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ABSTRACT

We investigateWienerfiltering of wavelet coefficients for signal
denoising. Empirically designedwavelet-domainWiener filters
have superiorperformanceover other denoisingalgorithmsus-
ing wavelet thresholding.However, it is not clearhow we should
choosethe signalmodelthat is usedto designthe filter, because
theeffectof modelselectionon thefilter performancewashardto
understand.Weanalyzetheerrorinvolvedin theWienerfiltersde-
signedwith anempiricallyobtainedsignalmodelshowing thatwe
canalmostalwaysobtainbetterperformancethanhardthreshold-
ing algorithmby usingWienerfilters in anotherwavelet domain
with the signalmodelobtainedby hardthresholding.Our analy-
sisfurthermoreprovidesamethodto choosevariousparametersin
waveletdomainWienerfiltering scheme.

1. INTRODUCTION

Denoisingalgorithmsattemptto recover a signalcorruptedby ad-
ditive white noise. The signalwe considercanbe modeledasa
vectorin R

�
space.Thenoisysignalcanbewrittenas ����� ���

,
where � and

�
modelsignalandnoise,respectively. Let 	�
��� de-

note � -th sampleof � , anddefine ��
��� and ��
��� similarly. Let �
denotea wavelet transformthat is well matchedto the signal in
consideration.By transformingtheobservednoisysignalinto �
waveletdomain,weobtainwaveletcoefficients ����� ���

, where������� , ������� and
� ��� �

, respectively. Thanksto the
compactionand decorrelationpropertiesof wavelet transforma-
tions [1], we can devise many filtering algorithmsthat estimate
the true signal from a noisy observation. Many algorithmsthat
obtaintheestimatesof thesignalby thresholdingor shrinkingof
waveletcoefficientsandtheninversetransformingto timedomain
havebeenproposed[2, 3].

Theideaof Wienerfiltering of individualwaveletcoefficient
arisesfrom the fact that wavelet transformstend to decorrelate
data. That is, thewavelet transformapproximatestheKarhunen-
Loeve(KL) transform.To recover � from � , Wienerfilteringof in-
dividual waveletcoefficient is optimal in thesenseof minimizing
mean-squareerror(MSE) assumingperfectdecorrelationof noisy
waveletcoefficients. TheWienerfiltering of eachwaveletcoeffi-

cientis givenas �� 
���!� "$#&%('*)" # %('+)+,.- # / 
��� , where021 is thevarianceof3 
��� [1, 4]. Because� 
��� ’s areunknown, we useestimatedvalues4�5
��� instead,andweobtainanempiricalWienerfilter givenas�� 
���!� 4��16
���4� 1 
��� � 0 1 / 
���$7 (1)
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Recently, an improved waveletdomaindenoisingtechnique
hasbeenproposedthatutilizestheWienerfiltering of waveletco-
efficients[5]. The algorithmis illustratedin Fig. 1. The Wiener
filtering is carriedout in the ��8 domain,andthesignalmodel(

4� )
neededto designthefilter wasobtainedby denoisingthesignalin�:9 domainby hardthresholdingandthentransformingto ��8
domain. It wasshown that this empiricalWienerfiltering algo-
rithm outperformsmany denoisingalgorithmsusingthresholding
or shrinkageof waveletcoefficients.This ideaof wavelet-domain
Wiener filtering motivatesthe analysisof many denoisingalgo-
rithmsin termsof optimalfiltering of noisywaveletcoefficients.

Many otherwaveletthresholdingandshrinkageschemescan
beshown to beapproximateformsof Wienerfiltering. Thus,it is
worthwhile to considerthesewavelet denoisingalgorithmsfrom
the viewpoint of Wiener filtering. In this way, we can analyze
many waveletdenoisingalgorithmswith aunifiedapproach.

