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ABSTRACT
A rational Arnoldi method for passivity-preserving model-order
reduction (MOR) with implicit multi-point moment matching for
systems with frequency-dependent interconnects is described. The
structure H(s) = sE − A − K

√
f , which arises from frequency-

dependent effects in high speed interconnects, is preserved by the
proposed MOR technique. Moment matching using congruence
transforms and based on two types of moments that are derivatives
of the transfer function w.r.t s and

√
f is described. Simulation re-

sults show that the proposed approach can significantly reduce the
complexity of systems with frequency-dependent elements, while
retaining high accuracy in comparison to the original system in both
the time and frequency domains.

Categories and Subject Descriptors: B.7.2 [Integrated circuits]:
Design aids—simulation
General Terms: Algorithms
Keywords: Model-order reduction, skin effect, interconnect

1. INTRODUCTION
Model-order reduction (MOR) techniques have been used ex-

tensively in integrated circuit design to reduce the complexity of
extracted interconnect circuits and to expedite simulation. Exam-
ples of such techniques include first-order MOR techniques like
AWE [1] based on explicit moment matching and more recently,
PRIMA [2], PVL [3], and their derivatives that use Arnoldi and
Lanczos processes to compute Krylov space and Padé based ap-
proximations of the original system. Recently, MOR techniques
based on spectral zeroes [4] and MOR techniques for second-order
systems have also been proposed [5, 6, 7]. All these techniques
focus on the reduction of systems with constant RLC elements.
However, circuits with frequency-dependent elements (e.g., circuits
modeling the skin effect) cannot be solved by current techniques
because frequency-dependent effects couple the time and frequency
domains. Consequently, the matrices describing the system have
a
√

f structure that cannot be transformed into conventional first-
order or second-order structures.
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In [8], the concept of square root moments was introduced to
handle frequency-dependent impedances due to the skin effect. The
main disadvantage of this technique is that stability and passivity
cannot be preserved by the Padé via Lanczos (PVL) procedure used
in the paper. The other significant drawback is that the reference
point chosen for expansion (s = 0) is not appropriate for modeling
the skin effect in interconnects, since it is significant only at high
frequencies of operation.

The main contribution of this paper is a rational Arnoldi method
for passivity-preserving MOR with implicit multi-point moment
matching for systems with frequency-dependent interconnects. We
address interconnects with skin effect in the paper; however, the
proposed algorithm can be equally applied to MOR of other classes
of interconnect and microwave circuits. The structure H(s) =
sE − A − K

√
f , which arises from the skin effect in high speed

interconnects, is preserved by the proposed MOR technique. Mo-
ment matching using congruence transforms and based on two types
of moments that are derivatives of the transfer function w.r.t s and√

f is described. The reduced system preserves the frequency-
dependent structure of the original system in addition to stability
and passivity. The reason for the use of multi-point expansion to
model the frequency-dependent nature of resistance is that such an
expansion will generate a more accurate approximation over a wide
range of frequencies than that through a single-point expansion.
Simulation results with FFT/IFFT computations show that the pro-
posed approach can significantly reduce the complexity of systems
with frequency-dependent elements, while retaining high accuracy
in comparison to the original system in both the time and frequency
domains.

2. BACKGROUND
The exact model for skin effect is very complex to be included

in the KCL and KVL equations used to solve large circuits. Con-
ventionally, frequency dependence of interconnect resistance has
been expressed by the square root function. A single parameter√

f -based approximation

R(f) = R0 + k
√

f (1)

for the resistance is shown by the dotted curve in Fig. 1. However,
this is not an accurate approximation over a large range of operat-
ing frequencies. In this paper, we use a piece-wise approximation
for frequency-dependent resistance over the range of frequencies
of interest (shown using the dash-dot curve in Fig. 1). The fre-
quency range is divided into four regions 0–0.1 GHz, 0.1–1 GHz,
1–10 GHz, and 10–100 GHz. Over each frequency range, we ap-
proximate the resistance using Eqn. 1 to achieve high accuracy.
Those frequency boundaries 0, 0.1 GHz, 1GHz and 10GHz, are
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the candidates for multi-point expansion of the transfer function
during the MOR phase. Note that inductance decreases marginally
over this range of frequencies and is assumed to be independent of
frequency in this analysis.
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Figure 1: Normalized frequency-dependent resistance.

