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Abstract. In most neural systems, neurons communicate via sequences of action potentials. Con-
temporary models assume that the action potentials’ times of occurrence rather than their waveforms
convey information. The mathematical tool for describing sequences of events occurring in time
and/or space is the theory of point processes. Using this theory, we show that neural discharge pat-
terns convey time-varying information intermingled with the neuron’s response characteristics. We
review the basic techniques for analyzing single-neuron discharge patterns and describe what they
reveal about the underlying point process model. By applying information theory and estimation
theory to point processes, we describe the fundamental limits on howwell information can be repre-
sented by and extracted from neural discharges. We illustrate applying these results by considering
recordings from the lower auditory pathway.
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1. Introduction

The generic neuron expresses three anatomical features: the dendrites those portions of the neu-

ron that receive inputs, the soma the central portion that contains the cell’s nucleus and may also

receive inputs, and the axon a tendril that branches and serves as the input to other neurons. Inputs

bring signals to a neuron, resulting in a complex symphony of ionic and transmembrane potential

changes that can make the soma’s excitable membrane produce the crescendo of an action potential.

Ignoring much detail, the action potential a pulse-like depolarization of the neuron’s transmem-

brane potential occurs when the potential exceeds a critical threshold and ionic concentrations

achieve supercritical values. The biophysical equations governing action potential generation are

the Hodgkin-Huxley equations. Because of the form of these equations, the action potential takes

on “a life of its own” as ionic currents flow in concert without much regard to other influences. This

action potential propagates, spreading throughout the neuron. If the membrane is active, the action

potential is “repeated” because of a propagating depolarization. In particular, most axons are active

and are thought to be the main conveyor of neural output to other neurons. If the membrane is pas-

sive, the depolarization pulse diffuses, decaying in amplitude and spreading in time. This “internal

feedback” of action potentials into the passive dendrites can affect the cell’s responsiveness to later

inputs.

The action potential thus produced does not, in and of itself, represent information. Action po-

tential waveforms may differ somewhat depending on when previous action potentials occurred and

the neuron’s general state, but what matters is the occurrence of an action potential, which results

in transmitter or modulator release somewhere along the axon’s extent. Neuroscientists interested

in the neural code what information does a sequence of action potentials represent therefore

idealize the action potential as an isolated event that has occurred at some instant of time and that

propagates to wherever the axon makes contact. This code reflects not only the neuron’s input(s)

and how the neuron processes them, but also the neuron’s biophysical properties. Analyzing neural

recordings amounts to teasing apart these components of response. Understanding this decompo-

sition makes analysis of neural data much less ad hoc. Computational neuroscientists want to find

models that can mimic neural behavior and thus seek to understand the biophysicalmechanisms that

underlie neural processing. In part, they seek information from the neural code that can help con-

strain their models. This article is concerned with the theoretical ramifications of this isolated-event

idealization of neural output to the measurement and analysis of the neural code.
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The mathematical tool that describes the occurrence of isolated events in time and/or

space is point process theory (Snyder, 1975). From its application within neuroscience

that date from the 1960s to now, this formalism has grown more powerful. For use-

ful surveys, see (Fienberg, 1974; Holden, 1976; Sampath and Srinivasan, 1977). Early ap-

plications focused on single sequences of events occurring in time having a very sim-

ple structure (Gerstein and Kiang, 1960; Moore et al., 1966; Rodieck et al., 1962). Superposi-

tion and deletion models attempted to describe convergence of multiple inputs on a sin-

gle neuron (Cox, 1962; Cox and Lewis, 1966; Ten Hoopen and Reuver, 1965; Lawrence, 1970;

Linebarger and Johnson, 1986). Multiple-event sequences and their possible statistical dependence

structures can be analyzed using the theory of marked point processes (Snyder, 1975). We concen-

trate here on techniques for analyzing individual neural output.

2. Point Process Theory

2.1. Definition of a Point Process

A regular point process (Snyder, 1975) is defined so that the probability of an event occurring in

the time interval ��� �� ���, is given by

���one event in ��� �� ��� � ������ � ���	�������� (1)

���more than one event in ��� �� ��� � ������ � �������

Here

�� is the number of events that have occurred prior to time � (observations are assumed to

start at time � � 
);

�� is the vector of occurrence times of these�� events: �� � ���� � � � � ����; and

������� decreases to zero with decreasing�� faster than linearly:

������ ���������� � 
.

These equations mean that no more than one event can occur in a sufficiently small interval and

that the probability of one event occurring within a small interval is proportional to the interval’s

duration. The quantities �� and �� describe the history of the process, detailing the number and

the times at which all events occurred prior to time �. These quantities are depicted in Fig. 1. Note

that the probabilities are conditional probabilities: they depend on the point process’s history. This
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description has been found to be the most convenient form for describing nonstationary, dependent

point processes required for realistic models of neural discharge patterns.

The conditional probability of an event occurring during a small time interval equals the prod-

uct of the interval duration �� and a nonnegative quantity, ���	� �����, known as the intensity of

the point process. The intensity has units of events per second and can be considered the instan-

taneous rate at which events occur. The intensity can depend on time and/or the point process’s

history. If the intensity depends explicitly on time �, the process is nonstationary. Such tempo-

ral variations usually represent rate variations that are due to external influences, which have been

modified processed by the neuron. These external influences can be deterministic, depending

directly on a stimulus for example, or could be stochastic, mimicking variations beyond experimen-

tal control. The “historical” portion of the intensity describes the detailed interactions of previous

events on the current one. In a neuroscientific context, this history could, among other possibilities,

represent the neuron’s dynamic active-membrane properties and its sensitivity to modulators and

transient ionic concentrations, all of which certainly contribute to the neuron’s processing function.

For example, the discharge rate typically decreases to zero momentarily after an action potential
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Figure 1. The essential quantities that define a point process are noted along side a sample function.
�� is the occurrence time of the ��� event and 	� � �� � ���� is the interevent interval. �� is
known as the counting process. The lower trace depicts the corresponding intensity of this process.
This intensity depends on immediate process history, with the intensity dropping to zero for a
time interval equaling � after each event. This type of intensity means that event occurrence is
suppressed for a period of time after each event. This model could be used to model absolute
refractory effects. The analytic form of the intensity is given by Eq. 14.
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occurs. This refractory effect has long been noted; in the present context, this phenomenon means

that the intensity for virtually all accurate point process models of neural discharges must contain a

historical component.

Once we have the intensity of a point process, the process’s entire statistical structure is spec-

ified. Consequently, a thorough analysis of a discharge pattern must yield the process’s intensity

function, and this intensity captures the complete structure of the process. In technical terms, de-

ciphering the neural code amounts to measuring the intensity. However, the intensity’s temporal

variations and dependence on event history can share common biophysical underpinnings; this

mathematically neat separation of the intensity into two components does not necessarily translate

into separate aspects of neural function. This fact, demonstrated explicitly later, has bad and good

consequences. By measuring and modeling the intensity we gain an understanding of the neural

code. Even when the rate is constant, a seemingly boring situation from an information processing

viewpoint, careful analysis of the intensity’s historical component can yield important insights into

the neuron’s processing function. Unfortunately for the scientist, the intensity is usually related to

neural mechanisms in a complicated, not easily deciphered, way.

2.2. Examples of Point Processes

The Poisson Process. The Poisson process has the simplest structure of any point process. Its

intensity does not depend on history: ���	� ����� � 
���. The quantity 
��� could be constant,

meaning that events occur randomly at a fixed average rate (the process is stationary), or it could

vary with time, meaning that occurrence rate varies accordingly, or it could vary stochastically, re-

sulting in what is known as a doubly stochastic Poisson process. No matter which of these situations

applies, event occurrence does not depend statistically on when previous events occur: The Pois-

son process has no memory. Since a neuron’s dynamic membrane properties would most certainly

introduce memory into its output, the Poisson process can only approximate neural output.

In point process theory, the Poisson process is akin to white Gaussian noise in random process

theory: analytic results about the Poisson process’s structure are easy to derive and virtually all

other point processes present analytic difficulties. For example, suppose we want to derive the

probability that � events occur between the times � and �� � , �� � � 
. Using the notation of point
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process theory, we want an expression for ������� ��� � ��. For small�� with � held fixed,

���������� ��� � �� �������� ��� � �� � ���������� ����� � 
�

� ������� ��� � �� �� � ���������� ����� � ��

� ������� ��� � �� �� � ���������� ����� � ��

� � � �

The sum arises because, in a Poisson process, the occurrence of events in disjoint time intervals are

statistically independent (i.e., event history has no effect on event occurrence). Because no more

than one event can occur in a sufficiently small interval, the expression for our probability becomes

���������� ��� � �� � ������� ��� � �� � ��� 
��� � ��� � ��� � ���� �
�

�������� ��� � � � �� � 
�� � � ��� �

Rearranging and taking the limit as �� � 
 yields the differential-difference equation

 ������� ��� � ��

�
� �
�� � � �

�
������� ��� � ��� ������� ��� � �� ��

�
�

Solving this equation is easy but tedious; direct substitution shows that the solution to this equation

is

������� ��� � �� �
�

��

�� ���

�

��� ��

��
���

�
�
� ���

�

��� ��

�
� � � 
� � � � (2)

We can use this result to determine the process’s rate of discharge. We define the rate of dis-

charge 
��� to be the limit of the expected number of events in an interval that begins at time �

divided by the interval’s duration:


��� � ��
�����

� ������ ����

��
�

For the Poisson point process, the required expected value equals
� ����
� 
��� ��, and the instanta-

neous rate equals the intensity as expected. We shall find that the Poisson point process is unique

in having this property.