Our goal is to analyzetheerrorsinvolved in theWienerfil-
teringof waveletcoefficientsusinga filter designedwith specific
signalmodelsobtainedthroughsomeothermethods.In particular,
our maincontribution is theanalysisof thedenoisingmechanism
of the empirical Wiener filtering algorithm (WienerChop) given
in [5]. Although the WienerChopalgorithmis superiorto many
otherdenoisingalgorithms,thebehavior of thealgorithmwasnot
clearly understoodin [5]. We clearly illustrate the main source
of improvementin performanceof the empiricalWienerfiltering
over otherdenoisingalgorithmsusingthresholding.Weshow that
thesuperiorityof theWienerChopalgorithmis mainly dueto the
reductionof theerrorthatresultsfrom themismatchof theempir-
ical signalmodelto the truesignal. Thesuccessof thealgorithm
comesfromtheproperreconditioningof thesignalmodelby anor-
thonormaltransformationto a differentdomain.Our analysiscan
suggestmethodsto designgoodwaveletdomainWienerfiltering
schemes.

2. ERRORSIN EMPIRICAL WIENER FILTERING

The signalestimationerror whenwe usean approximateWiener
filter in (1) is worth furtherconsideration.We canobtainthe ex-
pressionfor theMSEas ;=< >���?�@BADCD
E�6� � ?�FHG I$
E�KJ 4��� , where

?�@BADC$
E����� LM
'*N�O ��16
����0�1� 1 
��� � 0 1 J (2)

?�FHG IP
E�5J5Q����� LM
'*NHO 
E� 1 
��� � 0 1 ��R 4� 1 
���4� 1 
��� � 0 1TS � 1 
���� 1 
��� � 0 1 U 1 7

(3)

Theterm ? @BA$C representstheMSEof theWienerfilter when
we have

4� 
���V�W� 
��� for all � ; ?�FHG I is the error resultingfrom



themismatchof thesignalmodelto the truesignal. Oncewe fix
thewavelet transform,? @BADC is determinedfor a givensignal. We
canseethat ? @BADC attainsits minimum whenthe signalenergy is
concentratedat a singlewavelet coefficient � 
YXZ� for someX and�5
���[�]\ for �V^�_X . In otherwords, the we obtaina goodper-
formanceof theoptimalWienerfilter whenthewavelettransform
compactsthesignalwell.

Theterm ? FHG I 
E�KJ Q��� representstheerrorresultingfrom mis-
matchof the signalmodel Q� with the signal � . Whenthe signal
modelis perfect,? FHG I �`\ andwe obtaintheperformanceof the
optimalWienerfilter. However, we do not know theexactvalues
of �5
��� ’s, and this error term is not zero. To seehow this error
term variesas

4� 
��� changes,considerthe behavior of eachterm
in the expressionfor ? FHG I 
E�5J 4�6� in (3). Figure2 shows the plot
of a termin thesummationfor 0��a\K7(b , �5
���dc�e S \57 fZJg\57 fih , and4�5
���dcje S \K7 fKJ$\57 fih . ? FHG I is summationof k suchterms. In this
figure, we seethat a relatively large error canresult if

4�5
���l�]\
when �5
��� is not small. For a fixed � 
��� , it is minimized when4�m��� . When � is closeto zero,misestimationof � haslittle effect
on MSE.Also, if

4� increasesaway from zero,theMSE decreases
rapidly even when � is not small. In thesetwo cases,the value
approaches0 1 .

3. INTERPRETATION OF HARD THRESHOLDING

We can interpretmany wavelet domaindenoisingalgorithmsas
specialcasesof Wienerfilteringschemedesignedwith somesignal
modelin thewaveletdomain.As apreparationfor theargumentin
thefollowing sections,we considerthehardthresholdingscheme
[3] in view of theerror analysisof Section2. With themodelof
thenoisywaveletcoefficientsaftertransformingthesignalby �:9
given as / 
���n�o�5
��� � 3 
��� , �[�pb6J&qDqrqrJPk , hard thresholding
of wavelet coefficientscanbe viewed asan approximateform of
Wienerfiltering as

4/ 
���s� 4��16
���4� 1 
��� � 0 1 / 
���$J with
4� 
�����utWv if w / 
���rwKx�y\ otherwise.

