgo a random
walk on this statespacewith initial statecorrespondingo the dealers rst card,andwith each
transitioncorrespondingo the drav of a new card. Transitionprobabilitiesare dictatedby the
shoedistribution d;.

For the situationswherethe dealermuststand(i.e. whenhertotal is above 16), we specifythat
eachstatetransitiongo itself with probability1.* Thestatesstand,;; :::; stand,; bj; andbust
thenbecomeabsorbingstates Becausehe dealers total increasewith eachtransition(except
possiblyoncewhen a soft handtransitionsto hard), it is clearthat within n = 17 transitions,

ary randomwalk will necessarilyeachone of theseabsorbingstates.

To computea probability distribution amongthe dealers possibleoutcomeswe needonly
to nd the distribution amongthe absorbingstates.This is accomplishedy constructingthe
transition matrix Z4, and observing(Z3");; . Given that the dealershaws initial card , for
example, we may the computeher possibleoutcomesusing (Z1')ir s : . Averagingover all
possibleinitial cards (and weighting by the probability d that she startswith card ), we
may computeher overall distribution on the absorbingstates.As an example, Table| lists the
distribution of the dealers outcomeshpeforethe rst cardis dealt,aswell asthe distribution of

the dealers outcomesgiven that shestartswith an Ace faceup.

INote that stateshard;; and soft;; rst transitionto standiz with probability 1, howvever — theseare provided to

accommodat@ossiblerules variations.
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Notice that our assumptionregarding the in nite shoeis key for this analysis.Otherwise,
the cardsplayedwould impactthe distribution of the remainingcards.Our assumptiorabouta
uniform distribution is not necessaryhowever. In SectionlV, we performa similar analysisfor
nonuniform,in nite shoedistributions.

B. Theplayer's hand

The players decisionsunderBasic Stratgly dependonly on the cardsheld in his handand
the single card shovn by the dealer Basic Stratgy is known as the optimal techniquewhich
maximizesthe players expectedreturnwithout consideringthe cardsdealtin previous hands?
Under Basic Stratgy, the player sometimeswill electto doublehis bet, or to split a pair, but
never to take insuranceFull detailsof the stratgy are provided in [1]-[3].

We againuseMarkov chainsto computethe distribution of the players outcomesunderthe

Basic Stratgy. Becausehe players stratgy depend=on the dealers card, we use 10 different

will be analyzedtogetherin the next section.

For eachMarkov chain( ;Z ) , we usea statespacecontainingthe following elements:

may hit, stand,or double.

ftwoSoft; :i 2 12 :::;21gg the playerholdstwo differentcardsfor a soft total of i and
may hit, stand,or double.

may hit or stand.

fsoft; ;12 f13:::;21gg the playerholds more thantwo cardsfor a soft total of i and
may hit or stand.

2This systenis describedisoptimalamong‘total-based’systemsthosewhich do notdependn the particularcardscomposing
the players hand.
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absorbingstate).

bj: the playerholdsa natural.

bust the playerbustswith his original bet.
doubBust: the playerbustswith a doubledbet.

Note that different stateswith the sametotal often indicatethat different optionsare available
to the player In total, we obtaina statespacewith ] j= 121

Analysis on this Markov chainis similar to the dealers chain describedabove. The Basic
Stratgy dictatesa particularmove by the player (hit, stand,double,or split) for eachof the
states.Transitionprobabilitiesthen dependon the moves of the Basic Stratgy, aswell asthe
distribution d; of cardsin the shoe.Becausethe players total increaseswith eachtransition
(except possibly once when a soft hand transitionsto hard), it is clear that within n = 21
transitions,any randomwalk will necessarilyreachone of the absorbingstates.The primary
differencein analysiscomesfrom the possibility of a split hand.

We include a seriesof absorbingstatesf split ;g for the event wherethe playerelectsto split
a pair of cardsi. Intuitively, we imaginethatthe playerthenbeginstwo newv hands,eachin the
statef ir st;. To modelthe play of one of thesehands,we createanotherMarkov chain(similar
to the player’s chaindescribedabore), but we constructthis chainusingthe particularrulesfor
a handthat follows a split (seeSectionll-C.5). Becausanultiple splits are allowed, this chain

alsoincludesthe absorbingstatesplit ;.

