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ABSTRACT

In thispaper, welink conceptsfromnonuniformsampling,smooth-
nessfunctionspaces,interpolation,anddenoisingto deriveasuite
of multiscale,maximum-smoothnessinterpolationalgorithms.We
formulatethe interpolationproblemas the optimizationof find-
ing thesignalthatmatchesthegivensampleswith smallestnorm
in a function smoothnessspace. For signalsin the Besov space��������	��
 , theoptimizationcorrespondsto convex programmingin
the wavelet domain; for signalsin the Sobolev space� � �����
 ,
theoptimizationreducesto a simpleweightedleast-squaresprob-
lem. An optionalwaveletshrinkageregularizationstepmakesthe
algorithmsuitablefor evennoisysampledata,unlike classicalap-
proachessuchasbandlimitedandsplineinterpolation.

1. INTRODUCTION

Theproblemof signalreconstructionfrom nonuniformlysampled
data arisesin many contexts, including samplingsystemswith
samplingjitter, thedesignof irregularlyspacedantennaarrays,the
reconstructionof signalsfrom missingsamples,andtheprocess-
ing of geophysicaldata.In higherdimensions,interpolationfrom
non-Cartesiancoordinatesis centralto many importantimaging
problems,suchastomography, syntheticapertureradar, andradio
astronomy. Computergraphics,in addition,mustroutinelyprocess
nonuniformlydistributedsamplesof imagesandvolumes.

Thesignalinterpolationproblemis ill-posedin thatthereexist
aninfinite numberof continuous-timefunctionspassingthrougha
givensetof samples.Hence,interpolationmustbe formulatedas
anoptimizationproblemwith sideconstraintsto narrow down the
classof candidatesolutions.

One popular reconstructionapproachis bandlimited inter-
polation: we seek the bandlimitedsignal of minimum energy
that passesthroughthe samples[1–4]. In this case,the optimal
minimum-mean-square-errorsolution is known [2], and regular-
izationschemeshavebeendevelopedto improvetheproblem’snu-
mericalconditioning[3,4]. Roughlyspeaking,bandlimitedinter-
polationattemptsto favor smoothinterpolationsby hard-limiting
theirhigh-frequency content.

Unfortunately, many important signals and images(finite-
lengthsignalsandsignalscontainingedges,for instance)cannot
be properlymodeledas bandlimited. Furthermore,suchsignals
areoftennonstationary.
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In this paper, we formulate a new approachto signal in-
terpolationfrom nonuniformsamples. In multiscalemaximum-
smoothnessinterpolationwe selectthesignalpassingthroughthe
samplesthat hasminimum smoothnessnorm (hencemaximum
smoothness)in an appropriatefunction space. Unlike the space
of bandlimitedfunctions,smoothnessspacessuchasSobolev and
Besov spacescontainlife-lik esignalswith discontinuitiesandnon-
stationarities.Sincethesefunction spacesaresimply parameter-
izedin thewaveletdomain[5], ourinterpolationalgorithmreduces
to straightforwardprocessingof thewaveletcoefficientsof thesig-
nalsamples.As abonus,wewill deriveasimpleyetpowerful mul-
tiscaleregularizationschemefor interpolatingnoisy signalsthat
reducesto simplethresholdingof thewaveletcoefficients.

For signalscontainingsingularities,wavelet-basedinterpola-
tion offersrealperformanceadvantages.Figure1demonstratesthe
supremacy of wavelet-basedinterpolationover bandlimitedand
splineinterpolationfor Donoho’sHeaviSinesignal[6], whichcon-
tainsbothsmoothandedgyregions.

After reviewing the relevant theoryon waveletsandsmooth-
nessspacesin Section2, we presentour algorithmin Sections3
and4. Section5 providesseveralillustrativeexamples,while Sec-
tion 6 introducesregularization.We closein Section7 with con-
clusionsandperspectiveson futurework.

