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ABSTRACT

Inthispaperwelink concept$rom nonuniformsamplingsmooth-
nesdunctionspacesinterpolationanddenoisingo derive a suite
of multiscale maximum-smoothnessterpolationalgorithms.We
formulatethe interpolationproblemas the optimizationof find-
ing the signalthatmatcheghe given sampleswith smallestnorm
in a function smoothnesspace. For signalsin the Besw space
By (L), theoptimizationcorrespond$o corvex programmingn
the wavelet domain; for signalsin the Sobole spaceWV* (L),
the optimizationreducego a simpleweightedleast-squaregrob-
lem. An optionalwaveletshrinkageregularizationstepmalesthe
algorithmsuitablefor evennoisy sampledata,unlike classicalbp-
proachesuchasbandlimitedandsplineinterpolation.

1. INTRODUCTION

The problemof signalreconstructiorirom nonuniformlysampled
dataarisesin mary contets, including sampling systemswith
samplingitter, thedesignof irregularly spacedintennarraysthe
reconstructiorof signalsfrom missingsamplesandthe process-
ing of geophysicatata.In higherdimensionsinterpolationfrom
non-Cartesiarcoordinatess centralto mary importantimaging
problems suchastomographysyntheticapertureradar andradio
astronomyComputegraphicsijn addition,mustroutinelyprocess
nonuniformlydistributedsamplef imagesandvolumes.

Thesignalinterpolationproblemis ill-posedin thatthereexist
aninfinite numberof continuous-timdunctionspassinghrougha
given setof samples.Hence,interpolationmustbe formulatedas
anoptimizationproblemwith sideconstraintgo narrav down the
classof candidatesolutions.

One popular reconstructionapproachis bandlimited inter-
polation we seekthe bandlimited signal of minimum enegy
that passeghroughthe sampleq1-4]. In this case,the optimal
minimum-mean-square-errgplutionis known [2], andregular
izationschemesave beendevelopedto improve theproblems nu-
mericalconditioning[3, 4]. Roughlyspeakingpandlimitedinter-
polationattemptsto favor smoothinterpolationsby hard-limiting
their high-frequeng content.

Unfortunately mary important signals and images (finite-
lengthsignalsand signalscontainingedges for instance)cannot
be properly modeledas bandlimited. Furthermore suchsignals
areoftennonstationary
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In this paper we formulate a newv approachto signal in-
terpolationfrom nonuniformsamples. In multiscalemaximum-
smoothnesmterpolationwe selectthe signalpassinghroughthe
samplesthat has minimum smoothnessiorm (hencemaximum
smoothnessin an appropriatefunction space. Unlike the space
of bandlimitedfunctions,smoothnesspacesuchasSobole and
Besw spacesontainlife-lik e signalswith discontinuitiesandnon-
stationarities.Sincethesefunction spacesare simply parameter
izedin thewaveletdomain[5], ourinterpolatiomalgorithmreduces
to straightforvardprocessingf thewaveletcoeficientsof thesig-
nalsamplesAs abonuswewill derive asimpleyetpowerful mul-
tiscaleregularizationschemefor interpolatingnoisy signalsthat
reducego simplethresholdingf thewaveletcoeficients.

For signalscontainingsingularities wavelet-basednterpola-
tion offersrealperformancedvantagesFigurel demonstratethe
supremag of wavelet-basednterpolationover bandlimitedand
splineinterpolationfor Donohos HeaviSinesignal[6], whichcon-
tainsbothsmoothandedgyregions.

After reviewing the relevanttheory on waveletsand smooth-
nessspacesn Section2, we presentour algorithmin Sections3
and4. Section5 providesseveralillustrative exampleswhile Sec-
tion 6 introducesegularization. We closein Section7 with con-
clusionsandperspectieson futurework.

2. WAVELETSAND SMOOTHNESS SPACES

The discrete wavelet transform (DWT) representsa 1-D,
continuous-timesignal f in termsof shifted versionsof a low-
passscalingfunction ¢ andshiftedanddilatedversionsof a pro-
totype bandpassvavelet function [7]. For specialchoicesof
¢ and1), the functionse; x(t) = 27/ ¢(27t — k), ¢ x(t) =
2//%4 (27t — k), j,k € Z form an orthonormalbasisfor L,'
andwe have therepresentatiofi7]

ft) = ZU‘JOJC¢'J0, (t) + ZZ“’JJ”!’J, (t),

Ji=jo

win = / FO) Sy b, wip = / () wa(t) dt

Thescalejo representthe coarsesscaleunderconsiderationthe
uj,,x Scorrespondo localmeansatthis scale.We caneasilycon-
struct2-D waveletsfrom the 1-D ¢ andq [7].

