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ABSTRACT

In this paper we demonstratdbasedon the linear model of
[1,2] thatinversehalftoningis equivalentto the well-studied
problemof decowolutionin the presencef colorednoise.We
proposethe useof the simple and elegantwavelet-vaguelette
decowolution (WVD) algorithmto performtheinversehalfton-
ing. Unlike previouswavelet-basedlgorithms,our methodis
model-basedhenceit is adaptedo differenterror diffusion
halftoningtechniques.Our inversehalftoningalgorithm con-
sistsof invertingthe corvolution operatorfollowed by denois-
ing in the waveletdomain. For signalsin a Besos spaceour
algorithmpossesseasymptotically(asthenumberof samples
— oo) nearoptimalratesof errordecay Hencefor imagesin
aBesw spaceijt is impossibleto improve significantlyonthe
inversehalftoningperformancef the WVD algorithmat high
resolutions. Using simulations,we verify that our algorithm
outperformsr matchegheperformancesf thebestpublished
inversehalftoningtechniquesn the meansquareerror (MSE)
senseandalsoprovidesexcellentvisual performance.

1. INTRODUCTION

Halftoning is a commontechniqueusedby printersto ren-
der a continuous-tonegray-scaleimage using only black or
white dots. Inversehalftoningis the procesf retrieving the
continuous-toneémage from a given halftone. Applications
of inversehalftoning include enhancemenand compression
of facsimileimages[3]. In this paper we focuson inverse
halftoningimagesthat are halftonedusing the popularerror
diffusiontechniquesuchasthoseof Floyd etal. [4], andJarvis
etal. [5] (herebyreferredto asFloyd andJarvisrespectiely).

RecentlyKite etal. proposedanaccuratdinearmodelfor
error diffusionhalftoning[1, 2] (seeFigurel). Usingthis lin-
earmodel,we caninfer thatinversehalftoningis equivalentto
thewell-studiedproblemof decowolution.

Like corventional decomwolution algorithms, mary con-
ventionalinversehalftoningalgorithmsoperatein the Fourier
domain! For eg., Gaussianlowpassfiltering [6] can be
viewed as performing Fourierdomaindecotvolution. How-
ever, Fourierdomain inverse halftoning techniquessuch as
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INote that the Fourier transformdiagonalizescorvolution opera-
tors

Gaussiatowpasdiltering provide unsatisfctorysolutionsbe-
causdéheFourierdomainis notwell-suitedto represensignals
suchasimageswhich containspatiallylocalizedfeaturesuch
asedges.

In contrastto the Fourier transform, the wavelet trans-
formis well-suitedto represenspatiallylocalizedsignalssuch
asimages. This property hasbeenleveragedinto powerful,
spatiallyadaptve, signalestimationalgorithmsthatarebased
on simply shrinkingthe wavelet coeficientsof the noisy sig-
nal[7, 8].

Thesedesirablepropertiesof the wavelet transformwere
first exploited in inverse halftoning by J. Luo et al. [9]
using edge-adaptechoise attenuationin the wavelet sub-
bands. Xiong et al. [10] extendedthis algorithm using non-
orthogonalredundantvaveletsto obtainmaiginally betterre-
sultsfor error diffusedhalftones. However, both thesealgo-
rithmsrely on adaptinghe parameter the algorithmempir
ically.

In this paper we exploit the equivalence betweenin-
versehalftoningand decowolution to comeup with an opti-
mal wavelet-basednversehalftoning algorithm. We exploit
Donohos wavelet-vaguelettedecompositioralgorithmfor de-
convolutionto inversehalftoneerrordiffusedimages.Thepro-
posedalgorithmconsistsof thefollowing stepyseeFigure2):

1. Invertthecorvolutionoperatothatis determinedy the
linearerrordiffusionmodelof [1, 2].

2. Use wavelet-domain thresholding to eliminate the
residualblue noise.

For imagesin a Beso space,this simple techniqueattains
nearoptimal ratesof error decayas the resolutionincreases
(i.e.,asthenumberof samples— oc).

