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ABSTRACT

We investigateéWienerfiltering of wavelet coeficientsfor signal
denoising. Empirically designedwavelet-domainWiener filters
have superiorperformanceover other denoisingalgorithmsus-
ing waveletthresholding.However, it is not clearhow we should
choosethe signalmodelthatis usedto designthe filter, because
theeffect of modelselectioron thefilter performancevashardto
understandWe analyzetheerrorinvolvedin the Wienerfilters de-
signedwith anempiricallyobtainedsignalmodelshaving thatwe
canalmostalwaysobtainbetterperformancahanhardthreshold-
ing algorithm by using Wienerfilters in anotherwaveletdomain
with the signalmodelobtainedby hardthresholding.Our analy-
sisfurthermoreprovidesa methodto choosevariousparametergn
waveletdomainWienerfiltering scheme.

1. INTRODUCTION

Denoisingalgorithmsattemptto recover a signalcorruptecdby ad-
ditive white noise. The signalwe considercanbe modeledasa

vectorin RN spaceThenoisysignalcanbewrittenass = x + n,

wherex andn modelsignalandnoise,respectrely. Let s(z) de-
notes-th sampleof s, anddefinex(:) andn(¢) similarly. Let W

denotea wavelet transformthat is well matchedto the signalin

considerationBy transformingthe obsered noisy signalinto W

waveletdomain,we obtainwaveletcoeficientsy = 6 + z, where
y = Ws, § = Wx andz = Wn, respectiely. Thanksto the
compactionand decorrelationpropertiesof wavelet transforma-
tions [1], we can devise mary filtering algorithmsthat estimate
the true signalfrom a noisy obseration. Mary algorithmsthat
obtainthe estimateof the signalby thresholdingor shrinkingof

waveletcoeficientsandtheninversetransformingo time domain
have beenproposed2, 3].

Theideaof Wienerfiltering of individual waveletcoeficient
arisesfrom the fact that wavelet transformstend to decorrelate
data. Thatis, the wavelettransformapproximateshe Karhunen-
Loeve (KL) transform.To recoverd fromy, Wienerfiltering of in-
dividual wavelet coeficient is optimalin the senseof minimizing
mean-squarerror(MSE) assumingerfectdecorrelatiorof noisy
wavelet coeficients. The Wienerfiltering of eachwavelet coefi-

~ 2/ 9 . .
cientis givenasf(z) = gﬁ‘zi)%gy(i), whereo? is thevarianceof
z(2) [1, 4]. Becausd(i)'s areunknavn, we useestimatedralues

6(¢) instead andwe obtainanempiricalWienerfilter givenas
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Recently animproved wavelet domaindenoisingtechnique
hasbeenproposedhatutilizesthe Wienerfiltering of waveletco-
efficients[5]. The algorithmis illustratedin Fig. 1. The Wiener
filtering is carriedoutin the Wz domain,andthesignalmodel(é)
neededo designthefilter wasobtainedby denoisingthe signalin
‘W domainby hardthresholdingandthentransformingto W2
domain. It wasshawvn that this empirical Wiener filtering algo-
rithm outperformsmary denoisingalgorithmsusingthresholding
or shrinkageof waveletcoeficients. This ideaof wavelet-domain
Wiener filtering motivatesthe analysisof mary denoisingalgo-
rithmsin termsof optimalfiltering of noisywaveletcoeficients.

Mary otherwaveletthresholdingandshrinkageschemesan
be shavn to be approximatdorms of Wienerfiltering. Thus,it is
worthwhile to considerthesewavelet denoisingalgorithmsfrom
the viewpoint of Wienerfiltering. In this way, we cananalyze
mary waveletdenoisingalgorithmswith a unifiedapproach.

Our goalis to analyzethe errorsinvolvedin the Wienerfil-
tering of wavelet coeficientsusinga filter designedwith specific
sighalmodelsobtainedhroughsomeothermethodsin particular
our main contritution is the analysisof the denoisingmechanism
of the empirical Wiener filtering algorithm (WenerChop given
in [5]. Although the WienerChopalgorithmis superiorto mary
otherdenoisingalgorithms the behaior of the algorithmwasnot
clearly understoodn [5]. We clearly illustrate the main source
of improvementin performanceof the empirical Wienerfiltering
over otherdenoisingalgorithmsusingthresholding We shav that
the superiorityof the WienerChopalgorithmis mainly dueto the
reductionof theerrorthatresultsfrom the mismatchof theempir
ical signalmodelto the true signal. The succes®f the algorithm
comedrom thepropermreconditioningof thesignalmodelby anor-
thonormaltransformatiorto a differentdomain. Our analysiscan
suggesmethodso designgoodwavelet domainWienerfiltering
schemes.

