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Abstract

Wavelet-domaiHiddenMarkov Tree(HMT) modelsare
powerful tools for modelingthe statistical properties of
wavelettransforms By characterizingthejoint statisticsof
thewaveletcoeficients,HMTsefficiently captuie the char-
acteristicsof a large classof real-worldsignalsandimages.
In this paperweapplythis multiscalestatisticaldescription
to thetexture sggmentatiorproblem.We alsoshowhowthe
Kullbadk-Leibler(KL) distancebetweenexture modelscan
providea simpleperformancéndicator.

1 Intr oduction

The goal of an imageseggmentationalgorithmis to as-
sign a classlabel to eachpixel of animagebasedon the
propertiesof the pixels and their relationshipswith their
neighbors. The segmentationprocessis a joint detection
andestimatiorof theclasdabelsandshape®f regionswith
homogeneoubehaior.

For properseggmentationof images,both the large and
small scalebehaiors shouldbe utilized to segmentboth
large,homogeneousgionsanddetailedboundaryregions.
Thus,it is naturalto approactihesegmentatiorproblemus-
ing multiscaleanalysis.Efforts have beenexertedto model
this multiscalebehaior with autorg@ressie models[1, 2]
andmultiscalerandonfields[3]. In this paperwe propose
a multiscaletexture sggmentationalgorithm basedon the
wavelettransform.

Recently the wavelet-domain Hidden Markov Tree
(HMT) modelwasproposedo modelthestatisticalproper
tiesof wavelettransformd4, 5]. By modelingeachwavelet
coeficientasa Gaussiammixture densityandby capturing
the dependenciebetweenwavelet coeficients as hidden
statetransitionsHMTs provide anaturalsettingfor exploit-
ing the structureinherentin real-world signalsandimages
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for signaldetectiorandclassification.

In this paper we apply the tree structureof the HMT
model to multiscalesignal classification. By computing
thelikelihoodsof dyadicsub-blocksf theimageat differ-
entscaleswe obtainseveral “raw” seggmentations Coarse
scalesggmentationsare more reliable for large, homoge-
neousregions,while fine scalesggmentationaremoreap-
propriatearoundboundariebetweerdifferenttextures.By
combiningraw segmentationgrom differentscalesye ob-
tain a robust and accurateoverall result. In addition we
demonstrat¢he useof the Kullback-Leibler(KL) distance
betweenmodelsas a preliminary performanceindicator
Beforewe develop thesenew algorithms,we sketchsome
backgrounanwaveletsandwavelet-domairHMT models.

2 Background
2.1 Thewavelettransform

The discretewavelettransform(DWT) represents 1-d
signalz(t) in termsof shiftedversionsof alowpassscaling
functiong¢(t) andshiftedanddilatedversionsof aprototype
bandpassvaveletfunction(¢) [6]. For specialchoicesof
¢(t) andy(t), the functionse; ,(t) = 29/2¢ (27t — k),
¢ (t) = 29/2¢ (27t — k), with j, k € Z formanorthonor
mal basis,andwe have the representatioft]

2= Y Uik Dok + DD wiktik, (1)
k J=jo k

with uj = [ 2(t) ¢5 . (t) dt andw; 1= [2(t) ¢5 , () dt.

Thewaveletcoeficientw; , measureshesignalcontent
aroundtime 2=7k and frequeng 27 f,. The scaling co-
efficient u; ;, measureshe local meanaroundtime 277k,
TheDWT (1) employs scalingcoeficientsonly at scalejg;
wavelet coeficientsat scalesj > jo representigherres-
olution approximatiorto the signal. Any filter bankDWT
implementatiorproducesll of thescalingcoeficientsu;, ,
j > jo asanaturalbyproduct6].

To keepthe notationmanageablé the sequelwe will
adoptan abstractindex schemefor the DWT coeficients:
Uj ke —> Uiy, Wik — W;.



