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ABSTRACT

In this paper, we demonstratebasedon the linear model of
[1,2] that inversehalftoningis equivalent to the well-studied
problemof deconvolution in thepresenceof colorednoise.We
proposethe useof the simpleandelegantwavelet-vaguelette
deconvolution(WVD) algorithmto performtheinversehalfton-
ing. Unlike previouswavelet-basedalgorithms,our methodis
model-based;henceit is adaptedto different error diffusion
halftoningtechniques.Our inversehalftoningalgorithmcon-
sistsof invertingtheconvolution operatorfollowedby denois-
ing in thewavelet domain. For signalsin a Besov space,our
algorithmpossessesasymptotically(asthenumberof samples��� ) near-optimalratesof errordecay. Hencefor imagesin
a Besov space,it is impossibleto improve significantlyon the
inversehalftoningperformanceof theWVD algorithmat high
resolutions.Using simulations,we verify that our algorithm
outperformsor matchestheperformancesof thebestpublished
inversehalftoningtechniquesin themeansquareerror(MSE)
senseandalsoprovidesexcellentvisualperformance.

1. INTRODUCTION

Halftoning is a commontechniqueusedby printers to ren-
der a continuous-tonegray-scaleimageusing only black or
white dots. Inversehalftoningis theprocessof retrieving the
continuous-toneimagefrom a given halftone. Applications
of inversehalftoning include enhancementand compression
of facsimile images[3]. In this paper, we focus on inverse
halftoning imagesthat are halftonedusing the popularerror
diffusiontechniquessuchasthoseof Floydetal. [4], andJarvis
et al. [5] (herebyreferredto asFloyd andJarvisrespectively).

Recently, Kite etal. proposedanaccuratelinearmodelfor
errordiffusionhalftoning[1,2] (seeFigure1). Usingthis lin-
earmodel,wecaninfer thatinversehalftoningis equivalentto
thewell-studiedproblemof deconvolution.

Like conventionaldeconvolution algorithms,many con-
ventionalinversehalftoningalgorithmsoperatein theFourier
domain.1 For eg., Gaussianlowpassfiltering [6] can be
viewed as performingFourier-domaindeconvolution. How-
ever, Fourier-domain inversehalftoning techniquessuch as
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1Note that the Fourier transformdiagonalizesconvolution opera-

tors

Gaussianlowpassfiltering provideunsatisfactorysolutionsbe-
causetheFourier-domainisnotwell-suitedto representsignals
suchasimageswhichcontainspatiallylocalizedfeaturessuch
asedges.

In contrastto the Fourier transform, the wavelet trans-
form is well-suitedto representspatiallylocalizedsignalssuch
as images. This propertyhasbeenleveragedinto powerful,
spatiallyadaptive, signalestimationalgorithmsthatarebased
on simply shrinkingthewavelet coefficientsof thenoisy sig-
nal [7, 8].

Thesedesirablepropertiesof the wavelet transformwere
first exploited in inverse halftoning by J. Luo et al. [9]
using edge-adaptednoise attenuationin the wavelet sub-
bands. Xiong et al. [10] extendedthis algorithmusingnon-
orthogonal,redundantwaveletsto obtainmarginally betterre-
sults for error diffusedhalftones. However, both thesealgo-
rithmsrely onadaptingtheparametersin thealgorithmempir-
ically.

In this paper, we exploit the equivalencebetweenin-
versehalftoninganddeconvolution to comeup with an opti-
mal wavelet-basedinversehalftoningalgorithm. We exploit
Donoho’s wavelet-vaguelettedecompositionalgorithmfor de-
convolutionto inversehalftoneerrordiffusedimages.Thepro-
posedalgorithmconsistsof thefollowing steps(seeFigure2):

1. Inverttheconvolutionoperatorthatis determinedby the
linearerrordiffusionmodelof [1,2].

2. Use wavelet-domain thresholding to eliminate the
residualbluenoise.

For imagesin a Besov space,this simple techniqueattains
near-optimal ratesof error decayas the resolutionincreases
(i.e.,asthenumberof samples��� ).