Consider a p-port distributed RLC circuit that models intercon-
nects with frequency-dependent resistance due to the skin effect.
The circuit is driven by p voltage sources. Circuit analysis tech-
niques focus on the computation of the driving point admittance
matrix of this system. The state space model for the RLC circuit
with frequency-dependent resistance elements is given by

Eẋ(t) =
(
A + K

√
f
)
x(t) + Bu(t) and y(t) = BTx(t) (2)

where x(t) ∈ �n is the state, u(t) ∈ �p is the input, and y(t) ∈
�p is the output of the system at time t. A, B, and E are constant
matrices. K is the frequency coefficient matrix of resistance and f
is the frequency of operation. The transfer function of the original
system defined by Eqn. 2 is

G(s) = BT
(
sE − A − K

√
f
)−1

B (3)

and the frequency-dependent structure for the original system is
defined as

H(s) = sE − A − K
√

f (4)

Structure-preserving MOR seeks corresponding Â, B̂, Ê, and
K̂ to represent the reduced system that satisfies the following:

Ê ˙̂x(t) =
(
Â + K̂

√
f
)
x̂(t) + B̂u(t) and ŷ(t) = BTx̂(t) (5)

where x̂(t) ∈ �nr with a complexity nr�n. The frequency-
dependent structure for the reduced systems is defined as

Ĥ(s) = sÊ − Â − K̂
√

f. (6)

The reduced system retains the original structure with frequency-
dependent resistance, but with much smaller complexity. Based
on the reduced system, fast Fourier transform (FFT) or full-wave
analysis [9] can be implemented to obtain the response in the time
domain at a computational cost that is far less in comparison to that
of the original system.

3. RATIONAL KRYLOV INTERPOLATION
In this section, structure-preserving MOR using a congruence

transform and multi-point interpolation is described. The Krylov-
based projection method interpolates the transfer function at mul-
tiple interpolation points and their q − 1 derivatives, where q is a

given number. By expanding at multiple frequency points, the orig-
inal system is accurately approximated in both the frequency and
time domains [10].

We construct an orthonormal n×nr dimensional projection ma-
trix V and define the congruence transform as

Â = VTAV, B̂ = VTB, Ê = VTEV, K̂ = VTKV. (7)

The reduced transfer function is then given by

Ĝ(s) = B̂T(sÊ − Â − K̂
√

f)−1B̂. (8)

THEOREM 3.1. The projection operator defined in Eqn. 7 is
passivity preserving, i.e., the reduced transfer function given by
Ĝ(s) is passive given that the original system represented by the
transfer function G(s) is passive.

PROOF. The proof is omitted here for brevity.

3.1 Krylov Space
We are interested in a reduced system that interpolates the fre-

quency response and its moments at multiple interpolation points
{σ1, σ2, · · · , σr}. Note that each σ corresponds to a complex fre-
quency jw. For each σ, in order to obtain real matrices Â, B̂, Ê,
and K̂, we also need to interpolate at the complex conjugate fre-
quency −σ. H(s) is assumed non-singular at ±σ. Since we have
two variables s and

√
f , we define two types of moments based

on s and
√

f respectively for each interpolation point σ.
Type I moments mI

j are defined as the coefficients of s in the
power series expansion for G(s) about σ given by

G(s) = BTH−1B =
∑∞

j=0
(s − σ)jmI

j

where mI
j = (−1)jBT{H−1(σ)E}jH−1(σ)B.

In a similar manner, type II moments mII
j are given by the coeffi-

cients of
√

f in the power series expansion for G(s) about σ as

G(s) = BTH−1B =
∑∞

j=0

(√
f −

√
Im(σ)

)j

mII
j

where mII
j = BT{H−1(σ)K}jH−1(σ)B.

The reduced transfer function Ĝ(s) is required to have the same
moments up to a given order q at each interpolation point σ. In
order to maintain the structure w.r.t

√
f in the reduced system, the

matching conditions are given in terms of type I and type II mo-
ments respectively, as

mI
j = m̂I

j and mII
j = m̂II

j for 0 ≤ j < q, (9)

where the reduced moments m̂I
j and m̂II

j are defined in terms of
[Â, B̂, Ê, K̂] and q is the number of moments that are sought at σ.

For each point σ ∈ {σ1, σ2, · · · , σr}, we construct a block Kry-
lov subspace KrIq,σ(M,N) spanned by the columns of the matrices

KrIq,σ(M,N) = colspan{N,MN, · · · ,Mq−1N}, (10)

where M = H−1(σ)E and N = H−1(σ)B. Similarly, for each
point σ ∈ {σ1, σ2, · · · , σr}, we construct a block Krylov subspace
KrIIq,σ(M,N) spanned by the columns of the matrices