C. Computingthe player's advanta@e

Assumethedealershavscard faceup.As describedn Sectionlll-A, we mayuse(Z )i st -
to determinethe distribution u on her absorbingstatesU 4. Similarly, we may useZ?* to
determinethe distributionv on the player's absorbingstatesv . Notethattheseoutcomes
areindependentgiven , so the probability thatany pair of player/dealeloutcomesoccurscan
be computedfrom the productof the distributions.

If the playernever electedto split, theneachof the player's absorbingstatesvould correspond

to the endof the players turn. Using any combinationof the dealers absorbingstatei andthe
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players absorbingstatej, we could refer to the rulesin Sectionll and determinethe exact
prot (or gain) g(i; j) to the player Averagingthis gain over all possiblecombinationsof the
players and dealers absorbingstates(and weighing eachcombinationby its probability), we
could computepreciselythe players expectedgain on a single handasfollows

Xl x X . . —
G= d u (v (g j): 3)

=2 i2U j2Vv
The situationis morecomplicatedhowever, if the playerelectsto split. Supposg 2 V is one
of the players split-absorbingstates We needto computethe players expectedprot gs(i; j),
given that he startsa single post-splithand. This canbe accomplisheds usualusingthe post-
split Markov chaindescribedn Sectionlll-B, exceptthatthereis someprobability that he will
electto split again.In that case the playerplaystwo more post-splithands,eachwith expected
gaings(i; j ). This recursionallows usto computegs(i; j) precisely Letting x be the probability

of splitting again,andletting y be the payof given that he doesnot split again,we have:

_ _ @ x)y.
0= (1 Xx)y+ 2xgs = T ox -

As long asx < 0:5, we may usethis formulato computethe expectedgain g(i; j) = 20s(i; j ),

(4)

and combiningwith (3), we cancomputethe player’s overall expectedgain G.
For the Basic Stratgy table publishedin [2], with the player placing a unity betB = $1,
we computeG = 0:0052 This correspondgo an averagehouseadwantageof 0:52% or an

expectediossfor the playerof 0:52 centsper hand.

V. THE COMPLETE POINT-COUNT SYSTEM

The CompletePoint-CountSystem[1] is basedon a few simple obsenrations:

The player may vary his betsand playing stratgy at will, while the dealermust play a
X ed strat@y.

Whenthe shoehasrelatvely mary high cardsremaining,thereis a playing stratgy that
givesthe playeran expectedadwantageover the house.The advantageoccursbecausehe
dealermust hit on totals 12-16, even when there are disproportionatelymary tensleft in

the shoe.

Whenthe shoehasrelatively few high cardsremaining,the househasa small adwvantage

over the player regardlessof his strategy.
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Theseobsenations are fundamentalto most card-countingstratgies and are also the basic
reasonswhy card-countingis not permittedby casinos.Becausethe player can place betsin
sucha way to minimize lossesduring unfavorabletimes, card-countingcan give the playeran
overall expectedgain over the house.

The CompletePoint-CountSystemis one methodfor tracking the relatve numbersof high
cardsremainingin the shoe.We assumenow thatthe shoecontainsa nite numberD of decks,
sothatthe cardsplayedthroughouta roundhave animpacton thedistribution of cardsremaining.

In this section,we explain how Markov chainscanbe usedto analyzesucha scheme.

A. Details of the card-countingsystem

In this system all cardsin the deckareclassi ed aslow (2 through6), medium(7 through9),
and high (10 and Ace). Each52-card deck thus contains20 low cards,12 mediumcards,and
20 high cards.

As the round progressesthe player keepstrack of the cardsplayed. For corvenience,we
assumethat he keepstrack of an orderedtriple (L; M;H), representinghe numberof low,
mediumand high cardsthat have beenplayed.This triple is sufcient to computethe number
of cardsremainingin theshoe,R =520 (L+ M + H).

The playerusesthe orderedtriple to computea high-low index (HLI):

HLI = 100 %: (5)

The HLI givesan estimatefor the favorability of the shoe:when positive, the playergenerally
hasan adwantageand shouldbet high; when negative, the player generallyhasa disadwantage

andshouldbet low. Thorp suggests speci ¢ betting stratgy accordingto the HLI [1]:
8

£ b if 100 HLI 2
B=_ "l bif 2<HL 10 (6)
-§ 50 if 10< HLI  10Q
whereb is the player's fundamentalnit bet. For the simplicity of this paper we assumer= $1
It is important also to note that, althoughthe players adwantageis presumablyhigh when
HLI > 10, Thorp recommendsan upperlimit on the betsfor practicalreasonslif a casino

suspectghat a playeris countingcards,they will oftenremove that playerfrom the game.