2. WAVELETS AND SMOOTHNESS SPACES

The discrete wavelet transform (DWT) representsa 1-D,
continuous-timesignal � in termsof shifted versionsof a low-
passscalingfunction � andshiftedanddilatedversionsof a pro-
totype bandpasswavelet function � [7]. For specialchoicesof� and � , the functions ����� � ����
���� ���  �! � � �#"%$'& , �(��� � ���)
��� ���  �* � � �#"%$+& , ,.- $0/ ZZ form an orthonormalbasisfor �  , 1
andwehave therepresentation[7]� ���)
3254 �76 �98:� � � �98:� � ���)
<; =4��>+�98 4 �@? ��� � � ��� � ����
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with

6 ��� � �BA � ����
 �DC��� � ���)
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Thescale,�H representsthecoarsestscaleunderconsideration;the6 �98:� � ’scorrespondto localmeansat thisscale.Wecaneasilycon-
struct2-D waveletsfrom the1-D � and � [7].1 In thispaper, weconsideronly functionsdefinedonafinite interval I .
Definethe J ��K IML spaceasthesetof all functionson I with boundednormNPOQN ���R%SFTVU O KXW L U �#Y W .
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Figure1: Interpolationof 256 noisy nonuniformsamplesof the
HeaviSine signal. (a) Original signal. (b) 256 nonuniformsam-
pleswith additive white Gaussiannoiseof varianceZ 2\[]G ^ . Re-
sults from (c) regularizedoptimal bandlimitedinterpolation[3],
(d) cubic splineinterpolation,(e) maximum-smoothnessinterpo-
lation, (f) regularizedmaximum-smoothnessinterpolationbased
onwaveletthresholding.

Forfinite,discretedata,anorthonormaldiscretewavelettrans-
formationmatrix _ thattakesthedatavectorto awavelet/scaling
coefficientvectorcanbeconstructedby “periodization”[8]. Since_ is orthonormal,we have _a` 1 2 _cb . Givena finite-length,
continuous-timesignal � ���)
 , �d/feg2ih [ -�j�k ,  define l asthecol-
umnvectorof length m �0�Mn whoseelementsarethedyadicsam-
ples �:o � � �qpsr.�MnQ
 , pt20[ - G�GuG -)m " j at thestarting(finest)scalevxw ,�H . That is, l �yh �:H�- GuGuG -P�{z ` 1 k b . In general,theelements
of thevector _yl will notequalthewaveletcoefficientsof thecon-
tinuoustime-signal � ����
 unlessthe signalsamplesareprefiltered
[8,9]. Denotingtheprefilteringmatrixby | , theDWT coefficients
for scales,~} v canbe written as � 2 _�|�l . Conversely, the
correctcontinuous-timesignalsamplescanbe obtainedfrom the
inversewavelet matrix transformationby “postfiltering.” Denote
the postfiltermatrix as � . Then,we have l 2 ��_cbD� . Define

Without lossof generality, weassumethat I!�x� �.�)��� .

� � ��_ b .
Waveletsprovide a simple characterizationfor a wide vari-

ety of functionsmoothnessspaces[5]. Thenormsof thesespaces
measuresignalsmoothness:smallernormsimply smootherfunc-
tions. The scaleof Besov spaces

����V���#�+�qe�
�
 , [ }���}�� ,[ }%�3��� , [ }x����� , areparticularlyuseful,for they contain
many life-lik e signals.For analyzing� and � possessing� w �
vanishingmoments[8], theBesov norm ���	�u�D��t���F��� TP��� canbede-
finedasasequencenormon thewaveletcoefficientsof ��u�	� � �� ��� � � TP��� � � 6 �98{� �+� �*;�  4��¡]�98 ¢ 4 � � � � � � � � � �  ` 1 �u£ ? ��� � £ �.¤ � � �F¥¦ 1 � � G
Thethreehyperparametershave naturalinterpretations:a � -norm
of thewaveletcoefficientsis takenwithin eachscale, , a � -normis
takenacrossscale,andthesmoothnessparameter� thuscontrols
therateof decayof the ? ��� � acrossscale(frequency). Veryroughly
speaking,the parameter� correspondsto the numberof well-
behaved derivatives of � ; hence,the larger the � , the smoother
the functionsin

����§���#�+�qe�
�
 [5,11]. Do not bemisledby the ter-
minology“smoothnessspace”— for �¨}�j , Besov spacescontain
discontinuousfunctions.

