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Abstract

Weintroduceanew methodfor thetime-scaleanalysisof non-stationarysignals.Ourwork leveragesthesuccess
of the “time-frequency distribution series/ cross-termdeletedrepresentations”into the time-scaledomainto
matchwide-bandsignalsthat arebettermodeledin termsof time shifts andscalechangesthan in termsof
time andfrequency shifts. Usinga waveletdecompositionandtheBertrandtime-scaledistribution,we locally
balancelinearityandbilinearity in orderto providegoodresolutionwhile suppressingtroublesomeinterference
components.The theoryof framesprovidesa unifying perspective for cross-termdeletedrepresentationsin
general.

�
This work wassupportedby theNationalScienceFoundation,grantno. MIP–9457438,andtheOffice of Naval Research,grantno.

N00014–95–1–0849.

1



1 Intr oduction

By displaying
�

thetime-varyingfrequency contentof a non-stationarysignalin termsof time andfrequency vari-

ables,joint time-frequency andtime-scalerepresentationscanrevealsubtlefeaturesthatremainhiddenfrom other

methodsof analysis.Eachtypeof representationmatchesa differentclassof signals.Time-frequency represen-

tationsarecovariantto time andfrequency shifts andmatchsignalswith constant-bandwidthstructure,suchas

narrow-bandradarsignals.Time-scalerepresentationsarecovariantto time shifts andscalechangesandmatch

signalswith proportional-bandwidthstructure,suchaswide-bandsonarandacousticsignals.Many differentrep-

resentationsexist, bothlinearandnonlinear.

Linearrepresentationssuchastheshort-timeFourierandGabortime-frequency representationsandthewavelet

time-scalerepresentationoffer thebenefitof simpleinterpretationattheexpenseof poorresolution.Bilinearrepre-

sentationssuchastheWignertime-frequency distributionandtheBertrandtime-scaledistributionweredeveloped

ashigh resolutionalternatives. While thenonlinearityof thebilineardistributionssharpenstherepresentationof

localsignalstructure,it simultaneouslygeneratesinterferencebetweenwidely separatedcomponentsthatdegrades

therepresentationof globalstructure.Traditionally, nonlinearinterferencedueto thesecross-componentshasbeen

suppressedvia smoothingover thetime-frequency andtime-scaleplanes[1, 2].

In [3, 4], Qian,Morris, andChenintroducedanalternative approachto time-frequency analysisthat features

anexplicit andcontrollablelinearvs.bilineartradeoff. First thesignalis representedin termsof a discretesumof

time-frequency concentratedatomsvia a linearGabortransform.ThentheWignerdistribution,evaluatedon this

linear signaldecompositionratherthanon the signal itself, separatesinto two distinct components:the Wigner

auto-componentsof theatoms(thequasi-linearpartof therepresentation)andtheWignercross-componentsof the

atoms(thebilinearpartof therepresentation).By limiting thenumberof cross-componentsenteringinto thesum,

we canlocally control thedegreeof nonlinearityof thetime-frequency representationandfurthermoretuneit for

maximumconcentrationwith minimumcross-components.

This time-frequency decompositionperformsverywell, but it is matchedonly to signalspossessingaconstant-

bandwidthstructure.In thispaper, weextendtheconceptof hybrid linear/bilinearanalysisto thetime-scaleplane.

Ourapproachis basedon thelinearwavelettransformandthebilinearBertranddistribution. In theprocessof our

development,we gain new insightsinto theprocedureof Qian,Morris, andChen.In Section2, we briefly review

their approachto quasi-linearizingthe Wigner distribution. In Section3, we transposethe problemof hybrid

linear/bilinearanalysisto time-scaleandproposea frame-basedsolution. After discussinganimplementationof

thisnew methodin Section4, weclosewith conclusions.
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2 Hybrid Time-FrequencyAnalysis

A hybrid� linear/bilinearsystemfor time-frequency analysisconsistsof threecomponents:

1. abilineartime-frequency mapping,

2. adiscretelinearsignaldecompositionbasedon time-frequency concentrated“atoms,”

3. a rule for determiningwhichcross-componentsto includein theoverall signalrepresentation.

In [3, 4], Qian,Morris,andChenutilize thebilinearWignerdistribution,a linearGabortransformwith aGaussian

window, andaManhattandistancecriterion.

