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ABSTRACT

Multiresolution signal and image models such as the hidden
Markov tree aim to capturethe statisticalstructureof smooth
andsingular(edgy)regions. Unfortunately, modelsbasedon the
orthogonalwavelet transformsuffer from shift-variance,making
themlessaccurateandrealistic.In thispaper, weextendtheHMT
modelingframework to thecomplex wavelettransform, whichfea-
turesnearshift-invarianceandimproved angularresolutioncom-
paredto the standardwavelet transform. The modelis computa-
tionally efficient (with linear-timecomputationandprocessingal-
gorithms)andapplicableto generalBayesianinferenceproblems
asa prior densityfor thedata.In a simpleestimationexperiment,
thecomplex waveletHMT modeloutperformsa numberof high-
performancedenoisingalgorithms,including redundantwavelet
thresholding(cyclespinning)andtheredundantHMT.

1. INTRODUCTION

The compact representationof the discretewavelet transform
(DWT) hasledto many successfulsignalandimageprocessingal-
gorithms,including wavelet-basedestimation(denoising),detec-
tion andclassification,segmentation,fusion, andsynthesis.The
transform’s function as a multiscaleedgedetectorprovides the
DWT coefficientswith two key propertiesfor a largeclassof sig-
nalsandimages[1]:

2Populations: Smoothsignal/imageregions are representedby
small wavelet coefficients, while edges,ridges,andother
singularitiesarerepresentedby largecoefficients.

Persistence: Large andsmall wavelet coefficient valuescascade
alongthebranchesof thewavelettree.

Interpretingthesepropertiesstatistically, 2Populationsimpliesthat
waveletcoefficientshave non-Gaussianmarginal statistics,with a
largepeakat zero(many smallcoefficients)andheavy tails (a few
large coefficients),while Persistenceimplies that wavelet coeffi-
cient valuesarestatisticallydependentalongthe branchesof the
wavelettree.

Theenergy compactionimplied by the2Populationsproperty
hasinspiredmany simple schemesfor removing additive white
Gaussiannoisefrom signalsand images. Sincemostsignalen-
ergy will concentratein a few (large) wavelet coefficientswhile
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Figure1: MultiscaleDWT wavelettreefor a 1-d noisystepedge.
Ideally, an edgeyields a cascadeof large wavelet coefficients
acrossscale(down the tree). The squaredL andcircled S coef-
ficientsresultdueto theadditivenoise.For gooddenoisingperfor-
mance,thecircledS coefficient shouldbekeptwhile thesquared
L coefficient shouldbediscarded.

thenoiseenergy will disperseoverall coefficients,asimplethresh-
olding operationin the wavelet domainwill remove mostof the
noise[2].

While highly successful,waveletthresholdingalgorithmssuf-
fer from two subtleproblems.First, thenoisecancauselargeco-
efficients from edgeregions to becomesmall, and not retaining
them blurs the edgesof the denoisedimage. Second,the noise
cancausesmallcoefficientsfrom smoothregionsto becomelarge,
andretainingthemproduceswavelet-shapedripplesin otherwise
smoothregionsof thedenoiseddata(seeFig. 1).

Classicalwavelet thresholdingalgorithmstreateachwavelet
coefficient independently. By capturingthedependenciesbetween
thecoefficientsespousedby thePersistenceproperty, we canim-
prove denoisingperformancesignificantly. Amongthemany dif-
ferentapproachesto modelingthedependencies[3,4], thewavelet-
domainhiddenMarkov tree(HMT) model[1] is mostappropriate
for our purposes.

TheHMT modelsthe joint probabilitydensityfunction(pdf)�����	�
of thewavelet coefficients

�
asa tree-structuredGaussian

mixture. To capturethe 2Populationsproperty, we model each
waveletcoefficient 
�� asa two-stateGaussianmixture;a control-
ling hiddenstate � recordsthemagnitudeof thecoefficient asei-
therS (small)or L (large).To capturethePersistenceproperty, we
connectthehiddenstatesacrossscale(down thewavelettree)in a
Markov-1 chainin sucha way that the unbroken progressionsL-
L-L-L andS-S-S-S aremorelikely thanbrokenoneslikeL-L-S-L
andS-S-L-S). Theselattertwo progressionsleadto edgeblurring
andrippleartifacts,respectively (recallFig. 1.)