We can also derive from Eq. 2 the probability density function (pdf) of the interevent interval

	�. The probability that no events occur within the next � seconds after the event time � �� equals

the probability that the interevent interval 	���� exceeds � : ������� ��� � 
� � ���	���� � � �.

Let �������	� denote the pdf of the ��� � ���� interevent interval:� �

�
��������� �� � ���

�
�
� �����

���


��� ��

	
�
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Calculating the derivative with respect to � of this expression yields the interevent interval pdf:

�������	 	 �� � 
���� � 	� ���

�
�
� �����

���


��� ��

	
� (3)

When the Poisson process is stationary, with 
��� � 
 �, we have the well-known result that the

interevent intervals in a Poisson process are exponentially distributed: � � �	� � 
� �����
�	�,
	 � 
.

Despite its limitations to describe single-neuron data, the Poisson process provides a starting

point for understanding a given point process’s properties. The rule of thumb is that if you can’t

analyze some aspect of a Poisson process’s structure, related analysis of a more exact point process

description may be difficult, if not impossible.

Note that classical definition of instantaneous rate as the reciprocal of the interevent inter-

val (Adrian, 1928) makes no sense here. For a stationary Poisson process, the reciprocal of the

average interval does equal the rate: ��� �	 � � 
�. However, the expected value of the reciprocal

interval � ���	 � does not equal this value; in fact, this expected value is infinite. Even more dif-
ficulties arise when the process is nonstationary. Calculating the reciprocal interval captures the

statistics of the instantaneous rate’s integral as well as its value (see Eq. 3). Furthermore, the tem-

poral variations of the rate can be more rapid than its average, which means that event occurrence

grossly misrepresents actual rate variations.

Renewal Processes. A renewal process results when the intensity’s historical dependence

amounts to the time at which the last event preceding time � occurred (Cox, 1962): ���	� ����� �

���	��� ����. Thus, interevent intervals are statistically independent random variables, with the

probability of an event occurring varying with time since the last event. When the intensity does

not depend on absolute time, the intensity is a function only of the interval � � � �� since the last

event:�

���	������ � ��� � ���� � (4)

If the function ���� is a constant (no dependence on the interval since the last event), a Poisson
process results. If this function equals zero for small arguments, then jumps to some nonzero value,

��	� � �� ��	 ���, we can describe absolute refractory effects with� identified as the refractory

interval and ���� is the unit-step function.� After the refractory interval has ended, the constant-
valued intensity means that the process has entered a Poisson-like mode, with event occurrence
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oblivious to event history. The lower panel of Fig. 1 depicts the intensity for this type of renewal

process.

This figure also clarifies the somewhat confusing point that the event occurrence rate for this

point process does not equal ��. Because during portions of time the intensity equals zero, the rate

of event occurrence must be less that ��. To compute the average rate, we can use the implicit

formula that the average rate �
 should equal the long-term average of the intensity. Considering

Fig. 1, the area under the intensity equals ��� ��� �
��. Dividing this equation by � and setting

the result equal to �
 yield �
 � ����������. This example demonstrates that the intensity function

indicates the true rate of discharge immediately following an event while the average rate indicates

the overall rate at which events occur. Another conclusion can be drawn: gross measures of event

rate ones that do not take event history into account do not indicate the true rate. However,

we can, in some circumstances, determine underlying quantities from measured ones. Assuming

we knew the value of �, we could convert the measured average rate into the rate at which events

occur once the refractory interval is over. Thus, two points emerge: measures that average over

event histories do not truly reflect point process parameters or structure, but such averages can

serve as the basis for estimating the intensity.

The intensity for the renewal process, and for other examples as well, is more conveniently

expressed in terms of the interevent intervals than in terms of event occurrence times. The sequence

of interevent intervals 	� � �� � ���� (with �� � 
) is completely equivalent to the sequence of

event times: one can be easily calculated from the other. We express a point process’s intensity as

����	��� ��, with � �

����

��� 	� and 	���� � � � ��� (the “as yet uncompleted” interval between

the last recorded event and the current time):

���	�������� ����	��� �� �

Here � equals �	�� � � � � 	�����, the vector of all previous interevent intervals. The interval-

based expression for the intensity of a (possibly nonstationary) renewal process takes the form

����	��� �� � ���� 	�����; if stationary, we have ����	��� �� � ��	����� (for �� 	 �; see note 1).

While re-expressing a point process’s intensity in terms of intervals seems merely to be a notational

nicety at this point, we shall find subsequently that it has great utility.

Every stationary renewal process is completely characterized by the probability density function

�� ��� of the interval between successive events. This fact follows because the procedure used to
derive Eq. 3 can be used on renewal processes. This pdf is related to the process’s intensity through
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the function ���� defined in Eq. 4 as

��	� �
���	�� �

�
����� ��

���	� � ��	� ���

�
�
� �

�
���� ��

� � (5)

The quantity ���� is known as the hazard function or the recovery function associated with the point
process. Clearly, this quantity is just the renewal process’s intensity. Our example has ��	� �

�� ��	 ���, which correspond to the interval pdf ���	� � �� ������� � �	 ���� ��	 ���.

Calculating hazard function frequently provides more insight into the process’s structure than

does the interval distribution. The hazard function ��	� is proportional to the probability of an in-

terval equaling 	 given that the interval is at least that long; this interpretation follows directly from

Eq. 5. A constant-valuedhazard functionmeans that the probabilityof an event occurring is as likely

now as it is later: The process thus has no memory over the range of intervals for which the hazard

function, the intensity, is constant. If the hazard function is an increasing function, then the process

becomes more “anxious” to produce an event as the interval becomes longer. For example, if the

hazard function increases linearly, ��	� � � �	 ,� a constant, then �� �	� � �	 ������	����, a
much narrower distribution of intervals than in the Poisson (constant hazard function
exponential
interval pdf) case. A decreasing hazard function has the opposite interpretation. However, a point

process’s intensity cannot decrease to zero as 	 approaches infinity; if it did, events could cease to

occur, and the process would not be self-consistent. 	

The general form of the hazard function translates directly into the point process’s regularity 
:

how variable are durations of interevent intervals. We can quantify the regularity of a stationary

point process by calculating the interevent interval’s coefficient of variation ��	 �:

��	 � � ��	 �

� �	 � � (6)

Here, ��	 � denotes the standard deviation of the interevent interval 	 and � �	 � the interval’s expected
(average) value:

� �	 � �
� �

�
��� ��� �� ��	 � �

�
� �	��� �� �	 ������� �

This quantity normalizes the interevent interval variability by the average interval duration. The

larger the coefficient of variation, the more irregular the point process. The minimum value of ��	 �
is zero, which occurs when the discharge pattern is periodic (all intervals are equal-length). For a
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Irregular (CV = 1)

Regular (CV = 0.522)

Periodic (CV = 0)

Figure 2. The panels depict portions of point processes having the same average rate (equal to one),
but with different coefficients of variation. The lower panel shows a Poisson process, the middle
has a hazard function equal to �	 with � �


��� (to achieve an average rate of one), and the

upper is periodic. The coefficient of variation for each case are noted.

Poisson process, the expected value � �	 � equals ��
� and the standard deviation equals the same

value. Thus, its coefficient of variation equals one. Because the Poisson process has no memory,

it is, in some sense, a very irregular point process, with events occurring randomly with respect

to all others. While it is theoretically possible for the coefficient of variation to exceed unity, �

��	 � values near one are usually taken as an indication of irregularity. For the situation where
the hazard function increases linearly, ��	� � �	 , � �	 � �


���� and ��	 � �


��� ������,

yielding a coefficient of variation of


��� � � � 
����. Thus, this point process exhibitsmoderate

irregularity. This, the Poisson, and the periodic examples shown in Fig. 2 demonstrate that point

process regularity does indeed correspond to the coefficient of variation and that regularity can

be easily visualized. When we include a refractory interval into this model, the coefficient of

variation decreases, resulting in a more regular discharge pattern. For example, when the interval

density equals an exponential shifted by the refractory interval �, the standard deviation of the

interevent interval equals the Poisson value, but the expected interval equals����
 �. In this case,

��	 � � ���� � 
���. Thus, an approximately constant hazard function generally corresponds to
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a irregular point process but becomes increasingly regular as 
 �� increases. Generally, increasing

hazard functions correspond to more regular discharge patterns than produced by those having

approximately constant hazard functions.

Markov Point Processes. Events in nonrenewal processes depend not only on when the previous

event occurred but also on ones before that. In Markov point processes, event occurrence depends

on the most recent � � � events and not on ones prior to those. Expressed in terms of intervals,

when an event occurs depends statistically on the values of the most recent � interevent intervals:

����	��� �� � ��
�
�	��� �	����� 	��� � � � � 	��������

�
�

The number � is known as the order of the Markovian dependence structure. A renewal process

has order zero: event occurrence depends only on the most recent event. Higher-order dependence

means that successive interevent intervals are correlated random variables, which complicates de-

velopment of concise descriptions of data.

If the spike production mechanism is described “classically” a synaptic event influences the

transmembrane potential of active membrane modeled by Hodgkin-Huxley ��� and �� chan-

nels the equations governing spike production have no state variable that persists beyond the

occurrence of an action potential. Thus, spike occurrence does depend on when the previous spike

occurs but not on any others, which means that a renewal process model always results. When

Markovian point processes are needed to describe a spike train, a more complicated channel model

will be required, and some persistent variable (or variables) must be part of active membrane’s

dynamics.

The Hawkes’ Process. This example demonstrates that point processes need not be Markovian.

