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Abstract

Wavelet-domainHiddenMarkov Tree(HMT) modelsare
powerful tools for modeling the statistical propertiesof
wavelettransforms.By characterizingthejoint statisticsof
thewaveletcoefficients,HMTsefficientlycapture thechar-
acteristicsof a largeclassof real-worldsignalsandimages.
In thispaper, weapplythismultiscalestatisticaldescription
to thetexture segmentationproblem.We alsoshowhowthe
Kullback-Leibler(KL) distancebetweentexturemodelscan
providea simpleperformanceindicator.

1 Intr oduction

The goal of an imagesegmentationalgorithmis to as-
sign a classlabel to eachpixel of an imagebasedon the
propertiesof the pixels and their relationshipswith their
neighbors. The segmentationprocessis a joint detection
andestimationof theclasslabelsandshapesof regionswith
homogeneousbehavior.

For propersegmentationof images,both the large and
small scalebehaviors shouldbe utilized to segmentboth
large,homogeneousregionsanddetailedboundaryregions.
Thus,it is naturalto approachthesegmentationproblemus-
ing multiscaleanalysis.Effortshave beenexertedto model
this multiscalebehavior with autoregressive models[1, 2]
andmultiscalerandomfields[3]. In this paper, we propose
a multiscaletexture segmentationalgorithm basedon the
wavelettransform.

Recently, the wavelet-domain Hidden Markov Tree
(HMT) modelwasproposedto modelthestatisticalproper-
tiesof wavelettransforms[4,5]. By modelingeachwavelet
coefficient asa Gaussianmixturedensityandby capturing
the dependenciesbetweenwavelet coefficients as hidden
statetransitions,HMTsprovideanaturalsettingfor exploit-
ing thestructureinherentin real-world signalsandimages�
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for signaldetectionandclassification.
In this paper, we apply the tree structureof the HMT

model to multiscalesignal classification. By computing
thelikelihoodsof dyadicsub-blocksof theimageat differ-
entscales,we obtainseveral “raw” segmentations.Coarse
scalesegmentationsare more reliable for large, homoge-
neousregions,while fine scalesegmentationsaremoreap-
propriatearoundboundariesbetweendifferenttextures.By
combiningraw segmentationsfrom differentscales,weob-
tain a robust and accurateoverall result. In addition we
demonstratetheuseof theKullback-Leibler(KL) distance
betweenmodelsas a preliminary performanceindicator.
Beforewe develop thesenew algorithms,we sketchsome
backgroundonwaveletsandwavelet-domainHMT models.

2 Background�����
The wavelet transform

Thediscretewavelet transform(DWT) representsa 1-d
signal �	��
� in termsof shiftedversionsof a lowpassscaling
function ����
� andshiftedanddilatedversionsof aprototype
bandpasswavelet function ����
� [6]. For specialchoicesof����
� and ����
� , the functions ����� ����
����� ���� �"!�� � 
�#%$'& ,�'��� �(��
�)�*� ���� �+!,� � 
�#%$'& , with -/.�$+0 ZZ formanorthonor-
malbasis,andwehavetherepresentation[6]

�2143 �65 ��78� � � ��78� �%9 :3��;<�=7 3 �6> ��� � � ��� � . (1)

with 5 ��� � �@?A�<��
�'�CB��� � ��
��D/
 and > ��� � �@?E�	��
�(�FB��� � ��
��D/
 .Thewaveletcoefficient > ��� � measuresthesignalcontent
aroundtime �(G � $ and frequency � �IHKJ . The scaling co-
efficient 5 ��� � measuresthe local meanaroundtime �(G � $ .
TheDWT (1) employsscalingcoefficientsonly at scale- J ;
wavelet coefficientsat scales-"LM- J representhigherres-
olution approximationto thesignal. Any filter bankDWT
implementationproducesall of thescalingcoefficients5 ��� � ,-NL�- J asanaturalbyproduct[6].