Whenemployed in a Bayesianframework asa prior density
on thewaveletcoefficientsof thenoise-freedata,theHMT model
plays the rôle of a statisticalgrammar that rules that unbroken
stringsof L andS statesarepreferableto brokenstrings.Numer-
ousexperimentswith real datahave verified that the HMT is an
accurateandeffectivemodelfor a largeclassof real-world signals
andimages[1,5,6].

Unfortunately, dueto thestrongshift-varianceof theorthogo-
nalDWT, the2PopulationsandPersistencepropertiesarestrongly
affectedby the placementof the smoothandedgyregionsin the
data. In particular, the coefficient magnitudesnearan edgecan
swing wildly asthe alignmentbetweenthe edgeandthe wavelet
basisfunctionschangesslightly (evenby onesample).Clearlythis
will leadto bothblurrededgesandrippleartifactsin denoiseddata.

Theredundant(undecimated)wavelettransform[7] comprises
thecoefficientsof theorthogonalDWTsof eachshift of thesignal
or image.Redundantwaveletdenoisingalgorithms(including[7],
“cyclespinning”[8], andtheundecimatedHMT approach[5]) are
thecurrentperformancestandards,bothin mean-square-errorand
visualmetrics.Thepricepaidis anincreasein computationalcom-
plexity from � ����� to � ������������� for an

�
-pointdataset.

In this paperwe take a differentapproachbasedon the dual
treecomplex wavelettransform(CWT) [9,10]. TheCWT expands
asignalor imagein termsof asetof complex waveletswith com-
plementaryreal and imaginaryparts. The most importantprop-
erty for thepresentstudyis thenearshift invarianceof theCWT
coefficient magnitudes, which leadsto strongpersistenceof large
magnitudesaroundedges,independentof their alignment.As an
addedbonus,in 2-d theCWT offerssix angle-selective subbands
ratherthanthestandardDWT’s three. Finally, thecomputational
costof theCWT remains� ����� .

Wewill developanHMT modelfor theCWT thatoutperforms
thestandardHMT modelandundecimatedHMT model(andat a
significantlyreducedcost). After reviewing the HMT andCWT
in Sections2 and 3, we derive the new model in Section4. In
Section5, wedemonstrateadenoisingalgorithmbasedonthenew
modelthat,while simple,outperformsmosttechniquesin the lit-
erature.Section6 concludeswith a discussionof otherpotential
applicationsof the new model,includingdetection/classification,
segmentation,andsynthesis.

2. WAVELET HMT MODEL

For concreteness,we will emphasizeimagesin this paper, though
theideasapplyto dataof any dimension.

2.1 Model: The2-d orthogonalDWT consistsof threesubbands
of coefficients [11], eachof which hasa quad-treestructurelike
thatshown in Fig. 2(a). Denotetheparent of wavelet coefficient
 � as 
���� ��� .

To statisticallymatchthe2Populationspropertyof thewavelet
transform,we considerthe collectionof small/large wavelet co-
efficients as outcomesof a Gaussianpdf with small/large vari-
ance.This approximatesthemarginal pdf

��� 
�� � of eachwavelet
coefficient as a Gaussianmixture. To eachwavelet coefficient
�� , we associatea discretehiddenstate �� that takes on values�! #"%$�& with probability massfunction (pmf) ' � �� � . Condi-
tionedon  �  (� , 
 � is Gaussianwith mean) ��* + andvariance

(a)

,.-0/21 -�3-
,

(b)

Figure2: (a) Quad-treeof wavelet coefficients 
�� (black nodes)
for onesubbandof the2-dDWT. (b) 2-dHMT model(whitenodes
representhiddenstatevariables � ).
4�5��* + . Thus,its overallmarginalpdf is givenby 6��� 
�� �  !7+�8%9.* : ' � ��  ;� �<��� 
��>= ��  ;� � $ (1)

with
��� 
 � =  �  ?� �A@B�C� ) ��* + $ 4 ��* + � . While eachwavelet co-

efficient 
�� is conditionallyGaussiangiven its statevariable D� ,
overall it hasanon-Gaussiandensitydueto therandomnessof �� .

