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Abstract

Weintroduceanev methodor thetime-scaleanalysif non-stationargignals.Ourwork leverageshesuccess
of the “time-frequeny distribution series/ cross-termdeletedrepresentationsihto the time-scaledomainto
matchwide-bandsignalsthat are bettermodeledin termsof time shifts and scalechangeghanin termsof
time andfrequeny shifts. Usinga waveletdecompositiorandthe Bertrandtime-scaledistribution, we locally
balancdinearity andbilinearity in orderto provide goodresolutionwhile suppressingroublesomenterference
components.The theory of framesprovides a unifying perspectie for cross-terndeletedrepresentation
general.

*This work was supportedy the National ScienceFoundation grantno. MIP—9457438 andthe Office of Naval Researchgrantno.
N00014-95-1-0849.



1 Intr oduction

By displayingthetime-varyingfrequeng contentof a non-stationangignalin termsof time andfrequeny vari-
ablesjoint time-frequeng andtime-scaleepresentationsanreveal subtlefeatureghatremainhiddenfrom other
methodsof analysis.Eachtype of representatiomatchesa differentclassof signals. Time-frequeng represen-
tationsare covariantto time andfrequeng shifts and matchsignalswith constant-bandwidtktructure,suchas
narrav-bandradarsignals. Time-scalerepresentationare covariantto time shifts and scalechangesand match
signalswith proportional-bandwidtistructure suchaswide-bandsonarandacousticsignals.Many differentrep-

resentationsxist, bothlinearandnonlinear

Linearrepresentationsuchasthe short-timeFourierandGabortime-frequeng representationsndthewavelet
time-scaleepresentationffer thebenefitof simpleinterpretatioratthe expenseof poorresolution.Bilinear repre-
sentationsuchasthe Wignertime-frequeng distribution andthe Bertrandtime-scaledistribution weredeveloped
ashigh resolutionalternatives. While the nonlinearityof the bilinear distributionssharpenshe representationf
local signalstructurejt simultaneouslgeneratesterferencdetweerwidely separatedomponentshatdegrades
therepresentationf globalstructure Traditionally, nonlinearinterferencalueto thesecross-componentsasbeen

suppressedia smoothingover thetime-frequeng andtime-scaleplaneq1, 2].

In [3, 4], Qian, Moarris, andChenintroducedan alternatve approacho time-frequeng analysisthatfeatures
anexplicit andcontrollablelinearvs. bilineartradeof. Firstthesignalis representeéh termsof a discretesumof
time-frequeng concentrate@tomsvia a linear Gabortransform.Thenthe Wigner distribution, evaluatedon this
linear signaldecompositiorratherthan on the signalitself, separateito two distinct componentsthe Wigner
auto-componentsf theatoms(thequasi-lineapartof therepresentatiorandthe Wignercross-components the
atoms(thebilinearpartof therepresentationBy limiting the numberof cross-componenenteringinto thesum,
we canlocally controlthe degreeof nonlinearityof the time-frequeng representatioandfurthermoretuneit for

maximumconcentratiomwith minimumcross-components.

Thistime-frequeng decompositiomperformsverywell, butit is matchednly to signalspossessing constant-
bandwidthstructure.In this paperwe extendthe concepbof hybrid linear/bilinearanalysigo thetime-scaleplane.
Ourapproachs basedn thelinearwavelettransformandthebilinear Bertranddistribution. In the processf our
developmentwe gain new insightsinto the procedureof Qian, Morris, andChen.In Section2, we briefly review
their approachto quasi-linearizinghe Wigner distribution. In Section3, we transposehe problemof hybrid
linear/bilinearanalysisto time-scaleand proposea frame-basedolution. After discussinganimplementatiorof

this new methodin Section4, we closewith conclusions.



2 Hybrid Time-FrequencyAnalysis

A hybrid linear/bilinearsystenfor time-frequenyg analysisconsistf threecomponents:
1. abilineartime-frequeng mapping,
2. adiscretdinearsignaldecompositiorbasedn time-frequeng concentrateatoms;

3. arulefor determiningwvhich cross-components includein theoverall signalrepresentation.

In [3, 4], Qian,Morris, andChenutilize thebilinearWignerdistribution, alinear Gabortransformwith a Gaussian

window, anda Manhattardistancecriterion.
2.1 Wigner distrib ution

The Wignerdistributionis in mary senseshe centralbilineartime-frequeng distribution [1]. The cross-Wgner

distribution of two signalsr ands is definedas

Wis(t, f) = /r* (t — %) s(t+ %) e 27 dr. (1)
Whens = r, we have the Wignerdistribution W (¢, f).