To keepthe notationmanageablein thesequel,we will
adoptan abstractindex schemefor the DWT coefficients:5 ��� ��O 5<P , > ��� �@O >QP .
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We caneasilyconstruct2-dwaveletsfrom the1-d � and� by setting R2�S��TU.�V��W0 IR
 

and �)XZYU��RU�[1\����T<�����V�� ,�)Y]XF��RU�^1_����TZ�=����V'� , and �)XZXF��RU�^1`����T<�a����V'� . If we letb �dcI�)XZYZ.�)YeXf.��)XZXhg , thenthesetof functions cI�U��� ij�� � ���,� � RF#@kU�lgImCneo � � n ZZ � i n ZZ p formsanorthonormalbasisforq  � IR  � ; thatis, for every �r0 q  � IR  � , wehave�s1 3�utv��7w� i n ZZ p � mZneo > ��� i(� m � ��� ix9 3i n ZZ p 5 �=7y� i � �=7u� i . (2)

with 5 ��78� i � ? IR p �<��RU��� ��7w� i ��RU�aD/R and > ��� i(� m �? IR p �<��RU�=� ��� i ��RU�aD/R .�����
Hidden Mark ov tr eemodel

The compression property of the wavelet transform
statesthatthetransformof many real-world signalsconsists
of a small numberof large coefficientsand a large num-
berof smallcoefficients.We canconsiderthecollectionof
smallwaveletcoefficientsasoutcomesof aprobabilityden-
sity function (pdf) with small variance.Similarly, thecol-
lectionof largecoefficientscanbeconsideredasoutcomes
of apdfwith largevariance.Hence,thepdf H/zQ{ � >FP � of each
waveletcoefficient is well approximatedby Gaussianmix-
ture model. To eachwaveletcoefficient | P , we associatea
discretehiddenstate} P thattakesonvalues~�1��/.8�8�w�u.��
with probabilitymassfunction(pmf) �<� { ��~�� . Conditioned
on } P 1�~ , | P is Gaussianwith mean� P � � andvariance�  P � � . Thus,its overallpdf is givenbyHez�{ � >QP ��1 �3�F;�� �<� { ��~�� H z {a� � { � >QP � } P 1*~j�y� (3)

Weconsideronly thecaseof ��12� in thispaper;however,
theGaussianmixturemodelcanprovideanarbitrarilyclose
fit to theactual H z � > � as ��L�� .

To generatea realizationof | usingthemixturemodel,
we first randomly select a state variable } according
to � � ����� and then draw an observation > accordingtoH z � � � > � }�1���� . Although eachwavelet coefficient |
is conditionally Gaussiangiven its statevariable } , the
waveletcoefficienthasanoverallnon-Gaussiandensitydue
to therandomnessof } .

HMT modelsare multidimensionalmixture modelsin
which the hiddenstateshave a Markov dependency struc-
ture [4]. Once we model the marginal density of each
wavelet coefficient asa Gaussianmixture model, the cor-
relation betweenwavelet coefficients can be capturedby
specifyingthe joint pmf of the hiddenstates. To capture
the “persistence”of large/smallvaluesof wavelet coeffi-
cientsacrossscales,wecanmodelthecorrelationsbetween
waveletcoefficientsasa binarytreewhereeachbranchin-
dicatesthedependency betweentheconnectedcoefficients.
Althoughcoefficientsthat arenot connectedby thebinary

� {x�� {��{
�

(a) (b)

Figure 1. (a) Quadtreeof 2-d wavelet coefficients for
eachsubband,(b) 2-d wavelet-domainHMT model. We
modeleachcoefficientasaGaussianmixturewith ahidden
statevariable. Black nodesrepresentwavelet coefficients;
white nodesrepresenthiddenmixturestatevariables.Con-
nectingthe statesvertically acrossscaleyields the HMT
model.

treemodelarealsocorrelated,we ignorethesedependen-
ciesto simplify themodel.

In order to describethe relationshipsbetweenwavelet
coefficients,we will usethenotation �<���a� for theparentof
node � . We alsodefine   P asthe subtreeof wavelet coef-
ficientswith root at node � , so that thesubtree  P contains
coefficient >FP andall of its descendants.

The HMT model is specifiedvia the Gaussianmixture
parameters� P � �[. �  P � � , the transitionprobabilities¡ �F¢P � £w¤ P¦¥ 1� � {� � �� {¦� ��~ � } £8¤ P�¥ 1S§U� , andthe pmf �<�/¨���~j� for the root
node} � . Theseparameterscanbegroupedinto amodelpa-
rametervector © . WetraintheHMT tocapturethewavelet-
domaincharacteristicsof thesignalsof interestusingtheit-
erative ExpectationMaximization(EM) algorithm[4]. For
agivensetof trainingsignals,thetrainedmodel © approx-
imatesthejoint pdf H ��ªW� of all waveletcoefficients

In theHMT model,eachwaveletcoefficient | P is con-
ditionally independentof all otherrandomvariablesgiven
its state } P . Furthermore,given the parentstate } £w¤ P¦¥ , the
nodescK} P .l| P g areindependentof theentiretreeexceptfor} P ’s descendants.TheMarkov structureof themodelis on
thestatesof thewaveletcoefficients,noton thecoefficients
themselves(seeFigure1(b)).