Here, the intensity depends on the output of a linear filter having an input equal to impulses occur-

ring at event times (Hawkes, 1971):

���	������ � 
� �

� �

�
���� �� ��� �

The Stieltjes representation of this convolution integral is needed for technical reasons; it simply

equals the summed impulse responses delayed by all event times occurring prior to time �:

���	������ � 
� �
���
	��

���� �	� �

Thus, the intensity depends on all past event times viewed through the window described by ����.
This model could be used to describe situations in which event occurrence depends on some quantity
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that varies with the times at which all previous events occur (���� has infinite duration) or that varies
with events occurring within the most recent � seconds (���� is nonzero only over �
� � �).

An arbitrary impulse response ���� cannot be used in this expression. For instance, intensities
are always positive quantities,meaning that the summed impulse responses cannot be more negative

than�
�. Further restrictions on the impulse response result if we demand the Hawkes’ process be
stationary. Defining �
 as the average occurrence rate, the intensity must satisfy

�
 � 
� � �


� �

��
���� �� �� �� �
 �


��
��

� �

�
���� ��

� �

This result means that the filter’s impulse response must satisfy
��
� ���� �� � � for the Hawkes

process to exist.

Hawkes’ process has aspects appealing to neuroscience applications. For example, intracellular

concentration at any time depends on the time-pattern of all previous event occurrences. The effect

of concentration on discharge rate might be well approximated by the integration expressed by the

Hawkes’ process that uses an infinite-duration ����. In addition, this process could model postevent
facilitation or inhibition that persists for a finite time rather than for a given number of events. In

this case, a finite-duration ����would be used. To employ it means that we must be able to measure
the impulse response ����, an estimation problem that has not been solved to date. If ���� has infinite
support but decreases rapidly, equaling ��� ���� for example, the properties of the Hawkes’ process

might be well described by a Markovian model: only the most recent � events would approximate

well the infinite dependence contained in the Hawkes’ process.

2.3. Generating Point Processes

Interestingly, the natural way to generate a point process, whether stationary or nonstationary, is to

compute the sequence of interevent intervals rather than the times of occurrence. The less desirable

technique, based on Eq. 1, is to define an interval �� and flip a biased coin as each such interval

passes. The probabilityof a spike (the coin comes up heads) would equal the product of the intensity

and the interval duration. Two problems with this approach are evident. First of all, only the “tail

probability” of the uniform distribution would be considered, which is the most difficult aspect to

check of any random number generator. For this approach to work, the maximum probability of

a discharge must be significantly less than one, meaning that most of the coin flips have a very

low probability of coming up heads. Checking that a uniform random number generator accurately

produces small probabilities of, say, �
�� can be challenging. A second problem is that many
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random numbers would be needed to produce each event. Thus, much computation (random number

generation) is spent not creating events.

The more elegant, computationally efficient approach rests on the conditional pdf of an interval

given the lengths of the previous intervals (Ozaki, 1979). Simplemanipulation of the point process’s

defining equations yields a closed form expression for its conditional interval distribution:

��������
��� 
���	��� � 	�� � � � � 	�� � ���	���	�� �� ���

�
�
� ����

�
����	�� �� ��

�
�

To generate the point process, use the inverse distribution function technique (Devroye, 1986). The

key to this technique is that the random variable � � �����, the probability distribution function

of a random variable applied to the random variable itself, is a uniformly distributed (over �
� ��)

random variable. Consequently, to generate� , generate the uniform random variable � and evalu-

ate the inverse distribution function� � � ��
� ���. This technique can also be used for conditional

distribution function: ��� �� � � �  � is also uniformly distributed for each conditioning value.

To generate a random variable having this conditional distribution, we use� � � ��
�� �� � � �  �.

Applying this technique to the problem at hand, we first note that the desired conditional distribution

function equals

��������
��� 
���	��� � 	�� � � � � 	�� � �� ���

�
�
� ����

�
����	�� �� ��

�
�

Thus, to generate the sequence of interevent intervals, we use

!��� �

� ����

�
����	�� �� �� � (7)

where !��� is an exponentially distributed random variable (unit parameter). � Denoting the

integral by ��	���� ��, the input-output relation of the system that generates interevent inter-

vals from a sequence of statistically independent, exponentially distributed random variables is

	��� � ����!���� ��, and it depends on process history and on temporal variations as shown in

Fig. 3. Thus, to generate interevent intervals, first generate a sequence of exponentially distributed

random variables �!��, one for each interevent interval. With these serving as the input, the inte-
gral of Eq. 7 is computed for successive values of 	� until it equals the input value. This computation

is relatively easy to perform and, when compared to the “coin-flipping” method, trades computa-

tion (numerical evaluation of the integral) for random variable generation (flipping coins). In my

experience, more accurate and faster simulations result from the computation-based approach.
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������ ���� � � � � ����
�

!���

�

���� �

	���

Figure 3. The interval 	��� between events ���� and �� result from the diagrammed system,
where !���, a sequence of statistically independent random variables, and ����, representing a
time-varying drive, serve as the inputs.

In some cases, the integral can be evaluated analytically, resulting in an explicit expression

for each interevent interval. Consider a stationary renewal process whose intensity is given by

���	�� � 
� ��	� ���. The required integral of the intensity is

!��� �

�����

� 	��� � �


� � �	��� ���� 	��� 	 �

�

Consequently, the interevent interval is simply given by 	 ��� � !����
���. The relation of this

process to a Poisson process is thus made explicit: it is created by extending Poisson intervals by

the refractory interval duration.

Periodic point processes can be generated by a related technique. Instead of letting the left side

of Eq. 7 equal a random variable, set it equal to one. Now an event occurs whenever the integral of

the intensity equals this value, and a periodic sequence of events occurs when the intensity equals

a constant. By using more general intensities that are time varying and have serial dependencies, a

whole class of deterministic point processes can be generated. Furthermore, the rate of such point

processes is now well defined: it equals the intensity.

The fundamental point process generation algorithm expressed by Eq. 7 has an interesting in-

terpretation: this exact result essentially represents an “integrate-and-fire” description for discharge

pattern generation. Here, the quantity integrated is not a membrane potential but the intensity of the

point process, which contains all of the previous-event dependencies and temporal variations con-

tained in the process. Furthermore, the “firing threshold” is not fixed but instead is random, equaling

an exponential random variable. We can construe our result here to be the accurate integrate-and-fire

model, whereas the usual one only approximates Hodgkin-Huxley-like mechanisms. Furthermore,

the accurate one always applies, whether or not the point process arose from a neural discharge

pattern.
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3. Information Representation by a Point Process

In sensory systems, especially, and in neural information processing systems more generally, we

are ultimately concerned with how a neuron’s discharge pattern represents information and what

fidelity that representation provides. From the point process viewpoint, information-bearing sig-

nals or indicators are expressed by the intensity’s temporal variations. Conceptually, the intensity

consists of two components: an intrinsic component determined by spike generation mechanisms

and an extrinsic component that represents a signal. The intrinsic component includes the absolute

refractory interval and interspike interval dependencies that reflect how one discharge influences the

timing of another. In modeling terms, the intrinsic component determines the point process model:

whether it is Poisson, renewal, or Markov, for example. This component does not convey informa-

tion because it does not directly depend on external sources. The intensity’s extrinsic component

conveys information; this component explicitly depends on a signal (or several signals). Temporal

rate variations, stimulus responses in the context of sensorineural systems, arise because of tempo-

ral variations in the extrinsic component. In most cases, the extrinsic component and the external

environment are related deterministically and invertably (no information loss in the transformation

from stimulus to rate). The inherent stochastic nature of the point process and the intensity’s in-

trinsic component place limits on the “information expressiveness” of a discharge pattern. In this

section, we review measures of this expressiveness and their fundamental properties.

Two measures can be used to assess the expressiveness: information theoretic measures (ca-

pacity and cutoff rate) and mean-squared estimation error. The first is broad and attempts to

define the ultimate information representation ability of a discharge pattern’s extrinsic compo-

nent (Cover and Thomas, 1991). Investigators have attempted to measure the capacity of a sin-

gle neuron (Rieke et al., 1993). The second measure is more specific and characterizes how well

an optimal signal processing system can extract temporal extrinsic intensity variations beyond

those induced by spike generation mechanisms (Bialek et al., 1991; Johnson and Swami, 1983;

Mark and Miller, 1992; Miller, 1985). The theoretical understanding of both measures in the point

process case is immature, with the Poisson process being the only one for which broad results exist.

In the Poisson case, the intrinsic discharge properties are the simplest, but because of refractory

effects this model can only approximate neural discharge patterns.

To employ either measure, we model a point process’s intensity as a stochastic process. The

intensity is (usually) nonlinearly related to the signal that the point process represents. For example,
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in the auditory system, auditory-nerve fiber discharges are related to a bandpass-filtered version of

an acoustic signal. In auditory system modeling, we should therefore use a bandpass model for

the input’s power spectrum. Mathematically, let �� be a stationary process that describes extrinsic

information; the intensity of the point process is related to � � in a causal way: ���	������ �

" ���� #  �	������. We must assume that the functional " ��� is known, with the notation meant
to express the presence of extrinsic and intrinsic components. The intensity’s dependence at time �

on the input’s past expresses the possible presence of filtering (linear or nonlinear) of the signal.