Section2 describesthe linear model for error diffused
halftoning.Section3 clarifiestheequivalencebetweeninverse
halftoning and deconvolution, and analyzesFourier-domain
inversehalftoning techniques.Sections4 and 5 discussthe
proposedinversehalftoningalgorithmandits optimalityprop-
ertiesrespectively. Section6 illustratestheperformanceof the
proposedalgorithm.Section7 providestheconclusionsof our
research.

2. LINEAR MODEL FOR ERROR DIFFUSION

Figure 1 (a) illustratesthe block diagramfor error diffused
halftoningprocess.Here � ���	� and 
 ���	� denotethe pixels of
thecontinuous-tonegrayscaleimageandthehalftonedimage,
respectively. Theimage ��� ���	� is obtainedaftertheerror 
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Fig. 1. (a) Errordiffusedhalftoningis a nonlinearprocessdue
to thepresenceof thequantizer. Symbols� ����� and 
 ����� de-
notethepixelsof thecontinuous-tonegrayscaleimageandthe
halftonedimage,respectively. Theerrorfilter � ����� character-
izes the type of error diffusion. (b) Linearizedmodel [1,2]
approximatesthequantizerwith a cascadeof a gainblock �
andadditive white noisesamples�

�����
. For any given error

diffusion technique,thegain � is almostconstantfor all im-
ages.However, � changesto adaptthemodelto thedifferent
error diffusion techniques.For example, ����� for Floyd
et al. [4] and ��� �"! # for Jarvisetal. [5].

is diffusedoveracausalneighborhoodof � ���	� by theerrorfil-
ter � ���$� . Differenterror diffusion techniquessuchasFloyd
and Jarvisare obtainedusing appropriateerror filters. Due
to thepresenceof thequantizer, errordiffusion is a nonlinear
technique.

Recently, Kite et al. proposedan accuratelinear model
for halftoningusingerror diffusion [1, 2]. As shown in Fig-
ure 1(b), this modelapproximatesthe effectsof quantization
usinga gainblock � followedby theadditionof white noise

�
���	�

. Thehalftonedimage 
 ���	� canthenbewritten in terms
of thecontinuous-toneinput � ����� andtheadditivewhitenoise

�
���	�

as % �����'&)(*�����,+-���$�	.0/1�����324�����65
(1)

where
% �����

,
+-�����
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27�����

are the
�
-transformsof 
 ���	� ,� ���	� , and �

���	�
respectively; and

(*�����98 & :;=<?> :A@ ;=BDCA>FE6B and/�8 & ; @ CA>GEHB;=<I> :A@ ;=BJCK>FEHB arelinear time-invariant(LTI) filters de-
terminedby theerrordiffusiontechnique.Kite etal. foundthat
thegain � is almostconstantfor differentimages,but varied
with theerrordiffusiontechnique[1,2]. For example,�L�M�
for Floyd, while �N�O�P! # for Jarvis.This linearmodelaccu-
ratelypredictsthenoisebehavior andexplainstheedgesharp-
eningeffectsseenin thevariouserrordiffusiontechniques.

3. CONVENTIONAL INVERSE HALFTONING

According to the model of [1, 2], the halftone
%

consistsof+
convolvedwith

(
andcorruptedby colorednoise

/-2
(see

(1)). Since
(

and
/

are LTI filters, estimating
+

from
%

usinginversehalftoningis equivalent to deconvolution in the
presenceof colorednoise,a well-studiedproblem.

Deconvolution techniquesformally consistof the follow-
ing steps:

1. Invert theconvolution operator
(

to obtaina noisyes-
timateof theinput signal.Q+R���$�S8 &)( @ ; ����� % ���$�7& +-���$�	.0( @ ; ���$�3/T���$�324����� !

(2)

2. Attenuatethe noise
( @ ; �����3/1�����327�����

in
Q+-���$�

to ob-
tain an estimateof the input signal. Since(1) and(2)
areinterchangeable,deconvolution is alsoequivalentto
denoising(i.e.,attenuating)colorednoise.

ConventionaltechniquesperformStep2 in theFourier-domain
becausethenoiseFouriercomponentsareuncorrelated,since
theFouriertransformdiagonalizesconvolution operators.