ThewaveletHMT modeleasilygeneralizesto 2-dusing
a quadtreemodelto capturethedependenciesbetweenthe
wavelet coefficients,with eachwavelet stateconnectedto
thefour “child” waveletstatesbelow it (seeFigure1). The
EM algorithmfor the 1-d HMT model in [4] canbe used
without modificationif we interpretthe parent-childrela-
tionsbetweennodesappropriatelyfor quadtrees.



3 Multiscale SegmentationusingHMT«¬���
Multiscale classification

The key stepin our segmentationalgorithmis to clas-
sify dyadicblocksof theimageat differentscalesbasedon
trainedHMT models.For classification,we usetheprinci-
pleof maximumlikelihooddetection.�

Givenanimageof �/¯®j�/ pixels,we definethedyadic
squaresatscale- to bethesquaresobtainedby dividing the
imageinto � � ®W� � squareregionsof size �  G � ®W�  G � pix-
els eachfor -°1²±'.8�w�8�u.8³ . Denoteeachdyadicsquareas´ P , where � is anabstractindex, with ³¬���a� thescaleof

´ P .In thesequelwe will usetheHaarwavelet transform.Be-
causeeachHaarwavelet coefficient is computedfrom the
pixel valuesin adyadicsquare,wehaveaone-to-onecorre-
spondencebetweenthewaveletcoefficientsandthedyadic
squares.

Although the dyadicsquaresat a certainscalearecor-
related,we assumethatthey areindependentfor themulti-
scaleclassificationstep.We capturethedependencieslater
by combiningclassificationresultsfrom differentscales.

Texture classificationusing the HMT is simple: First,
we obtainwavelet-domainHMT modelsfor the candidate
texturesby trainingHMTs onhand-segmentedtrainingim-
ages. Then, to classify a dyadic block, we computethe
conditionallikelihoodof thecorrespondingsubtreefor each
candidatetexturemodel;thetexturemodelmaximizingthe
likelihoodis chosenasthe textureof theblock. This like-
lihood computationis easily implementedusingthe HMT
EM algorithm[4].

In a 2-d HMT model © , we have threequadtreescor-
respondingto threedifferent subbands.Denotethe three
quadtreemodelsas ©WXZX , ©WXZY and ©WY]X , respectively.
For subtree µXZXP in subband©WXZX correspondingto dyadic
squaré P , wecomputetheconditionallikelihood ¶ P ��~��)1H �� xXZXP � } P 1·~¸.y©¹XZX�� andconditionalprobability ���,} P 1~ � ªj.l©WXZXE� , where ª 14c > P g is the collection of all
wavelet coefficients in the subbandHH. Then, the condi-
tional likelihood H �� xXZXP � ©WXZX¬� canbecomputedas

H ��  XZXP � © XZX �)14�3�F;�� ¶ P ��~j�º���,} P 1*~ � ªj.l© XZX �y� (4)

For theHL andLH subbands,wecansimilarly computethe
likelihoodsH �� xXZYP � ©WXZYv� and H �� xYeXP � ©WY]X�� , respectively.

Thereare several ways in which we can combinethe
likelihoodsof the wavelet coefficientsfrom differentsub-
bands. The simplestand most effective methodwe have
found assumesthat all three subbandsare independent.»

Wecanalsousethemaximuma posterioriprobabilitydetectionif we
haveprior pmfsof textureclasses.

Then,wesimplymultiply thethreelikelihoodfunctionsto-
getherto obtainthetotal likelihood H � ´ P � ©¯� of thedyadic
squaré P . Anotherpossibility ties the threeroot nodesof
thequadtreestogetherandcomputelikelihoodsfor thecom-
binedtree.

For eachnode � , thedyadicsquaré P canbeclassified
by finding the texture model © for which the likelihoodH � ´ P � ©¯� is maximized,producinga raw segmentationof
the imagedown to 2 ® 2 pixels imageblocks. We call
thissegmentationa“raw” segmentation,becausewedonot
useany relationshipbetweensegmentationsacrossdiffer-
ent scales.We expectthis “raw” segmentationto be more
reliableat coarsescales,becauseclassificationof largeim-
ageblocksis morereliabledueto theirrichnessin statistical
information. However, at coarsescales,theboundariesbe-
tweendifferenttextureswill not becapturedaccurately. At
finescales,thesegmentationis lessreliable,but boundaries
arebettercaptured.

