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Encoding — Single Receiver

@ Generate U(1),...,U(2"R), V(1),...,V(2"R), each N(ln),
independently. Reveal these sequences to all parties.

@ Sending a sequence of messages my, ..., Mk, (each my in
{1,...,2"R1), requires K + 1 blocks of length n. Fix
Mo = Mk4+1 = 1.

@ During block k, (k € {1,...,K + 1}), the encoder transmits
vaPU(my) + vaPV(mg_y); the relay transmits
VPV(Mg_1), where my_1 is the relay’s estimate of my_;
from

Ye(k — 1) = VaPU(m,_1) + +Z(k —1).

(green: already known at the relay)

@ If R < C(aP; N;), then my_; = my_; with high probabili.(pﬂ.
assume this is indeed the case. I
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Decoding — Single Receiver

@ The receiver, at the end of block k, (k =2,...,K +1)
decodes my_; from the last two received blocks:

Y(k —1) = VaPU(me_1) + + +2Z(k — 1)
Y(k) = VaPU(m) + VaPV(my_1) + v/PrV(my_1) + Z(k).

(green: already known, blue: signal, red: noise).
@ This is possible if

R<c(T wapsvepllo arnl)
= C(P + Pr +2y/aPP;;N).

(|
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Encoding — Two receivers

@ Generate US(1),...,US(2"R%), V8(1),...,VS(2"R%),
U%(1),...,U"(2"R"), VwW(1),...,VW"(2"R"), each N (In),
independently. Reveal these sequences to all parties.

@ Sending a sequence of message pairs

(m$,m¥),...,(m3,m¥) (eachm)in{1,...,2"""})
requires K + 2 blocks. Fixmg =mg_, =mg ., = 1.

@ During block k, (k € {1,...,K + 2}), the encoder transmits

VaoPUs(mg) + vVadPVvs(ms_,)
+VBOPUY (mY) + VB3PV (ml'_,)
L (L
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Encoding — Two Receivers

@ The relay transmits
0P V(S ) + /O P VY (YY),

where (g _,, MY ;) is the relay’s estimate of (m3_,, m? ;)
from

Yi(k — 1) = VagPUs(ms_,) +
+VBIPUY () + +Zi(k —1).

@ If (RS,R") € Cyac(@dP, 30P;N;), then M} , =mp ; with
high probability; assume this is indeed the case.
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Decoding — Weak Receiver

@ Atthe end of block k, (k = 2,...,K + 1) the weak receiver
decodes m)_, from the last two received blocks:

Yw(k — 1) = VaoPUs(m§ ;) + VadPVi(m§ )
+VBAPUY (M) + V0PV (m) )
4 \/ﬁv%mﬁ_z) + \/va(mﬁ[g +Zw(k —1)
Yw(k) = VagPUs(mg) + vVadPVs(m§_,)
+VEIPUY (M) + VBEPVY (m)'_,)
+ /0 PVE(ME L) + VB PV (MY ) + Ziy (K).

(ol

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE



Setting Inner Bound Outer Bound Sincerely yours

Decoding — Weak Receiver

This is possible if

R < C([ng AP Vi) LG

. [a%P + (VabP + VBP)? 0
0 aoP + (VabP + /0,P;)? + BoP
= C(AP + 6,P; + 2+/566,PP;;

OP + 0, Py + 21/ a6, PPy + Ny).

(|
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Decoding — Strong Receiver

@ Atthe end of block k, (k = 3,...,K + 2) the strong receiver
decodes m)_, from the last two received blocks
Ys(k — 1), Ys(k), and then decodes my_, from:

Ys(k — 2) = VagPpus(m_,) +

+ +

- - +Zs(k —2)
Ys(k — 1) = VaoPus(mg ;) + VadPVe(mg )

+ +

+ /0P VE(ME ) + +Zs(k — 1).
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Decoding — Strong Receiver

This is possible if

ms - of [a0P 0 TNs 0
0 (VabP +6Pr)?|" |0 a&fP + Ns
== C(QP + erpr + 2\/ O[eerppr, Ns)
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An achievable region

All (R®%,RY) satisfying

RS S C(QP + HrPr aF 2\/ Ozﬁ@rPPr, Ns)

RY < C(AP + 6,P; + 21/ 306, PP;;
0P + GrPr + 2\/ Oéeerppr + NW)
(R®,RY) € Cyac(abP, 30P; N;)

for some («, 3,6, 6;) € [0, 1]* are achievable.