3.1. Information Capacity

The information capacity (or simply the capacity) of a point process is the maximal mutual infor-

mation between the intensity ���	� ����� and the sequence of events expressed by the counting

process �� over the interval �
� � �, with the maximum obtained by searching over all possible

intensities that meet certain constraints (Brémaud, 1981, pp. 180–186). Typical constraints are a

maximal rate, a minimal rate, an average rate, and a bandwidth limit. Letting� represent constraint
set, the capacity is abstractly expressed by

$ � ��
���

��
��

��
������
����

�

�
%� ����	������	��� � (8)

The details of this calculation are well beyond the scope of this article. Let it suffice that the

capacity is known in interesting cases of point processes and constraint sets. When we con-

strain the intensity’s maximum, minimum, and average values 
���  ���	������  
��� and

� ����	������� � �
 the capacity of any Markov point process corresponds to that of a Poisson

process and is given by (Davis, 1980; Kabanov, 1978)
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where capacity has units of nats/s (multiply by ��� � � to obtain bits/s) and


Æ � 
���

�
�

�

�

���


���

����������������
�
�

The formal proof does not suggest whether the Poisson process uniquely achieves this capacity;

it does state that Markov point processes cannot have better capacities than the Poisson. Concep-

tually, additional constraints on the intrinsic component that model refractory effects, for exam-

ple could be incorporated in the capacity calculation. The rate constraints only generally confine
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Figure 4. The relation between information measures and rate or mean-squared error are depicted.
In each case, the minimal rate 
��� equals zero, and the vertical scales have been normalized by

�����, the maximal capacity of a point process. In the left panel, capacity and cutoff rate for
Poisson processes are plotted against �
�
���. The relation between a normalized upper bound on
capacity and the mean-squared error (normalized by its maximum) is shown in the right panel. In
addition to 
��� � 
, �
 � 
����� for this calculation, and the intensity was that of a random
telegraph wave. This latter plot indicates that capacity increases even as the mean-squared error
becomes worse.

the extrinsic component: the encoded signal maximizing capacity is a random telegraph wave, a

stochastic square wave that switches between maximal and minimal rates. This intensity has infi-

nite bandwidth, with the average holding times at extremal rates tending to zero but with their ratio

equaling a specific constant (�).

Note that 
��� and 
��� proscribe the stationary intensity’s instantaneous extremal values,

not its minimal and maximal average rates nor its peak rates achieved by transient stimuli. The

minimum rate represents a background uninvolved in representing information. The larger this

value relative to the maximum rate, the smaller the capacity. In auditory-nerve fibers, the min-

imum is zero (rates less than spontaneous values can be obtained) and the maximum about

700 spikes/s (Johnson, 1980). When 
��� � 
, the capacity expressions simplify considerably:

$ �

�������

���

�
� �
 � 
Æ

�
 ��

�

���

�


�
� �
 � 
Æ

and 
Æ � 
����� � 
���
���. Thus, for large average rates, a point process’s capacity is deter-

mined by its maximal rate; for averages rates less than 
�����, the capacity decreases from this

maximum as average rate decreases (see Fig. 4).
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The definition of capacity (Eq. 8) does not directly express a communications model and does

not necessarily provide an accurate measure of how well information is expressed by a point pro-

cess. An alternate measure, the cutoff rate &�, does. The conceptual communications model

underlying its calculation is that one of a set of ' discrete symbols is transmitted every � sec-

onds (the symbol interval) using a symbol-specific intensity waveform. Computing the cutoff rate

amounts to finding the optimal waveform set that conforms to a set of constraints while ensuring

reliable communication (the represented symbol can be determined without incurring rampant er-

rors). The cutoff rate is smaller than the capacity,� and it provides a more accurate view of the

information bearing capability than the capacity. The cutoff rate for the Poisson process is given

by (Davis, 1980; Snyder and Rhodes, 1980)

&� � � ��

�
�

'
�

' � �

'
���

���

�
�

where �� is a measure of the minimum pairwise distance between waveforms used to represent the

' symbols. The expressions for this measure are quite complicated, but if we restrict ourselves to

the case of vanishingly small symbol intervals and an infinite number of symbols (to approximate

the transmission of a continuous-valuedwaveform in continuous time), the cutoff rate becomes
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� otherwise.

Again, when 
��� � 
, we have that &� � �
�� when the average rate is less than half the maxi-

mum, and &� � 
����� when the average is greater (Fig. 4).

3.2. Minimum Mean-Squared Error

Employing the minimum mean-squared error measure amounts to finding the optimal system that

extracts the estimate of �� from the point process that has the smallest mean-squared error (�. In

the Poisson case, the only component present is the extrinsic one, and the resulting mean-squared

error characterizes the limits to which a neuron’s output can be used to extract an estimate of the

signal driving the neuron’s rate. Achieving this limit would require the neural pathway receiving

the neuron’s projections to operate as an optimal estimator.

The minimum mean-squared error estimator is well-known to be the conditional expected

value of the information signal when provided with point process observations: ��������� �

� ����������. Note that we can obtain an upper bound on mean-squared error by assuming that no
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observations are made but that we still minimize (�. In this case, ����� � � ����, and (���� � � ����.

When we do make observations, the optimal estimator is nonlinearly related to the point process

and is difficult to find, even in the case of a Poisson process (Snyder, 1975, Sec. 6.5.2). In-

stead of explicitly finding the estimator, lower bounds on the minimum mean-squared error are

known (Snyder, 1975, Sec. 6.5.4). Evaluation of this bound usually requires computation, with few

cases extant allowing analytic evaluation.

Simpler expressions for the error and explicit formulation of the estimator become possible if

we consider the Poisson process and restrict the estimator to be a linear filter (i.e., a Wiener filter).

Here, the intensity is proportional to a positive-valued extrinsic signal� �. Calculation of the mean-

squared error reveals that it depends on the power spectrum of the input � �, in terms of both the

bandwidth and the shape of the power spectrum. When the input has a first-order, lowpass power

spectrum having bandwidth), the mean-squared estimation error normalized by the maximal error

is given by

�(� �
�
)

� �
�

��
� �

�� �
�
�
)

� �

�
�

Thus, the normalized error depends only on )��� �
���
�, the ratio between the bandwidth and

the intensity’s variance to average ratio. When the intensity’s amplitude is constrained so that


���  
���  
���, the variance can be bounded� as � �
����  �
�
���� �
�. Consequently,

� �
������
  
��� � �
, and this bound can be used to lower bound �( � by expressing it in terms

of )��
���� �
�. When 
��� � 
, an intensity attaining this bound is the random telegraph

wave. As shown in Fig. 5 for the case of Poisson process having a random telegraph wave intensity,

this normalized error increases as the bandwidth/rate ratio increases, nearly reaching the saturation

value when the bandwidth equals the average rate (about 75% of ( ����).

Furthermore, note that accurate estimates, arbitrarily defined to occur when the normalized

squared error is less than 10%, occurs when the intensity’s bandwidth is less than a small fraction

(about 
�
�) of the average rate. This conclusion means that the stimulus representation capabil-

ity of single auditory-nerve fibers is quite limited. For fibers responding to low frequencies, the

intensity’s bandwidth is about 300 Hz, and the average rate does not exceed 200 spikes/s. Thus,

)��
 � ���, which corresponds to a normalized error of at least 79%. The intensity bandwidth that

can be well-represented by auditory-nerve fiber discharges is about 20 Hz.

Features of this result apply generally. Efforts to use Wiener filters to “read the neural

code” (Rieke et al., 1993) can only succeed when the input bandwidth is much less than the av-
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Figure 5. The normalized mean-squared error produced by a Wiener filter is plotted against the
ratio of bandwidth and the average rate. In this example, the intensity equaled a symmetric random
telegraph wave having 
��� � 
, �
 � 
�����, and � �
���� � �
�. For all bounded intensities
having a first-order power spectrum, this curve serves to lower bound the mean-squared error.

erage rate. When the bandwidth is comparable to or larger than the average rate, estimating the

input from a single neuron’s output can only produce unacceptably large errors. Our preliminary

calculations of the lower bound on the optimal mean-squared error do not indicate that substantial

improvements result when we use optimal (nonlinear) estimators.

3.3. Relationships Between Capacity and Mean-Squared Error

To gain a more realistic evaluation of capacity, Shamai and Lapidoth (1993) imposed bandwidth

constraints on the intensity. While only being able to calculate upper and lower bounds on the Pois-

son process capacity, they found a relationship between their upper bound and the mean-squared

estimation error. This relation depends in a complex way on the maximal and minimal intensity

constraints, but the general form of this relation can be exemplified by the special case �
 � 
�����

and 
��� � 
, wherein (Fig. 4)

�$  �

�

�(�

�� �(�
��

�

�(�
�

with �$ denoting the capacity normalized by its maximal value 
�����. Somewhat surprisingly, the

capacity is small when the mean-squared estimation error is small, and large when the errors are

worse. Thus, capacity does not assess the information bearing capabilities of a neuron’s output;

large capacities can be achieved only when the neuron’s extrinsic intensity component cannot be

well estimated by any system.
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This surprising result can be traced to the definition of capacity (Eq. 8) for a point process:

this definition (and many other cases as well) does not correspond to a communication problem.

The mutual information measures how well a system’s output is associated with its input, with the

larger the mutual information, the greater the association. In information theory, we most often

take the system to be a communications channel. In discrete channel models, the input represents

the finite set of communication symbols and the output the received and decoded symbol. Hence,

maximizing mutual information by varying input probability assignments does indeedmeasure how

well the output expresses the input. In the point process case, maximal association between a point

process’s intensity and the event pattern does not explicitly include extracting the intensity (or

the extrinsic input determining the intensity). Thus, capacity does not directly reflect the ability

to extract information from a point process. The cutoff rate portrays more accurately than the

capacity the ability to extract information represented by a point process. Its properties rest on

the assumption that the intensity is selected carefully to maximize information transmission. In

general, this ideal situation does not hold since process must represent a wide variety of signals, not

carefully selected ones.

The mean-squared estimation error is a more direct, more meaningful measure. Unfortu-

nately, no general result for the estimation error is known. In the case where the intensity is

derived from a stationary Gaussian process, a lower bound for the mean-squared error has been

derived (Snyder, 1975, Sec. 6.5.4). Using this bound or the results described here, they indicate

that single neurons can represent signals with fidelity only if the signals vary slowly compared the

neuron’s average response rate. Many of these results apply to Poisson processes; it is not known

how they generalize to point processes that model neural discharges better. For any particular dis-

charge pattern, understanding its intensity model, particularly its intrinsic structure, determines the

neuron’s information carrying capability.