Section2 describesthe linear model for error diffused
halftoning. Section3 clarifiesthe equivalencebetweerinverse
halftoning and decowolution, and analyzesFourierdomain
inversehalftoning techniques. Sections4 and 5 discussthe
proposednversehalftoningalgorithmandits optimality prop-
ertiesrespectrely. Sectioné6 illustratesthe performancef the
proposedilgorithm. Section? providesthe conclusionf our
research.

2. LINEAR MODEL FOR ERROR DIFFUSION

Figure 1 (a) illustratesthe block diagramfor error diffused
halftoningprocess.Herez(n) andy(n) denotethe pixels of
thecontinuous-tongrayscaleimageandthe halftonedimage,
respectiely. Theimagez'(n) is obtainedafterthe errore(n)
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Fig. 1. (a) Errordiffusedhalftoningis a nonlinearprocesgue
to the presencef the quantizer Symbolsz(n) andy(n) de-
notethepixelsof thecontinuous-tongrayscaleimageandthe
halftonedimage,respectiely. Theerrorfilter H(z) character
izes the type of error diffusion. (b) Linearizedmodel[1, 2]

approximateshe quantizemwith a cascadef a gainblock K

and additive white noisesamplesy(n). For ary given error
diffusiontechniquethe gain K is almostconstantfor all im-

ages.However, K changedo adaptthe modelto the different
error diffusion techniques. For example, K =~ 2 for Floyd
etal. [4] andK = 4.5 for Jarvisetal. [5].

is diffusedover a causaheighborhooaf z(n) by theerrorfil-
ter H(z). Differenterror diffusion techniquessuchas Floyd
and Jarvis are obtainedusing appropriateerror filters. Due
to the presencef the quantizer error diffusionis a nonlinear
technique.

Recently Kite et al. proposedan accuratelinear model
for halftoningusing error diffusion [1,2]. As shawn in Fig-
ure 1(b), this model approximateghe effects of quantization
usinga gainblock K followed by the additionof white noise
~(n). Thehalftonedimagey(n) canthenbewritten in terms
of thecontinuous-tonénputz(n) andtheadditive white noise

~v(n) as

Y(z) = P(2)X(2) + Q(2)T'(2), ()
whereY (z), X(z), andT'(z) arethe z-transformsof y(n),
z(n), andvy(n) respectrely; andP(z) := 1+(K—7K1)H() and

Q = i arelineartime-invariant(LTI) filters de-

terminedby theerrordiffusiontechniqueKite etal. foundthat
the gain K is almostconstanfor differentimages but varied
with the errordiffusiontechniqugl, 2]. For example, K =~ 2
for Floyd, while K = 4.5 for Jarvis. This linearmodelaccu-
rately predictsthe noisebehaior andexplainstheedgesharp-
eningeffectsseenin thevariouserrordiffusiontechniques.

3. CONVENTIONAL INVERSE HALFTONING

Accordingto the modelof [1, 2], the halftoneY consistsof
X cornvolvedwith P andcorruptedby colorednoise@ T (see
(1)). SinceP and @ arelLTl filters, estimatingX from Y
usinginversehalftoningis equivalentto decowolution in the
presencef colorednoise,awell-studiedproblem.

Decorvolution techniquegormally consistof the follow-
ing steps:

1. Invertthe convolution operatorP to obtaina noisy es-
timateof theinput signal.

X(2) := P (2)Y(2) = X(2) + P 1 (2)Q(2)['(2).
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2. Attenuatethe noise P~1(2)Q(2)T'(z) in X(z) to ob-

tain an estimateof the input signal. Since(1) and(2)

areinterchangeablalecowolutionis alsoequialentto
denoising(i.e., attenuatingxolorednoise.

CornventionaltechniqueperformStep2 in the Fourierdomain
becausehe noiseFourier componentareuncorrelatedsince
the Fouriertransformdiagonalize€onvolution operators.

