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Abstract

Themultifractal spectruncharacterizeghe scalingand
singularity structues of signalsand provesusefulin nu-
meous applications,from networktraffic analysisto tur-
bulence Of greatconcernis the estimationof the spectrum
fromafinitedatarecod. In thispaperwederiveasymptotic
expressionsfor the bias and variance of a wavelet-based
estimatorfor a fractional Brownianmotion(fBm) process.
Numebusnumericalsimulationgdemonstatetheaccuracy
andutility of our results.

1 Introduction

The studyof fractalquantitiesandstructureshasproved
to be of outstandingsignificancein mary disciplines[2, 9,
12, 13, 14]. The fractional Brownian motion (fBm) ran-
dom processfor example,hasa “fractal” or highly erratic
appearancthathasprovedusefulfor network traffic, turbu-
lence,andtexture modeling.

However, for mary applications,fBm is too homoge-
neous,or monofractal. Thatis, its local degreeof Holder
continuity H; is the sameat all timest. Most real-world
signals, on the other hand, exhibit multifractal structure,
meaninghat H; varieserraticallywith time [13].

The multifractal structureof a processs efficiently rep-
resentedy the multifractal spectrumy (a), the dimension
of the setof timest with H; = a: the smaller f(a) the
smallerthechanceof finding H; = a. The multifractal for-
malismcornvenientlyrelatesf to theratefunctionof aLarge
Deviation Principlethatis very amenableo estimationin
practice.

This paperdealswith the estimationof the multifractal
spectrumfrom afinite-length,discrete-timedatasequence.
Sincewe areinterestedn thefractalor scalingstructureof
the sequenceit is no surprisethatthe multi-scaleanalysis
of thewavelettransform[3] provescorvenient.In contrast
to previous works on multifractal spectrumestimation we
derive asymptoticexpressiongor the biasandvarianceof
theestimator(for the caseof anfBm analysis).In thisway,
ourwork is anextensionof thatin [1, 4].
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2 Multifractal Analysis

Processewvith local singularities(cusps,ridges,edges,
chirps, etc.) appearin mary fields of endeaor [2, 9, 12,
14]. The singularity behavior of a processY (¢) attime ¢
canbe characterizedby its Holder exponentH; througha
comparisorwith analgebraidunction. We defineH; asthe
largesth suchthat thereexists a polynomial P satisfying
|Y'(s) — P(s)| < C|s — t|" for s sufficiently closeto ¢.

The multifractal spectrungivesa descriptionof the sin-
gularity contentof a process. In this section, we will
overview the 1-d multifractal spectrumtheory from the
standpoinbf wavelet-base@stimators.

2.1 Wavelets: Detecting local singularities

The waveletdecompositiorcorveys informationon the
oscillatorybehaior of aprocess”. Considera1-d orthog-
onal, L'-normalizedwavelet basiscomprisedof elements
Wik = 2799(279t — k) with (j,k) € Z® [3]. Assume
thatthe motherwavelety) hasR vanishingmoments;that
is f[z"¢(z)dx = 0, r = 0,...,R. The L'-normalized
waveletcoeficientsof Y aregivenby

djy = /OO Y (t) 279 (277t — k) dt. (1)

Let k29 — ¢t meanthatt € [k27, (k + 1)2[ andj —
—o0. The argumentof [10, p. 291] generalizesasily to
shav that|Y (s) — Y ()| = O(|s — t|*) implies

;] = O(27)

for ary a > 0 andary waveletwith R > H. Thus,the
oscillatory/scalingoehaior of a processcarriesover into
thelocal scalingpropertieof its waveletscoeficients,pro-
videdthewaveletis moreregularthanthe process.

ask2l — t. (2)

2.2 Multifractal spectrum

Ratherthanthe Holder exponentH,, considerthe fol-
lowing wavelet-basedbcal singularity strengthmeasue

k27 —t

1
a(t) := lim jlog2 |djkl - (3)



Smallera(t) correspondo largeroscillationsin Y andthus
moresingularY attime¢. Typically, a processwill possess
mary differentsingularity strengths. The frequengy (in %)
of occurrencef a givensingularitystrengtho is measured
by the multifractal spectruni15, 14]

1
f@) = lim lm ——log, M; (4)
M]‘ = # {k : 2](a+6) S |dj,k| S 2j(a_5)} .
ForklyinginO,...,277—1, f takesvaluesbetween-1 and

0. Smaller f(«) meansthat“fewer” pointst behae with
strengthn(t) ~ a. If oy denoteshevaluea(t) assumedby
“most” pointst, then f(ap) = 0.