4. Analyzing a Point Process

Before the data analyst starts work on any empirical point process, he or shemust pointedly question

the data. The ultimate goal of an analysis technique is to discern what the point process’s intensity

might be. Employing any specific technique, such as measuring the interevent interval distribution

with the interval histogram for example, makes implicit assumptions that the analyst must explicitly

check. By measuring the interval histogram, the analyst assumes that the point process’s statistical
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structure its intensity does not change with time, only with process history. The validity of this

assumption must be verified. Stationarity considerations also enter into situations where the data

are knowingly nonstationary. For example, to measure a cell’s response to a stimulus, we employ

averaging techniques that average the response obtained over a succession of stimulus presentations.

Implicit in this averaging is the assumption that the responses do not vary statistically from trial

to trial; said another way, the stimulus or the response is assumed not to influence succeeding

responses. These kinds of assumptions may not hold for the data at hand. One is tempted to view

these unwanted temporal variations as contaminating a more pristinemodel for the data. As ideal as

we would want data to be, experimental artifacts or truly variable responses inherent in the system

must be addressed before attempting to measure the intensity to decipher the neural code.

4.1. Testing for Temporal Variations

Unfortunately, techniques for assessing nonstationarity are not well developed. From a statistical

viewpoint, so many aspects of a point process can vary with time mean rate, interevent interval

variance, interevent interval correlation, and interevent interval probability distribution to name a

few that developing a single, all encompassing test seems difficult at best (Tsao, 1984). Work has

been described for analyzing trends in point processes (Cox and Lewis, 1966, Ch. 3). We describe

here an outline of a crude procedure for testing whether a point process maintains a statistically

similar character or not (Johnson et al., 1986).

A stationary point process consists of a sequence of identically distributed random vari-

ables interevent intervals that may have a complex dependence structure, such as that evidenced

by Markov or Hawkes processes. Thus, we consider a point process as a stochastic sequence

�	������ where the index is the interval’s sequential number. At a minimum, the average value
of these intervals should be constant if the process is stationary. We thus form estimates �	�*� of

the average interval at various points in the dataset and try to check whether these estimates obey

the “rules” of empirical averages:

�	�*� �
�

+

������
������

	� �

Here, we average over + successive intervals to achieve each estimate of the average interval dura-

tion. If the process is stationary, the mean and variance of this quantity are given by

� ��	�*�� � � �	�� � � �	 � � ��	�*�� �
� �	��

+

����
�������

�
�� �,�

+

�
-��,� �� �	�� � � �	 � �
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Here, � ���means the variance of the indicated quantity, which is the square of the standard deviation
that appears in the expression for the coefficient of variation (equation 6), and - ��,� indicates the

correlation coefficient between intervals separated by , intervening intervals:

-��,� �
� �	�	�����

�� �	 ���
� �	 �

�

If the process were renewal, the correlation coefficients would all equal zero save for - ��
�, which

always equals one. The standard deviation of the short-term average would then equal ��	 ��
�
+.

This quantity is usually used in stationarity tests despite the possibility of significant interevent

interval correlation. Estimating correlation coefficients can be made only if the process is stationary,

and we don’t know that yet. Essentially, preliminary analysis assumes the correlation, if present, is

small.

If the process were stationary, the average interval computed over the entire dataset should not

deviate “significantly” from the short-term averages �	�*�. Because of the Central Limit Theorem,

the sum in the expression for the short term average can be well-approximated as having a Gaus-

sian probability distribution. Exploiting this approximation, we can establish confidence intervals

about the dataset average for the short-term averages. The confidence intervals require the variance

���	 � � � �	 �, which we estimate from the entire dataset. Assuming a large number of blocks of

length + are present in the dataset, the long-term average �	 will be more statistically accurate (the

variance is smaller) than the short-term averages. We thus use the long-term average as our baseline

and establish confidence intervals as �	 � ���	 ��
�
+, where the constant � controls the degree of

confidence. For example, variations beyond plus or minus one standard deviation (� � �) about the

mean of a Gaussian random variable occurs 32% of the time. Thus, we should expect the short-term

averages to exceed this confidence interval at this rate and remain consistent with a stationarity as-

sumption. If � � �, the excess probability drops dramatically to 4.6%. Thus, with a confidence

interval equaling �	 � ���	 ��
�
+, we should expect about 5% of the short-term averages to exceed

these bounds. This confidence interval is typically used in applications.

In Fig. 6, we illustrate the application of the stationarity test. In the stationary (Poisson) case

shown there, the confidence interval was exceeded at a rate of 6/100, which roughly corresponds

to what we would expect from the previously described theory. In the nonstationary case, however,

the exceedence rate was 19/100, a clear discrepancy from consistency with a stationary model. We

accept stationarity in the first case, but not in the second. Stationarity analysis of actual measure-

ments is also shown. These recordings illustrate different kind of discrepancy from stationarity
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Figure 6. Application of the stationarity test is portrayed on the left for simulated data and on the
right for actual measurements. The “Poisson” case is a stationary Poisson process having rate one.
The “nonstationary Poisson” case was also Poisson, but having a rate that increased linearly very
slowly. The data were single-unit measurements taken from auditory-nerve fibers stimulated by a
continuous tone. In each case, 100 intervals comprised the short-term average, and these averages
are shown by the jagged solid lines as a function of the index of the average. The confidence inter-
vals are shown as dashed lines on either side of the solid-line mean, with � equaling the standard
deviation estimated from the entire dataset divided by the square-root of the number of terms in
the short-term average (10). The right panel shows 100-interval averages for data recorded from
single auditory-nerve fibers. The means and standard deviations calculated for these examples are:
Poisson, 1.00 and 0.99; nonstationary Poisson, 1.25 and 1.29; data, 12.6 and 11.1. The number of
times the short-term averages exceed the confidence interval is 6 in the Poisson case and 19 in the
nonstationary Poisson case. The data clearly exceed the confidence interval far more than would be
consistent with a stationary point process model.

than that of the linearly increasing interval example. Here, the averages are much too random, and

exceed the confidence interval far too often. A more detailed analysis revealed that these data are

best modeled as fractal-intensity renewal processes (Kumar and Johnson, 1993).

4.2. The Interval Histogram and Hazard Function

The interval histogram estimates the probability density function of interevent interval durations.

When the process is stationary and renewal, the interval histogram suffices to characterize the pro-

cess. When dependencies are present, the interval histogram no longer produces as important a

measure for data analysis. Later we discuss how interval histogram analysis changes when we have

a Markov point process.
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Algorithmically, the interval histogram computes the fraction of measured interevent intervals

that lie in a given bin having binwidth Æ, then normalizes by the binwidth so that the estimate

“integrates” to one.� Letting %�
Æ��� denote the indicator function,

%�
Æ�	� �
��� �� ,Æ  	 � �,� ��Æ


� � !��"�#�
�

the interval histogram computation is expressed by (Johnson, 1978)

$�%�,� �
�

�Æ

����
���

%�
Æ�	�� � (9)

where � is the total number of intervals entering into the computation. The expected value of the

histogram clearly equals
� ����Æ
�Æ ���	� �	�Æ. If the true interval distribution is essentially constant

over all length-Æ bins, this expected value equals the interval pdf evaluated at ,Æ: � �$�%�,�� �
�� �,Æ�.

Assuming a renewal point process, we can easily analyze the variance of the interval histogram.

Because of the indicator function, the individual terms in Eq. 9 correspond to Bernoulli random

variables where the probability each equals one is given by � �
� ����Æ
�Æ �� �	� �	 . The variance of a

sum of � such independent random variables equals ����� ��. Assuming that � � �, we have

that the variance of the interval histogram equals

� �$�%�,�� �

� ����Æ
�Æ �� �	� �	

�Æ�
� ���,Æ�

�Æ
�

To assess this variance better, we consider the histogram’s coefficient of variation, which measures

the percentage error of its estimate of the interval density:

��$�%�,�� � �
Æ �

�

� ����Æ

�Æ
���	� �	 �

�
�Æ���,Æ�

�����
�

Thus, the percentage error increases as the density’s value decreases: we can more accurately esti-

mate the histogram’s modes than we can its valleys and tails. Note that the argument of the square

root is the expected number of intervals in a bin. Setting a criterion value for the coefficient of

variation 10% say translates into statistically significant estimates in those bins containing at

least 100 intervals. An example histogram is shown in Fig. 7.

Selecting the binwidth creates a tension in accurately estimating the interval distribution with

the interval histogram. First of all, we want the binwidth to be small enough so that we are, to a

good approximation, estimating the value of the density rather than its integral over a bin. This
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Figure 7. From a simulated stationary Poisson process (rate equaling 100 events/s), 7,500 events
were taken, and the interval histogram, hazard function, and conditional mean computed. The
binwidth in all cases equaled 1 ms.
The horizontal dashed lines on the interval histogram panel correspond to the indicated percent-

age errors (as quantified by the coefficient of variation). The arrow points at the overflow bin: the
bin reserved for intervals longer than those taken into account by the interval histogram calculation.
Thus, this bin “keeps the books straight” by indicating that longer intervals are present, thereby
maintaining the unit-area normalization of the histogram calculation.
The dashed lines on the hazard function panel indicate ��� about the hazard function’s average

value. Note how the error increases as the interval increases: Peaks in the rightmost portion of
the hazard function are not statistically significant while much smaller peaks to the left can be.
This average value in the hazard function estimate equaled 95.6 events/s, which does not equal
the process’s average value. This discrepancy can be traced to the borderline choice for histogram
binwidth: it is not small enough to result in interval histograms that yield pointwise instead of
integrated estimates, but using smaller binwidths would have compromised the statistical accuracy.
The solid line in the bottom panel shows the conditional mean, and the dashed lines the ���

criterion curves that would apply if the events were well described as a renewal process. As the
conditional mean should for a Poisson process, it lies within the criterion curves.

desire amounts to a sampling condition: The interval density should vary slowly over a binwidth.