LIn this paper we considernly functionsdefinedon afinite intenal 1.
Definethe L, (I) spaceasthesetof all functionson I with boundechorm

IF1E = [, @) dt.
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Figure 1: Interpolationof 256 noisy nonuniformsamplesof the
HeaviSine signal. (a) Original signal. (b) 256 nonuniformsam-
pleswith additive white Gaussiamoiseof variances = 0.3. Re-
sults from (c) regularizedoptimal bandlimitedinterpolation[3],
(d) cubic splineinterpolation,(e) maximum-smoothnessterpo-
lation, (f) regularizedmaximum-smoothnessterpolationbased
onwaveletthresholding.

For finite, discretedata,anorthonormabliscretevavelettrans-
formationmatrix W thattakesthedatavectorto awavelet/scaling
coeficientvectorcanbeconstructedby “periodization”[8]. Since
W is orthonormalwe have W—! = W7, Givenafinite-length,
continuous-timesignal f(t), t € I = [0,1],> definef asthecol-
umnvectorof lengthM = 27 whoseelementsirethedyadicsam-
plesf; = f(i/27),i=0,..., M — 1 atthestarting(finest)scale
J > jo. Thatis, f = [fo,..., fu—1]T. In generalthe elements
of thevectorWf will notequalthewaveletcoeficientsof thecon-
tinuoustime-signal f(t) unlessthe signalsamplesare prefiltered
[8,9]. Denactingtheprefilteringmatrixby P, the DWT coeficients
for scalesj < J canbewrittenasw = WPf. Corversely the
correctcontinuous-timesignal samplescanbe obtainedfrom the
inversewavelet matrix transformatiorby “postfiltering” Denote
the postfiltermatrix asF. Then,we have f = FWTw. Define

2Withoutlossof generalitywe assumehat = [0, 1].

V=FW".

Wavelets provide a simple characterizatiorfor a wide vari-
ety of functionsmoothnesspaceg5]. The normsof thesespaces
measurssignalsmoothnesssmallernormsimply smootherfunc-
tions. The scaleof Besw spacesBg (Ly(I)), 0 < a < oo,
0 <p<o0,0 < q< oo, areparticularlyuseful,for they contain
mary life-lik e signals. For analyzing¢ and+) possessing > «
vanishingmomentq8], theBesa norm||f| sg (z, (1)) canbede-
finedasa sequenca@ormon thewaveletcoeficientsof f

IfllBg Loy = lujoklls +

a/p
Z (Z 92ipP9i(p/2-1) |wj’k|p>

J>jo k

1/q

Thethreehyperparameterisave naturalinterpretationsa p-norm
of thewaveletcoeficientsis takenwithin eachscalej, ag-normis
taken acrossscale,andthe smoothnesgparameter thuscontrols
therateof decayof thew;,, acrosscale(frequeng). Veryroughly
speaking,the parametera correspondgo the numberof well-
behaed derwvatives of f; hence,the larger the «, the smoother
the functionsin By (L, (I)) [5,11]. Do not be misledby theter-
minology“smoothnesspace™ for a < 1, Beso spacegontain
discontinuousunctions.

A simplebut usefulsetof Besw spacesretheSobol® spaces
obtainedasW*(L2(I)) = B3 (L2(I)) withp = ¢ = 2. In the
waveletdomain,we have

1/2
I fllwg oy = lujo.kllz + (Z |27 wj,k|2> :
Jj2jo.k

NotethatW®(Ls (1)) = Lo(I).

3. MAXIMUM-SMOOTHNESSINTERPOLATION

The problemof signalinterpolationfrom nonuniformly sampled
datacanbe statedasfollows. Let f(t) bethe signalundercon-
sideration. In practicalapplicationsonly a finite sggmentof the
signalis available. Here,we assumehat f(t) is definedon the
finite interval I = [0,1]. In addition, let {¢1,...,¢t~} bethe
(nonuniform) sampling points on the intenal, where N is the
numberof samples. Without loss of generality we assumethat
0 <t <t <--- <ty < 1. Theavailabledataarethesample
valuesatthe samplingpoints,thatis, { f(t1), ..., f(t~x)}.

Theproblemis to estimatethe original continuous-timesignal
f from the givennonuniformsamplesaccordingto someoptimal-
ity criterion. Whenthe given signalsamplesarenoisy, the signal
estimationproblemconsistsof both interpolationand denoising.
In our algorithm,the optimality criterionwill be the Besos norm
of the reconstructedignal, which we will minimize in orderto
maximizethe smoothnesef thereconstruction.