However, sincethe Fourier basiselementshave support
over theentirespatialdomain,theFourier-domainis unsuited
to representimageswith edgesandridges.Consequently, dis-
tortion of localizedfeaturessuchasedgesis a commonlyob-
serveddrawbackof Fourier-domaindeconvolution techniques.
Inversehalftoning using Gaussianlow-passfiltering [6] can
be interpretedasoneform of Fourier-domaindeconvolution;
henceit inevitably over-smoothesedges.

4. INVERSE HALFTONING WITH
WAVELET-VAGUELETTE DECONVOLUTION (WVD)

In contrastto the Fourier transform,the wavelet transformis
well-suited to deal with signalsand imagescontainingspa-
tially localizedfeaturessuchasedges.Waveletsprovide eco-
nomical representationsfor suchsignalswhich belong to a
Besov space[11,12], i.e.,thewaveletexpansioncapturesmost
of thesignalenergy usinga few largewaveletcoefficients.

Motivated by the economyof wavelet representations,
Donoho proposedthe wavelet-vaguelettedecompositional-
gorithm to solve a specialclassof linear inverseproblems
[12]. With a slight abuse of notation, we will refer to the
wavelet-vaguelettedecompositionasappliedto deconvolution
as wavelet-vaguelettedeconvolution (WVD). For estimating
signalsin Besov spaces,suchanalgorithmexhibits asymptot-
ically (asthenumberof samplesof theimageincreases)near-
optimal ratesof errordecayfor dilation-homogeneousopera-
tors[12,13].2

In this paper, we proposethe use of WVD as a near-
optimal techniqueto perform inversehalftoning. Our WVD
inversehalftoningalgorithmcanformally bedescribedasfol-
lows (seeFigure2):

1. As in (2), obtaina unbiasedbut noisyestimate
Q� of the

inputsignal.

2. In contrastto Fourier-domaindeconvolution, employ
wavelet-domaindenoising(eg. thresholding[12]) to
obtaintheinversehalftonedestimateU� .

In contrastto thewavelet-basedinversehalftoningmethodof
[10], our inversehalftoningalgorithmis model-based.Hence,
by simplyusingtheappropriatefilters

(
and
/

, our technique
canbeadaptedto thedifferenterrordiffusiontechniquessuch
asFloyd andJarvis.

2An operator V is dilation-homogeneousif VXWZY\[^]`_aWJbcY\[edb @gfih b h V�WDbjY\[�]k_aWDbjY\[ , where ] denotesconvolution.
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Fig. 2. Inversionhalftoningwith WVD: Thealgorithminverts
the convolution operator

(w& :;=<?> :A@ ;=BJC to obtain a noisy
estimate

Q� ���	� of the input signal. Wavelet-domaindenoising
subsequentlyattenuatesthe noisein

Q� ����� andobtainsthe in-
versehalftonedestimateU� ����� .

5. ASYMPTOTIC OPTIMALITY OF INVERSE
HALFTONING WITH WVD

To prove theoptimality of theWVD inversehalftoningalgo-
rithm,weassumethatthenoise�

���	�
is Gaussian.At all scales

except the finestscale,the noisehistogramsappearedGaus-
sian. Sincethevarianceof noisein thefinestscaleis sohigh
comparedto the averageenergy of a typical desiredsignal,
even idealestimationadaptedto theactualdistribution of the
noisewill almostcompletelyobliteratethesignalin thefinest
scale.HenceassumingGaussiannoisein thefinestscalewill
not significantlyaltertheperformanceof any algorithm.

In practice,theoriginal imagebeinghalftonedis typically
corruptedwith somenoise(eg., scannernoise). We assume
that this noise x ���	� is white Gaussianwith variance y{zH|?z ,
where y is a positive constantand | z is thevarianceof �

���	�
.