2.1 Wigner distribution

TheWignerdistribution is in many sensesthecentralbilineartime-frequency distribution [1]. Thecross-Wigner

distributionof two signals� and � is definedas1���
	 �������������� � ��� ������! � � �#"$��% '&)(+*-,/.10�243 �65 (1)

When � � � , wehavetheWignerdistribution
�7�8���8���9�

.

Theexcellenttime-frequency localizationpropertiesof theauto-components of theWignerdistribution result

from its bilinear, “matchedfilter” structure.Thisbilinearityalsoresultsin cross-components, which,unfortunately,

impair its representationof multi-componentsignals. The Wigner distribution of the multi-componentsignal� ���-�4��:<;=?>A@ � = ���-� readsas

�7�B���8�C����� ;D=?>A@ �7�/EF�G�������H" D=JI> * �7�/E�	 �LKM���8�C��� 5 (2)

The first sum comprisesthe auto-components,the secondthe cross-components.Traditionally, Wigner distri-

bution cross-componentshave beensuppressedvia smoothingover the time-frequency plane. Two-dimensional

convolutionyieldsa distribution in Cohen’s classof time-frequency representations[1]; affine convolutionyields

adistribution in theaffineclassof time-scalerepresentations[2].

In [3, 4], Qian, Morris, and Chenintroducedan alternative approachto cross-componentsuppressionthat

marriesthedecomposition(2) with thelinearGabortransform.

2.2 Gabor transform

TheGabortransformrepresentsasignal � in termsof time-frequency atoms[5]:

� ���C��� DNPO 	 QMRTS O 	 QVU O 	 Q9���-��� �LW<�YX#�[Z]\^\9,M�
(3)

S O 	 Q � _ � �a`U O 	 Q�b��c� � ���C�ed1`U O 	 Q9���C�Jf � 31� 5 (4)

1Throughoutthispaper, integrationboundsrun from gih to jeh .
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Thesynthesisatoms U O 	 Q��G�-���lk9���e�mX9�onB�p& *C,/. O 0
q
r � �Fns�snut�v1�
areobtainedby shifting onebasicatom

k
to varioustimes

X�� n
andfrequencies

Ww� n
in thetime-frequency plane.

Theanalysisatoms
`U O 	 Q , which aredifferentfrom thesynthesisatomsin general,comprisethedual basis. The

product
�ons�sn

correspondsto thedensityof placementof theatomsin thetime-frequency plane.

The Gaussianfunction is thenaturalchoicefor thebasicatom
k
. Sinceit is the mostconcentratedsignal in

time-frequency, its associatedGaborrepresentationis aslocalaspossible.Furthermore,theWignerdistributionof

aGaussianfunctionis strictly positiveandsohasacorrectenergeticinterpretation.Thekey drawbackto Gaussian

synthesisatomsis that for time-frequency samplingdensities
�ons�sn

closeto unity, the correspondingdual basis

functionshaveextremelypoorlocalizationproperties(Balian-Low theorem[5, p. 108])plusa spiky structurethat

doesnot allow a numericallystablereconstruction.QianandChendealwith this problemby introducingredun-

dancy (
�Fns�sn'x v

) in theGabortransformuntil both thebasisanddualbasisatomsresembleshifted,modulated

Gaussians[4]. They termsucha representationan“orthogonal-like” Gabordecomposition.

2.3 Hybrid System

Using Gaussiantime-frequency atomsasbuilding blocks,Qian, Morris, andChensubstitute(3) into (1) to de-

composethe Wigner distribution into a time-frequency distribution series — a sumof auto-andcross-Wigner

distributions[3, 4]�y�8���8���9�<� DNPO 	 QMR6z S O 	 Q z ,!�y{|#} ~����8�C����" DNPO 	 QMR I> N�O�� 	 Q � RS O 	 Q S �O�� 	 Q � �y{|#} ~ 	 { | � } ~ � ���8���9� (5)

Thefirst sumcorrespondsto the“quasi-linearpart” of therepresentation;it is manifestlypositiveandindicatesthe

grossfeaturesof thesignal. Thesecondsumcorrespondsto the“bilinear part” of therepresentation;it takeson

bothpositive andnegative values.Locally it servesto concentratethefeaturesof thesignalin therepresentation,

while globally it createsinterferencecomponentsbetweennonadjacentportionsof thesignal.