We caneasilyconstruc-d waveletsfrom the 1-d+ and
¢ by settingx = (z,y) € R® andy™(x) = 9 (z)¢(y),
$H(x) = (a)i(y), andyH(x) = (a)(y). If welet
U = {pHt tH »HHY thenthe setof functions{t; x =
211)(27x—K)} ycw jez kez2 formsanorthonormabasisfor

L,(IR?); thatis, for every z € Ly(R?), we have

z= D Wik ikt D Uik biok, (2

i>jo,kEZ2 YT kez?

f R?2 2(x) o e (

with u]O k

Jre 2(X) 05 ( _)

2.2 Hidden Mark ov treemodel
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The compession property of the wavelet transform
stateghatthetransformof mary real-world signalsconsists
of a small numberof large coeficientsand a large num-
berof smallcoeficients. We canconsiderthe collectionof
smallwaveletcoeficientsasoutcomef aprobabilityden-
sity function (pdf) with small variance.Similarly, the col-
lectionof large coeficientscanbe considerecasoutcomes
of apdfwith largevariance Hence thepdf fy, (w;) of each
waveletcoeficientis well approximatedy Gaussiarmix-
ture model To eachwaveletcoeficient W;, we associate
discretehiddenstateS; thattakesonvaluesm = 1,..., M
with probability massfunction (pmf) pg, (m). Conditioned
onS; = m, W; is Gaussiarwith meany; ., andvariance

m- Thus,its overall pdf is givenby

ZPS

We consideonly thecaseof M = 2 in this paperhowever,
theGaussiamixturemodelcanprovide anarbitrarily close
fit to theactualfyy (w) asM > 2.

To generata realizationof W usingthe mixturemodel,
we first randomly select a state variable S according
to ps(s) and then drav an obsenation w accordingto
Jw|s(w|S = s). Although eachwavelet coeficient W
is conditionally Gaussiangiven its statevariable S, the
waveletcoeficienthasanoverallnon-Gaussiadensitydue
to therandomnessf S.

HMT modelsare multidimensionalmixture modelsin
which the hiddenstateshave a Markov dependeng struc-
ture [4]. Oncewe model the maminal density of each
wavelet coeficient asa Gaussiarmixture model, the cor-
relation betweenwavelet coeficients can be capturedby
specifyingthe joint pmf of the hiddenstates. To capture
the “persistence’of large/smallvaluesof wavelet coefi-
cientsacrosscaleswe canmodelthe correlationdbetween
waveletcoeficientsasa binarytreewhereeachbranchin-
dicateghedependengbetweerthe connectedoeficients.
Although coeficientsthat arenot connectedy the binary

m) fw,s, (wilSi =m).  (3)

(b)

Figure 1. (a) Quadtreeof 2-d wavelet coeficients for
eachsubband,(b) 2-d wavelet-domainHMT model. We
modeleachcoeficientasa Gaussiamixturewith a hidden
statevariable. Black nodesrepresentvavelet coeficients;
white nodesrepresenhiddenmixture statevariables.Con-
nectingthe statesvertically acrossscaleyields the HMT
model.

treemodelare also correlatedwe ignorethesedependen-
ciesto simplify themodel.

In orderto describethe relationshipshetweenwavelet
coeficients,we will usethe notationp(i) for the parentof
nodei. We alsodefine7; asthe subtreeof wavelet coef-
ficientswith root at nodes, sothatthe subtree7; contains
coeficientw; andall of its descendants.

The HMT model is specifiedvia the Gaussiarmixture
parameterg; ., o7 ,,, thetransitionprobabilitiese” ) =
Ps;|S,, (M|S,:) = n), andthe pmf pg, (m) for the root
nodeS;. Thesegparametersanbegroupednto amodelpa-
rametewrvector®. WetraintheHMT to capturgahewavelet-
domaincharacteristicsf the signalsof interestusingtheit-
eratve ExpectatiorMaximization(EM) algorithm[4]. For
agivensetof trainingsignals thetrainedmodel® approx-
imatesthejoint pdf f(w) of all waveletcoeficients

i,m?

In the HMT model,eachwavelet coeficient W; is con-
ditionally independenof all otherrandomvariablesgiven
its stateS;. Furthermoregiventhe parentstatesS,;), the
nodes{S;, W;} areindependendf theentiretreeexceptfor
Si's descendantsThe Markov structureof the modelis on
the statesof thewaveletcoeficients,noton the coeficients
themseles(seeFigurel(b)).