However, sincethe Fourier basiselementshave support
over the entirespatialdomain,the Fourierdomainis unsuited
to represenimageswith edgesandridges.Consequentlydis-
tortion of localizedfeaturessuchasedgesis acommonlyob-
seneddravbackof Fourierdomaindecowolution techniques.
Inverse halftoning using Gaussianow-passfiltering [6] can
be interpretedas one form of Fourierdomaindecomwolution;
henceit inevitably over-smoothe®dges.

4. INVERSE HALFTONING WITH
WAVELET-VAGUELETTE DECONVOLUTION (WVD)

In contrastto the Fourier transform,the wavelet transformis
well-suited to deal with signalsand imagescontainingspa-
tially localizedfeaturessuchasedges.Waveletsprovide eco-
nomical representationgor suchsignalswhich belongto a
Besw spacq11,12],i.e.,thewaveletexpansioncapturesnost
of thesignalenegy usinga few large waveletcoeficients.

Motivated by the economy of wavelet representations,
Donoho proposedthe wavelet-vaguelettedecompositional-
gorithm to solve a specialclassof linear inverse problems
[12]. With a slight akbuse of notation, we will refer to the
wavelet-\aguelettedlecompositiorasappliedto decowolution
as wavelet-vaguelettedecowolution (WVD). For estimating
signalsin Beso spacessuchanalgorithmexhibits asymptot-
ically (asthe numberof sampleof theimageincreaseshear
optimal ratesof error decayfor dilation-homogeneouspera-
tors[12,13]2

In this paper we proposethe use of WVD as a near
optimal techniqueto performinversehalftoning. Our WVD
inversehalftoningalgorithmcanformally be describedasfol-
lows (seeFigure?2):

1. Asin (2), obtainaunbiasedut noisy estimater of the
inputsignal.

2. In contrastto Fourierdomaindecowolution, employ
wavelet-domaindenoising(eg. thresholding[12]) to
obtaintheinversehalftonedestimatez.

In contrastto the wavelet-basednversehalftoningmethodof

[10], ourinversehalftoningalgorithmis model-basedHence,
by simply usingtheappropriatédilters P and@, ourtechnique
canbeadaptedo thedifferenterrordiffusiontechniquesuch
asFloyd andJarvis.

2An operatorh is dilation-homogeneoud h(t) ® y(at) =
a~" |a| h(at) ® y(at), where® denotesorvolution.
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Fig. 2. Inversionhalftoningwith WVD: Thealgorithminverts
the corvolution operatorP = ﬁ to obtain a noisy
estimater(n) of theinput signal. Wavelet-domairdenoising
subsequentlattenuateshe noisein z(n) andobtainsthe in-

versehalftonedestimatez(n).

5. ASYMPTOTIC OPTIMALITY OF INVERSE
HALFTONING WITH WVD

To prove the optimality of the WVD inversehalftoningalgo-
rithm, we assumehatthenoisey(n) is GaussianAt all scales
exceptthe finestscale,the noise histogramsappearedsaus-
sian. Sincethe varianceof noisein thefinestscaleis so high
comparedto the averageenegy of a typical desiredsignal,
evenideal estimationadaptedo the actualdistribution of the
noisewill almostcompletelyobliteratethe signalin the finest
scale.HenceassumingGaussiamoisein the finestscalewill
notsignificantlyalterthe performancef ary algorithm.

In practice the originalimagebeinghalftonedis typically
corruptedwith somenoise (eg., scannemoise). We assume
that this noise §(n) is white Gaussiarwith variancec?s?,
wherec is a positive constantando? is the varianceof (n).
Thesignalmodelin (1) is now modifiedto

Y(z) = P(2) (X(2) + A(2)) + Q(2)['(2),  (3)

whereA(z) is the z-transformof §(n). Thenoisysignalafter
step1 in the WVD inversehalftoning algorithm outlined in
Sectiond is givenby

X(z) = X(2) + A(z) + P71 (2)Q(2)T(2). (4)

The power spectrumof the coloring noisein (4) is given by
a®(c? +|P71Q|?). It is easilyverifiedthat

C1 <o’ (¢ +|P7'QI%) < Cs, (5)

whereC; andC. arestrictly positive constantsince| P~ Q|?
is bounded.