By limiting therangeof thesecondsumto includeonly
��W<�YXA�

closeto
�LW��G�YX����

, wecanretaintheuseful,local

nonlinearinteractionsbutsuppressthenoxious,globalinteractions.Giventhecircularor elliptical symmetryof the

Gaussianatomsof theGabordecomposition,aEuclideandistancemetricseemsnaturalto measurecloseness.For

computationalsimplicity, QianandChenapproximatethis measurewith an ��� metric(theso-called“Manhattan

distance”)����� �LW<�YX#�C�B�LW��L�YX9���J��� z W���W�� z " z X���X�� z . Thehybrid linear/bilineartime-frequency representation

of Qian,Morris, andChenthencorrespondsto

��7�8���8���9�<� DN�O 	 QMR z S O 	 Q z ,!�y{ |#} ~ ���8�C����" Dn����i��� N�O 	 QMRL	 NPO � 	 Q � R������S O 	 Q S �O[� 	 Q � �<{ |A} ~ 	 { | � } ~ � ��������� 5 (6)

Thethresholddistance� controlsthelocalizationvs. interferencetradeoff.
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3 Hybrid Time-ScaleAnalysis

The h
�
ybrid linear/bilineartime-frequency representationof Qian, Morris, and Chenperformsvery well, but it

matchesonly signalswith a constant-bandwidthstructure.For signalsexhibiting a proportionalbandwidth,wide-

bandstructure,a time-scaleanalysisis moreappropriate.To transferthe linear/bilineardecompositionconcept

from thetime-frequency planeto thetime-scaleplane,we mustfind wide-bandsubstitutesfor theWignerdistri-

bution,Gabortransform,Gaussianatom,andEuclideandistance.

3.1 Bertrand Distribution

The unitary Bertranddistribution canbe consideredasa centralbilinear time-scaledistribution [6]. The cross-

Bertranddistributionof two signals� and � is definedin termsof theirFouriertransforms� and � as  �
	 � ���8�C�����¡� � � �/¢A�L£��o��� � � �J¢A�o�V£��o���¤&C*C,/.r�0�¥§¦4�L£��+3+£A� (7)

with
¢A�L£��4� ¥@ (�¨Y©)ª and

¦4�L£��§��« ¢A�L£��o¢%�Y�¬£��
. When � � � , wehavetheBertranddistribution

 �B���������
. Likethe

Wignerdistribution,theBertranddistributioninheritsbothits goodlocalizationandproblematiccross-components

[7] from its bilinearstructure.

3.2 WaveletTransform

Thewavelettransformplaysaroleanalogousto theGabortransformin time-scaleanalysis.Thewavelettransform

alsorepresentssignalsin termsof time-frequency atoms[5]:

� ���C��� DNPO 	 Q)R 3 O 	 Q[® O 	 Q��G�-��� �LW<�YX#��Z�\ \ , �
(8)

3 O 	 Q��¯_ � ��`® O 	 Q�b 5 (9)

Givenabandpassmotherwaveletfunction ° centeredat frequency
�s±

, wecreatethesynthesisatoms® O 	 Q �G�-���³² ( O[´ ,n ° ��²�( On �e�7X�� n �C�
by shifting and scaling ° to various times

X9�Fn�² On
and frequencies

² ( On �s±
in the time-frequency plane. The

proportional-bandwidthanalysisof thewavelettransformmatcheswide-bandsignals.

For themotherwavelet,wechoosetheKlauderfunction[5, p. 41], [8]µ¶�/�����c�p·¬&)(�¸106� ¹¶º¼»6�%½¾º¿»p�e�]º¼»6�
(10)

expressedherein thefrequency domain.Theparameter
½

controlsthe À factorof thewavelet,while
¹

controlsits

extent(seeFigure1). Thepropertiesof this functionin time-scalemirror thoseof theGaussianin time-frequency.

First, theKlauderfunctionis themostconcentratedsignalin time-scale[8], meaningthat theassociatedwavelet
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representationis aslocalaspossible.Second,theBertranddistributionof aKlauderwaveletis positive[9], giving it

acorrectenergeticinterpretation.Thekey drawbackto Klaudersynthesisatomsis thatfor low time-scalesampling

densitiesthecorrespondingdualbasisfunctionshave poor localizationproperties.To betterunderstandthe links

betweenbasesanddualbasesusingtheKlauderwavelet,we turnnow to thetheoryof frames.