ThewaveletHMT modeleasilygeneralizeso 2-d using
a quadtreemodelto capturethe dependenciebetweerthe
wavelet coeficients, with eachwavelet stateconnectedo
thefour “child” waveletstateselow it (seeFigurel). The
EM algorithmfor the 1-d HMT modelin [4] canbe used
without modificationif we interpretthe parent-childrela-
tionsbetweemodesappropriatelyfor quadtrees.



3 Multiscale Segmentationusing HMT
3.1 Multiscale classification

The key stepin our sggmentationalgorithmis to clas-
sify dyadicblocksof theimageat differentscaleshasecdn
trainedHMT models.For classificationwe usethe princi-
ple of maximumlik elihooddetectiont

Givenanimageof 27 x 27 pixels,we definethe dyadic
squaesatscalej to bethesquare®btainedby dividing the
imageinto 27 x 27 squareregionsof size2’ =7 x 27~7 pix-
elseachfor j = 0,...,J. Denoteeachdyadicsquareas
D;, wherei is anabstracindex, with J(¢) the scaleof D;.
In the sequelwe will usethe Haarwavelettransform.Be-
causeeachHaarwavelet coeficient is computedfrom the
pixel valuesin adyadicsquarewe have aone-to-on&orre-
spondencéetweerthe waveletcoeficientsandthe dyadic
squares.

Although the dyadic squaresat a certainscaleare cor-
related,we assumehatthey areindependentor the multi-
scaleclassificatiorstep. We capturethe dependenciekater
by combiningclassificatiorresultsfrom differentscales.

Texture classificationusing the HMT is simple: First,
we obtainwavelet-domainrHMT modelsfor the candidate
texturesby trainingHMTs on hand-sgmentedrainingim-
ages. Then, to classify a dyadic block, we computethe
conditionallik elihoodof thecorrespondingubtredor each
candidatdexture model;the texture modelmaximizingthe
likelihoodis chosenasthe texture of the block. This like-
lihood computationis easilyimplementedusingthe HMT
EM algorithm[4].

In a 2-d HMT model ®, we have threequadtreesor
respondingo threedifferent subbands.Denotethe three
quadtreemodelsas ®"H, @HL and ®', respectiely.
For subtreeT;'! in subband®™ correspondingo dyadic
squareD;, we computethe conditionallikelihood3;(m) =
F(THH|S; = m, ®"H) andconditionalprobability p(S; =
m|w, ®1H) wherew = {w;} is the collection of all
wavelet coeficientsin the subbandHH. Then,the condi-
tionallikelihood f (T;H|@HH) canbe computedas

M
FTHH@MH) = 3~ Bi(m)p(S; = m|w, "), (4)
m=1

FortheHL andLH subbandsye cansimilarly computethe
likelihoodsf (71t |©HL) and f(TXH| @), respectiely.
There are several ways in which we can combinethe
likelihoodsof the wavelet coeficientsfrom differentsub-
bands. The simplestand most effective methodwe have

found assumeghat all three subbandsare independent.

lwe canalsousethe maximuma posterioriprobability detectionif we
have prior pmfsof textureclasses.

Then,we simply multiply thethreelik elihoodfunctionsto-
getherto obtainthetotal likelihood f (D;|®) of the dyadic
squareD;. Anotherpossibilitytiesthe threeroot nodesof
thequadtreesogetherandcomputdik elihoodsfor thecom-
binedtree.

For eachnodei, the dyadicsquareD; canbe classified
by finding the texture model ® for which the likelihood
f(D;|®) is maximized,producinga raw segmentationof
the imagedown to 2 x 2 pixels imageblocks. We call
this sgmentatiora “raw” segmentationpecausave do not
useary relationshipbetweenseggmentationsacrossdiffer-
entscales.We expectthis “raw” segmentatiorto be more
reliableat coarsescalespecauselassificatiorof largeim-
ageblocksis morereliabledueto theirrichnessn statistical
information. However, at coarsescalesthe boundariede-
tweendifferenttextureswill notbe capturedaccurately At
fine scalesthe segmentationis lessreliable,but boundaries
arebettercaptured.