10 MATH 502: AN INTRODUCTION TO MARKOV CHAINS

The players optimal playing stratgy (hit, stand,double,or split) changesas a function of
HLI. Thorp gives a seriesof tablesto be usedby the player[1]. To be precise,the players
decisionsdependon HLI, the dealers face card, and the stateof the players own hand. For
simplicity, we assumehe player x es his stratgy at the beginning of eachhand- thatis, he
doesnot track changesn HLI until the handis complete.

Finally, Thorp recommendsaking the insurancebetwhenH LI > 8.

B. Computingthe player's expectedgain

We would like to computethe expectedgain per handof a playerusingthe CompletePoint-
Count System.We cannotimmediatelyapply the techniquesof Sectionlll, however, because
the players stratgy is a function of HLI.

Supposehowever, that we are given an orderedtriple (L; M; H) that the player obseres
prior to beginning a hand. From the triple we may computeHLI and obtain his betting and
playing stratgies. In orderto able to apply the techniquesof Sectionlll, we must make two
key assumptionsFirst, we assumethat the pdf for the next card dravn is uniform over each

cateyory: low, medium,andhigh. To be precise,we assume

dp = =ds = % ZODTL (7)
d7=dg=dg = % mTM (8)
dip = g % 9)
da = 1 2B H: (10)

Secondwe assumehatthe shoepdf doesnot change duringthe play of the next hand.Thisis a
kind of “locally in nite” assumptiongnoughto permitthe techniqueof Sectionlll. With these
two assumptionsyve are able to computethe players expectedgain G(..m :+) on that hand?
Accountingfor the expectedgain of aninsurancebetis also simple, given theseassumptions,
asthe probability of winning aninsurancebetis preciselyd;.

If we were ableto determinethe overall probability (.v.4) that the player begins a hand
with triple (L; M; H), we would be ableto computehis overall expectedgain by averagingover

3Whenthe HLI is very high, we may violate the assumptiorof (4) thatx < 0:5. To avoid the dangerof a negative probability

we malke a slight changeandusegs = (1  x)y, which is similar to limiting the playerto a single split.
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all triples:
X

G= LM H)GLm H): (11)
(LiM H)

We turn onceagainto Markov chainsto nd the probabilities .y :1).

C. Markov chain framevork for shoeanalysis

In the CompletePoint-CountStratgy, the stateof the shoeafter n cardshave beenplayed
is determinedby the proportionof high, mediumandlow cardspresentn the rst n cards.To
calculatethe stateof the shoeafter n + 1 cardshave beenplayed,it is enoughto know the
(n + 1) card andthe stateof the shoeat time n. The nite memoryof the systemmakes it
perfectfor a Markov chain analysisframevork. We will study the stateof a changingshoein
isolation from the analysisof a playing stratgy. You canimaginethat we sit with a shoe of
cardscontainingD decksandturn over onecardat a time while we watchhow the stateof the
remainingcardschange Oncewe know the equilibrium propertiesof a shoeasyou drav cards
from it, we canincorporatethat informationinto an analysisof playing stratejies.

In the CompletePoint-CountStrategyy, theonly informationabouta cardthatmatterss whether
it belongsto the low, mediumor high category. Considera Markov chain( ;P) whereeach
stateof is an orderedtriple (L; M;H), representinghe numberof low, mediumand high
cardsthat have beenplayed. This (assumingknowledgeof the shoesize)is clearly enoughto
determinethe currentHLI, aswell asthe probability distribution on the cateyory of the next
card. As mentionedearlier in D decksof cards,thereareN = 52D total cards,distributedas
12D mediumcardsand20D eachof high andlow cards.The total numberof statesn the chain

is thereforegiven by
j j= (20D + 1)(12D + 1)(20D + 1) = 480M°+ 88D+ N + L

Clearlyj j grows asN3. Tablell shavs the numberof statesfor someexampleshoesizes.
For now, eachstatewill have only threepotentialtransitionsout. From the staterepresenting
(L; M;H) the chaincantransitionto (L + 1;M;H);(L;M + 1;H) and(L; M;H + 1) with
probabilities equal to the probability the next card drawvn is a low, medium or high card,
respectrely. To be more explicit, if the currentstateis (L; M;H), the transition matrix for

thatrow is given by
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TABLE Il

Summaryof the numberof cards andj j for somecommonshoesizesdiscussedn this report.