3.3 Frames

A frame is a family of functions Á8Â O 	 Q�Ã in a Hilbert spacewith the propertythat thereexist two frame bounds»ÅÄÇÆ�t¿ ÈÄÊÉ
suchthatfor all signals� in thespace[5]Æ z z � z z ,Ët DNPO 	 Q)R¤z�Ì � � Â O 	 Q6Í z ,¼tl  z z � z z ,

Theframeboundscanbeestimatednumericallygiventhe frame. Dependingon their values,we candistinguish

severaldifferentcategoriesof frames:

1. When
ÆÎ�Î 

, wehavea tight frame andthesignalrepresentation

� �G�-���³ÆÏ( @ DNPO 	 QMR
Ì � � Â O 	 Q6Í Â O 	 Q9���C� 5 (11)

Thevalue
Æ

measuresthedegreeof redundancy of atight frame.In particular, when
ÆÐ�Ñ Ò��v

, thefamilyÁBÂ O 	 Q Ã correspondsto anorthonormalbasis.

2. When
ÆÔÓ� 

, we have a snug frame. In this case,thesignalrepresentation(11) holdsto a closeapproxi-

mation.

3. When
ÆÖÕ�Î 

, thesignalrepresentation(11)doesnothold. In thiscase,wemustconstructadifferentdual

frame for analysis.

Thetheoryof framesfurnishesanelegantcharacterizationof theGaborandwavelettransforms.In particular,

theconceptof asnugframeprovidesinsightinto the“orthogonal-like” Gabordecompositionintroducedin Section

2.2[4]. Numericalcomputationof theframeboundsfor
k

Gaussian(
k9���C�e�Î& (6rØ× ´ ,

) and
�ons�snÙ�Ñ» 5 �1Ú assuggested

in [4] yields
 ÅÛCÆÜÓÝv 5 »1Þ and

ÆÜÓàß
, meaningthatat “four-timesoversampling”in time-frequency, we canset`U O 	 Q���U O 	 Q in (4) to acloseapproximation.

In thewaveletcase,usinga Klauderfunctionwith
¹Î� �1Ú »

and
½��ávs»1»

on thenormalizedfrequency axis»âÄ$�¶Äàv
, we obtaina snugframeat approximatelyeighttimestheredundancy of a waveletorthonormalbasis

(seeTable1).

For computationalpurposes,it is convenientto choosethescaleparameter
² n � �

. However, to obtaina snug

framewith theKlauderwavelet,we mustin turn set
�on�Äãv

, which would leadto problematicnon-integer time

shifts
X9�Fn

in ouratoms.Onewayaroundthisdifficulty is theconceptof voices [5]. Thebasicideais to interlacein

frequency several (not necessarilysnug)framedecompositionsto createoneequivalentsnugdecomposition(see
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Figure2). In our case,themotherwaveletfor eachof our ä voicesis obtainedfrom theKlauderfunction(10) by

therationalscaling µ]å+�/���<�æµ¶� � å ´-ç ���C� èÔ�æ»6� 585B5 � ä �Çv 5
In Table 2, we give the frame boundsfor several different ä -voice wavelet framesconstructedusing

�on¶�v
,
² n � �

, and a Klauder function with parameters
¹é� �1Ú »

and
½ê�cvs»1»

. We chose ä � Ú
for our final

implementation.FromTable1, we know thatwe canobtaina snugframeusing
�on��êv

,
²¤n��ãv 5 vsë , and ä �êv

.

Since
v 5 vsë1ìaÓ � , it is nosurprisethatwecanalsoachievea snugframeusing

�onÙ�$v
,
²¤ní� �

, and ä � Ú .
3.4 Hybrid System

UsingKlauderwaveletatomsasbuilding blocks,we candecomposetheBertranddistribution into a sumof auto-

and cross-Bertranddistributions. By limiting the interactionof the atomsaccordingto their distance,we can

bothretainthe(useful)local nonlinearinteractionsandsuppressthe(nuisance)global interactions.Denotingthe

distancemetricby ��î , wehaveï �B���8�C���<� DNPO 	 Q)Rpz 3 O 	 Q z ,� Ùð+|#} ~6�G��������" Dn����#ñ+� NPO 	 Q)RL	 N�O�� 	 Q � R��?���3 O 	 Qa3 �O � 	 Q �  íð+|#} ~ 	 ð | � } ~ � ���8���9��� (12)

with
ï ò�wó  �

as � ó É
. Thenaturaldistancemeasurefor time-scaleanalysisis theLobachevsky metric [10].