Whenwecomputethelikelihoodsof waveletcoefficient
subtrees,weignorethescalingcoefficients.Thus,wedonot
take advantageof theinformationin thelocal brightnessof
theimage.This is why we canclassifyonly down to �r®¼�
blocks. We canobtaina pixel-level classificationusingthe
histogramof pixel brightnessfor eachtexture.

However, becausewe ignorethescalingcoefficients,the
local brightnesslevels of the texture regionsdo not affect
theperformancedown to 2 ® 2 scale.This is anadvantage
of the useof HMT model for texture segmentation. The
HMT model capturesonly joint statisticsbetweenpixels,
andthusit is robust to the changeof local averagebright-
ness.This is adesirablefeaturebecausethelocalbrightness
of an imageoftenvariesat differentregions. We now fuse
the resultsfrom eachscaleto obtaina final, reliableseg-
mentation.

4 Examples
In the first set of simulations,we segment a simple

synthesizedtexture imageconsistingof a combinationof
“grass” and “wood” texture imagesfrom the USC Image
Database. To keep things simple, we consideredonly½]¾ ® ½]¾ imagesin the simulation. First we randomlyse-
lectedfive

½]¾ ® ½e¾ blocks from the original “grass” and
“wood” imagesto train respectiveHMT models.Thetrain-
ing wasperformedwith intra-scaletying [4] to avoid over-
fitting. The testimagewascreatedfrom randomlychosen½]¾ ® ½]¾ grassandwood images.Themosaictestimageis
shown in Fig.2(c); the ���l.�-¿� elementswith

� �¿#x- �(À �wÁ cor-
respondto wood textureandthe remainingregion is grass
texture.

Figure 3 shows the segmentationresults at multiple
scales.At coarsescales,theclassificationis reliable,but the
detailsatthetextureboundariesarenotwell representeddueÂ

http://sipi.usc.edu/services.html



(a) (b) (c)

Figure 2. (a)Grassand(b) woodtextureimagesfrom the
USCimagedatabase.(c) 64 Ã 64 mosaictestimageto be
segmented.

4 ® 4-blockscale 2 ® 2-blockscale pixel-level segmentation

Figure 3. Segmentationresultsfor grass-woodimage

to thelargeblock size.Theboundariesarebetterclassified
at finer scales,but we make moreclassificationerrorsbe-
causeof thepaucityof statisticalinformationin eachsmall
block.

For the secondexample, we trained HMT and pixel
brightnessmodelsfor “text,” “image,” and “background”
texturesusinghand-segmentedblocksfrom the Ä����N®¸Ä'�I�
documentin Fig. 4(a). Choosing- J 1ÆÅ for the starting
scale(correspondingto 6-scalequad-treeson

½]¾ ® ½e¾ im-
ageblocks),wesegmentedthe Ä����@®¹Ä��I� testimagein Fig.
4(b).

Fig. 4(c) illustratestheresultingsegmentation.Text, im-
age,andbackgroundregionsaredisplayedasblack, gray,
andwhite, respectively. All text regionswere segmented
well, includingthetext surroundedby imagesonthebooks.
At thebottom,we observe that the large-fonttitle text was
segmentedas image. This is becausethe homogeneous
texture inside eachlarge letter had propertiesmore simi-
lar to imagesthan (small-font) text. The backgroundre-
gionswerecorrectlysegmented,eventhoughthebrightness
of thebackgroundvariesin differentareasandis corrupted
by a noise-like featurecausedby text on thereversesideof
thepage.

5 Accuracy AssessmentusingKL distance

Our imagesegmentationtechniqueis highly dependent
uponaccurateclassificationof thedyadicsquares.A ques-
tionwhicharisesnaturallyishow todeterminethequalityof
thisclassificationstep.Weexaminetheuseof theKullback-
Leiblerdistanceasaquality indicator.

TheKL distancebetweenpdf’s HÇ� and H J is expressed

(a) trainingimage (b) testimage

È Ã È blocks É@ÃsÉ blocks

Ê Ã Ê blocks pixel-level
(c) interscalefusedsegmentations

Figure 4. DocumentsegmentationusingHMTseg.

as: ´ � H J ��� H � �h1·Ë�Ì	Í H J �wÎTC�(Ï¦Ð H J �wÎTZ�H � �wÎTZ� DEÎT (5)

While not a truedistancemetric, it doesgive a ussenseof
how “f ar” onedensityis from another. This intuitive sense
of distanceis mademore rigorous by examining Stein’s
lemma,which statesthat for binary hypothesistestingbe-
tween� � and� J ,

If Ñ � ÀÓÒ . then Ï¦Ô�ÕÖv× : #
Ï¦ÐQÑ�Øq 1 ´ �Ù� � �¦� � J � (6)

whereÑ � is theprobabilityof guessinghypothesis0 when
hypothesis1 is true, andvice versafor Ñ Ø . This tells us
that theerrorprobabilitydecaysat bestexponentiallywith
theKL distancebetweenthetwo hypotheses.