A simplebutusefulsetof Besov spacesaretheSobolev spaces,
obtainedas � � ���  �qe�
�
�� � � ���  �qe�
�
 with � 2 � 2i� . In the
waveletdomain,wehave�u�	��©<�ª ��� ª � T��«� � � 6 �98M� �+� ¬; ¢ 4�:¡��98{� � £ � � � ? ��� � £ �¤ 1 �  G
Notethat � H ���  �qe�
�
#2�  �qe�
 .

3. MAXIMUM-SMOOTHNESS INTERPOLATION

The problemof signal interpolationfrom nonuniformlysampled
datacanbe statedasfollows. Let � ���)
 be the signalundercon-
sideration. In practicalapplications,only a finite segmentof the
signal is available. Here,we assumethat � ���)
 is definedon the
finite interval e®2¯h [ -�j�k . In addition, let ° � 1 - GuGuG - �)±³² be the
(nonuniform) samplingpoints on the interval, where ´ is the
numberof samples.Without lossof generality, we assumethat[ � � 1 } �� }®µuµuµ¶} ��± �®j . Theavailabledataarethesample
valuesat thesamplingpoints,thatis, °M� ��� 1 
 - G�GuG -P� ����±³
)² .

Theproblemis to estimatetheoriginalcontinuous-timesignal� from thegivennonuniformsamplesaccordingto someoptimal-
ity criterion. Whenthegiven signalsamplesarenoisy, thesignal
estimationproblemconsistsof both interpolationanddenoising.
In our algorithm,theoptimality criterionwill be theBesov norm
of the reconstructedsignal,which we will minimize in order to
maximizethesmoothnessof thereconstruction.

Define the dyadic points at scale , to be ° psr.� � - p·2[ -�jM- G�GuG - � � " j ² . Define the scale-, dyadic intervals e o �h psr.� � - �qpV; j 
�rM� � 
 . To simplify the derivation, we will approx-
imate the set of samplingpoints ° � 1 - GuG�G - ��±³² with a subsetof
dyadic points at a certainscale , 2 v

. That is, let us assume
that � o 2¹¸ o rM�.n for pº2 jM- GuGuG -)´ . Theerror resultingfrom this
approximationdependsontheregularityof thesignalandthescalev

. » Thestartingscale
v

shouldbechosenlargeenoughto make» If U O K«W LQ¼ O K«½ L U�¾¬¿ÀU W ¼ ½ U Á , theapproximationerroris Â K«Ã ` Á n'L .



thedyadicapproximationof samplingpointsaccurate,aslong as
thesizeof theresultinginterpolationproblemis manageable.

Beinggivensamplesof thesignalonly at thepoints � o neces-
sarilymeansthatwehavenoinformationatotherdyadicpoints.In
termsof thewavelettransform,thismeansthatwehavenoknowl-
edgeof thescalingcoefficientsat pointsotherthan � o .

Denotethe p th row of the matrix
�

as Ä bo . Collecting the
rows of theequationl 2 � � only for thoseindicesfor which �:o
is known, we canwrite the the following constraintequationon
thewaveletcoefficients �aÅ � 2 l ± (1)

with

Å 2 h Ä	bÆFÇ -9Ä	bÆ ª - G�GuG -�ÄtbÆ�È k«b andl ± 2Éh � ÆFÇ -)� Æ ª - G�G�G -P� Æ È k b .
Because(1) is anunderdeterminedsystemof equations,there

exist many differentsolutionsfor � thatmatchthegivensampled
data l ± G For theminimumBesov solution,we choosethe � that
bothsatisfies(1) andminimizes ���	� � �� ��� � � TP��� .