D | N i N N j i
1/4 | 13 144 169 20,736
12| 26 847 676 717,409

1| 52 5733 2704 | 329 10
2 | 104| 42,025 | 10,816 | 1.7 10°

4 | 208 | 321,489 | 43,264 | 1:03 10"
6 | 312| 1,068,793| 97,344 | 1.14 10%

G2 if (ajbig) = (L+ LM;H)

B it (asbig) = (LM + LH)

@0 it (a;bie) = (L; M;H + 1)

0 otherwise

Plum Hy@bo = (12)

VW AW 00

Note that someof theseprobabilitiescould be zero, but theseare the only three possible
transitionsin one step. For simplicity right now, assumethat the last state (20D ; 12D ; 20D)
transitionsto the rst state(0; 0; 0) with probability one.

The current simple chain is unrealistic becauseit plays through the entire shoe before
reshufing back to the beginning. In a typical casinosituation, a dealerwill normally play
throughmost,but not all, of a shoebeforereshufing. To eliminatemostof the advantagefrom
counting cards, the casinocould reshufe after every hand. However, this desireopposeshe
casinos desireto play asmary handsas quickly aspossibleto maximizethe payoutfrom their
adwantageover most players.In reality, a dealerwill cut 75% into the shoeand play up to
this point beforereshufing.

To modelthetypicalreshufe pointascloselycenteredcaround 75%of theshoewe madethe
reshufe pointa (normalized)Laplacianrandomvariablecenteredaround:75(N ), with support
over the secondhalf of the shoe.Thevarianceis scaledwith the sizeof the shoein orderto keep

a constantproportionof the shoein a region with a high probability of a reshufe. Precisely
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the probability of the reshufe point Qeing afterthe n®" cardis playedis given by

2 pCoexp LHIMIif o gN=2e
Prob[reshufe = n]= 2 =2

0 otherwise

where 2= N=10, andC is a normalizingconstantto make the distribution sumto one,

X
c'l= Prob[reshufe = n]:
n=dN=2e
To translatehis into the Markov chain,every statewill now be allowedfour possibletransitions.

Threepossibletransitionswere describedearlier resultingfrom the draving of a low, medium
or high card. The fourth possibletransitionis the possibility of “reshufing”, or transitioning
backto the (0; 0; 0) state.

Letl, be the setof all statessuchthatn cardshave beenplayed,l, = f(L; M;H) 2
L+ M + H = ng. To calculatethe probability , of areshufe from astate(L; M;H) 2 I, we
must calculatethe probability that the reshufe point is n conditionedon the assumptiorthat

thereshufe pointis at leastn,

NProb[reshufe = n| . (13)
m=n Prob[reshufe = m]
The probability distribution on the reshufe location aswell asthe reshufe transitionproba-

Pwm Hy0:000 = n = Prob[reshufe = njreshufe n]= P

bilities are shavn in Figure 1. The restof the transitionmatrix is lled in with the reweighted

valuesfrom the chaindescribedn (12):
Pim Hyapg = (L n)Pwm Hyabg: 8 (a;b;c) 6 (0;0;0): (14)

Beforewe canmake ary claimsaboutthe equilibriumof this chain,it is necessaryo examine
the propertiesof the transitionmatrix P. By inspection,it is clearthatthe chainis irreducible.
From ary state,it is possibleto reachary otherstatewith somenon-zeroprobability It is also
clearthat this chain aperiodic.To seethis, we note that startingat state(0; 0; 0), two possible
returntimesaredN=2e anddN=2e+ 1. Sincegcd/d\N=2e; dN=2e+ 1) = 1, the periodfor (0; 0; 0)
is one,andthe stateis aperiodic.Becausehe chainis irreducible,all of the elementshave the
sameperiodand ( ;P) itself is aperiodic. The combinationof irreducibility and aperiodicity
give us that the chain corvergesto a unique equilibrium, lim,; P" = |, where = P.
Finally, it is alsoclearby inspectionthat the chainis not -reversible.If i;j 2 andP;; > O,
thenwe know from the propertiesof the chainthat P;; = 0. Oncea card hasbeenplayed, it
cannotbe taken back.
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Fig. 1. Reshuk point PDF and statereshufe prob. for 1 ded.