(4)
In otherwords,

4� 
��� in (4) is themodelof thesignalusedto design
the filter, andunderthis model,the designedWienerfilter is the
hardthresholdingalgorithm.

To seehow mucherrorwould resultfrom hardthresholding,
weusetheformulasfor MSEderivedin Section2. Theterm ? @BADC
is fixed oncethe underlyingwavelet transformis determined.In
view of Fig.2,weseethat ? FHG I mainlyconsistsof theerrorresult-
ing from

4� 
���z^�{�5
��� for thosewaveletcoefficients w � 
���rw6|�y andw / 
���rw�}~y . Suchcoefficientsareremoved by hardthresholding,
andwe have

4��
������\ , making the correspondingerror term in?�FHG I (see(3)) large.Hardthresholdinghasapoorperformancein
thissense.

Otherwavelet thresholdingor shrinkagealgorithmscanbe
interpretedasWienerfilters in asimilarway. And, weexpectsim-
ilar behavior of ? FHG I in many otheralgorithmsincludingthesoft
thresholdingschemewheresmallwaveletcoefficientsarealsore-
moved. In [1, pp. 425-464],a similar comparisonbetweenhard
thresholdingandtheoptimalWienerfiltering (idealattenuationof
waveletcoefficients)wasmadeby analyzingtheerrorsinvolvedin
eachalgorithm.

4. ANALYSIS OF THE WIENERCHOP ALGORITHM

Although wavelet domaindenoisingusinghardthresholdingcan
beusedto estimateasignal,thisestimatedsignalcanalsobeused
asa signalmodelto designa filter asin (1). Then,we canfilter
theoriginalsignalusingthisfilter to obtainabetterestimateof the
signal,becausethesignalmodelusedto designthefilter (obtained
by hardthresholdingthewaveletcoefficientsin �:9 ) maybebet-
ter matchedto the signal thanthe model in (4). However, using
the signalmodelobtainedby hardthresholdingin � 9 to design
a Wienerfilter in the samedomainexperiencessimilar problems
(large ? FHG I ) as simple hard thresholdingdoes. Rather, we can
think of Wienerfiltering in analternatedomainby anorthonormal
transformation.

TheWienerChopalgorithmin [5] followsfrom thisidea.The
signal model is againprovided by wavelet domainhard thresh-
olding using wavelet transform �:9 . Although an orthonormal
transformationdoesnot changethe mean-squareerror of signal
model, ?[
Pw 4� S ��w 1&� in the new domain,the signalmodel in the
transformeddomainmaybemoresuitablefor designinga Wiener
filter, reducingtheerrordueto modelmismatch( ? FHG I ) in thede-
sign. In particular, we canavoid thetypeof modelmismatchthat
cancausepossiblylargeerror(asin hardthresholding),by acoor-
dinatetransformation,andthismaysignificantlyreducetheerror.

Let �:9 be the wavelet transformusedto obtainthe signal
modelusinghardthresholding,andlet � beanorthonormaltrans-
formationfrom � 9 domainto a differentone.Let � bethehard
thresholdingoperatordefinedas���j�5�Y����e �2
�bi�$Jg��
��6�$J&qrqrqDJP�2
Ek=��h ,
where �2
�����ub if w / 
���rw.x{y and �2
�����~\ otherwise.Then,the
signalmodelobtainedbyhardthresholdingin � 9 domainisgiven
as �2�T�����������:9�� . Theestimatedsignalin timedomaincan
bewrittenas �i�T���W� 99 �2�l���W� 99 ��� 9 � .