2.3 Multifractal formalism

While the multifractal spectrumf containsvaluablein-
formationon the singularitybehaior of Y, it is, unfortu-
nately hardto calculate.A simplerapproachmakesuseof
thetheoryof largedeviations[5]. In thisanalysisf isinter-
pretedastheratefunctionof aLargeDeviation Principle: f
measurelow frequently(in k) theobsered(1/5) log |d; |
deviatefrom the“expectedvalue” aq in scalej. In ourcon-
text, this correspondgo studyingthe scalingbehaior of
themomentsf thewaveletcoeficients(comparealsowith
[2]).

Definethe partition function

T(q) := lim log, IE|d;|?. (5)
J——0o0

Thepartitionfunctionmeasurethe scalingof the moments
and higherorderdependenciesf the wavelet coeficients
andthe singularitystructureof the processll in one. Note

thatT is always concae, since momentgeneratingunc-

tionsarelog-corvex.

The multifractal formalism posits that the multifractal
spectrumcan be calculatedby taking the Legendretrans-
form of the correspondindgog momentgeneratingunction
[14, 15

fla) = fu(e) =
Simple calculusshaws that f1,(a¢) = gqa — T(q) ata =

T'(q) providedT" (q) < 0. For obviousreasonsthe func-
tion fi.(«) is termedthe Legendie spectrum

irqlf [ga — T'(q)]- (6)

2.4 Fractional Brownian motion

A fractional Brownian motion (fBm) B with param-
eter H is a non-stationaryGaussianprocessB(t) ~

N(0,02[t|*H) with stationaryself-similarincrementg6]

B(t+7)— B(t) £ B(r) - B0) £ 7BQ1). (7)

(Hereg denotequalityin finite-dimensionatlistribution.)
The wavelet coeficients of an fBm sport the following
propertieq6]

P1. stationarity: dj 4 djo VEk.

P2. Gaussianity: d;x ~ N(0,0,2%4),
with oy, aconstantdependingn.

P3. almost decor relation: ,
E[d; rdjr o] ~ |27k — 279 k' [2(H-R),

P4. scaling:  d; . < 212 dy .

Becauseof P2andP3,we will assumehenceforththatthe
fBm waveletcoeficientsareexactlyuncorrelate@ndhence
independent.This is not an unreasonablassumptior{6].
Furthermoresincethemoment®of orderg < —1 of aGaus-
sianareinfinite, eitherP2or P4yields

_JgH g¢>-1
g ={ ", 127 ®)
andthusthat
-0 a< H
fl@)=fula)=4¢ 0 a=H 9)
H—a a>H

3 Multifractal Spectrum Estimation
using Wavelets

We now discusswavelet-basedstimationof the multi-
fractal spectrumIn the simplecaseof fBm, we will derive
asymptoticesultson the first andsecondrderstatisticsof
theestimate.

3.1 Wavelet-based estimator

To estimatethe multifractal spectrumgiven N samples
of asinglerealizationof anfBm processyetake ad\antage
of the stationarityof thewa\/eletcoeflc:lents{d]k 1 j =

,logy(N), k = 0,...,N27J — 1} within scale. For
q > —1, definethecrudesampleestimatorfor themoments
of thewaveletcoeficientsasfollows:!

~ 1 N277 1
Si0) = Fomr D il (10)
k=0
., 1 N277 -1
4 ojgH
= 2 5o ; |dok|*.  (11)

We estimatethe partition function asthe power-law ex-
ponentof thevariationof S; (g) versusscale2?. In practice,

we usea linear regressionof log, S;(g) versus;j between
scalesj; andjs

J2
q) ==Y a; log, S;(q)

J=j1

(12)

1SincetheWaveIetcoeficientsareGaussian§j (g) convergesonly for
qg>—1.



Theregressionweightsa; mustconformto the two condi-
tionsy ;a; = 0and}_,ja; = 1[4]. Usingthesimple
form that the Legendretransformtakes for differentiable
functionssuchasT', we canestimatef, («) througha lo-

cal slopeestimationof f(q)

{ a(a:) = [T(gi1) -
folala)) = qid(a) -

3.2 Statisticsof the estimator for fBm

T(@))/q0, @ = ido

. 13
g, (13)

While randomdatais typically involvedin applications
of multifractalspectrunestimationthestatisticsof theesti-
matorshave not previously beenderived. In this sectionwe
take a first stepin this direction by derving approximate
first andsecondorderstatisticsfor the wavelet-basednul-
tifractal spectrumof fBm. The analysisof fBm is a good
startingpoint, sinceits trivial spectrunis actuallynontriv-
ial to estimatedueto (i) divergingmomentdor ¢ < —1 and
(i) alinear partitionfunctionfor ¢ > —1. Testinga mul-
tifractal spectrumestimatomwith anfBm processs akin to
testinga Fourier spectrumestimatorwith a sinusoidalpro-
cess.In the following, recallthat we assumehatthe fBm
waveletcoeficientsareindependentOur resultsshouldbe
comparedvith similaronesin [4].