Define the dyadic points at scale j to be {i/27,4
0,1,...,2 — 1}. Define the scalej dyadic intenals I; =
[i/27, (i + 1)/27). To simplify the derivation, we will approx-
imate the set of samplingpoints {t1,...,t~} with a subsetof
dyadic points at a certainscalej = J. Thatis, let us assume
thatt; = n;/2” fori = 1,..., N. Theerrorresultingfrom this
approximatiordepend®ntheregularity of thesignalandthescale
J.2 ThestartingscaleJ shouldbe chosenarge enoughto make

31 | £(t) — f(v)| < K|t — v|?, theapproximatiorerroris O(2~57).



the dyadicapproximatiornof samplingpointsaccurateaslong as
thesizeof theresultinginterpolationproblemis manageable.

Beinggiven sampleof the signalonly at the pointst; neces-
sarilymeanghatwe have noinformationatotherdyadicpoints.In
termsof thewavelettransform this meanghatwe have no knowl-
edgeof thescalingcoeficientsat pointsotherthant;.

Denotethe ith row of the matrix V asvy. Collectingthe
rows of theequationf = Vw only for thoseindicesfor which f;
is known, we canwrite the the following constraintequationon
thewaveletcoeficientsw

Sw = fV (1)

with S = [vg‘1 , vz;, .. 7v,{N]T and
fN = [f"l:fﬂza R} f"N]T'

Becausé€1) is anunderdeterminedystemof equationsthere
exist mary differentsolutionsfor w thatmatchthe givensampled
dataf”. For the minimum Besw solution,we choosethe w that
bothsatisfieq1) andminimizes||f| sz (, (1))-

Becauseof the simple characterizatiorof Besov normsin
termsof thewaveletcoeficientsof f, we canreposethisinterpo-
lation problemasa wavelet-domainoptimizationproblem. For a
generaBesw spaceBg (L,([I)), theproblemof findingthesignal
thatobeys (1) while minimizing || f|| sg (z,, (1)) becomesa nonlin-

earconstrainedptimizationproblemin IR™ [10]. Forp,q > 1,
this is a corvex functional with linear constraintsoptimization
(while simple, for large N the computationakost of this mini-
mization could be nontriial). For Sobole spaceshowever, the
solutionis even morestraightforvard.

4. INTERPOLATION IN SOBOLEV SPACE

In the Soboler spaces¥V (L2 (1)), maximum-smoothnesster-
polationreducego simpleweightedleast-squaresptimizationin
the waveletdomain. Sincethis caseprovides mary insightsinto
themoregeneraBesw spaceinterpolationproblem,we will em-
phasizdt here.

Letw = [wi,ws,...,wn]T bethe wavelet coeficients of
the samplesandlet j;, i = 1,..., M, denotethe scaleof the
waveletcoeficientsw;, i = 1,..., M. Denotingtheith column

of thematrix S by s;, we obtainthefollowing equatiorby weight-
ing the columnsof S andthecorrespondinglementof w:

20<J'1w1
. . . 2QJQIU2 N
[2_aJ1S1, 2_aj252, e ,2_QJMSM] = f. (2)
zajMwM
Let S = [27%1s;,27%2s,, ..., 27 %M gy ]. Then, the least-

squaresolutionof (2) canbewritten asS” (SS”)~'f" , andthe
the solutionto the original problemis obtainedby restoringthe
weighting:

w = diag{27>1,... 27>} 8T (S8T) "¢V,
Thedesiredtime-domairninterpolationcanbe obtainedby inverse
wavelettransformof w. Ignoringthe errorin dyadicapproxima-

tion, the interpolatedsignalis maximally smoothin the senseof
Sobole normamongall functionspassinghroughthe samples.

o
T
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Figure2: Maximum-smoothnessterpolationof 256 nonuniform
samplesof the HeaviSine signal. (a) 256 nonuniformsamples.
Maximum-smoothnegsaterpolatiorwith (b) a = 0.5 and(c) o =
0.9.

5. EXAMPLES

Toillustratethebehaior of themaximumsmoothnesmterpolator
for bothsmoothandirregularsignalregions,we chooseDonohos
HeaviSinesignal[6] for thetest.

For a discreterealizationof the interpolationalgorithm, we
approximatehe underlyingcontinuous-timesignalby its uniform
samplesit1024points.For signaldivingin theintenal I = [0, 1],
this correspondso assuminghatthe finestscaleis J = 10. In
orderto eliminatethe errordueto dyadicapproximatiorto isolate
thebehaior of theinterpolationalgorithm,we assumehatthe set
of nonuniformsamplingpointsis a subsebf the2” dyadicpoints.
In all casesve emplg/edthe D8 wavelet[7].