2. ERRORSIN EMPIRICAL WIENER FILTERING

The signalestimationerror whenwe usean approximateé/Niener
filter in (1) is worth further consideration We canobtainthe ex-
pressiorfor theMSEasMSE = E,pt(0) + Emis(0, 6), where

N
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Theterm E, representthe MSE of the Wienerfilter when
we have 6(i) = 6(¢) for all 4, Ewm;s is the error resultingfrom



the mismatchof the signalmodelto the true signal. Oncewe fix

the wavelettransform,E, . is determinedor a givensignal. We
canseethat F, ¢ attainsits minimumwhenthe signalenegy is

concentratedt a single wavelet coeficient 8(j) for somej and
6(:) = 0 for s # j. In otherwords,the we obtaina good per

formanceof the optimal Wienerfilter whenthe wavelettransform
compactghessignalwell.

Theterm E.is (9, §) representghe error resultingfrom mis-
matchof the signalmodeld with the signalg. Whenthe signal
modelis perfect,Eis = 0 andwe obtainthe performancef the
optimal Wienerfilter. However, we do not know the exactvalues
of 6(z)’s, andthis error termis not zero. To seehow this error
term variesas §(i) changesconsiderthe behaior of eachterm
in the expressionfor Emis(e,é) in (3). Figure?2 shaws the plot
of atermin the summatiorfor o = 0.1, 6(¢) € [—0.5,0.5], and

6(i) € [-0.5,0.5]. Emjs is summationof N suchterms. In this
figure, we seethata relatively large error canresultif é(z’) =0
whend(i) is not small. For a fixed 6(z), it is minimized when
6 =6. Whenf is closeto zero,misestimatiorof § haslittle effect
on MSE. Also, if 8 increasesway from zero,the MSE decreases
rapidly even when§ is not small. In thesetwo casesthe value
approaches?.

3. INTERPRETATION OF HARD THRESHOLDING

We caninterpretmary wavelet domaindenoisingalgorithmsas
speciakaseof Wienerfiltering schemalesignedvith somesignal
modelin thewaveletdomain.As apreparatiorfor theargumentin
thefollowing sectionswe considerthe hardthresholdingscheme
[3] in view of the error analysisof Section2. With the modelof
thenoisywaveletcoeficientsaftertransforminghesignalby W,
givenasy(i) = 6(i) + =2(¢), « = 1,---, N, hardthresholding
of wavelet coeficients canbe viewed asan approximateform of
Wienerfiltering as

O 6%() N A if ly(i)] >
T 62(3) + 02 y(a), with 6(3) = { 80 othyerlwise.T
4)

In otherwords,é(i) in (4) is themodelof thesignalusecdto design
the filter, and underthis model, the designedwienerfilter is the
hardthresholdingalgorithm.

9(2)

To seehow mucherrorwould resultfrom hardthresholding,
we usetheformulasfor MSE derivedin Section2. Theterm Ep¢
is fixed oncethe underlyingwavelet transformis determined.In
view of Fig. 2, we seethat E,,;s mainly consistof theerrorresult-
ing from (3) # 6(i) for thosewaveletcoeficients|6(i)| ~ r and
ly(7)| < 7. Suchcoeficientsareremaoved by hardthresholding,
andwe have é(i) = 0, makingthe correspondingrror termin
Emis (see(3)) large. Hardthresholdinchasa poorperformanceén
thissense.

Otherwavelet thresholdingor shrinkagealgorithmscan be
interpretecasWienerfiltersin asimilarway. And, we expectsim-
ilar behaior of E.,;s in mary otheralgorithmsincluding the soft
thresholdingschemevheresmallwaveletcoeficientsarealsore-
moved. In [1, pp. 425-464],a similar comparisorbetweerhard
thresholdingandthe optimal Wienerfiltering (ideal attenuatiorof
waveletcoeficients)wasmadeby analyzingtheerrorsinvolvedin
eachalgorithm.