V. DECK EQUILIBRIUM
A. Analytic calculationsof shoeequilibrium

To evaluatethe effectivenessover the long run of a playing stratgy that dependson the
stateof the shoe,we must be able to determinethe relative proportionof time the shoeis in
favorable or unfavorable states.In other words, we must be able to calculateor estimatethe
equilibrium distribution of the shoeMarkov chain describedin sectionlV-C. Furthermorejn
orderfor the resultsto be mostapplicableto real gamesituations,we mustbe ableto analyze
multiple deck games(at leasttwo decks,and preferablyfour or six). Equations(13) and (14)
give an explicit expressionfor the transitionmatrix P. Knowing P, the uniqueequilibrium can

be solved analyticallyas

=(L;1::; )0 P+E) L (15)

wherel andE arethej | | | identity and onesmatrices,respectrely [4]. Referringback
to Tablell, we seethat even for one deck shoe,P would have 33 million entries.To storeP
as a matrix of 8-byte, double-precisionoating point numbers,it would require approximate
263MB of memory To analyzea two deck shoe,P would require approximatelyl3.6GB of
memory Aside from the issueof storingP in memory onewould alsoneedto createthel and

E matrices,andtheninvert (I P + E). Clearly this is a situationin which we have perfect
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knowledgeof local transitions but it is impossibleto dealwith P asa whole. In practice,using
MATLAB on a Pentiumlll PC with 512MB of memory we can calculate through direct
matrix inversionfor 1/4, 1/2 and 3/4 deck shoes but not for arything larger.

If we cannotusethe directinversionof equation(15) to analytically determine , we could
turn to simulation methods.The ergodic theoremtells us that if we let the walk run, it will
asymptoticallycorverge to the equilibrium distribution. Oncea walk is sufciently well-mixed
(within someerror tolerance)we could stopit andtake the nal stateto be one samplefrom

. Alternately we could use a techniquesuch as “coupling from the past” to drav samples
exactly from . However, a histogramestimatorover analphabewith j | entriesrequiresmary
samples.To get estimatesthat match (with reasonablgorobability) the true distribution with
moderateerror, we calculatedthat we would needon the order of 10’ samplesin theD = 1
caseand 1®° samplesn the D = 4 case[5]. Consideringthe corvergenceboundsavailable to
us (discussedn sectionV-B), estimating throughsimulationcould be very computationally
intensve.

Looking more carefully at the Markov chain we have constructedthereis a greatdeal of
structure.The form of the chainis more clearin a graphicalrepresentationlmagine that we
arrangedall of the statesso that statesrepresentinghe samenumberof cardsplayed(belonging
to the samesetl,,) arein the samecolumn,and eachcolumnrepresent®ne more card played
thanin the previous column(depictedgraphicallyin Figure2). Note thatwhena cardis played,
astatein |, canonly moveto a statein I ,;; . Only thestatesn I, forn  dN=2e arecapableof
causinga reshufe (transitioningbackto the (0; 0; 0) state),andeachstatein |, reshufes with
the sameprobability ( ). Columnscloserto the midpoint of the shoecontainmore statesand
the rst andlastcolumnstaperdown to onestatein each(jl o) = jInj < jloj = jIn 1) < jloj::2).
The fan out to mary statesfollowed by a taperback down to one statehappendecausdhere
aremary valid waysto make valid triples representingiN =2e cardsplayed,but the (0; 0; 0) and
(20D; 12D;20D) statesarethe only waysto have played0 andN cards,respectrely.

Startingat state(0; 0; 0) a walk will take one particularpathfrom left to right, moving one
columnwith eachstepand alwaystaking exactly d\N =2e stepsto reachthe midpoint. After the
midpoint, the statescan also reshufe at eachstepwith a probability , thatonly dependson
the the currentcolumn and not on the path taken up to that point or even the exact current

statewithin the column.Essentiallythis structureallows us to separatehe calculationof into
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Fig. 2. Graphical depictionof full statespace .

D) e @O

Fig. 3. Graphical depictionof reducedcolumnstatespace .

two componentshow muchrelative time is spentin eachcolumn, and within eachindividual
column,what proportionof time is spentin eachstate.To investigatethe relative time spentin
eachcolumn,we createa reducedchain( ; Q) whereeachcolumnin Figure 2 is represented

by one statein (depictedgraphicaléyin Figure 3). The transitionmatrix is given by

2@ o) if m=n+1l
= 3 N if m=0 (16)
: 0 otherwise

Qn;m

It is clearthatthe chain( ;Q) is alsoirreducible,aperiodicand not reversible.From this, we

know thatthe chaindoesconvergeto a uniqueequilibrium |, representinghe relative proportion
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of time that the original chain( ;P) spentin eachcolumn of Figure 2. This is statedmore

preciselyas
X

n = (LM H) (17)
(LM ;H) 21,

Figure4 shavs for D = 1. Importantly the dimensionof the reducedcolumn-spacehainis
much smallerthan the original chain,with j j = N andj j = O(N?3). Evenin the casewhen