Thesignalmodelin (1) is now modifiedto% �����'&)(*�����X��+-�����}.�~����$���}.0/1�����324���$�65
(3)

where
~������

is the
�
-transformof x ���	� . Thenoisysignalafter

step1 in the WVD inversehalftoning algorithm outlined in
Section4 is givenbyQ+R�����'& +-�����}.0~������}.�( @ ; �����3/1�����327����� ! (4)

The power spectrumof the coloring noisein (4) is given by|�z � y�z .�� ( @ ; /T� z � . It is easilyverifiedthat� ;A� | zi� y z .�� ( @ ; /T� z{� � � z 5 (5)

where
� ; and

� z arestrictly positiveconstantssince
� ( @ ; /T� z

is bounded.
We cannow invoke theoptimality of signalestimationin

the presenceof white Gaussiannoiseusing wavelet-domain
thresholdingfrom [7] to infer theoptimality of WVD inverse
halftoningalgorithm. Considertwo caseswherethesignal

+
corruptedby white Gaussiannoise �S� with variance

� � is ob-
served as

% � , i.e.,
% � &�+�. � � for � &���5 � . Let � � ����� be

the rateof asymptoticerror decayattainedby usingwavelet-
domainthresholdingto estimatethesignal

+
from

% � , where�
is the numberof samples. Let �9�Z��� ����� be the rate of

asymptoticerrordecayattainedby theWVD inversehalfton-
ing algorithm. From (5), sincethe varianceof the effective
colored noise encounteredin inversehalftoning at any fre-
quency is boundedby

� ; and
� z , we can bound � �Z��� �����

as � ;A� �9�Z��� � � z . Whenthesignal
+

belongsto a Besov
space,from [7], � ; and � z arewithin a �D�c� ����� factorof the
besterror decayrateachievableby any estimationalgorithm.
Further, since � ; & � z , we caninfer that the WVD inverse

Table 1. PSNRof differentinversehalftoningalgorithms.

Inversehalftoning PSNR(dB)
algorithm lena peppers

Gaussian[6] 28.6 27.6
Kernel[15] 32.0 30.2

Gradient[16] 31.3 31.4
Waveletdenoising[10] 31.7 30.7

WVD 31.9 31.0

halftoningalgorithmpossessesnear-optimal asymptoticrates
of errordecay. Hencefor imagesin aBesov space,it is impos-
sible to significantlyimprove uponperformanceof theWVD
inversehalftoningalgorithmastheresolution

�
increases.

6. RESULTS

We illustratetheperformanceof our WVD inversehalftoning
algorithmusing # � �s��# � � lena andpeppers imageshalftoned
using the Floyd algorithm [4]. To perform wavelet-domain
denoising(Step2) in the WVD algorithm, we usea redun-
dant,shift-invariantwaveletbasis;this yieldssignificantlyim-
proved estimateby averagingover all possibleshifts of the
observation [14]. We quantify the performanceof our algo-
rithm by measuringthepeaksignal-to-noiseratio

(��I� � 8 &�j 7¡F¢�£ ;\¤9¥ ; z�¦§z ¥�¥¨3©ª @ ª ¨=« for an # � �¬�T# � � imagewith U� theestimate.
Table1 summarizesthe performanceof the WVD algo-

rithm comparedto Gaussianfiltering [6], kernel estimation
[15], gradientestimation[16], and wavelet denoisingwith
edge-detection[10] inversehalftoning techniques. We can
seethattheWVD inversehalftoningalgorithmoutperformsor
equalsthe bestpublishedresults. Figure3 demonstratesthat
theWVD algorithmhasexcellentvisualperformanceaswell.

7. CONCLUSIONS

Using the linear error diffusion model of [1,2], we demon-
stratethat inversehalftoningis equivalentto deconvolution in
thepresenceof colorednoise.Exploiting this equivalence,we
proposea new inversehalftoningalgorithmbasedon thesim-
ple andelegantwavelet-vaguelettedeconvolution (WVD) al-
gorithm. Sinceour algorithmis model-based,it is tunableto
the differenterror diffusion halftoningtechniques.Thealgo-
rithm yields state-of-the-artperformancein the meansquare
errorsenseandvisually.

Significantly, for signalsin a Besov space,our algorithm
enjoys asymptotically(asthenumberof samples�w� ) near-
optimal ratesof error decay. Consequently, for imagesin a
Besov space,it is impossibleto significantly improve on the
performanceof ouralgorithmat high resolutions.
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Fig. 3. (a) Original peppersimage. (b) Floyd halftone. (c)
The WVD algorithmnot only provides excellentPSNRper-
formance,but alsoexcellentvisualperformance.