Suppose� is an orthonormaltransformationfrom � 9 co-
ordinatesto a new coordinates.Dependingon the choiceof this
orthonormaltransformation,we can expect that the unfavorable
mismatchesof the signal model may be mitigatedafter coordi-
natetransformation,renderinga morefavorablesignalmodelso
that the Wienerfilter designedin the new domaincanhave sig-
nificant reductionof error. Then,the noisy signalandthe signal
modelin thenew domainaregivenas ���l����������� 9 � , and�2���l�j�n���T���V�n� 9 � . We candesigna Wienerfilter in the
new domainbasedonthesignalmodel � ��� , andthenthefilter can
beappliedto ��� . Weobtainthefinal timedomainsignalby inverse
transformingbackto thetimedomain.

Whenchoosing� , we shouldbe careful that the resulting
transformof the signalin the new domain( ��� ) is ascompactas
possible,sothattheinherentWienerfiltering error( ? @BA$C ) is small.
In thisrespect,it is desirableto choose� sothattheresultingnew
domainis anotherwavelet domain. Let � 8 denotethis wavelet
domain.Then, � hastheform ������86� � 99 . In termsof ��8 ,
the signal is representedas � 8 ��� 8 � in the � 8 domain,and
wehavethesignalmodelgivenby �2� 8 ��� 8 �W� 99 ��� 9 � . This
correspondsto having �:9�^����8 in thealgorithmof [5]. When� 9 ^��� 8 , theerror ? FHG I of theWienerfiltering in � 8 domain
dependson theability of thetransform����� 8 � � 99 to spread
the modelmismatchesin �:9 domainby transforminginto ��8
domain,to make themodelsuitablefor designinga Wienerfilter
in � 8 domain,assumingthe signal is compactlyrepresentedin��8 aswell asin �:9 .



In view of theideaof mitigationof signalmodelingerror to
reduce? FHG I , we canpick a goodpair of wavelet transforms� 9
and � 8 for a givensignal. However, becausetheoriginal signal
is unknown, it is hardto characterizetheinfluenceof thesewavelet
baseson theestimationerror.

Whenwehavemorethantwo waveletbasesunderwhichthe
signalhascompactrepresentations,we canconsideran iterative
schemeby choosinga pair of waveletsat a time. Thesignalesti-
mateoutof theWienerfilter canagainbeusedasasignalestimate
to designyet anotherWiener filter in different wavelet domain.
However, becausetheestimationerrorof theempiricalWienerfil-
teringvariesvery nonlinearlyasthesignalmodelchanges,weare
notguaranteedto haveanimprovementin performance.Ouranal-
ysishasshown thatwe canobtainimprovementin estimationer-
ror comparedwith hardthresholdingwhenweusethehardthresh-
oldedsignalestimateto designtheWienerfilter. Thus,iteratingthe
empiricalWienerfiltering for multiple waveletbasesis not guar-
anteedto convergeto agoodsignalestimate.

5. DENOISING EXAMPLE

Thisideaof mitigatingtheeffectof unfavorablemodelerrorsby an
orthonormaltransformationis well illustratedby anexample.Fig-
ure3 showstheoriginalnoiselesssignalobtainedbyconcatenating
Donoho’s DopplerandBlockssignals[3] andthesignalcorrupted
by white Gaussiannoisewith variance0���\57(b . Figure4 shows
theestimatedsignalsusingwaveletdomaindenoisingobtainedby
hard thresholdingin � 1 domainand empiricalWienerfiltering.
For thesignalby theempiricalWienerfiltering in Fig. 4, wechose�:9 to beHaarwavelet( � 1 ) and ��8 to beDaubechieslength-12
wavelet( � O 1 ), respectively, aswaveletbases.In termsof ��9 and� 8 , we expectthecompactionof waveletcoefficientsof our test
signalwill be almostsamebecauseeachof thesewavelet bases
compactshalf of thesignalvery well while thecompactionof the
otherhalf is not good. Table1 shows theerror term ? @BADC for dif-
ferentchoicesof wavelet bases.We notethat thevaluesof ?�@BADC
aresimilar for both � 1 and � O 1 bases,becausethe compaction
of wavelet coefficients is almostthe samein eitherdomains.To
seehow theestimatesof waveletcoefficientsandtheactualcoeffi-
cientsdistribute,we computedQ�d����� 9 � and �m��� 9 � . Fig-
ure5 show thedistribution of 
E� 
���$J 4��
���B� for ����b6JrqDq&qrJPk . We
seethat the coefficientswith small magnitudesdistribute around
the line