4. ANALYSIS OF THE WIENERCHOP ALGORITHM

Although wavelet domaindenoisingusing hardthresholdingcan
beusedto estimatea signal,this estimatedsignalcanalsobe used
asa signalmodelto designa filter asin (1). Then,we canfilter

theoriginal signalusingthisfilter to obtainabetterestimateof the
signhal,because¢hesignalmodelusedto designthefilter (obtained
by hardthresholdinghe waveletcoeficientsin W) maybebet-
ter matchedto the signalthanthe modelin (4). However, using
the signalmodelobtainedby hardthresholdingn W, to design
a Wienerfilter in the samedomainexperiencesimilar problems
(large Ewmis) as simple hard thresholdingdoes. Rather we can
think of Wienerfiltering in analternatedomainby anorthonormal
transformation.

TheWenerChopalgorithmin [5] followsfromthisidea. The
sighal model is again provided by wavelet domainhard thresh-
olding using wavelet transformW ;. Although an orthonormal
transformationdoesnot changethe mean-squarerror of signal
model, E(|6 — 6]?) in the new domain,the signalmodelin the
transformeddomainmay be moresuitablefor designinga Wiener
filter, reducingthe error dueto modelmismatch(Ey;s) in thede-
sign. In particular we canavoid thetype of modelmismatchthat
cancausepossiblylargeerror(asin hardthresholding)by a coor
dinatetransformationandthis may significantlyreducetheerror

Let W3 bethe wavelettransformusedto obtainthe signal
modelusinghardthresholdingandlet K beanorthonormatrans-
formationfrom Wy domainto a differentone.Let H bethehard
thresholdingoperatodefinedasH = diag[h(1), h(2),-- -, h(N)],
whereh(si) = 1if |y(¢)| > 7 andh(i) = 0 otherwise.Then,the
signalmodelobtainedy hardthresholdingn Wy domainis given
asyn = Hy = HW;s. Theestimatedignalin time domaincan
bewrittenass, = W1 'yn = W;'HW;s.

Suppos&K is an orthonormaltransformatiorfrom Wy co-
ordinatesto a nev coordinates.Dependingon the choiceof this
orthonormaltransformationwe can expectthat the unfavorable
mismatcheof the signal model may be mitigated after coordi-
natetransformationyenderinga more favorablesignal modelso
that the Wienerfilter designedn the nev domaincan have sig-
nificantreductionof error Then,the noisy signalandthe signal
modelin the new domainaregivenasyx = Ky = KWjs, and
ynk = Kyn = KHWjs. We candesigna Wienerfilter in the
nen domainbasednthesignalmodelynik, andthenthefilter can
beappliedto yi. We obtainthefinal time domainsignalby inverse
transformingbackto thetime domain.

When choosingK, we shouldbe carefulthat the resulting
transformof the signalin the nev domain(yx) is ascompactas
possible sothattheinherentWienerfiltering error(Eopt) is small.
In thisrespectit is desirableo chooseK sothattheresultingnen
domainis anotherwaveletdomain. Let W2 denotethis wavelet
domain.Then,K hastheform K = W2W1‘1. In termsof Wz,
the signalis representeédsy2 = Was in the W2 domain,and
we have thesignalmodelgivenby yn2 = Wo Wi HW;s. This
corresponds$o having W1 # Wa in thealgorithmof [5]. When
W1 # W2, theerror E,;s of the Wienerfiltering in W2 domain
dependsn the ability of thetransformK = W2 W7 ! to spread
the modelmismatchesn Wy domainby transforminginto W
domain,to make the modelsuitablefor designinga Wienerfilter
in W2 domain,assuminghe signalis compactlyrepresentedh
‘W2 aswell asin Wi.



In view of theideaof mitigationof signalmodelingerrorto
reduceEn;s, we canpick a goodpair of wavelettransformsw,
andW for a givensignal. However, becausghe original signal
isunknawn, it is hardto characteriz¢heinfluenceof thesewavelet
basesntheestimatiorerror

Whenwe have morethantwo waveletbasesinderwhichthe
signalhascompactrepresentationsye canconsideran iteratve
schemeby choosinga pair of waveletsat atime. The signalesti-
mateoutof theWienerfilter canagainbe usedasa signalestimate
to designyet anotherWienerfilter in different wavelet domain.
However, becauseheestimatiorerrorof the empiricalWienerfil-
teringvariesvery nonlinearlyasthe signalmodelchangeswe are
notguaranteetb have animprovementin performanceOur anal-
ysis hasshavn thatwe canobtainimprovementin estimationer
ror comparedvith hardthresholdingvhenwe usethehardthresh-
oldedsignalestimateo desigrtheWienerfilter. Thus,iteratingthe
empiricalWienerfiltering for multiple waveletbaseds not guar
anteedo convergeto agoodsignalestimate.