On the other hand, if we choose too small a binwidth, the statistical errors can lead to inaccurate
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measurements: We must have enough intervals lying within a bin to achieve statistically reliable

estimates. Thus, what might be called a sampling theorem for interval histograms states that density

variations can be captured at a particular interval only if a sufficient amount of data are available at

that interval. If not, sampling accuracy has been sacrificed to statistical inaccuracy. �� As a practical

matter, we never have enough data; often the statistical constraint is difficult to overcome, and detail

in the interval distribution goes unmeasured.

Because the hazard function and the interval pdf are directly related, we estimate the hazard

function using a discrete version of Eq. 5:

&'(�,� �
$�%�,�
�

���$�%���Æ
�

The theoretical formula demands that the numerator equal the value of the interval distribution,

not its integral. The interval histogram yields this value only at small binwidths, which can produce

statistically inaccurate estimates when we don’t have enough data. The denominator, on the other

hand, is well estimated by the interval histogram because it does equal the density’s integral over

several bins no matter what binwidth we chose.

Calculating the coefficient of variation for the hazard function is analytically difficult because

the hazard function is the ratio of two random, correlated quantities. I develop a series of approxi-

mations that allows us to develop an expression for ��&'(�,�� when it is small. First of all, when

a random variable’s coefficient of variation is small, it also approximately equals the coefficient of

variation of the random variable’s reciprocal.�� Because of this fact, we consider the coefficient of

variation of this expression’s reciprocal since it is simpler to calculate:

��&'(�,�� � �
�
Æ �

�

$�%�,�

��
�����

$�%���Æ

�
�

We next approximate the variance of the reciprocal of a random variable having a small coefficient

of variation as � ���� � � � �� ���� ����
 (see note 11). Using this approximation, we find that

��&'(�,�� �
�

�

�Æ���,Æ�
� �

�Æ

�

����� ��Æ�
� ��$�%�,��

�
�� ��,Æ�Æ

����
� (10)

This expression is meaningless unless ��,Æ�Æ � �, which defines the situations under which our

approximations ultimately apply. In such situations, the coefficient of variation for the hazard func-

tion estimate approximately equals that for the interval histogram, with both becoming large for the

same intervals. However, as opposed to the interval histogram, the value of the hazard function is

usually not small when these large values occur, which accentuates the errors.
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The hazard function shown in Fig. 7 illustrates this point: for small intervals, statistical vari-

ations in the estimate are small, but increase dramatically for larger intervals. For an exponential

interval distribution having parameter 
,

��$�%�,�� �
���Æ��

��Æ
����

��&'(�,�� � ��$�%�,�� ��� 
Æ���� �

The coefficient of variation in the hazard function is thus proportional to that of the interval his-

togram. In the interval histogram case, the exponentially increasing percentage error is due to

the exponentially decreasing histogram: The errors are constant. In contrast, because the hazard

function is a constant, the same exponential increase is due to exponentially increasing errors. In

general, care must be taken in the tails of the interval distribution when computing either quan-

tity; in addition, statistical significance is lost whenever the interval histogram’s value falls below

a threshold value defined by an error criterion. Note that while the hazard function’s coefficient

of variation can be estimated from the interval histogram (Eq. 10), we usually do not know what

the hazard function should be. Consequently, we don’t know what curve about which to center the

confidence interval.

4.3. Measuring Interevent Dependence

Understanding the statistical interdependence of interevent intervals cannot be stressed enough if

we desire as complete a characterization as possible of a point process. This dependence struc-

ture, expressed by the historical component of the intensity, describes how events interact with

each other, which places strong constraints on mechanisms that might produce the measurements.

The simplest nontrivial dependence structure is the Markovian, wherein dependence extends back

a fixed number of previous event occurrence times; more remote events than that do not affect the

current event’s timing. It is important to realize that Markovian dependence extends across a vari-

able time epoch prior to each event; fixed-duration dependence structures cannot be modeled with

Markovian models. A Hawkes’ process could be constructed for such situations. Because of diffi-

culties in dealing with the Hawkes’ process, a Markovian dependence structure is usually assumed

first, the number and type of dependence measured, then simulated event patterns compared with

the original data as a consistency test.

A point process has Markov order ' if the conditional interval distribution depends on no more



Point Process Models 29

than the ' previous intervals.

��������
��� 
���	� � 	���� � � � � 	�� � ��������
��� 
�����	� � 	���� � � � � 	����� � � ' (11)

A renewal process, which has no dependence structure, has Markov order zero. To determine the

Markov order, one could compute the conditional interval histogram or, equivalently, the condi-

tional hazard function, from data (Johnson et al., 1986): The usual interval histogram is computed,

but only from those intervals that are preceded by a sequence of intervals equaling predefined val-

ues. A succession of histograms or hazard functions, each of which is conditioned on a greater

number of previous intervals, would need to be computed and compared to determine when the

addition of conditioning interval no longer changed the histogram. By estimating the conditional

hazard function, we are directly estimating the intensity. Because of this fact, we have found con-

ditional hazard functions to provide greater insight into the point process than conditional interval

histograms.

As a practical matter, the probability of a sequence of intervals precisely equaling some set

of values is zero. Instead, the conditioning intervals must be selected from those lying within a

sequence of interval ranges. In our experience, the ranges must be greater than the binwidth used

in the interval histogram itself; if not, so few interval sequences lie in the conditioning interval

ranges that statistically significant histograms cannot be computed from limited data. For example,

consider the easily analyzed case of a Poisson process. If it has a rate of 100 events/s and we use a

1 ms binwidth, demanding at least 10% significance (coefficient of variation) in the usual interval

histogrammeans that we need somewhat more than 7,400 events to obtain that significance level for

intervals having durations less than or equal to two time constants of the actual interval distribution.

If we computed the first-order conditional interval histogram based on a conditioning value lying

within a 1 ms range, we would need 100 times that amount of data to satisfy the same significance

criterion. If instead, we use a 10 ms conditioning range, a value much too large for a histogram

binwidth, we need about 55,000 events, a large but manageable number. A second-order histogram

requires that much more data, etc. Unfortunately, for even small orders, much data on the order

of exponential in ' � � are required to yield statistically significant estimates.

The statistical concerns can be mitigated to some degree by a less statistically demanding mea-

sure based on the computation of conditional mean (Johnson et al., 1986; Rodieck et al., 1962). A

clear consequence of Eq. 11 is that the conditional expected value also has the same Markovian
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property.

� �	� � 	���� � � � � 	�� � � �	� � 	���� � � � � 	����� � � '� (12)

Just as clear is the conclusion that this property is necessary, but not sufficient, for the point process

to be Markovian. To estimate the ' !-order conditional mean, one simply computes the average

value of all intervals that are preceded by a particular sequence of intervals:

)*�	�� � � � � 	�� �
�

��	�� � � � � 	��

��
�����

	�%�	��� � 	�	 � � � 	 	��� � 	�� �

Here, %�	��� � 	�	 � � � 	 	��� � 	�� denotes the indicator function that the previous interval se-

quence �	���� � � � � 	���� equals the conditioning sequence �	�� � � � � 	��, and ��	�� � � � � 	�� de-

notes the number of intervals preceded by this sequence. Computationally, no sequence of data will

equal a specified set of values. To compute the conditionalmean, we form bins and specify equality

in the conditioning process by the occurrence of intervals lying in a sequence �, �� � � � � ,�� of bins:

)*�,�Æ� � � � � ,�Æ� �
�

��	�� � � � � 	��

��
�����

	�%������ ���
Æ�	���	 � � � 	 	���� �

Estimation of the conditionalmean still has a statistical complexity of order exponential in ', but for

small orders the data demands are much less than those of the conditional interval histogram. The

most commonly computed conditional mean occurs for ' � �: the first-order conditional mean.

Figure 7 demonstrates that the first-order conditional mean for a simulated Poisson process is

constant. This result means that the average interval duration does not depend on the value of the

conditioning interval, consistent with the fact that the process has no first-order dependence. The

error bounds were derived from a renewal process assumption so as to define a null-hypothesis sta-

tistical test. The estimate of the expected value � �	�� was first computed. If renewal, the theoretical
first-order conditional mean should equal this value. The statistical error in this equality is based on

simple considerations of computing averages: � �)*�	��� � � �	 ����	��. The variance of intervals

is calculated from the entire dataset in the obvious way. As the numerator of this expression is fixed,

the variation of the error bound curves evident in Fig. 7 is due to the denominator. This quantity,

which equals the number of intervals lying in ,Æ  	 � � �, � ��Æ, is precisely what the interval

histogram computes. Thus, the error curves for the first-order conditionalmean will be proportional

to the reciprocal of the interval histogram when they are computed with the same binwidth.



Point Process Models 31

4.4. The PST Histogram

The PST (post-stimulus or peri-stimulus time) histogram measures the temporal variations in the

rate of discharge by averaging the response to a periodically repeating stimulus (examples are shown

in Fig. 9). The onset of each stimulus presentation serves as the histogram’s time origin. Assume

that the time axis is quantized into bins of length Æ, and that the stimulus is presented every .

bins with the first stimulus presented at time � � 
. The count of the events in the * ! bin

�*Æ� �*���Æ� is denoted by /�*�. The PST histogram computation averages this sequence across

stimulus presentations (Johnson, 1978):

�+%�*� �
�

�Æ

����
���

/�*� �.� �

Here � denotes the number of stimulus presentations. Normalized in this way, the units of a PST

histogram are events/s.