D = 6, the directinversioncalculationof
= (L0 Q+E) !

is easilydonein minutes.It is alsoimportantto note herethatbecausgloj = 1, o= o.
The structureof the Markov chainallows usto compute oncewe have . Usingtherelation

= P , we obsenre that «

(LM :H) = kP (LM H): (18)
k2

Suppos€gL; M;H) 2 |, with n > 0. The only statesthattransitionto (L; M;H) arecontained

inl, 1, andsowe have
X

(LM H) = kPk:(Lim H): (19)
k2ln 1

Becausewe know that o = o, we areableto compute ,, followed by ,, andso on. With

knowledgeonly of , we are ableto completelydeterminethe equilibrium . The technique
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Fig. 5. Equilibria for 1/2, 1 and 4 ded shoes.

describedhere takes advantageof the rich structurein the chain to analytically calculate
exactly usingonly local knowledgeof P, andtheinversionof ajNj jNj matrix. Thetechnique
givesnumericallyidenticalresults(accurateup to the precisionof the computer)to equilibrium
calculatedthroughthe direct inversionin (15) for 1/4 and 1/2 deck shoes.The algorithm can
calculatethe equilibrium when D = 6 in underan hour, makingit mud more efcient and
accuratethan estimationthroughsimulation.Equilibria calculatedthroughthis methodfor D =
f 1=2; 1; 4g areshaowvn in Figure5. Becausehe equilibriumwould be dif cult to plot in thethree
dimensionaktatespace , stateswith the sameHLI arecombinedandthe equilibriaare plotted
vS. HLI.

B. Convergenceboundsand actual mixing rates

Eventhoughwe have a methodfor analyticallycalculating exactly for the casesof interest
to us,we arestill interestedn investigatinghe mixing rateof thechain( ;P). If we analyzethe
playeradwantageaccordingto the equilibriumdistribution on the stateof the deck,it is important
to know how long a player would have to wait in order for the equilibrium assumptiorto be
reasonablyalid. For anirreducible,aperiodicchainwith anK suchthatP ¥ > 0, we have two

known boundson the convergencespeed:

iPg il 1 2)rmo (20)
Lt Y @ j ) (21)
where = min;; Pif} . It should be notedthat calculating will be very dif cult when P

is so large that we are unableto constructor manipulateit. Becausg ;P) is not reversible,
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eigervalue techniquedor boundingcornvergencespeedcannotbe applied.Coupling techniques
couldbe appliedto ( ; P) andindeedconstructinga suitablecouplingis not dif cult. However,
we wereunableto nd a tractableboundfor the expectedcouplingtime so we were unableto
boundthe convergencespeedusing coupling.

For D = 1=2 (and no larger) we can constructand exponentiateP . Also calculating as
describedn sectionV-A, we cancomputethe mixing rate exactly and comparet to the bounds
in (21). To getPX > 0, we needk 41 However, with K = 41, is very small. The bounds
in (21) hold for ary K suchthat PX > 0, andby choosingk = 100we canget a signi cant

improvementin the bounds.However, it is clearthattheseboundsarenot at all tight. According

to the boundsin equation(21), to guaranteehat jP] ij < :1, we needto wait for n 10"
cardsto be played.Direct calculationshavs usthatjPj jJ < :0lforn 400cards!Iin order
to computea tighter boundfor jP;] iJ, we focus onceagainon the columnstructureof the
statespace.

Supposen > N + 1, andleti;j 2 beorderedtriples. We de ne ¢; to be the columnindex
of triple i; thatis, i 2 |. We wish to investigatethe beharior jPj jJ. Dueto our reshufe
schemea pathfrom i to j in n stepsmustinvolve a reshufe after preciselyn ¢ steps.

Thereforewe have

Pl = Pl 9Pg): (22)
Note thatthe rst termis dependenbnly on the reshufe probabilities,so we have
Pio” = Qg0 (23)

Also, it follows from recursvely applying(19) that

i = oPg): (24)

Thereforewe have
Pl i = QioPo  oPg (25)
= Poj Qo o (26)

a0 o (27)
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Fig. 6. GoodandbadconvergenceboundsorD = 1=2.