5. DENOISING EXAMPLE

Thisideaof mitigatingtheeffectof unfavorablemodelerrorsby an
orthonormatransformatioris well illustratedby anexample.Fig-
ure3 shavstheoriginal noiselessignalobtainedy concatenating
Donohos DopplerandBlockssignals[3] andthesignalcorrupted
by white Gaussiamoisewith variances = 0.1. Figure4 shavs
theestimatedignalsusingwaveletdomaindenoisingobtainedby
hard thresholdingin D, domainand empirical Wiener filtering.
For thesignalby theempiricalWienerfiltering in Fig. 4, we chose
‘W, to beHaarwavelet(D,) andW2 to be Daubechiesength-12
wavelet(Di2), respectiely, aswaveletbasesin termsof W and
W2, we expectthe compactiorof waveletcoeficientsof our test
signalwill be almostsamebecauseeachof thesewavelet bases
compactsalf of the signalvery well while the compactiorof the
otherhalf is notgood. Table1 shawvs the errorterm E, for dif-
ferentchoicesof wavelet bases.We notethat the valuesof Eqpt
aresimilar for both D, and D;, basespecausghe compaction
of wavelet coeficientsis almostthe samein eitherdomains. To
seehow theestimatesf waveletcoeficientsandtheactualcoefi-
cientsdistribute,we computedd = HW;y andf = Wy x. Fig-
ure 5 shaw the distribution of (8(i),4(i)) fori = 1,---, N. We
seethat the coeficients with small magnitudeslistribute around
theline § = 0, which resultsin large Emis accordingto the plot
Fig. 2. OthercoeficientsaregatheredalongtheIineé =40.

To seethe distribution of the coeficients and estimatesaf-
ter transforminginto W2 domain,we computedW2W1‘1é and
W2ax andplottedthe resultin Fig. 6. In this figure we seethat
thereare muchlesspointsfalling aroundtheline § = 0, result-
ing in muchlessE.;is. Thisis becauséhe modelmismatchesn
‘W domainwhichdistributedvery unfavorably wastransformed
to W2 domainandthey distribute much more favorably in the
W2 domain. By actually computing Emis with the model ob-
tainedin the W1 domainby hardthresholdingandthe signalin
thesamedomain,we obtainthevaluesshavn in Table1l for differ-
entchoicesof waveletbases.We obsere a significantreduction
in Enis whenwe chooseWy # Wa. This reductionin Eois
explainsthe superiorityof the algorithmin [5] over simple hard
thresholdingalgorithm.

6. CONCLUSIONS

In this paper we analyzedhe errorsinvolved in waveletdomain
empiricalWienerfilter. We shavedthatthe errordueto the mis-
matchof signalmodelcanbesignificantdependingpnthemethods
of obtainingthe signalmodel. In addition,we notedthat this er-
ror canbe reducedby transformingboth the signalandmodelto
anothemwaveletdomainwhereWienerfilter canbe designedwith
smallererror

The main contrikutions of this paperare: (1) Interpretation
of hardandsoftthresholdingdenoisingschemesisWienerfilters,
(2) Analysisandunderstandingf WenerChopalgorithmof [5],
and(3) Analysisof the errorsin empirical Wienerfilters, leading
to properdesignmethodsof waveletdomainWienerfilters.

The difficulty in analysisof the waveletdomainWienerfil-
teringarisesrom thesignaldependencef theprocessingThein-
fluenceof the choiceof W1 andW 2 onthe overall performance
is hardto analyzein general.The developmentof analgorithmto
designthe wavelettransformdor a given signalremainsasfuture
researctwork.

Wehaverecentlylearnedaboutanothemethodfor denoising
usingmultiple waveletdomaing6]. Currently we arealsoinvesti-
gatingfiltering algorithmsto incorporatemore thantwo wavelet
transformsto obtain improved performanceand the analysisof
theirasymptoticdbehaior.
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Tablel: Changeof errortermsdependingnthechoiceof wavelet
basesW, andW2. ChoosingW1 # W2 reducesEmis Signifi-
cantly

Wi Do Do D, Do
Wa D, Do D> D,
Eopt 2.2165| 2.0610| 2.0610| 2.2165
Eris 3.4443| 2.6966| 0.7748 | 0.5843
MSFE || 5.6608| 4.7576| 2.8358| 2.8008
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