The excellenttime-frequeng localizationpropertiesof the auto-components of the Wigner distribution result
fromits bilinear, “matchedfilter” structure.Thisbilinearityalsoresultsin cross-components, which,unfortunately
impair its representatiorf multi-componentsignals. The Wigner distribution of the multi-componentignal

s(t) = N | s4(t) readsas

N
Ws(taf) = ZWsl(t,f) + Z Wsi,s]-(t,f)- (2)
i=1 i)
The first sum comprisesthe auto-componentghe secondthe cross-componentsTraditionally, Wigner distri-
bution cross-componentsave beensuppressegdia smoothingover the time-frequeng plane. Two-dimensional
convolutionyieldsa distribution in Cohens classof time-frequeng representationgl]; affine convolutionyields

adistributionin theaffine classof time-scaleepresentationi2].

In [3, 4], Qian, Morris, and Chenintroducedan alternatve approachto cross-componerguppressiorthat

marriesthedecompositior{2) with thelinear Gabortransform.
2.2 Gabor transform

The Gabortransformrepresenta signals in termsof time-frequeng atomg[5]:

s(t) = Zcmmgém’n(t), (m,n) € Z?, 3
(mm)
cna = (5 fma) = [ 5) (bman(t)) at. (@)

Throughouthis paper integrationboundsrun from —oo to +occ.
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Thesynthesisaatoms
Smn(t) = g(t —nto) >N tofy <1,

areobtainedby shifting onebasicatomg to varioustimesnt, andfrequenciesn f, in thetime-frequeng plane.
The analysiwtomsasm,n, which aredifferentfrom the synthesisatomsin generalcomprisethe dual basis. The

producttq fo correspondso thedensityof placemenbf theatomsin thetime-frequeng plane.

The Gaussiarfunctionis the naturalchoicefor the basicatomg. Sinceit is the mostconcentratedignalin
time-frequeny, its associateaborrepresentatiois aslocal aspossible Furthermorethe Wignerdistribution of
a Gaussiarfunctionis strictly positive andsohasa correctenegeticinterpretation Thekey dravbackto Gaussian
synthesisatomsis that for time-frequeng samplingdensitiesty fo closeto unity, the correspondinglual basis
functionshave extremelypoorlocalizationpropertiegBalian-Lowx theoren5, p. 108]) plusa spiky structurethat
doesnot allow a numericallystablereconstructionQian and Chendealwith this problemby introducingredun-
dany (tofo < 1) in the Gabortransformuntil both the basisand dual basisatomsresembleshifted, modulated

Gaussian§4]. They termsucharepresentatioan“orthogonal-like” Gabordecomposition.

2.3 Hybrid System

Using Gaussiartime-frequeng atomsas building blocks, Qian, Morris, and Chensubstitute(3) into (1) to de-
composethe Wigner distribution into a time-frequency distribution series — a sum of auto-and cross-Wgner
distributions][3, 4]

Wot, f) = D lemnl* Wono 6 1) + D cmpn G W, o (& F) (5)

(m,n) (m,m)#(m/ n")

Thefirst sumcorrespondso the“quasi-lineamart” of therepresentatiorit is manifestlypositive andindicateshe
grossfeaturesof the signal. The secondsumcorrespondso the “bilinear part” of the representationf takeson
both positive andnegative values.Locally it senesto concentratehe featuresof the signalin therepresentation,

while globallyit createsnterferenceeomponentbetweemonadjacenportionsof thesignal.

By limiting therangeof thesecondsumto includeonly (m, n) closeto (m/, n’), we canretaintheuseful,local
nonlinealinteractiongut suppresshenoxious globalinteractions Giventhecircularor elliptical symmetryof the
Gaussiarmtomsof the Gabordecompositiona Euclideandistancemetricseemshaturalto measurelosenesskor
computationakimplicity, Qian andChenapproximatehis measurevith anl,, metric(the so-called‘Manhattan
distance”)Dyi[(m, n), (m/,n")] = |m —m'| + |n —n/|. Thehybrid linear/bilineartime-frequeny representation

of Qian,Morris, andChenthencorrespondso

Ws(tv f) = Z |Cm7n|2 W¢m,n (tv f) + Z Cm,n crn’,n’ W¢m,n,¢ml’nl (tv f) (6)

(man) 0<DM[(m’n)’(m’7n/)]S‘s
Thethresholddistance) controlsthelocalizationvs. interferencearadeof.
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3 Hybrid Time-ScaleAnalysis

The hybrid linear/bilineartime-frequeng representatiof Qian, Morris, and Chenperformsvery well, but it
matcheonly signalswith a constant-bandwidthtructure.For signalsexhibiting a proportionalbandwidth wide-
bandstructure a time-scaleanalysisis more appropriate.To transferthe linear/bilineardecompositiorconcept
from thetime-frequeng planeto the time-scaleplane,we mustfind wide-bandsubstitutegor the Wigner distri-

bution, Gabortransform Gaussiaratom,andEuclideandistance.