Preliminaries. As definedin (11), §j(q) is the unbi-

asedsamplemeanestimatoifor therandomvariable|d; |
which, usingP2,has, for g > —1, probabilitydensityfunc-

tion p(u) := f\C - ui! exp 2—2/;) with finite mean

and variance. Applying the Central Limit Theorem,we
have

Si(q) » E|d; 1|? asN — oc. (14)

More precisely usingP4,we have that§j(q) is asymptoti-
cally normal(AN) with meanu = 2779 IE|dy o|? andvari-

2 T(q)
anceo;, = w_z\éw [16]. It is clearthat (i) u

is independenof the samplesize N and (ii) a]q — 0 as

N — oo. Therefore,log, Sj( ) is alsoAN [16, p. 118]
with

Elog, S;(q) = jT(q) +log, E|do,l7,

log2 e Var|dyo|? (15)

2-IN IE2|d0,0|q °

Var log, S i(q) =

The estimator(12) for the partition functionis a linear
combinationof (independentpN randomvariables.From
the constraintSmposedon theweights{a,}, thefollowing

statisticsof T(q) arestraightforvardto derive [4]:

ET(q) = T(q)

~ os2 e T +% . 16
Varf(q) = "8 (ﬁrf"q;_l))—>zj 2. 19

Thus,f(q) is (asymptotically)unbiased.However, for fi-
nite samplesizesN < oo, log, S;(g) behaesmorelike

Elog, S;(q) = 57(q) + 9(j), with limny—i , o 9(4)/§ =

empirical _ =
- - theoretical _=
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Figure 1. Statisticsof the estimatorf(q) Versusgq.
() IEf(q); (b) log Varf(q). Numericalresultsbasedon
1000realizationsof anfBm (exact Cholesly synthesisal-
gorithm)with H = 0.8 and N = 1024 anda Daubechies
waveletwith threevanishingmoments.

. In practice, the scale-dependettias g(j) introducesa

correspondlngmasmto T( ) (seeFigurel(a)).
Bias.  Using the linearity of estimator(13), the first

momentof a andﬁ(a) read(for ¢ > —1 andN — o)
Ed(g) = ¢ (ET(q:) ~ET(@)) = H, (17)

Efi(a(g:) =0, ¢ >—1. (18)

While asymptotlcallwnblasedthef|n|te samplebiasin

T(q) carriesoverinto & ande( ), with thebiasincreasing
with ¢ (seeFigure2(a)). Thiscanbeexplainedby therateof
convergenceof the samplemomentestimatoraisedin (11).
For ¢ = 1, theBerry-Es&entheorem[16, p. 33] assertan

O(N—'/?) ratefor the corvergenceof the normalapproxi-
mationerror. For ¢ = 2, eventhoughthis O(N~'/2) rate

(foundvia consideratiorof S;(2) asa U —statistic[16, p.
193]) continuego hold, theasymptoticconstantis larger.

Variance: We now estimatethe varianceof a(g;) un-
der the independencéypothesidor the fBm wavelet co-
efficientsandthe resultingasymptoticnormaldistributions
(N — o0). A straightforvardcalculationyields

a5 Varé(q;) =
VarZ(gi11)+VarZ (a:) =2 cov(T(qi+1), T(a) ) (19)

and
O‘/(T(Qi+1)a T(Qi)) =

S cov(logy ;(4i+1),10g, S () - (20)

J=u



Theestimateéf“(qi) arecorrelateddueto thecorrelations
in the S;(g;). Usinga momentestimationtheorem[16, p.

68], we know that the variablesgj (g:) and §j(qi+1) are
jointly Gaussiamwith covariancematrix elements

Oiiv1 = IESj(¢ + giv1) — ES;(g:) IES;(git1)
— %2j(‘1i+9i+l)H(]E|d0 o|% T4+ —1E|dg 0|% IE|dp 0 qi+1) .