For even the simplest point process, the expected value of the PST histogram contains many

surprises. First, assume that the binwidth is small so that the intensity definition of Eq. 1 can be

used. This assumption means that more than one event rarely occurs within a single bin. Under this

condition, the expected value of the sequence /�*� is � ���*Æ	��Æ���Æ��Æ, where the expected

value is computed with respect to event history. When the intensity’s time dependence repeats with

period .Æ, the expected value of a PST histogram equals this quantity divided by Æ. Thus, the

PST histogram corresponds to averaging over all event histories that lead to or prevent an event

occurring at time*Æ after the stimulus presentation:

� ��+%�*�� � � ���*Æ	��Æ���Æ�� � (13)

Thus, this expected value does not depend solely on the intensity’s temporal variation. The only

point process that expresses this temporal dependence directly is the Poisson because its intensity

does not depend on event history. For all other point processes, including renewal ones, the PST

histogram represents stimulus-related temporal variations averaged across the point process’s his-

tory. This expected value is extremely difficult to evaluate. Consequently, the PST histogram is a

complicated function of the process’s stimulus-related nonstationarity and the inherent “nonstation-

arity” induced by the process’s statistical structure (Johnson and Swami, 1983). Examples of this

phenomenon are presented in succeeding sections.
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Figure 8. The left panel shows the interval histogram (solid line) with the hazard function (dashed
line) superimposed upon it. Because the interval histogram estimates a probability density function,
its vertical scale has units of probability/s. The conditionalmean (solid line) is shown on the right as
well as ��� curves. These histograms were computed from data collected from a single auditory-
nerve fiber responding to a long-duration high-frequency tone. Based on this kind of analysis, the
renewal model for auditory-nerve fiber discharge pattern is justified.

5. Application to Discharge Patterns in the Auditory Pathway

5.1. Analyzing Auditory-Nerve Fiber Discharges

Measurement of the conditional mean from single auditory-nerve fibers has long shown that, to

a very good approximation, that a renewal process model can be used (Gaumond et al., 1982;

Kiang et al., 1965). Typical is the conditional mean in Fig. 8, which shows no statistically sig-

nificant deviations from a constant. Measured hazard functions typically show what appears to be

an exponentially increasing quantity, eventually becoming a constant after about 20 ms (Fig. 8).

Detailed analysis of the hazard function can be found in Li and Young (1993). The constant portion

of the hazard function means that the associated interval histogram has an exponential tail as in the

Poisson process. Thus, the interspike interval pdf resembles a delayed exponential, with the hazard

function approximated as a delayed step. A common model for constant-rate auditory-nerve fiber

recordings is

���	� � �� ��	 ���� (14)

where� is the absolute refractory interval (deadtime) of the discharge pattern. Typically,� is in the

range 0.7–1ms. Consequently, the intensity of the process varies as a function of time depending on

when discharges occur (see Fig. 1). This stationary model can be used when spontaneous activity

or the responses to high-frequency stimuli are measured.
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When the discharge rate varies with time, a nonstationarymodel must be used. A nonstationary

renewal process is defined by an intensity of the form

���	������ � �
�
�� �� ���

�
�

This characterization is too general to motivate data analysis techniques. A separable form

of this intensity has proven to describe auditory-nerve fiber recordings quite well: The time-

varying part the extrinsic component that depends on absolute time is assumed to be sepa-

rate from the refractory (history-dependent) part (the intrinsic component) (Gaumond et al., 1982;

Johnson and Swami, 1983; Siebert and Gray, 1963):

���	������ � ���� � 0�� � ���

�
�

For theoretical reasons, we must assume that the recovery function attains a maximum value of

one at long interspike intervals. The drive ���� models the extrinsic component of the inten-

sity, which is directly related to the stimulus, the signal conveyed by the renewal point process.

For example, when a low-frequency tone a sound pressure proportional to #�������� serves

as the stimulus, the drive has been modeled as ���� � �� ����1 #�������� 2�� (Johnson, 1974).
The instantaneous rate is thus modulated by the drive. Decoding the neural code thus becomes

equivalent to demodulating the observed process so as to separate the information-bearing compo-

nent ���� from the “carrier,” the recovery function.

Enabled by the relative simplicity of the intensity for auditory-nerve fiber discharges, we can

predict what the PST histogram will be in simple situations. The expected value of the PST his-

togram for this case equals

� ��+%�*�� � ��*Æ���0�*Æ � ���Æ

��
� (15)

The quantity we want to extract, ��*Æ�, is multiplied by a quantity that is always less that one

and varies implicitly on ����. The total effect is nonlinear: the expected value depends in some
fashion on the drive, and the PST histogram equals the drive times this expected value. Analytic

computation of this expected value is difficult in most cases, requiring that simulationsbe performed

to assess the effect of the recovery function on the PST histogram (Johnson and Swami, 1983).

Results of this analysis are shown in Fig. 9. The nonlinearity is evident in the left column, where

the only variation of the drive is its amplitude. The effect of the recovery function is to introduce

a transient into the PST histogram, which can be traced to the sudden change in drive amplitude.
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Figure 9. Shown as jagged lines are PST histograms calculated from simulated renewal processes
(the recovery function was a delayed step; see Eq. 14 having an absolute refractory interval of
� � � ms) and as solid lines the theoretical predictions of Eq. 15. The left column displays PST
histograms of a simulated point process where the drive function is a square pulse of 5 ms duration.
The amplitude of the pulse increases down the column, taking on values of 200, 500, 800, and 1000
spikes/s. In the right column, the PST histograms of a simulated point process whose drive had the
form �
 �������� ,�#������ ��. One period of the PST histogram is shown. From top to bottom,
the frequency of each simulated drive was 0.1, 0.5, 1.0, and 3.0 kHz. In all cases, smooth lines
indicate the actual discharge rate and jagged lines measured PST histograms. Taken from Johnson
and Swami (1983).

The initial portion of the PST histogram is a decaying exponential whose time constant equals the

reciprocal of the drive’s amplitude ��. The “steady-state” value of the response can be shown to be

����� � ����.

Researchers have developed techniques for estimating ���� from spike

trains (Johnson and Swami, 1983; Mark and Miller, 1992; Miller, 1985). These techniques
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Figure 10. The estimate of the first-order conditional expected value depicted here was computed
from stimulated activity recorded from three single units located in the LSO. The error bounds are
clearly exceeded, from which one would conclude that these data must be described by a model that
has Markov order of at least one.

apply estimation theoretic procedures to the discharge pattern, accumulating an estimate of a

renewal process’s time-varying component. These procedures are too complicated to describe here;

they all assume the separable model for the intensity, and exploit it to the fullest.

5.2. Modeling Discharge Patterns of Lateral Superior Olive Neurons

Figure 10 shows the first-order conditional mean for data recorded from single units in the lateral

superior olive (LSO).�� The monotonically decreasing trend for the conditional mean demonstrated

there was consistently found in all LSO unit activity. Clearly, these data require an intensity-based

description that has an order of at least one: The data cannot be modeled as a renewal point process.

Estimates of the second-order conditional expected value indicated that no significant second-order

dependence was present (Johnson et al., 1986). Hence, a first-order Markovian model seems to

describe these discharge patterns well.

To estimate the intensity of a first-order Markov point process, the conditional hazard function

must be estimated. Derived in the obvious way from the conditional interval histogram, this his-

togram is computed by creating a histogram only from those intervals preceded by intervals of a

narrow range of durations. When applied to LSO discharge patterns, a surprisingly simple structure

emerged (Johnson et al., 1986): the effect of varying the conditioning interval is to shift the condi-

tional hazard function along the horizontal axis. Consequently, the intensity of stationary activity

recorded from most LSO units can be described by the simple relation

���	�	 	���� � ��0
�
	� � #�	����

�
� (16)

where 0��� is the basic hazard (intensity) shape that is being shifted and #�	 ���� is the shift of
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this shape with preceding interval. The fundamental equation defining the generation of interevent

intervals becomes!��� � &
�
	����#�	��

�
, where&��� is a functionwhose derivative is 0���. The

generation equation for a point process that describes LSO data becomes

	��� � #�	�� � &���!���� � (17)

Several intriguing conclusions can be gleaned from this relationship.

� The shifting function determines the point process’s statistical dependence structure (the cor-
relation between successive interevent intervals).

� The first-order conditional expected value of the interevent interval is found to be

� �	� � 	���� � #�	���� � �, � a constant. Thus, measuring the conditional mean amounts

to measuring the shifting function #���.

� The intervals in the point process are generated by a rather simple difference equation.

Thus, this relationship entirely describes the statistical structure of the point process, which reveals

the underlying simplicity of the point process.

The PST histogram discrepancies from the Poisson ideal are dramatic when LSO responses are

considered (Johnson et al., 1986). Figure 11 shows the measured and simulated response of several

LSO units to high-frequency tone bursts. The measured response to the step-like stimulus displays

an oscillatory response that can exhibit unequally spaced variations. The simulations made use of

dependence measurements obtained during the later sustained portion of the tone-burst response

to form estimates of the recovery function. The drive in all simulations contained no oscillations;

comparatively constant functions were used for the drive. The close agreement is evident. We

can conclude that significant variations of measured PST histograms can be due to the statistical

structure of the point process, not to the drive. A nonPoisson dependence structure will always in-

duce some sort of “transient” response when suddenly applied stimuli are used. Thus, only detailed

analysis can separate the intrinsic intensity components from the extrinsic.