Whenwe computethelik elihoodsof waveletcoeficient
subtreesyweignorethescalingcoeficients. Thus,wedonot
take advantageof theinformationin thelocal brightnesof
theimage. This is why we canclassifyonly downto 2 x 2
blocks. We canobtaina pixel-level classificatiorusingthe
histogranof pixel brightnesdor eachtexture.

However, becauseve ignorethescalingcoeficients,the
local brightnesdevels of the texture regions do not affect
theperformancelovnto 2 x 2 scale.Thisis anadwantage
of the useof HMT modelfor texture segmentation. The
HMT model capturesonly joint statisticsbetweenpixels,
andthusit is robustto the changeof local averagebright-
ness.Thisis adesirabldeaturebecause¢helocalbrightness
of animageoftenvariesat differentregions. We now fuse
the resultsfrom eachscaleto obtaina final, reliable seg-
mentation.

4 Examples

In the first set of simulations,we segmenta simple
synthesizedexture image consistingof a combinationof
“grass” and “wood” texture imagesfrom the USC Image
Databasé. To keep things simple, we consideredonly
64 x 64 imagesin the simulation. First we randomlyse-
lectedfive 64 x 64 blocksfrom the original “grass” and
“wood” imagego trainrespectre HMT models.Thetrain-
ing wasperformedwith intra-scaletying [4] to avoid over-
fitting. Thetestimagewascreatedrom randomlychosen
64 x 64 grassandwoodimages.The mosaictestimageis
shawvnin Fig. 2(c); the (i, j) elementswith |i — j| < 18 cor
respondo wood texture andthe remainingregion is grass
texture.

Figure 3 shavs the segmentationresults at multiple
scales At coarsescalestheclassifications reliable,but the
detailsatthetextureboundariesirenotwell representedue
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Figure 2. (a) Grassand(b) woodtextureimagesrom the
USCimagedatabase.(c) 64 x 64 mosaictestimageto be
seggmented.

4 x 4-blockscale 2 x 2-blockscale pixel-level segmentation

Figure 3. Sgmentatiorresultsfor grass-wodimage

to thelargeblock size. The boundariesare betterclassified
at finer scalesbut we make more classificationerrorsbe-
causeof the paucityof statisticalinformationin eachsmall
block.

For the secondexample, we trained HMT and pixel
brightnessmodelsfor “text,” “image; and “background”
texturesusinghand-sgmenteddlocksfrom the 512 x 512
documentin Fig. 4(a). Choosingj, = 3 for the starting
scale(correspondingo 6-scalequad-tree®n 64 x 64 im-
ageblocks),we sggmentedhe512 x 512 testimagein Fig.
4(b).

Fig. 4(c)illustratestheresultingsegmentation Text, im-
age,andbackgroundegionsare displayedas black, gray,
and white, respectiely. All text regionswere sggmented
well, includingthetext surroundedby imagesonthebooks.
At the bottom,we obsene thatthe large-fonttitle text was
segmentedas image. This is becausehe homogeneous
texture inside eachlarge letter had propertiesmore simi-
lar to imagesthan (small-font) text. The backgroundre-
gionswerecorrectlyseggmentedeventhoughthebrightness
of thebackgroundrariesin differentareasandis corrupted
by a noise-like featurecausedy text onthereversesideof
thepage.

5 Accuracy Assessmentising KL distance

Our imageseggmentationtechniqueis highly dependent
uponaccurateclassificatiorof the dyadicsquaresA ques-
tionwhichariseqaturallyis how to determinghequality of
thisclassificatiorstep.We examinetheuseof theKullback-
Leiblerdistanceasa quality indicatot

TheKL distancebetweerpdf’s f! and f° is expressed

(@)trainingimage (b testimage

(c) interscaldfusedsegmentations

Figure 4. DocumensegmentatiorusingHMTseg.

as:

0 0(z) °(@) 4=
DI = [ POmpd 6

While not a true distancemetric, it doesgive a us senseof

how “far” onedensityis from another This intuitive sense
of distanceis mademore rigorous by examining Steins

lemma,which statesthat for binary hypothesigestingbe-

tweenp! andp®,

lnPF
Py < lim — =
If Py <a, '[henl_Jl_rg0 7

D(p|p°)  (6)

wherePy, is theprobabilityof guessindhypothesi® when
hypothesisl is true, andvice versafor Pr. This tells us
thatthe error probability decaysat bestexponentiallywith
theKL distancebetweerthetwo hypotheses.