To matchthe Persistencepropertyof large andsmall coeffi-
cients,we setup a Markov-1 dependency structureon thehidden
statesacrossscale(a hiddenMarkov model) [1]. Using links to
denotedependencies,theHMT modeltakestheform of thetreein
Fig. 2(b). Thestatetransitionprobabilitiesbetweentheconnected
statesmodelthepersistenceof large/smallcoefficient magnitudes
acrossscale.TheoverallHMT modelconsistsof anHMT for each
of thethreeDWT subbands.

The HMT model parametersconsistof the Gaussianmix-
ture meansandvariances)E��* + $ 4F5��* + , the transitionprobabilities' � ��>=  ��� �G� � , andthepmf ' � �H � for the root state �H . Groupthese
into theparametervector I . In practice,weusuallypracticetying,
wherewesharethesameHMT parameterswithin eachscaleband
[1]. A reduced-parameterHMT thatexploits theself-similarityof
imagedatais derivedin [5].

The HMT canbe trainedto capturethe wavelet-domainfea-
turesof the image(s)of interestusing the iterative expectation-
maximization(EM) algorithm [1]. For a given set of training
data,thetrainedmodel

����� = I � approximatesthejoint pdf of the
waveletcoefficients.See[1,5,6] for moredetails.

2.2 Model-based Estimation: With a wavelet-domainHMT
model at hand,many statisticalimageprocessingtasks,suchas
estimation,classification,and segmentation,are straightforward
[1,5,6]. For example,theHMT canprovide theprior for anem-
pirical Bayesianimageestimationalgorithm.

Considertheproblemof estimatingthenoise-freewaveletco-
efficients

�
given the coefficients J corruptedby additive white

Gaussiannoiseof variance4LK . It is straightforward to train an
HMT for the cleancoefficients using the noisy coefficients [1].
Becauseof thesimplestructureof theGaussianmixtureprior, the
conditionalmeanestimatefor thenoise-freewaveletcoefficient 
��
is thengivenbyM
��ON  QPSR T �>= � $ IVU  !7+W8L9.* : ' � ��  X� = � $ I � 4 5��* +4 5KZY[4 5��* + 
�� $

(2)6 The numberof statescan be increasedbeyond two to match the
marginal distribution with arbitraryprecision. However, we have found
two statesafineaccuracy/complexity balance.



a linear combinationof two Wiener shrinkagefilters. The all-
importantposteriorstateprobabilities' � ��\= � $ I � areproducedas
byproductsof theEM trainingalgorithm.

HMT-baseddenoisingtypically outperformsstandardthresh-
olding techniques,becausethe degreeof coefficient shrinkageis
determinedbasednot only on themagnitudeof thecoefficient but
alsoon its relationshipwith its neighborsacrossscale.

Proper determination of the posterior state probabilities' � ��>= � $ I � is the key to the performanceof the algorithm. To
avoid variationsdueto shift variance,thesequantitiesshouldide-
ally beestimatedbasedonanumberof differentshiftsof thedata.
By consideringall possibleshifts,weobtaintheshift-invariant,un-
decimatedHMT modelof [5]. However, thecomplexity riseswith
thenumberof incorporatedshifts. Thedual treeCWT providesa
computationallyattractivealternative.

3. COMPLEX WAVELET TRANSFORM

ThedualtreeCWT comprisestwo parallelwaveletfilter banktrees
thatcontaincarefullydesignedfilters of differentdelaysthatmin-
imize thealiasingeffectsdueto decimation[9,10]. Eachtreepro-
ducesavalid setof realDWT coefficients ]L� and ^_� ; togetherthey
form thecomplex coefficients ` �  ] � Yba ^ � . 5 TheCWT is near
shift invariant[9] and,in 2-d,achievesgooddirectionalselectivity
with six orientedsubbandsperscale[10].