3.1 Bertrand Distrib ution

The unitary Bertranddistribution canbe consideredas a centralbilinear time-scaledistribution [6]. The cross-

Bertranddistribution of two signalsr ands is definedin termsof their Fouriertransformsk andS as

Bro(t,f) = [ RO@) S"(N=u)f) 7 () du, ™

with A(u) = 7=t=z andu(u) = /A(u)A(—u). WhenS = R, we havetheBertranddistribution B,(t, f). Likethe
Wignerdistribution,theBertranddistributioninheritsbothits goodlocalizationandproblematiacross-components

[7] from its bilinearstructure.
3.2 WaveletTransform

Thewavelettransformplaysarole analogouso the Gabortransformin time-scaleanalysis. Thewavelettransform

alsorepresentsignalsin termsof time-frequeng atoms[5]:

S(t) = Z dm,n ¢m,n(t)7 (man) € ZQ, 8)
(m,n)
dm,n = <Sa7~Zm,n> . (9)

Givenabandpassnotherwaveletfunctionh centeredatfrequeng f., we createthe synthesisatoms
Ymn(t) = ag™? h(ag™t — nty),

by shifting and scaling h to varioustimes ntgag' and frequenciesa, ™ f. in the time-frequeng plane. The

proportional-bandwidtlnalysisof thewavelettransformmatchesvide-bandsignals.

For the motherwavelet,we choosehe Klauderfunction[5, p. 41], [8]
H(f) = ffe™,  a>0,8>0, f>0, (10)

expressedherein thefrequeny domain.Theparametes controlsthe @ factorof thewavelet,while o controlsits
extent(seeFigurel). The propertief thisfunctionin time-scalanirror thoseof the Gaussiarin time-frequenyg.

First, the Klauderfunctionis the mostconcentratedignalin time-scalg8], meaningthatthe associateavavelet



representatiois aslocalaspossible SecondtheBertranddistribution of aKlauderwaveletis positive[9], givingit
acorrectenegeticinterpretationThekey dravbackto Klaudersynthesiatomsis thatfor low time-scalesampling
densitieghe correspondinglual basisfunctionshave poorlocalizationproperties.To betterunderstandhe links

betweerbasesanddualbasesisingthe Klauderwavelet,we turn now to thetheoryof frames.
3.3 Frames

A frame is a family of functions{y,, »} in a Hilbert spacewith the propertythat thereexist two frame bounds
0 < A < B < oo suchthatfor all signalss in thespacq5]

Alsl> < Y2 s, vmm)” < Bls|?

(m,n)
The frameboundscanbe estimatechumericallygiventhe frame. Dependingon their values,we candistinguish

severaldifferentcategoriesof frames:

1. WhenA = B, we have atight frame andthesignalrepresentation

st) = A1 > (s, Ymn) V() (11)

(m,n)
Thevalue A measurethedegreeof redundang of atight frame.n particularwhenA = B = 1, thefamily

{¥m,nn} correspondso anorthonormabasis.

2. WhenA = B, we have a snug frame. In this case the signalrepresentatiofil1) holdsto a closeapproxi-

mation.

3. WhenA # B, thesignalrepresentatiofil1) doesnot hold. In this case we mustconstrucia differentdual

frame for analysis.

Thetheoryof framesfurnishesan elegantcharacterizationf the Gaborandwavelettransforms.In particular
theconcepbf asnugframeprovidesinsightinto the“orthogonal-like” Gabordecompositiontroducedn Section
2.2[4]. Numericalcomputatiorof theframeboundgfor ¢ Gaussiar{g(t) = e*t2/2) andtq fo = 0.25 assuggested
in [4] yields B/A ~ 1.06 and A =~ 4, meaningthatat “four-timesoversampling”in time-frequeng, we canset

<Em,n = ¢m,n In (4) to acloseapproximation.

In the waveletcase,usinga Klauderfunctionwith = 250 and3 = 100 on the normalizedfrequeng axis

0 < f < 1, we obtaina snugframeat approximatelyeighttimesthe redundang of a waveletorthonormabasis

(seeTablel).