Ratherthan use a numericalintegration technique ,we
approximatethe KL distanceby treatingit asan expected
value,since

noo) -

f1(x)
We now apply known statisticaltechniquedor meanesti-

mation. Estimatingthe KL distancein this way consistsof
threeseparatsteps.

DI = Ep [



1. Geneating data. First, we generatea large number
of realizationgdatasequences)ndermodelQ. This
stepis accomplishedn a straightforvard mannerby
first assigningstatesdown the the tree accordingto
the statetransitions.Giventhesestateswe thenran-
domlydraw thecoeficientsthemselesfrom the cor
rectdistribution.

2. Computinglikelihoods. Thelikelihoodof the datais
easilyobtainedby usingthe EM algorithm[4]. In our
case,we take the datageneratedy the first model,
and computethe differenceof log likelihoodsof the
dataundereachof thetwo models.This givesusthe

In }cf—gg termfrom (7), which we calculatefor each
of thedatasequencem stepl.

3. Computingstatistics. The estimatefor the KL dis-
tanceis obtainedby averagingthelog likelihoodval-
uesfoundin the previous step. Here we invoke the
law of largenumbergLLN) to claimthatasthenum-
berof samplesncreasegnote:thisrefersto thenum-
ber of datasequencesnot the size of the datase-
quences)theempiricalaveragewill approacttheex-
pectedvalue.

The KL distanceresultsfor the modelsin the above ex-
amplesarelistedin Tablel. It is importantto notethatthe
KL distanceonly yieldsanindicationof classificatioraccu-
rag if themodelsarewell matchedo thedata.lt hasbeen
shavn [7] thatthisis truefor alargeclassof real-world im-
ages.

If themodelsdo not closelymatchthe data,thenthe KL
distancemaynot give anindicationof thethe true misclas-
sificationrate. Without ary a priori knowledgeof the fit-
nessof the models,alarge KL distanceyieldsno informa-
tion aboutseggmentatiorperformanceOn the otherhand,a
smallKL distancedoesindicatethat eitherthe modelis a
poorfit, or thatthe modelsmatchthe datawell, but aretoo
closeprobabilisticallyto performa good classification.In
eithercaseasmallKL distancepredictsapoorperformance
by the HMT sggmentatioralgorithm.

6 Conclusions

In this paper we have developeda new framework
for texture sggmentationbasedon wavelet-domairhidden
Markov models. By conciselymodelingthe statisticalbe-
havior of texturesat multiple scalesandby combiningsey-
mentationsat multiple scalesthe algorithmproducesa ro-
bustandaccuratesggmentatiorof textureimages.

We believe the proposedseggmentationalgorithm can
be appliedto mary different types of images,including
radar/sonaimages,medicalimages(CT/ultrasound)and
documentimages(text/picture sgmentation).To incorpo-
rate differentcharacteristic®f variousimages,the use of

differentwaveletbasesandmorecomplicateccontext mod-
elsshouldbe investigated.The KL distanceis a goodini-

tial predictorof segmentationperformanceput generally
the analysisof detectionerrorsfor wavelet-domainHMT

basedtlassifiersemainsa futureresearchopic.

Tablel: KL distancesbetweenHMT models

D(fg’fass ‘ ‘ fwood)
Samples 10 100 1000
Mean 17711 | 17610 | 17712
Bias -9.725 | -4.718 | -0.581
Std.error || 238.98 | 108.03 | 28.64
D(f igurerback:ground)
Samples 10 100 1000
Mean 8570 9014 9158
Bias 107.1 | -47.25 -2.54
Std. error 916.7 | 348.3| 108.6
D(ftemt | |fba,ckground)
Samples 10 100 1000
Mean 40696 | 41195 | 41021
Bias 2.75 16.40 | 5.044
Std. error 447.0 | 139.66 | 47.28
D(ffigure ‘ ‘ftezt)
Samples 10 100 1000
Mean 2056 2081 2093
Bias 1.78 0.456 | -0.156
Std. error 29.97 9.386 | 3.204
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