In 2-d, the CWT basisfunctionscloselyapproximatemodu-
latedcomplex exponentials(Gaborfunctions)of theformc ��d $\T �  ;e ��d $fT �hgji �lkhmDnDo%kqp�r � (3)

with e ��d $fT � aslowly varyingGaussian-like realwindow function
centeredon

��s $ sq� , and
��t n $ t r � thecenterfrequency of thecorre-

spondingsubband.Therealandimaginarypartsof theCWT ba-
sis functionsaresymmetricandantisymmetricrespectively about��s $ sq� andarethereforeorthogonal.This meansthat the realand
imaginarypartsof eachCWT coefficient arestatisticallyuncorre-
lated.

Furthermore,since e ��d $uT � is slowly varying, the magnitude= `v�2=  (w ] 5� Y ^ 5� of eachCWT coefficient is insensitive to small
imageshifts. It thereforeforms a moreaccurateestimateof im-
ageactivity at a given locationandscalethanthe corresponding
coefficientof a realDWT, whichwill suffer from shift variance.

Thedirectionalpropertiesof theCWT arisefrom thefactthatc ��d $\T � hasconstantphasealonglinessuchthat
t n d Y t r T is con-

stant,giving filtersselective to edgesparallelto thisdirection.For
the six subbandsat eachscale,

t rqx t nzy|{~}�� $ }Z� $ } 6� $ 6� $ � $ �~�
whichproducesbandsorientedatapproximatelyall oddmultiples
of �D�_� .

4. COMPLEX WAVELET HMTS

Dueto its nearshift invariance,theprogressionsof largeandsmall
magnitudesin the CWT coefficients � are more reliable than in
either the real part � or imaginarypart � alone. In this section,
we will leveragethis reliability into a robust HMT modelfor the
CWT.

In the simplestmethod,we associatewith eachCWT coeffi-
cient `v� a hiddenstate��� takingvalueS,L dependingon whether5 The CWT canbe interpretedasa wavelet tight framewith a redun-
dancy factorof two [11].

= ` � = is small or large. Considereachcomplex coefficient ` � asa
2-drandomvector

� ]L� $ ^_� � , andrecallthatsincetherealandimag-
inary filter banksareorthogonal,therealandimaginarypartsare
uncorrelatedrandomvariables.Thusweapproximatethemarginal
density

��� `v� � asa two-state,2-dGaussianmixture��� `v�2= ���  ;� �  �� �D� 4 ��* +X�.��� � } ] 5� Y ^ 5�� 4 5��* +���� (4)

Factoring(4) into��� ` � = � �  X� �  �� ��� 4 ��* + gq���_�-j� 5u� �-�� � g~���.�-�� 5u� �-�� � (5)

revealsthat we model the real and imaginarypartsas two-state,
1-d Gaussianmixtureswith sharedstatevariable � � . This is quite
reasonable:Small = `.�j= resultonly whenboth = ]L�2= and = ^��2= aresmall
simultaneously(smoothregion). This is capturedby ���   " . On
thecontrary, large = ` � = resultwheneither = ] � = is large, = ^ � = is large,
or botharelarge(edgeregion). This is capturedby ���  Q& . (Note
that, asin the DWT HMT case,small outcomesfrom theL-state
Gaussianmixturedensityareentirelypossible– andin fact likely
– sincethiscomponentis zeromean.)

This approachmodelseach = ` � = asa two-stateRayleighmix-
ture model. The above formulation(coupledGaussianmixtures
for the realandimaginaryparts)is preferable,however, asdirect
Rayleighmodelingleadsto unmanageableposteriordistribution
expressions.

TheCWT HMT (CHMT) correspondingto (4) with scale-to-
scaleMarkov transitionshasa structureidenticalto therealDWT
HMT of Section2 and [1, 5]. The only differenceswill be the
substitutionof (4) for (1) andtheuseof six subbandtreesinstead
of three. The result is an HMT that supports� ����� coefficient
computationand training and inferencealgorithmsand features
betterangleselectivity.

As an alternative to the above, we could model the � and �
DWTs separatelyusingstandard2-state,1-d HMTs. Theresultis
a4-state,2-dHMT for each= `v�2= thatdependsonthefour combina-
tionsof large/small] � and ^ � . Tying the � and � HMTs nodeby
nodeby forcing themto sharethe samemixturemeansandvari-
ances(but not hiddenstatevalues)effectively models� and � as
independentrealizationsof the samerandomprocess.Thus,we
canapply the trainingandinferencealgorithmsfor multiple data
observationsdescribedin [1].