6. Summary

Point processes, the ubiquitous model of neural discharge patterns, are completely characterized

by their intensities. The structure of the intensity reveals that event occurrence depends on two

fundamental components:
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Figure 11. The top row displays PST histograms of discharge patterns recorded from single LSO
units responding to repeated presentations of a tone burst. The bottom row contains PST histograms
gleaned from simulations that used detailed idealizations of the drive and the recovery function. The
drive was constant for the leftmost histogram and rose slowly in a linear fashion for the remaining
two. Taken from Johnson et al. (1986).

� A component whose temporal variations depend on external sources, not the point process
itself, and

� A structural component that expresses how events influence each other.

This logical separation does not mean they are easily teased apart. For example, changing event

rate by increasing the first component makes events occur more closely together, which centers the

structural component about a different operating point. Furthermore, external stimuli can influence

both components.

Because we idealize the information-bearing aspect of a neuron’s output to be the time-of-

occurrence of action potentials, to decipher the neural code expressed by a discharge pattern means

to determine the intensity of an underlying point process model. In my work, I follow a specific

routine in all our preliminary analyses with a view toward determining the form of a point pro-

cess model’s intensity capable of describing the data. These steps, exemplified here in analyzing

auditory-nerve fiber and LSO recordings, are

1. Isolate a statistically stationary segment in a recording. The stationarity test described here

must be considered a minimal one. Developing robust tests of stationarity is a research topic

that has not yet found a satisfactory answer. Whatever test is used, succeeding steps de-
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pend on focusing on statistically stable regions of the discharge pattern. These regions need

not be contiguous. For example, we analyzed LSO responses to a gated stimulus during

identical temporal poststimulus epochs (Johnson et al., 1986). Finding no stationary seg-

ments need not stop analysis. We have found that careful analysis of temporal rate vari-

ations can be revealing, and assist the researcher in applying more complicated intensity

models (Kumar and Johnson, 1993).

2. Determine the order of the dependence structure. The complexity of the intensity increases

with how many previous discharges affect the current one. This number is most effectively

measured with the conditional mean. If the first-order conditional mean is a constant (within

statistical error bounds as in Fig. 8), a renewal model can be employed. If not a con-

stant (as in Fig. 10), higher order conditional means should be calculated. Unfortunately,

the higher the order, the greater the demands on the amount of data needed. This order-

determination problem has been attacked in the time series analysis literature in the guise

of non-Gaussian Markovian processes. The techniques developed to date also require much

data (Kumar and Johnson, 1990).

3. Measure the hazard function according to the measured Markovian order. The resulting

conditional hazard functions reveal the statistical structure of your data. These measurements

provide the fodder for developing a parsimoniousmodel that succinctly captures the dominant

aspects of the discharge pattern.

4. Simulate a point process having an intensity derived from data. We use simulation to confirm

that our approximations to the intensity are indeed self-consistent: Do histograms measured

from data and simulation agree well (within expected statistical error)? We have found that

demanding agreement often leads to important model refinements (Johnson et al., 1986).

Auditory stimuli frequently evoke transient responses. We have shown responses produced

by ideal auditory-nerve fibers (Fig. 9) and LSO neurons (Fig. 11) when an amplitude-gated tone

is presented. Because the PST histogram presents a measurement that mixes the time-dependent

and structural components in an complicated way (Eq. 13), we simulate responses to transient rate

changes and compare the PST histogram with this change in an attempt to understand how the

intensity’s intrinsic properties affect the response. As we have shown, such effects pervade PST

histograms measured from tone-burst responses throughout the auditory system. To measure the
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time-varying component, which reveals what the neuron is representing about the stimulus, we re-

sort to (tedious) simulation: guessing a drive function, simulating the response, measuring the PST

histogram, and making appropriate corrections. We have found that the intensity’s event-history

component can also undergo transient changes, which complicates this procedure. No statistical

procedure for directly measuring the intensity’s components from the PST histogram has yet been

found.

Ideally, having an intensity that completely describes a neuron’s discharge pattern would di-

rectly reveal neural function with respect to the stimulus condition and neural state under study. In

our work with computational neuron models (Zacksenhouse et al., 1995), we have not found this

situation to be clear-cut. On one hand, requiring a computational model to produce an LSO-like

discharge pattern having an intensity indistinguishable from that measured does place tight con-

straints on the model’s biophysical mechanisms and on the model neuron’s geometry-dependent

aspects (Zacksenhouse et al., 1995). On the other, the relationship between the intensity compo-

nents and the model neuron components is quite complicated, and working backward from data to

model parameters does not seem straightforward. For example, producing an interval histogram

having a specific form frequently involves setting synaptic conductances, synaptic time constants,

and active model parameters in concert. We infer computational models by performing simulations

to produce discharge patterns that, when analyzed by the same methods applied to data, are indistin-

guishable. Refining a computational model to meet constraints placed by point-process analysis is

tedious, frequently requiring adjustment of several parameters to approximate measured quantities

such as the hazard function. Be that as it may, careful analysis of a neuron’s discharge pattern repre-

sents the first step in determiningwhat computationalmodels will work. For example, if the data are

inconsistent with a renewal model, classic ���-�� Hodgkin-Huxley models cannot work. Future

work will certainly elucidate how a point process’s statistical structure constrains computational

models.

The intensity description of point processes does formally define what the neural code of a

single neuron is. What the general form of Eq. 1 suggests is that the code represents extrinsic and

intrinsic influences. For sensory systems, the extrinsic components are related to the stimulus, and

affects the time-dependent components of the intensity. Intrinsic ones are related to the neuron’s

biophysics. Because of the nonlinear nature of these mechanisms, they also reflect the extrinsic

influences as well. Teasing these components apart must take into account the discharge pattern’s
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statistical properties, which are completely captured by the measured intensity. We have shown that

measurements of the hazard function, particularly during stationary data segments, open the door to

determining what the intrinsic and extrinsic influences might be. Much work remains in developing

systematic procedures for measuring the intensity that best describes any given dataset.

Stimuli and more abstract information are represented by the intensity’s extrinsic component.

The capability of a single neuron to represent information depends on the intrinsic component.

From considerations of the capacity, the point process maximizing this quantity is the Poisson, the

one having the simplest intrinsic structure. Assuming this result applies to measures of the qual-

ity of information representation, the Poisson process represents information with greater fidelity

than any point process. As we have seen, capacity calculations do not accurately portray how well

signals can be extracted from point process observations. The cutoff rate, which provides a better

picture, is about a factor of two smaller than the capacity. The more direct mean-squared error

measure seems better. Calculations made on the Poisson process indicates that errors must increase

as the bandwidth of the extrinsic component increases (for processes having fixed maximal and

minimal rates). As a rule of thumb, this bandwidth, when normalized by the average rate, must be

less than 0.1 to obtain reasonable fidelity in extracting information from a single neuron’s discharge

pattern, be the measurement artificial (made by investigators) or natural (made by neural systems to

which the neuron projects). For example, a neuron responding to external inputs that has an aver-

age response rate of 100 spikes/s can only represent information accurately when the largest input

bandwidth is less than about 10 Hz. For the auditory system, this frequency range is infrasonic;

neural groups would seem essential for representing signals that can be heard. Depending on how

the “numbers work out,” this conclusion would seem to apply to other neural systems as well.
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Notes

1. For technical reasons, we cannot declare such renewal processes to be stationary: hav-

ing an intensity not depend explicitly on � is necessary for stationarity, but not suffi-

cient (Cox and Lewis, 1966, Ch. 4). In most practical cases, this detail does not impact data analy-
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sis.

2. The unit-step function has the definition ��3� �
�
�

�

���
��� .

3. More precisely, a valid hazard function’s integral over zero to infinity must be infinite.

4. The term regular used here must not be confused with the same word used in the definition

expressed by Eq. 1. There, regular refers to the proportionality of event occurrence probability

to ��, a completely different concept than the usage here of interevent interval variability. Which

term applies should be clear from context. In addition, the current usage is more prevalent in

neuroscience; the previous appears rarely.

5. As an example of a density that can yield a coefficient of variation greater

than one, consider the log-normal random variable. Its pdf has the form ���3� �

����������3�*���������
�

����3� for 3 positive. Here, ��3� � ���
� � �����.

6. Note that exponentially distributed random variables ! can be generated from uniform ones

� (distributed over �
� ��) by ! � � ��� .

7. For the discrete memoryless channel model and the additive Gaussian noise communications

channel model so prevalent in the communications literature, cutoff rate and capacity are equal.

8. � �
�� �
� ����

����

���
� �
  
���

� ����

����

��
� �
 � 
���

�
. Thus, � �
� � � �
�� � �
� 

���

�
� �
�.

9. This normalization is chosen so that



� $�%�,�Æ � �.

10. This tradeoff suggests an alternative method for estimating the interval histogram: vary the

binwidth so that (roughly) a constant number of intervals fall into each bin. We sample more finely

(smaller binwidth) where the interval distribution is large, less so where it is small. This approach,

known as the nearest neighbor method (Devroye, 1987), does not significantly improve statistical

accuracy.

11. Represent a positive-valued random variable as its mean plus a zero-mean perturbation: � �

* � (. The variance of � , ��, thus equals the variance of (. When coefficient of variation of

� is small, ��� � �
� � �

�� �
�

� �
� � ��� �

�

�
� �

� � �
�� . Thus, the variance of the reciprocal

approximately equals ���*
, and the coefficient of variation equals ��*. Intuitively, a small

percentage error equates to an equal percentage error in the reciprocal.

12. The cat lateral superior olive is an anatomically homogeneous nucleus located in the brainstem.

Depending on definitional details, cells in this nucleus are second or third order neurons, receiving

inputs that originate from both ears.
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