Becauseof the simple characterizationof Besov norms in
termsof thewaveletcoefficientsof � , we canreposethis interpo-
lation problemasa wavelet-domainoptimizationproblem. For a
generalBesov space

� �� ��� � �qe�
�
 , theproblemof findingthesignal
thatobeys (1) while minimizing �u�	���t��t���F��� TP��� becomesa nonlin-

earconstrainedoptimizationproblemin IR
±

[10]. For �t-9�¬ÊËj ,
this is a convex functional with linear constraintsoptimization
(while simple, for large ´ the computationalcost of this mini-
mizationcould be nontrivial). For Sobolev spaces,however, the
solutionis evenmorestraightforward.

4. INTERPOLATION IN SOBOLEV SPACE

In the Sobolev spaces� � ���V.�qe�
�
 , maximum-smoothnessinter-
polationreducesto simpleweightedleast-squaresoptimizationin
the wavelet domain. Sincethis caseprovidesmany insightsinto
themoregeneralBesov spaceinterpolationproblem,we will em-
phasizeit here.

Let � 2�h ? 1 - ?  - GuGuG - ? z kXb be the wavelet coefficientsof
the samplesand let ,�o , p32 j.- G�GuG -Pm , denotethe scaleof the
waveletcoefficients ? o , pº2 j.- GuG�G -Pm . Denotingthe p th column
of thematrix

Å
by Ì�o , weobtainthefollowing equationby weight-

ing thecolumnsof

Å
andthecorrespondingelementsof � :

h � ` � � Ç Ì 1 - � ` � � ª Ì  - GuGuG - � ` � �)Í Ì z k�ÎÏÏÐ � � � Ç ? 1� � � ª ? ...� � �)Í ? z
Ñ�ÒÒÓ 2 l ± G (2)

Let Ô Å 2·h � ` � � Ç Ì 1 - � ` � � ª Ì  - GuG�G - � ` � �)Í Ì z k . Then, the least-
squaressolutionof (2) canbewritten as Ô Å b � Ô Å Ô Å b 
 ` 19l ± , andthe
the solution to the original problemis obtainedby restoringthe
weighting:Ô� 2 diag° � ` � � Ç - GuG�G - � ` � �)Í ² Ô Å b � Ô Å Ô Å b 
 ` 1 l ± G
Thedesiredtime-domaininterpolationcanbeobtainedby inverse
wavelet transformof Ô� . Ignoringtheerror in dyadicapproxima-
tion, the interpolatedsignal is maximally smoothin the senseof
Sobolev normamongall functionspassingthroughthesamples.
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Figure2: Maximum-smoothnessinterpolationof 256nonuniform
samplesof the HeaviSine signal. (a) 256 nonuniformsamples.
Maximum-smoothnessinterpolationwith (b) � 2[]G Õ and(c) � 2[�G Ö .

5. EXAMPLES

To illustratethebehavior of themaximumsmoothnessinterpolator
for bothsmoothandirregularsignalregions,wechooseDonoho’s
HeaviSinesignal[6] for thetest.

For a discreterealizationof the interpolationalgorithm, we
approximatetheunderlyingcontinuous-timesignalby its uniform
samplesat1024points.Forsignalsliving in theinterval e×2Éh [ -uj�k ,
this correspondsto assumingthat the finestscaleis

v 2 j [ . In
orderto eliminatetheerrordueto dyadicapproximationto isolate
thebehavior of theinterpolationalgorithm,weassumethattheset
of nonuniformsamplingpointsis asubsetof the �.n dyadicpoints.
In all casesweemployedthe Ø<Ù wavelet[7].

Figure2 illustratesthe performanceof the interpolatorwhen
thenonuniformsamplesarerelatively dense.We randomlychose´ 27�.ÕMÚ of the j [F�:Û dyadicpointsasthenonuniformsampling
points.In theFigureweplot the256nonuniformsamples,andre-
constructionsusingmaximumsmoothnessinterpolationwith � 2[�G Õ and [�G Ö . For a properlychosen� , themaximum-smoothness
interpolationapproximatestheoriginalsignalverywell. Notehow
larger � resultsin moresignalsmoothing.