We seethata corvergenceboundfor ( ; P) is closelyrelatedto a corvergenceboundfor ( ; Q).
Continuing,we have

Pi max Q" | (28)
max Qp, "V (29)

where the last step follows becausewe obsere that the convergenceis nonincreasingThe
bound achiered in (29) (under the assumptionof (29) not increasingwith n) is signi cant
becausdhoughwe cannotexponentiateP, we can exponentiateQ (for ary reasonablenumber
of decks).

Figure 6(a) plots max: QE;I (N+D) | asa boundfor jP;} iJ. On this plot, we also
shov the actual deviation of P" from . Our bound using Q" (N*1 s rather close. As a
stark comparisonwe shav on the sameplot our bestboundthat resultsfrom (21) with K =
100 This boundis approximatelyequalto 1 for all interestingvaluesof n. By exploiting the
columnstructure we have improved our boundon runningtime by approximatelyl0 ordersof
magnitude!

We briey mentiona few interestingfacts aboutthe corvergenceof the chain( ; Q). For
the sale of completenessye plot in Figure 6(b) the boundsfor jQj} iJ thatresultfrom the

analysisof (20) and (21). Theseboundscorverge slightly fasterthanthe correspondindounds
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Fig. 7. InterestingboundresultsD = 1=2.

for jP jJ. We can, of course,computeQ" directly, and we obsere thatit still corverges
muchmorequickly thanthe boundsindicate.Figure7(a) shavs a close-upzoomof Figure6(a).
It is quite interestingto notethatthe convergenceof theseMarkov chainsoccursin ratherabrupt
stagesFigure 7(b) plots the (discrete)dervative of the error max;; jQ} iJ. We obsere that
thesechangesare nonpositve (this was necessaryto obtain (29)), and also that the changes
are periodicwith period of roughly n = 20 cards,or 75% of the size of the shoe.Computing
jQf j] for othervaluesof D, we seethat the periodicity is always approximately?1 52D.
Thoughwe have no preciseexplanationhere,we believe that the behaior is intimately tied
to the reshufing stratgy of our model. The constantsggmentsin Figure 7(a) have a width
that corresponddo dN=2e and Figure 7(b) has a period that is the expectedreshufe time,
79N . The constantsegmentsin Figure 7(a) suggesto us that the chainwe have developedis
almostperiodic, and the only real mixing occursbecauseof a reshufe. The readerinterested
in observingconnectiondetweenthe mixing behaior seenin Figure 7(a) and the reshufing
schemes referredbackto Figure 1, upside-davn and held backwardsup to the light.

Finally, becausave cannotcomputeP " directly for the caseD = 4, we plot in Figure 8 the
boundsthat arise from (20), (21), and (29). Notice herethat the boundfrom (29) is roughly
12 ordersof magnitudebetterthan the boundsthat would be available to us from the general

resultson Markov Chains.
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Fig. 8. GoodandbadconvergenceboundsforD = 4.

V1. ANALYSIS

We presentin this sectionour analysisof the CompletePoint-CountSystem.Becausethe
betting is not constantin this system.,it is importantnow to distinguishbetweenthe players
advant@e andthe players expectedgain. The players expectedgain G is de ned asthe dollar
amounthe expectsto prot from a single hand when betting accordingto (6). The players

adwantageA is the percentof his bet he expectsto win:

A =100 g: (30)

A. Player advantae vs. HLI

For a gamewith D = 1 deck,we usethe methoddescribedn SectionlV-B to computethe
players adwvantagefor eachpossibletriple (L; M; H). Figure 9(a) plots the players adwantage
againstthe correspondingHLI for eachpossibletriple in the 1-deck game (assumingfor the
momenthatthe playerdoesnottake insurance)lt is interestingo notethata singlevalueof HLI
may correspondo several possibledeck statesthesestatesmay; in turn, correspondo widely
varying advantagedor the player Someof thesetriples may be highly unlikely, however. To
geta betterfeel for therelationbetweenHL| andplayeradwantagewe usethe analyticmethod

of SectionV-A to computethe equilibrium distribution of the states.Figure 9(b) shows a plot
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Fig. 9. (a)Playeradwantagegenerallyincreasewith HLI, with someoutliers(D = 1). (b) Averageplayeradantagegiven state
HLI.

where we usethe relative equilibrium time to averageall triples that correspondo the same
HLI value.