For computationapurposesit is corvenientto choosethe scaleparameteny = 2. However, to obtaina snug
framewith the Klauderwavelet,we mustin turn sett, < 1, which would leadto problematicnon-integertime
shiftsnty in ouratoms.Oneway aroundthis difficulty is theconcepf voices[5]. Thebasicideais to interlacein

frequeng several (not necessarilsnug)framedecompositionso createone equivalentsnugdecompositior{see
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Figure2). In our casethe motherwaveletfor eachof our J voicesis obtainedrom the Klauderfunction (10) by
therationalscaling

HY(f) = H2'f), v =0,...,J-1.

In Table 2, we give the frame boundsfor several different J-voice wavelet framesconstructedusingt, =
1, ag = 2, anda Klauderfunction with parametersx = 250 andg = 100. We choseJ = 5 for our final
implementation.From Table 1, we know thatwe canobtaina snugframeusingty = 1, ag = 1.13, andJ = 1.

Sincel.13% ~ 2, it is no surprisethatwe canalsoachiere a snugframeusingty = 1, ag = 2, andJ = 5.
3.4 Hybrid System

Using Klauderwaveletatomsashbuilding blocks,we candecomposéhe Bertranddistribution into a sumof auto-
and cross-Bertrandlistributions. By limiting the interactionof the atomsaccordingto their distance,we can
bothretainthe (useful)local nonlinearinteractionsand suppresshe (nuisanceplobalinteractions.Denotingthe
distancemetricby Dy, we have

Bs(ta f) = Z |dm,n|2 B’(bm,n(ta f) + Z d’m,n d:nfyn' me,n,wm/,n/ (ta f)a (12)
(m,n) 0< Dy, [(m,n),(m! n")]<d

with By — B, asé — oo. Thenaturaldistancemeasurdor time-scaleanalysiss the Lobachevsky metric [10].

With this measurethe distancebetweertwo waveletatomsatlocation(m, n) and(m’,n’) is definedas

VANVAN -1 nn' 2 m 1 m'\2 m_m'\2
Dy, [(m,n),(m/,n")] = cosh {1 + a7 [to(nao n'ag” )*+ (af’ —ag') }},
with f. areferencefrequeng. In contrastto the time andfrequeny shift invariant Euclideanand Manhattan
distancesthe Lobachesky distanceds time-shiftandscale-changevariant. Figure3 shawvs iso-contoursf this

distancesuperimposedn a 3-voicewaveletframepattern.

As a simpleenhancemertb the hybrid schemeywe cantaperthe influenceof the interferencecomponentss
thedistanceDy, increasesWe do this by replacingthe secondermon theright sideof (12) with
> T{Dul(m,n), (m' 0} din By i B (E ),
(m.n)#(m/ n’)
with T'(z) asmoothtaperingfunctionsuchthat7'(0) = 1 andlim,_,», T'(z) = 0. Thesetup(12)is aspecialcase
of theabove with T a stepfunction. This enhancemerdppliesequallywell to the hybrid time-frequeng scheme

of (6).
4 Implementation

Thetime-scaledistribution series(12) hasbeenimplementedandperformswell. However, lack of a closedform

expressionfor the Bertranddistribution of the Klauderfunction limits the computationakfficiengy of the tech-
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nigue. For applicationsn which computatiorandstorageareat a premium,we have developedanapproximation

to (12) with thefollowing justification:

1. Evenwhenthe signalwe analyzeis wide-bandeachlocal cross-Bertrandlistribution involvedin (12) is
reasonablyarrov-bandgiventhe narrav bandwidthof the Klauderwaveletsandthe factthatthey interact
at small distancesonly. Thus, sincethe Bertrandand Wigner distributionsresembleone anotherclosely
for narrav-bandsignals[7], it is reasonabléao replacethe Bertranddistribution in (12) with the Wigner

distribution.

2. For large valuesof 3, the Klauderwavelet can be approximatedusing a modulatedGaussianMorlet)

waveletr(t) = e 1°/20% gi2nfet with o = o/ (m/2B + 1) andf, = (268 + 1)/(2).

With thechangeo aWignerdistributionandMorlet waveletanalysiswe obtainclosedform expressiongor the
auto-andcross-Wgnerdistributionsin the approximatiorto (12). The Wignerdistribution of a Morlet waveletis
the2-dGaussiaW,(t, f) = 20/ exp(—t%/0?) exp(—(2ma(f— f.))?). Thecross-Wgnerdistributionbetween

aMorlet waveletr(t) andashiftedandscaledversionof itself ¢(t) = aalﬂ r((t — to)/ao) is givenby

_ [T (C2 +jC3)° P (t—to)’ { (_t—t0>}
Wig(t, f) = o eXp{ 10, eXpy —53 2072 expy 727 fo | ¢ P ;

with C1 = g5(1+1/a), C2 = —55(t — (t —t9)/ad) andCs = 7(fo + fo/ao — 2f). Theresultsobtained

using(12) andits Wigner/Morletapproximatiorshav only very slight differences.