Figure3 illustratesthe performanceof the interpolatorwhen
the samplingdensityis low. We randomlychosé 27^F� of thej [.�{Û dyadicpointsasthenonuniformsamplingpoints.In theFig-
ure we plot the 32 nonuniformsamples,and reconstructionsby
maximumsmoothnessinterpolationwith � 2[�G Ù and �]G [ . Again,
weseethatthesmoothnessof theinterpolatedsignalincreaseswith� . Becausethesamplingdensityhereis low, wemustimposemore
regularity in orderto connectthe given samplepoints. Sampling
destroys thedetailsof theoriginalsignal,soit is naturalfor thein-
terpolatedsignalto besmootherthantheoriginal. However, with
our multiscalealgorithm, the interpolatedsignal retainsthe dis-
continuitiesof the original signal. This is a clearadvantageover
usualbandlimitedsignal interpolation,wherethe discontinuities
arenecessarilysmoothed.
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Figure3: Maximum-smoothnessinterpolationof 32 nonuniform
samplesof the HeaviSine signal. (a) 32 nonuniform samples.
Maximum-smoothnessinterpolationwith (b) � 2�[]G Ù and(c) � 2��G [ .

6. REGULARIZATION VIA WAVELET DENOISING

Whennoisecorruptsthesignalsamples,maximum-smoothnessin-
terpolationmaynotsatisfactory. See,for example,Figure1 where
weinterpolateunderthesameconditionsasin Figure2exceptwith
samplescorruptedby additivewhiteGaussiannoise.

Althoughtheinterpolatedsignalbecomessmootheraswe in-
crease� , we cannever completelyremove thenoisycharacterof
theinterpolatedsignal.Thisisbecausetheinterpolatedsignalmust
necessarilypassthroughall samplepoints,evenwhenthesample
valuesarenoisy. Hence,the smoothestfunction matchingnoisy
samplescanbevery irregular(with largesmoothnessnorm).

Regularizationcanbe employed to yield smootherinterpola-
tionsat theexpenseof errorsin matchingthegivensamplepoints.
Theregularizationof functionsin Besov spacecanbeformulated
as a variationalproblemin the wavelet domain[11]. Astonish-
ingly, in many casesregularizationcan be accomplishedsimply
by shrinkingthesignalwaveletcoefficients.Figure1(f) shows the
signalobtainedby hardthresholdingthewaveletcoefficientsof the
signalin (e) with thresholdÜ 27[�G Ý beforeinverting thewavelet
transform.By properchoiceof the threshold,thesamplingnoise
canbesuppressedat theexpenseof only minimaldistortionin the
estimatedsignal.

Otherinterpolationalgorithmsdo not have this joint interpo-
lation/regularizationcapability. Bandlimitedinterpolationleaves
much to be desired,becausethe bandlimit cannotbe setappro-
priately: A largebandlimitresultsin noisyinterpolation(seeFig-
ure 1(c)), while a small bandlimit oversmoothsthe signal. Even
worse,cubicsplineinterpolationsareextremelynoisy, especially
whenthesamplingis very irregular(seeFigure1(d)).

Thechoiceof theregularizationparameter(waveletthreshold)
dependson thepropertiesdesiredin theunderlyingsignal.Unfor-
tunately, theinterpolatedsignalobtainedby minimum-smoothness
norminterpolationis difficult to characterize,even if thenoisein
thesignalsamplesis whiteGaussian.

7. CONCLUSIONS

In this paper, we have demonstratedthe efficacy of a new mul-
tiscalemaximum-smoothnessinterpolatorfor both signal recon-
struction and joint reconstruction/denoising.Our algorithm is
straightforward, owing to the remarkablysimplecharacterization
of theSobolev andBesov smoothnessspacesby wavelets.In fact,
for Sobolev space,theentirealgorithmreducesto a simpleleast-
squaresproblemin the wavelet domain. Extensionto higherdi-
mensions(for imageandvolumedata)is trivial.

Investigationof the behavior of maximumsmoothnessinter-
polatorfor othersmoothnessspacesremainsa topic of future re-
search.Currently, wearedevelopingmethodsto automaticallyset
thesmoothnessandregularizationparametersfor agivenproblem
andinvestigatingtheaccuracy of thedyadicsamplingapproxima-
tion in termsof signalregularity.
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