(21)

Usingagaina multivariategeneralizatiorof the asymptotic
theoremon functionsof AN randomvariables[16 p.122],

the co\/arlancebetweenlog2 S (g:) andlog, S (gi+1) can

i +ai41
be written as 1°g§\,62 (E‘Eyltj‘;fﬁldo,o‘wﬂ - ) Finally,
we have
2 J2
R 7 logs e .
Vara(qi) — \/_7& E a? 27

Ng

J=i

itgip1+1
QF (‘1 q2+1 )

T(gi+5)  Tlg+5)
2 s + 1 -

) () r ()T ()

(22)

g
re (%

Figure 2(b) demonstrategxperimentallythat Vara(q)
doesnot vary significantlywith the samplingrate g, (de-

fined in (13)): the prefactor g, 2 in (22) is balanced
by the increasing correlation between 10g25 (¢:;) and
log, S (gi+1) Whenqo — 0. In contrasto thesimplifiedes-
timatora(q) = ;T( ) proposedn [4], the estimatora(q)

from (13) hasa highervariance. However, a(q) is not fit
for therecovery of the multifractalspectrunmfrom aLegen-
dre transformfor at leasttwo strongreasons.First, when
studyingprocessestherthanfBm, partition functionswill
generallynot be linear but strictly concae, in which case
the simplified estimatoris not appropriate. Second,even
for fBm the simplified estimationsof H will dependon ¢
dueto bias(seeFigure1(a)). Usinga(q) insteadof a(q)

in (13)the Legendretransformyields f1.(a(q)) = 0 Va(q),

hencea flat spectrum.Sucha spectrunmcould very well be
mistalenfor theoneof ageneralized\eierstrassultifrac-
tional procesd8], a processwith indeeda varying H; and
aflat spectrum.Thus,the simplified estimatoris unreliable
for distinguishingoetweermonofractaendmultifractalbe-
havior. In contrast,the estimator(13) shaws a significant

local maximum f,(a) = 0 ata(q) = H for monofractal
processesuchasfBm (seeFigure 3) anda flat spectrum
for the generalized\eierstrassnultifractionalprocesgsee
Figure4).

3.3 Further caveats

Thecase ¢ < —1:  Wheng < -1, our Gaussian
assumptiondail. Corvergencetheoremson iid infinitely
divisible laws statethat properly normalizedsumsof iid

e} ’ q—l
E -0.1; v q=2

. -+ =3

0.12 e g4

-0.14,

-0.16, : : : . .
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Figure 2. Statisticsof a(g). (a) Bias: a(q) is asymp-
totically unbiased. We plot the evolution of H — IEa(q)
versusthe samplesize N for differentvaluesof exponent
q. (b) Variance:We plot Vara(q;) versusy; for N = 1024
andfor two valuesof go (* anddashedine). Experimental
conditionsareidenticalto thoseof Figurel.

|d;,x|? corvergetowardsa stablelaw [7] with stability pa-

rametery = —1/q
_1 ex uz/q
p 20% )

_\/i
u
VTOojq

For-2<1/¢—1 < —1andforallr > —1/¢, Eu" isinfi-
nite. An empiricalstability testallows usto setS;(q) = oo
wheneer the series|d; . |? follows (approximately)a pos-
itive stabledistribution. The experimentalresultsin Table
1 correspondo the estimationof v (usingthe Koutrou\elis
procedurd11]) from onescalebandof fBm waveletcoefi-
cients.

Adaptive linear regression:  The standardinear re-
gressiornof (12) is optimalonly for Gaussiarrandomvari-
ables. In the finite sample,non-Gaussiamase,we could

concevably computethe probabilitydensityfunction§j (q)
andadjusttheregressiorparameterga; } to minimizesome
errormeasuren the partitionfunctionestimatg12).

4 Conclusions
In this paperwe have derived, in the simple caseof
the fBm, thefirst andsecondorderasymptoticstatisticsof

Q=

p(u) = (23)



Figure 3. Empirical statisticson ?Z(a(q)) plotted ver-
susa(q)) for fBm. The dasheddot line correspondgo
the theoreticalLegendrespectrum. The error barsdenote
thestandardieviation onthe estimatesy(q). Experimental
conditionsareidenticalto thoseof Figurel.

Table 1. Koutrouelis stability test[11] appliedto the se-
ries {|d;=1,x|?} obtainedfrom onescaleband(j = 1) of
the wavelet transformof anfBm. Forgq < —1, |d;=1,%|?
is asymptoticallystabledistributedwith stability parameter

v=-1/q.

q -10 -5 -3 -1 1
-1/q 0.1 0.2 0.3 1 2
estimatedy || 0.125| 0.215| 0.345| 0.75| 1.81

a wavelet-based egendremultifractal spectrumestimator
Ourresultsindicatethatbecausef its decorrelatingpower,
thewavelettransformis well adaptedo estimatingnoment
generatingunctions. In additionto providing confidence
intervals on the multifractal spectrum,the statisticscould
be employed to constructan approximatehypothesistest
for thevalidity of anfBm modelin a givensituation.

Our ongoingresearcHocuseson extendingthe statisti-
cal calculationgto the generalmultifractal case(going be-
yond the work of [1, 4]), dealingwith diverging moments
usingthe Koutrou\elis stability test,and developingadap-
tive weightedinearregressiongor non-Gaussiadata?
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