With thismeasure,thedistancebetweentwo waveletatomsat location
��W<�YXA�

and
�LW � �oX � �

is definedas

��î4ô �LW<�YX#�C�B�LW � �YX � �Jõm�³ö�÷ùø-ú9( @Tû v[" X�X �� � ,± ² Oaü9O �n ý �Y,n �LX�² On �yX � ² O �n �
,1"Ê�L² On �u² O �n �
,YþYÿ��
with

�s±
a referencefrequency. In contrastto the time and frequency shift invariantEuclideanand Manhattan

distances,theLobachevsky distanceis time-shiftandscale-changeinvariant.Figure3 shows iso-contoursof this

distancesuperimposedona3-voicewaveletframepattern.

As a simpleenhancementto thehybrid scheme,we cantaperthe influenceof the interferencecomponentsas

thedistance��î increases.We do thisby replacingthesecondtermon theright sideof (12)withDNPO 	 QMR I> NPO[� 	 Q � R�� � ��î!� �LWy�oX#�C�B�LW � �oX � �����#3 O 	 Qò3 �O[� 	 Q �  Ùð+|#} ~ 	 ð | � } ~ � ���������C�
with � ����� asmoothtaperingfunctionsuchthat � ��»+�e��v and �	��
��� � � ���!�e�Î» . Thesetup(12) is aspecialcase

of theabove with � a stepfunction. This enhancementappliesequallywell to thehybrid time-frequency scheme

of (6).

4 Implementation

Thetime-scaledistribution series(12) hasbeenimplementedandperformswell. However, lack of a closedform

expressionfor the Bertranddistribution of the Klauderfunction limits the computationalefficiency of the tech-
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nique.For applicationsin whichcomputationandstorageareatapremium,wehavedevelopedanapproximation

to (12)with thefollowing justification:

1. Evenwhenthesignalwe analyzeis wide-band,eachlocal cross-Bertranddistribution involved in (12) is

reasonablynarrow-bandgiventhenarrow bandwidthof theKlauderwaveletsandthefactthatthey interact

at small distancesonly. Thus,sincethe BertrandandWigner distributionsresembleoneanotherclosely

for narrow-bandsignals[7], it is reasonableto replacethe Bertranddistribution in (12) with the Wigner

distribution.

2. For large valuesof
½

, the Klauder wavelet can be approximatedusing a modulatedGaussian(Morlet)

wavelet � ���C�e�Î& (6r × ´ ,�� × & = ,/.)0��Lr with � �Ñ¹eÛ¤����� � ½�"Ñv� and
�s±���� � ½â"ÊvT�oÛ¤� � ¹e�

.

With thechangeto aWignerdistributionandMorlet waveletanalysis,weobtainclosedformexpressionsfor the

auto-andcross-Wignerdistributionsin theapproximationto (12). TheWignerdistributionof a Morlet waveletis

the2-dGaussian
� � ���8�C���4� � � � �������%�o�a� , Û � , �������!�o�u� � � � �/�§� � ± �o� , � . Thecross-Wignerdistributionbetween

aMorlet wavelet � ���C� andashiftedandscaledversionof itself  �G�-�<�³² ( @ ´ ,n � �o�G�e���on�oÛT²¤nB� is givenby�<�
	 !T���8���9���#" �$ @ ����� û � $ , "&% $�' � ,ß $ @ ÿ(����� û � � ,� � , � ���e�<�Fn� ,� � , ² ,n ÿ(������)*% � �#�sn � �e� �e�<�Fn²¤n  ,+ �
with

$ @ � @- � × �ov["ÊvTÛT² ,n � , $ , �¯� @,�� × �G���Ç�G�e���ons�oÛT² ,n � and
$�' �.�e�/�sn["Ç�snÛT²+na� � ���

. Theresultsobtained

using(12)andits Wigner/Morletapproximationshow only veryslightdifferences.

Figures4, 5, and6 illustratetheperformanceof thenew hybrid time-scaledistribution. In Figure4, weexhibit

theconcentration/interferencetrade-off of theschemevs. thethresholddistance� in (12). In Figure5, weanalyze

a multicomponentsyntheticsignal. In Figure6, we analyzea “click” signalof a bottle-nosedolphin. Hybrid

time-scaleanalysiscombinesthehigh resolutionof theBertrandandWignerdistributionswith thequasi-linearity

of thescalogram(squaredmagnitudeof thewavelettransform).