Figures4, 5, and6 illustratethe performancef the new hybrid time-scalaistribution. In Figure4, we exhibit
theconcentration/interferendeade-of of theschemers. thethresholddistance) in (12). In Figure5, we analyze
a multicomponensyntheticsignal. In Figure 6, we analyzea “click” signal of a bottle-nosedolphin. Hybrid
time-scaleanalysiscombineghe high resolutionof the BertrandandWignerdistributionswith the quasi-linearity

of the scalogram(squarednagnitudeof the wavelettransform).

5 Conclusions

In this paper we have developeda new approacho time-scaleanalysisthat offers an easily controlledtradeof

betweeninearity andbilinearity. Throughoutour developmentwe have stressedhe useof theright ingredients
for time-scaleanalysis.The Bertranddistribution, waveletframewith minimumuncertaintyKlauderwavelet,and
Lobache&sky time-scalalistancecombineto form arepresentationapableof matchingabroadclassof wide-band

signals.

Acknowledgments: TheauthorghankWilliam Williams of theUniversityof Michiganfor thebottle-noselolphin

click signalandfor permissiorto useit in this paper
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Tablel: Frameboundsfor waveletframesgeneratedisinga Klauderwavelet (o = 250 and3 = 100). We fix thetime-step
parameteatty, = 1 andvarythe scaleparameted.

a || A | B | B/A |
1.44 0.43 6.28 14.3
1.27 2.82 6.31 2.24
1.15 7.86 8.07 1.027

1.14 8.44 8.56 1.013
1.13 9.09 9.14 1.006

Table2: Frameboundsfor J-voice wavelet framesgeneratedising a Klauderwavelet (« = 250 andB3 = 100). We fix
to = 1, ag = 2, andvary thenumberof voices.J .

L J ] A B [ B/A |
2 | 14 | 142 | 100
3 | 75 | 143 | 1.90

4 13.4 15.6 1.16
5 17.9 18.4 1.02
10 36.3 36.3 1.00




Figurel: (a) SpectrumH(f)|? and(b) time waveformh(t) of the Klauderwavelet(10) for differentvaluesof the parameters: and.
Fromtopto bottom:a = 12, =24 (fo =02 Hz, Q =1);a =42, 3 =85(fo =0.2Hz, Q =2);a =500, 3 =100 (fo =

0.2Hz, Q=1).

Figure2: Time-frequeng tiling correspondingo a 3-voice wavelet-frame.Eachof the symbolso, 4+ andx represents dyadicframe
basedn oneof the 3 motherwaveletsH” (f) = H(2"/7f), v = 0,1,2.

Figure3: Iso-contoursf the Lobachesky distancebetweerthe referencepoint (to, ao) andthe otherlocationsof a 3-voiceswavelet

framepattern.
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Figure4: Concentratiorvs. interferencetrade-of of the hybrid linear/nonlineatime-scaleanalysisschemeg(12) as a function of the
distancehreshold). We comparga) the scalogran{squarednagnitudeof the continuousvavelettransform)with hybrid representations
of(b)d =0,(c)d =0.1,(d)d =0.2,(e)d =03, () d =04, (g)d = 0.6, and(h) § = co (Wignerdistribution). We emplo/ the

Wigner/Morletapproximatiorof Sectiord. Horizontalaxis correspondso time, verticalaxisto frequeng.

Figure5: Time-frequeny andtime-scalalistributionsof atestsignalcomposeaf a sinusoidahyperbolicchirp, aKlauderwaveletpulse,
anda local singularityof theform |t — to|~%-'5. Horizontalaxis correspondso time, vertical axisto frequeng. (a) Wigner distribution.
(b) Bertranddistribution. (c) Scalogram(d) Hybrid linear/nonlineatime-scalaepresentatiofil 2) with interactiondistance) = 0.5.
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Figure 6: Time-scaledistributions of two “clicks” emittedby a bottle-nosedolphin. (a) Time signal. (b) Scalogram. (c) Wigner
distribution. (d) Hybrid time-scaldlistribution,§ = 0.2. (e) Hybrid time-scalalistribution,§ = 0.5.
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