As expected,the players adwantagegenerallyincreaseswith HLI, and the playeris at a
disadwantagewhen HLI is negative. Surprisingly though, as the HLI approaches 10Q the
players disadwantagediminishes? Figure 10 focuseson a more typical rangeof HLI values,
andincludesthe players advantagewhenplaying with insuranceFor comparisorpurposesye
includethe correspondinglot that appearsn Thorp's descriptionof the CompletePoint-Count
System[1].

B. Expectedyains

Figure 11 shavs the average amount of time the player expectsto play with different
adwantagegwe assumeD = 1 and that the player plays with insurance).The player spends
a considerablemountof time in stateswith a disadwantageln fact,if the playerplaceda unity
bet on every hand,he would play at a disadwantageof 0:64%

Adjusting the betsis key to the players hopefor a positve expectedgain. Figure 11 also

shaws the averageamountof time the playerexpectsto play with differentexpectedgains.The

“This is alsomentionedin [1], althoughThorp claimsa signi cant advantagefor the playerasH LI ! 100.
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larger betsthat are placedwhenthe shoeis favorable(accordingto (6)) allow the playerto win

more mong in thosestates.We compute,in fact, that the player plays with an expectedgain
of G = 0:0167 or 1:67 centsper hand.

C. Dependencyn ded size

Not surprisingly the numberof decksin play hasa directimpacton the players expected

gain. We notice, however, that plots such as Figure 9 changelittle as the numberof decks
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Fig.12. (a)Timein favorablestateslepend®nnumberof decks.(b) Expectegblayergain(perhand)usingCompletePoint-Count
System.

changesjndicating that HLI is a universally good indicator of the players adwantage.As we
obseredin Figure5, however, the relative amountof time spentin eachHLI dependsstrongly
on the numberof decksin play. As we saw in the previous section,much of the players gain
comesfrom placinglarge betswhenHLI is large. With more decksin play, he is lesslikely to
encountettheseextremesituations.Figure 12 illustratesthis dependenc and plots the players

overall expectedgain, asthe numberof deckschanges.

VIl. CONCLUSIONS

Blackjackis a non-trivial game,and ary precise,analytic statementsabouta players odds
whenusinga particularstratgy would be overwhelming(if notimpossible)to calculatewithout
the framework of a Markov chainanalysis We have seenin this work thatundera very few mild
simplifying assumptionsthe long-termadwantageand expectedwinnings of a playing stratgy
canbe completelydeterminedisingthe equilibriumanalysisof a combinationof Markov chains.
Thoughblackjackis only a casinogame,our exerciseillustratesthe power of Markov chainsin
analyzingcomplicatedeal-world problems.

Our basicstratgy analysigs a simpleapplicationof a Markov chainbasedn thedeterministic
choicesmadeby theplayer We obsenrethatthein nite shoeassumptions critical to thisanalysis

becausat allows us a tractablemethodfor calculatingthe distributionson the absorbingstates.
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In our analysisof the CompletePoint-Countsystemwe dealwith the situationwherethe shoeis

nite. Our “locally in nite” assumptionhowever, allows usto computethe players approximate
adwantagefor eachstate.By computingthe averagetime the playerspendsn eachstate,we are
ableto computehis overall advantage.

Our Markov chainto modelthe High-Low Index containsa large numberof statesandonly
throughour knowledge of its column structurecan we perform a preciseanalysis.This paper
truly highlightsthe importanceof exploiting the known structureof the speci ¢ Markov chain
underanalysis.Perhapghe mostpowerful examplewe provide arethe boundsfor corvergence
to equilibrium. Using our column-structurenalysis we obtainboundsthatareimmenselymore
useful than the boundsapplicableto generalMarkov chains.Thoughtaking advantageof the
structurecanbe a big win in achieving betterboundsit is sometimedlif cult (or impossible)o
do so. This is illustratedby the inapplicability of an eigenanalysigdueto the non-reversibility)
andthe intractability of a couplinganalysis.

The mixing boundswe obtain using a column analysisshav that the player can expectthe
shoeto approachequilibrium within a reasonableamountof time. The 1000 or so cardsthe
playerneedsto obsere is quite a few, but is alsoeasilyachiezablein a few hours.In practical
terms, the expectedgain provided by the CompletePoint-CountSystemis subtle (compared
to, say the Basic Stratgy). It doesallow the player however, to be on the lookout for the
occasionahighly favorabledeck.It is in thesesituationswhenthe playerincreasesis bet, that

the card-countes gamecantruly be both entertainingand pro table.
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