5 Conclusions

In this paper, we have developeda new approachto time-scaleanalysisthat offers an easilycontrolledtradeoff

betweenlinearity andbilinearity. Throughoutour development,we have stressedtheuseof theright ingredients

for time-scaleanalysis.TheBertranddistribution,waveletframewith minimumuncertaintyKlauderwavelet,and

Lobachevsky time-scaledistancecombineto form arepresentationcapableof matchingabroadclassof wide-band

signals.

Acknowledgments: TheauthorsthankWilliam Williamsof theUniversityof Michiganfor thebottle-nosedolphin

click signalandfor permissionto useit in thispaper.
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Table1: Frameboundsfor waveletframesgeneratedusingaKlauderwavelet( /10325456 and 780:9;6�6 ). We fix thetime-step
parameterat <�=>0?9 andvary thescaleparameter@A= .²¤n Æ    ÅÛ�Æ

1.44 0.43 6.28 14.3
1.27 2.82 6.31 2.24
1.15 7.86 8.07 1.027
1.14 8.44 8.56 1.013
1.13 9.09 9.14 1.006

Table2: Frameboundsfor B -voice wavelet framesgeneratedusinga Klauderwavelet ( /C0D2�4�6 and 7C0E9;6�6 ). We fix< = 0?9 , @ = 0F2 , andvary thenumberof voices B .ä Æ    ÅÛ�Æ
2 1.4 14.2 10.0
3 7.5 14.3 1.90
4 13.4 15.6 1.16
5 17.9 18.4 1.02
10 36.3 36.3 1.00
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frequency time

(a) (b)

Figure1: (a) SpectrumG HJILKNM�G × and(b) time waveform OPIRQSM of theKlauderwavelet(10) for differentvaluesof theparametersT and U .
Fromtop to bottom: TWV3XZY5[�U\V�Y5] ^_ILK q Va`�] Y Hz [*bFVcXZM ; TWVa^�Y5[�U\Ved�] f�ILK q Ve`�] Y Hz [gbFV�Y�M ; T\Vhfi`i`�[jUVcX�`k`lILK q V`�] Y Hz [�beVnmkM .

time
o

fr
eq

ue
nc

y

time
p

Figure2: Time-frequency tiling correspondingto a 3-voicewavelet-frame.Eachof thesymbols q , j and r representsa dyadicframe
basedononeof the3 motherwaveletsHts5ILKNM,VDHI�Y�s�u�v5KNMS[�weVD`�[ZXi[�Y .

t0
x
time

fr
eq

ue
nc

y

fc
a0y

time
x

Figure3: Iso-contoursof theLobachevsky distancebetweenthe referencepoint IRQ q [�z q M andtheotherlocationsof a 3-voiceswavelet
framepattern.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure4: Concentrationvs. interferencetrade-off of the hybrid linear/nonlineartime-scaleanalysisscheme(12) asa function of the
distancethreshold{ . We compare(a) thescalogram(squaredmagnitudeof thecontinuouswavelettransform)with hybrid representations
of (b) {,V|` , (c) {,VC`�]}X , (d) {,VC`�] Y , (e) {~VC`�] � , (f) {,V|`�] ^ , (g) {,V|`�] � , and(h) {~VËh (Wignerdistribution). We employ the
Wigner/Morletapproximationof Section4. Horizontalaxiscorrespondsto time,verticalaxisto frequency.

(a) (b) (c) (d)

Figure5: Time-frequency andtime-scaledistributionsof atestsignalcomposedof asinusoid,ahyperbolicchirp,aKlauderwaveletpulse,
anda local singularityof theform G Q�gQ q G © q�� ��� . Horizontalaxiscorrespondsto time, verticalaxis to frequency. (a) Wignerdistribution.
(b) Bertranddistribution. (c) Scalogram.(d) Hybrid linear/nonlineartime-scalerepresentation(12)with interactiondistance{�V�`�] f .
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(a)

(b) (c)

(d) (e)

Figure 6: Time-scaledistributions of two “clicks” emittedby a bottle-nosedolphin. (a) Time signal. (b) Scalogram. (c) Wigner
distribution. (d) Hybrid time-scaledistribution, {�V�`�] Y . (e)Hybrid time-scaledistribution, {�V�`�] f .
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