4����\ , which resultsin large ?�FHG I accordingto theplot
Fig. 2. Othercoefficientsaregatheredalongtheline

4�d��� .
To seethe distribution of the coefficientsandestimatesaf-

ter transforminginto ��8 domain,we computed��86� � 99 Q� and� 8 � andplottedthe result in Fig. 6. In this figure we seethat
therearemuchlesspointsfalling aroundthe line

4���]\ , result-
ing in muchless ?�FHG I . This is becausethemodelmismatchesin� 9 domain,whichdistributedveryunfavorably, wastransformed
to � 8 domainand they distribute much more favorably in the��8 domain. By actually computing ?�FHG I with the model ob-
tainedin the � 9 domainby hardthresholdingandthe signal in
thesamedomain,weobtainthevaluesshown in Table1 for differ-
ent choicesof wavelet bases.We observe a significantreduction
in ? FHG I whenwe choose� 9 ^��� 8 . This reductionin ? FHG I
explains the superiorityof the algorithmin [5] over simplehard
thresholdingalgorithm.

6. CONCLUSIONS

In this paper, we analyzedthe errorsinvolved in wavelet domain
empiricalWienerfilter. We showedthat theerrordueto themis-
matchof signalmodelcanbesignificantdependingonthemethods
of obtainingthesignalmodel. In addition,we notedthat this er-
ror canbe reducedby transformingboth the signalandmodelto
anotherwaveletdomainwhereWienerfilter canbedesignedwith
smallererror.

The main contributionsof this paperare: (1) Interpretation
of hardandsoft thresholdingdenoisingschemesasWienerfilters,
(2) Analysisandunderstandingof WienerChopalgorithmof [5],
and(3) Analysisof theerrorsin empiricalWienerfilters, leading
to properdesignmethodsof waveletdomainWienerfilters.

Thedifficulty in analysisof the waveletdomainWienerfil-
teringarisesfrom thesignaldependenceof theprocessing.Thein-
fluenceof thechoiceof � 9 and � 8 on theoverall performance
is hardto analyzein general.Thedevelopmentof analgorithmto
designthewavelettransformsfor a givensignalremainsasfuture
researchwork.

Wehaverecentlylearnedaboutanothermethodfor denoising
usingmultiplewaveletdomains[6]. Currently, wearealsoinvesti-
gatingfiltering algorithmsto incorporatemore thantwo wavelet
transformsto obtain improved performanceand the analysisof
theirasymptoticbehavior.
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Table1: Changeof errortermsdependingonthechoiceof wavelet
bases� 9 and � 8 . Choosing� 9 ^�`� 8 reduces? FHG I signifi-
cantly. � 9 � 1 � O 1 � 1 � O 1� 8 � 1 � O 1 � O 1 � 1?�@BADC 2.2165 2.0610 2.0610 2.2165?�FHG I 3.4443 2.6966 0.7748 0.5843� � ? 5.6608 4.7576 2.8358 2.8008
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Figure1: Wavelet-basedempiricalWienerfiltering. In theupper
path, wavelet transform � 9 is usedto producea signal model� ��� 
��_Q�Z� . Thismodelis thenusedto designanempiricalWiener
filter �n¡ that is appliedto the original noisy signal in the � 8
domain.
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Figure2: Errordueto modelmismatch.
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Figure3: Above: DoppleBlocktest signal. Below: signal cor-
ruptedby WGN with 0=��\57(b .
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Figure 4: Denoisedsignals- Above: hard thresholdingin � 1 ,
MSE=5.6608,Below: WienerChopusing � O �~� 1 and � 1 �� O 1 , MSE=2.8358.
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Figure5: Modelmismatchin the �:9 domain.
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