We cannow invoke the optimality of signalestimationin
the presenceof white Gaussiamoise using wavelet-domain
thresholding'rom [7] to infer the optimality of WVD inverse
halftoningalgorithm. Considerntwo casesvherethe signal X
corruptedby white GaussiamoiseA; with varianceC; is ob-
senedasY;, i.e.,Y; = X + A; fori = 1,2. Let R;(NN) be
the rate of asymptoticerror decayattainedby usingwavelet-
domainthresholdingo estimatethe signal X from Y;, where
N is the numberof samples. Let Riur (V) be the rate of
asymptoticerror decayattainedby the WVD inversehalfton-
ing algorithm. From (5), sincethe varianceof the effective
colored noise encounteredn inverse halftoning at ary fre-
queng is boundedby C, and C>, we canbound Riut(N)
asRi > Rmut > R». Whenthesignal X belongsto a Beso
spacefrom [7], R1 and R, arewithin alog(N) factorof the
besterror decayrate achiezable by any estimationalgorithm.
Further sinceR; = R», we caninfer thatthe WVD inverse

Table 1. PSNROof differentinversehalftoningalgorithms.

Inversehalftoning PSNR(dB)
algorithm lena | peppes
Gaussiarj6] 28.6 27.6
Kernel[15] 32.0 30.2
Gradien{16] 31.3 31.4
Waveletdenoising[10] 31.7 30.7
WVD 31.9 31.0

halftoning algorithm possessesearoptimal asymptoticrates
of errordecay Hencefor imagesin aBeso spaceit isimpos-
sible to significantlyimprove uponperformanceof the WVD
inversehalftoningalgorithmastheresolutionV increases.

6. RESULTS

We illustratethe performanceof our WVD inversehalftoning
algorithmusing512 x 512 lena andpeppes imageshalftoned
using the Floyd algorithm [4]. To perform wavelet-domain
denoising(Step 2) in the WVD algorithm, we usea redun-
dant,shift-invariantwaveletbasis;this yields significantlyim-
proved estimateby averagingover all possibleshifts of the
obseration [14]. We quantify the performanceof our algo-
rithm by measuringhe peaksignal-to-noiseatio PSNR :=
20log,, {F257; foran512 x 512 imagewith Z theestimate.
Table 1 summarizeghe performanceof the WVD algo-
rithm comparedto Gaussiarfiltering [6], kernel estimation
[15], gradientestimation[16], and wavelet denoisingwith
edge-detectiorj10] inverse halftoning techniques. We can
seethatthe WVD inversehalftoningalgorithmoutperformsor
equalsthe bestpublishedresults. Figure 3 demonstratethat
theWVD algorithmhasexcellentvisual performanceaswell.

7. CONCLUSIONS

Using the linear error diffusion model of [1,2], we demon-
stratethatinversehalftoningis equivalentto decowolution in

the presenc®f colorednoise.Exploiting this equivalence we

proposea new inversehalftoningalgorithmbasedon the sim-

ple and elegantwavelet-vaguelettedecowolution (WVD) al-

gorithm. Sinceour algorithmis model-basedit is tunableto

the differenterror diffusion halftoningtechniques.The algo-
rithm yields state-of-the-arperformancean the meansquare
errorsenseandvisually.

Significantly for signalsin a Besw spaceour algorithm
enjoys asymptotically(asthe numberof samples— co) near
optimal ratesof error decay Consequentlyfor imagesin a
Besw space,it is impossibleto significantlyimprove on the
performanceof our algorithmat high resolutions.
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Fig. 3. (a) Original pepperamage. (b) Floyd halftone. (c)
The WVD algorithm not only provides excellent PSNR per
formance put alsoexcellentvisual performance.