Figure 2 illustratesthe performanceof the interpolatorwhen
the nonuniformsamplesrerelatively dense We randomlychose
N = 256 of the1024 dyadicpointsasthe nonuniformsampling
points. In the Figurewe plot the 256 nonuniformsamplesandre-
constructionsisingmaximumsmoothnesterpolationwith o =
0.5 and0.9. For a properlychosenn, the maximum-smoothness
interpolationapproximatesheoriginal signalverywell. Notehow
largera resultsin moresignalsmoothing.

Figure 3 illustratesthe performanceof the interpolatorwhen
the samplingdensityis low. We randomlychoseN = 32 of the
1024 dyadicpointsasthenonuniformsamplingpoints. In the Fig-
ure we plot the 32 nonuniformsamples.and reconstructiondy
maximumsmoothnesiterpolationwith o = 0.8 and2.0. Again,
we seethatthesmoothnessf theinterpolatedignalincreasesvith
a. Becausghesamplingdensityhereis low, we mustimposemore
regularity in orderto connectthe given samplepoints. Sampling
destrysthedetailsof theoriginal signal,soit is naturalfor thein-
terpolatedsignalto be smoothethanthe original. However, with
our multiscalealgorithm, the interpolatedsignal retainsthe dis-
continuitiesof the original signal. This is a clearadwantageover
usualbandlimitedsignalinterpolation,wherethe discontinuities
arenecessarilgmoothed.
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Figure 3: Maximum-smoothnesgiterpolationof 32 nonuniform
samplesof the HeaviSine signal. (a) 32 nonuniform samples.
Maximum-smoothnesaterpolatiorwith (b) . = 0.8 and(c) o =
2.0.

6. REGULARIZATION VIA WAVELET DENOISING

Whennoisecorruptsthesignalsamplesmaximum-smoothness-
terpolationmaynotsatistctory See for example,Figurel where
weinterpolateunderthesameconditionsasin Figure2 exceptwith
samplesorruptedby additive white Gaussiamoise.

Althoughtheinterpolatedsignalbecomesmootherswe in-
creasax, we cannever completelyremove the noisy characteiof
theinterpolatedsignal. Thisis becaus¢heinterpolatedsignalmust
necessarilypassthroughall samplepoints,evenwhenthe sample
valuesarenoisy Hence,the smoothesfunction matchingnoisy
samplesanbeveryirregular(with large smoothnesaorm).

Regularizationcanbe emplgyed to yield smootherinterpola-
tionsatthe expenseof errorsin matchingthe givensamplepoints.
Theregularizationof functionsin Besw spacecanbe formulated
as a variationalproblemin the wavelet domain[11]. Astonish-
ingly, in mary casesregularizationcan be accomplishedsimply
by shrinkingthe signalwaveletcoeficients. Figure1(f) shavs the
signalobtainedby hardthresholdinghewaveletcoeficientsof the
signalin (e) with thresholdr = 0.7 beforeinverting the wavelet
transform. By properchoiceof the threshold the samplingnoise
canbe suppressedt the expenseof only minimal distortionin the
estimatedsignal.

Otherinterpolationalgorithmsdo not have this joint interpo-
lation/regularizationcapability Bandlimitedinterpolationleaves
muchto be desired,becausehe bandlimit cannotbe setappro-
priately: A large bandlimitresultsin noisyinterpolation(seeFig-
ure 1(c)), while a small bandlimit oversmoothghe signal. Even
worse,cubic splineinterpolationsare extremelynoisy, especially
whenthe samplingis veryirregular (seeFigurel1(d)).

Thechoiceof theregularizationparametefwaveletthreshold)
depend®nthe propertiedesiredn the underlyingsignal. Unfor-
tunately theinterpolatedsignalobtainedoy minimum-smoothness
norminterpolationis difficult to characterizegvenif the noisein
thesignalsampless white Gaussian.

7. CONCLUSIONS

In this paper we have demonstratedhe efficacy of a new mul-
tiscale maximum-smoothnessterpolatorfor both signal recon-
struction and joint reconstruction/denoising.Our algorithm is
straightforvard, owing to the remarkablysimple characterization
of the Soboler andBesa smoothnesspacedy wavelets.In fact,
for Sobole spacethe entirealgorithmreducego a simpleleast-
squaregproblemin the waveletdomain. Extensionto higherdi-
mensiongfor imageandvolumedata)is trivial.

Investigationof the behaior of maximumsmoothnesinter
polatorfor othersmoothnesspacesemainsa topic of futurere-
searchCurrently we aredevelopingmethodgo automaticallyset
thesmoothnesandregularizationparameteror a givenproblem
andinvestigatinghe accurag of the dyadicsamplingapproxima-
tion in termsof signalregularity.
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