5. APPLICATION: BAYESIAN IMAGE DENOISING

CHMTs areapplicableto the gamutof statisticalsignaland im-
ageprocessingtasks,from estimationanddetection/classification
to segmentation,fusion, and synthesis. To illustrate the model-
ing accuracy of theCHMT, wewill continuethesimpledenoising
experimentfrom Section2.2.

Table1 andFig. 3 comparethe performanceof a numberof
differentdenoisingalgorithms.While thecomputationalcomplex-
ity of theCHMT is virtually thesameastherealDWT HMT, we
seethatcomplex modelingbuysusa significantperformanceim-
provementboth in PSNR

�
andvisualmetrics(sharperedgesand

smootherbackgrounds).Weattributethis improvementto thenear�
Peaksignal-to-noiseratio for an ¡ -sampledatasetwith valuesbe-

tween0 and255is definedas ¢�£�¤�¥[¦ §�¨ª©�«¬l®�¯ 6 H±°³²�´ ��µ ´�²5\¶f·¹¸»º .



(a) Boatsimagesegment (b) Noisy image,20.2dB

(c) WHT denoising,28.5dB (d) HMT denoising,28.6dB

(e)RHMT denoising,28.6dB (d) CHMT denoising,29.3dB

Figure3: A segmentof the �~� ��¼ �~� � Boatsimagedenoisedusing
avarietyof approaches,with PSNRs.(a)Original imagewith 256
graylevels. (b) Noisy image( 4 KV � � � � ). (c) Redundantwavelet
hardthresholding(WHT) usingD8 wavelet [7, 8]. (d) HMT de-
noising(2) usingD8 DWT [1]. (e) RedundantRHMT denoising
usingD8 [5]. (f) CHMT denoisingusingCWT from [10].

shift invarianceandsuperiorangularresolutionof the CWT. In-
deed,the CHMT outperformsthe state-of-the-art(andcomputa-
tionally expensive) redundantHMT denoiserof [5].

6. CONCLUSIONS

Theability of multiresolutionsignalandimagemodelsto capture
thestructuresof signalsandimagesis oftenhamperedby theshift
varianceof the underlyingwavelet transform. In this paper, we
have seenthat using complex wavelets, we can designstatisti-
cal modelsthat focus on the salientsignal features(persistence
acrossscaleof edgesandsoforth) ratherthanartifactsdueto shift
variance.As our simpledenoisingexamplehasdemonstrated,the
CHMT outperformseventheexpensive but state-of-the-artredun-
dantHMT model,dueto theparsimony andbetterangularresolu-
tion of its underlyingtransform.

Table1: PSNRsin dB of imagesdenoisedusingthewaveletalgo-
rithmsof Fig.3 plusMATLAB’sspatiallyadaptiveWienerfiltering
(Wiener2)for noisevariances4LK  � s and

� � � � .
Image Boats Lena Bridge4LK 10 25 10 25 10 25

Noisy 28.1 20.2 28.1 20.0 28.2 20.2
Wiener2 31.2 27.9 32.7 28.7 26.0 24.6

WHT 33.2 28.5 33.9 29.6 27.7 24.2
HMT 33.5 28.6 33.9 29.3 29.7 25.4

RHMT 33.8 28.6 34.6 29.8 29.8 24.7
CHMT 34.4 29.3 34.9 29.9 30.8 25.8

While we have chosento illustrate the applicationof the
CHMT with an estimation(denoising)problem,this new model
is generallyapplicableto Bayesianinferenceproblems,including
detection/classification,segmentation,synthesis,andfusion. The
nearshift invarianceandimprovedangularresolutionof theCWT
shouldbenefit theseapplicationsas well. Finally, the reduced-
complexity universalHMT modelingframework of [5] shouldap-
ply to theCHMT withoutmodification,creatinganextremelysim-
pleyetpowerful signalandimagemodelingframework.
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