Ratherthan usea numericalintegration technique,we
approximatethe KL distanceby treatingit asan expected
value,since ´ � H J ��� H � �¬1·Ú^Û 7[Ü Ï�Ð H J ��RU�H � ��RU�]Ý (7)

We now apply known statisticaltechniquesfor meanesti-
mation.EstimatingtheKL distancein this way consistsof
threeseparatesteps.



1. Generating data. First, we generatea large number
of realizations(datasequences)undermodel0. This
stepis accomplishedin a straightforwardmannerby
first assigningstatesdown the the treeaccordingto
thestatetransitions.Giventhesestates,we thenran-
domlydraw thecoefficientsthemselvesfrom thecor-
rectdistribution.

2. Computinglikelihoods.Thelikelihoodof thedatais
easilyobtainedby usingtheEM algorithm[4]. In our
case,we take the datageneratedby the first model,
andcomputethedifferenceof log likelihoodsof the
dataundereachof thetwo models.This givesustheÏ¦Ð Û 7 ¤ßÞ ¥Û ¨ ¤ßÞ ¥ term from (7), which we calculatefor each
of thedatasequencesin step1.

3. Computingstatistics. The estimatefor the KL dis-
tanceis obtainedby averagingthelog likelihoodval-
uesfound in the previous step. Herewe invoke the
law of largenumbers(LLN) to claimthatasthenum-
berof samplesincreases(note:thisrefersto thenum-
ber of datasequences,not the sizeof the datase-
quences),theempiricalaveragewill approachtheex-
pectedvalue.

TheKL distanceresultsfor themodelsin theabove ex-
amplesarelistedin Table1. It is importantto notethatthe
KL distanceonly yieldsanindicationof classificationaccu-
racy if themodelsarewell matchedto thedata.It hasbeen
shown [7] thatthis is truefor a largeclassof real-world im-
ages.

If themodelsdonotcloselymatchthedata,thentheKL
distancemaynot giveanindicationof thethetruemisclas-
sificationrate. Without any a priori knowledgeof the fit-
nessof themodels,a largeKL distanceyieldsno informa-
tion aboutsegmentationperformance.On theotherhand,a
small KL distancedoesindicatethat eitherthe model is a
poorfit, or that themodelsmatchthedatawell, but aretoo
closeprobabilisticallyto performa goodclassification.In
eithercase,asmallKL distancepredictsapoorperformance
by theHMT segmentationalgorithm.

6 Conclusions
In this paper, we have developed a new framework

for texture segmentationbasedon wavelet-domainhidden
Markov models. By conciselymodelingthe statisticalbe-
havior of texturesatmultiple scalesandby combiningseg-
mentationsat multiple scales,thealgorithmproducesa ro-
bustandaccuratesegmentationof textureimages.

We believe the proposedsegmentationalgorithm can
be applied to many different types of images,including
radar/sonarimages,medical images(CT/ultrasound),and
documentimages(text/picturesegmentation).To incorpo-
ratedifferentcharacteristicsof variousimages,the useof

differentwaveletbasesandmorecomplicatedcontext mod-
elsshouldbe investigated.TheKL distanceis a goodini-
tial predictorof segmentationperformance,but generally
the analysisof detectionerrorsfor wavelet-domainHMT
basedclassifiersremainsa futureresearchtopic.

Table1: KL distancesbetweenHMT modelsà�áºâ�ã�ä=åyæ�æ8çèç â�é(êaêaë8ì
Samples 10 100 1000

Mean 17711 17610 17712
Bias -9.725 -4.718 -0.581

Std.error 238.98 108.03 28.64à�áíâlîyï ã�ð8äñ çèç â�ò åló=ôã�ä ê ðwõ ë ì
Samples 10 100 1000

Mean 8570 9014 9158
Bias 107.1 -47.25 -2.54

Std.error 916.7 348.3 108.6à�áºâ�öíñ�÷yö�çèç â ò åló�ô�ã�ä ê ð8õ ëuì
Samples 10 100 1000

Mean 40696 41195 41021
Bias 2.75 16.40 5.044

Std.error 447.0 139.66 47.28à�áíâlîyï ã�ð8äñ çèç â�öíñ�÷yö�ì
Samples 10 100 1000

Mean 2056 2081 2093
Bias 1.78 0.456 -0.156

Std.error 29.97 9.386 3.204
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