V.
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Numerical Example

Inner bound forP =5, P, =10, N, =1, Ng = 2.5, Ny, = 11
RW

RS
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Outer bound for Physically ‘Upgraded’ Relay

Suppose that the receivers are physically degraded with
respect to the relay:

Yr:X+Zr
YS:X+Xr+Zr+ZS ZS_U_ZI'

We can assume (without loss of generality)

Yoy =Ys+7Z Z 1 Ys

(|
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Outer bound for Physically ‘Upgraded’ Relay

Given a system with blocklength n that operates at powers P
and P;, rate (Rs, Ry ) and with low probability of error, let

p= E[<X(WSaWW)7 Xr>]
/PPy

so that 2E[||X + X/ [?] = P + P + 2py/PP;. Then

NRy = H(WW)
= (Ww; Yw)
=h(Yw) — h(Yw|Ww)
< S log[2re(Ny + P + Py + 2p/PP;)] — h(Yu [Wa).

(|

2

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE



Setting Inner Bound Outer Bound Sincerely yours

Outer bound for Physically ‘Upgraded’ Relay
Since h(Zy) < h(Yw|Wyw) < h(Yyw) we can define, 6 € [0, 1] by

g log[2re(Nw + 6(P + Pr + 2p1/PPy))] = h(Yu|Wiy)

so that
Rw < C(3(P + Pr + 2p\/PPr); Ny + 8(P + P + 2p\/PPy)).
Moreover,

= h(Ys|Ww) — h(Zs)
The entropy-power inequality yields

h(YsWa) < 2 log[2re(Ns + 6(P + Py + 2pv/PPy))]

and Rs < C(5(P + Py + 2py/PP;); Ns). L (il

QUE
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Outer bound for Physically ‘Upgraded’ Relay

Also,
Rs + Rw < n_l Z |(Xi;Yr,i,Ys,i7Yw,i|Xr,i)

- nflzl(xi;Y,ﬂX,,i) physical degradation
i
= 7thYri‘Xri - Zri)
*1Zh Yei — pV/P/PeXii) —h(Z:))
n‘lzC E[Xi — pv/P/PeXe %Ny
i
C(n'> EXi — py/P/PXil%Ny)
i

=C((1—p*)P:iNy).
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Outer bound for Physically ‘Upgraded’ Relay

Replacing p with |p| increases all right hand sides, thus:

Theorem
When the receivers are physically degraded with respect to the
relay, every achievable (Rs, Ry ) satisfies

Rs < C(6[P + Py + 24/9PP;]; Ns)
Rw < C(O[P + Py + 2\/~vPP,];

5P + Py + 24/7PPr] + Nu)

for some (v,4) € [0, 1]2.
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Numerical Example

Outer bound forP =5, P, =10, N, =1, Ns = 2.5, N, = 11
RW

RS
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Numerical Example

Inner bound forP =5, P, =10, N, =1, Ng = 2.5, Ny, = 11
RW

RS
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Capacity region

The inner and outer bounds to the achievable rates given
previously coincide.

Ugly. O]
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Ugly proof steps:

@ Suffices to show that the boundary of the outer bound is
achievable.

@ This boundary corresponds to ~, ¢ pairs for which the
Rs + Ry bound ‘just’ bites.

@ For such v, 6, one can explicitly find «, 3,6, 6, in [0, 1]*.

o _ 5 PHPr+2V3PP Ns N, ot
" AP+ P +2V4PP, Ns K
9_5[p+Pr+2\/qTPr]—9r[Pr+2\/’W] 5_7@

= P ]
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ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE



Conclusion

The model is clearly unrealistic. But the solution is lucky.
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