KrIIq,σ(M,N) = colspan{N,MN, · · · ,Mq−1N}, (11)

where M = H−1(σ)K and N = H−1(σ)B. Note that

colspan {Krq,σ, Krq,−σ} ≡ colspan {Re (Krq,σ) , Im (Krq,σ)}
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for both type I and type II moments, and that this implicitly yields
moment matching at −σ. Hence, the block Krylov subspaces con-
structed using this procedure are real. The major advantage of Kry-
lov methods is that they allow moment matching without explicit
computation of moments, whereas direct or recursive calculation
of moments is numerically unstable. The column space of the pro-
jection matrix V is composed of multiple Krylov subspaces, which
differ by the choice of σ. Matching moments about multiple points
requires the use of multiple block Krylov subspaces. The rigor-
ous discussion of moment matching through the union of multiple
Krylov subspaces has been described in [11] and [12]. Let V be a
full-rank matrix whose columns belong to

r⋃
i=1

{KrIq,σi
(M,N), KrIIq,σi

(M,N)}. (12)

It follows directly that any V̄ that spans the same column space as
V can be used as a projection matrix. This is formalized by the
following propositions:

PROPOSITION 3.2. If range(V̄) = range(V), the two reduced
transfer functions defined by Eqn. 8 are equivalent.

PROOF. The proof is omitted here for brevity.

PROPOSITION 3.3. Let KrIq,σ(M,N) ⊆ colspan{V}. The re-
duced system via Eqn. 7 matches the first q type I moments at σ, i.e.,
m̂I

j = mI
j for all j = 0, 1, · · · , q − 1.

PROOF. The proof is omitted here for brevity.

Similar properties are obtained for m̂II
j when KrIIq,σ(M,N) is

used to construct V. The above propositions can be interpreted as
rational Arnoldi. Its numerical implementation requires combining
regular block Arnoldi with shift-invert Arnoldi for the shifts (inter-
polation points) {σ1, σ2, · · · , σr}. Note that at each σ, only the
basis for KrIq,σ(M,N) and KrIIq,σ(M,N) are relevant to type I
and type II moments respectively.

3.2 Rational Arnoldi
Constructing a block Krylov subspace for a single interpolation

point is implemented by the single-point block rational Arnoldi
method SINGLE-POINT-RATIONAL-ARNOLDI (SPRA) presented
in Fig. 2. Note that the number of moments q sought at an interpo-
lation point for type I and type II moments may be different.

[A,B,E,K] – Original system
σ – Interpolation point
V – Projection matrix

[L,U] ← LU-DECOMPOSE(H(σ))
v ← NORMALIZE(U\(L\B))
V ←ORTH([Re(v), Im(v)])
vI ← v and vII ← v

for j ← 1 to q − 1
do wI ← U\(L\(EvI))

vI ← NORMALIZE(wI − VVTwI)
V ←

[
V, ORTH

([
Re(vI), Im(vI)

]) ]
wII ← U\(L\(KvII))
vII ←NORMALIZE(wII − VVTwII)
V ←

[
V, ORTH

([
Re(vII), Im(vII)

]) ]

Figure 2: SINGLE-POINT-RATIONAL-ARNOLDI (SPRA)

For multi-point interpolation with {σ1, σ2, · · · , σr}, the Krylov
space V is the union of the individual Krylov subspaces at those
points, where the Krylov subspace at each σ is constructed us-
ing algorithm SPRA presented in Fig. 2. Rational interpolation
is achieved when the column spaces of the final projection ma-
trix V span the union of the individual Krylov subspaces. In Fig. 3,
we present the pseudo-code for the algorithm MULTIPLE-POINT-
RATIONAL-ARNOLDI (MPRA) used to construct the union of Kry-
lov subspaces obtained using SPRA.

[A,B,E,K] – Original system
σ1, σ2, . . . , σr – Interpolation points
V – Projection matrix

V ← SPRA([A,B,E,K] , σ1)

for i ← 2 to r
do V ← [V, SPRA ([A,B,E,K] , σi)]

V ← ORTH(V)

Figure 3: MULTIPLE-POINT-RATIONAL-ARNOLDI (MPRA)

The operator ORTH refers to orthonormalization, which can be
performed by the (modified) Gram-Schmidt algorithm, by QR fac-
torization, or by singular value decomposition. In finite precision,
linear dependencies among different Krylov subspaces due to the
different interpolation points may happen. The procedure to re-
move these linear dependencies in V is called deflation [13]. One
of the simplest techniques is to deflate columns whose norm is less
than a specified tolerance in QR decomposition. When deflation is
performed, the exact moments that are matched at a particular in-
terpolation point may differ from what is expected when the orig-
inal Krylov subspaces are constructed. An adaptive algorithm to
choose interpolation points at higher computational cost was de-
scribed in [12]. For the skin effect, prior knowledge of the fre-
quency dependence of the resistance, as well as possible operating
frequencies, will allow the selection of the most appropriate fre-
quencies to model the skin effect by the

√
f formulation.

4. SIMULATION RESULTS
In this section, we present two sets of simulation results to demon-

strate the efficiency and accuracy of the proposed method. The
first example illustrates delay skew caused by the skin effect in
interconnect lines. Consider a 2 GHz clock driving an intercon-
nect line modeled as a distributed RLC circuit. The total capaci-
tance and inductance of the interconnect are 500 fF and 6 nH re-
spectively. The resistance of the interconnect increases from its
nearly constant DC value of 240 Ω at 0.1 GHz and reaches 570 Ω
at 20 GHz due to the skin effect. The original distributed intercon-
nect model has 100 state variables. The waveform at the far end
of the line cannot be computed directly in the time domain since
the frequency-dependent resistance couples the time and frequency
domains. Hence, we run the FFT with 256 sample points over each
clock period to obtain the harmonic frequencies of the input clock.
At each harmonic frequency, the frequency-dependent resistance is
determined to obtain the interconnect’s frequency response over the
clock period. With the knowledge of all the harmonic responses,
the inverse FFT (IFFT) is run to reconstruct the response of the in-
terconnect in the time domain. This procedure is computationally
intensive, especially for large systems.

The reduced interconnect model with 12 state variables was ob-
tained using procedure MPRA and the FFT-based procedure de-
scribed above was used to obtain the time domain response of the
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Figure 4: Skin effect in a single interconnect line. Waveforms
for the original (n = 100, solid curve) and reduced (nr = 12,
dotted curve) systems, obtained using a FFT/IFFT procedure,
are nearly indistinguishable. Both predict over a 20% delay in
comparison to the case when the skin effect is ignored (dashed
curve).

reduced system. The interpolation points chosen for the model are
0.1 GHz and 1 GHz since the clock frequency is in the GHz range.
As shown in Fig. 4, the response of the reduced system matches
that of the original system exactly. The overlap of the solid line
(which represents the original system) and the dotted line (which
represents the reduced system) renders them near indistinguishable
from each other. The skin effect causes a 24% increase in delay as
measured at 0.5VDD in comparison to the response of the intercon-
nect when the skin effect is ignored (represented by the dashed line
in the figure). Further, the figure also illustrates that the voltage
response of the interconnect cannot reach the stable voltage points
(0 or VDD) in the given clock period. This actually means that the
noise margin is reduced when the skin effect in the interconnect
is accounted for. Finally, the proposed MOR technique improves
simulation speed by 10X for this simple system.
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Figure 5: Variation of admittance with frequency of the mid-
dle line on a 5-bit wide interconnect bus. The reference (solid
curve) is from the original system (n = 515). The curve for
the reduced model with nr equals 60 is nearly indistinguish-
able from that of the original system. For nr equals 45, there is
a small difference between the original system (solid curve) and
the reduced system (dotted curve) above 15GHz. Note also that
the admittance in the absence of the skin effect (dashed curve)
differs greatly from the original system above 3 GHz.

The second example illustrates a system with 5 high speed in-
terconnect lines that run parallel to each other. The original sys-
tem, which includes parasitic effects due to coupling capacitance,
mutual inductance, and dielectric loss is described using 515 state
variables. The resistance increases by a factor of 1.8 ∼ 2.4 from
0.1 GHz to 20 GHz when skin effect is considered. The interpo-
lation points chosen to build the reduced system are 0.1 GHz and
1 GHz. Figure 5 shows the magnitude of one of the components
of the 5 × 5 driving point admittance Ĝ matrix of the system. The
reduced system of size 60 matches the original system exactly up
to 20 GHz whereas the reduced system of size 45 exhibits a slight
divergence after about 15 GHz. Finally, a dashed line is used to
plot the admittance when skin effect is ignored. Note that the ad-
mittance is essentially the same up to a frequency of about 2.5 GHz
after which there is a divergence of the curves. The verification of
the response of this system in both the time and frequency domains
through the FFT/IFFT procedure described above is 100X+ faster
when the reduced model is used in place of the original model.

5. CONCLUSIONS
In this paper, a rational Arnoldi approach based on multiple in-

terpolation points to handle frequency-dependent effects was pre-
sented. The structure H(s) = sE−A−K

√
f due to the skin ef-

fect in high speed interconnects was preserved in MOR. Our exper-
imental results show that the proposed approach can significantly
reduce the complexity of systems with frequency-dependent ele-
ments. Simulation of the reduced systems yields highly accurate
results at significantly reduced computational cost.
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