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ABSTRACT

This paperdevelopstwo new adaptve wavelet transformsbased
on thelifting scheme.Thelifting constructionexploits a spatial-

domain, prediction-errorinterpretationof the wavelet transform
andprovidesapowerful framevork for designingcustomizedrans-
forms. We usethelifting constructiorto adaptiely tuneawavelet

transformto a desiredsignalby optimizing data-basegrediction

error criteria. The performancesf the new transformsarecom-

paredto existing wavelet transforms,and applicationsto signal

denoisingareinvestigated.

1. INTRODUCTION

The discretewavelet transform(DWT) provides a very efficient
representatiofor a broadrangeof real-worldsignals.This prop-
erty hasbeenexploited to develop powerful signaldenoisingand
estimatiormethodg1] andextremelylow-bit-ratecompressioml-
gorithms|[2].

The 1-d DWT represents real-valueddiscrete-timesignalin
termsof shifts and dilations of a lowpassscalingfunctionanda
bandpassvaveletfunction[2]. The DWT decompositioris mul-
tiscale: it consistsof a set of scaling coeficientsc’[n], which
representoarsesignal informationat scale; = 0, anda setof
waveletcoeficientsd’[r], which representetail information at
scaleyy = 1,2,...,J. TheforwardDWT hasanefficientimple-
mentationin termsof arecursve multiratefilterbankbasedaround
a lowpassfilter h and highpassfilter g. The inverseDWT em-

ploysaninversefilterbankwith Iowpass‘ilterE andhighpasdilter

g. For specialchoicesof h andg, we have h = h andg = g,
andtheunderlyingwaveletandscalingandwaveletfunctionsform
an orthonormalsignal basis. Otherwise,thesefunctionsform a
biorthogonabasig[2].

The economyof the wavelet transformstemsfrom the fact
that the DWT tendsto compressreal-world signalsinto just a
few coeficients of large magnitude. Compressiorfollow from
the “vanishingmoments”propertyof wavelets,which guarantees
that the wavelet coeficients of low-order polynomial signalsare
zero[2]. Thus,if a signalis exactly polynomial,thenit canbe
completelydescribedisingscalingcoeficientsalone.In morere-
alistic situations,the signalwill not be polynomial, but may be
well-approximatedy a piecavise polynomialfunction. Because
waveletfunctionsalsohave localizedsupportmostof thewavelet
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coeficientsof suchasignalwill bezeroexceptthosecorrespond-
ing to waveletshaving supporinearthe breakpointof the polyno-
mial sggments.

It is fruitful to view the DWT asa prediction-errodecompo-
sition. Thescalingcoeficientsat agivenscale(y) are“predictors”
for the dataat the next higherresolutionor scale(; — 1). The
waveletcoeficientsaresimplythe“predictionerrors”betweerthe
scalingcoeficientsandthe higherresolutiondatathatthey areat-
temptingpredict. This interpretatiorhasled to a new framewvork
for DWT designknown asthelifting scheme3].

In this paperwe uselifting to designcustomizedWTs that
adaptto matchthe signalunderconsideration.We develop two
new multiscaleanalysistechniques— scale-adaptedransforms
andspace-adaptettansforms Thefundamentaideain bothcases
is to adaptthe predictionto minimize a data-baseerrorcriterion.
While otheradaptve transformtechniquesave beenproposedn
theliterature[4, 5, 6], the adaptve transformsdevelopedhereare
new, particularlyin their useof thelifting programme.

The paperis organizedas follows. In Section2, we review
the basiclifting constructionand describea variantof the basic
schemeln Section3, we developthetwo new adaptve DWTsus-
ing thelifting constructionln Section4, we applythenew DWTs
to signaldenoisingand demonstratehat the adapteddWTs can
performsignificantlybetterthanstandardvaveletdenoisingmeth-
odsin severalinterestingcases.We closein Section5 with con-
cludingremarksandplansfor future work.

2. THELIFTING CONCEPT

Lifting, aspace-domaioonstructiorof biorthogonalwaveletsde-
velopedby Sweldeng3], consistof theiterationof the following
threebasicoperationgseeFigurel):

Split: Divide the original datainto two disjoint subsets.For ex-
ample,we will splittheoriginal datasetz[n] into z.[n] =
z[2n], theevenindexedpoints,andz,[n] = z[2n + 1], the
oddindexedpoints.

Predict: Generat¢hewaveletcoeficientsd[r] astheerrorin pre-
dicting z.[n] from z.[n] usingpredictionoperatorp:
d[n] = wo[n] = P(weln]). ()

Update: Combinez.[r] andd[n] to obtain scalingcoeficients
c[n] that representn coarseapproximationto the original
signalz[n]. Thisis accomplishedy applying an update
operatoi/ to thewaveletcoeficientsandaddingto z.[n]:

c[n] = zc[n]+ U(d[n]), @
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Figurel: Lifting stage:Split, Predict,Update.

Thesethreestepsform a lifting stage Iterationof the lifting
stageon the outputc[n] createshe completesetof DWT scaling
andwaveletcoeficientsc? [n] andd’ [n].!

Thelifting stepsareeasilyinverted,evenif P andi/ are non-
linear or space-varyingRearrangingl) and(2), we have

— U(d[n]), zo[n] = d[n]+ P(ze[n]). (3)

2.1. Predictor Design

ze[n] = c[n]

Typically, thepredictionoperatorP is alinearshift-invariantfilter,
with z transformP(z). In Figure2, We iIIustrateasymmetric
N = 4-pointpredictorP(z) = p1z~" + ps + paz + paz*. By
tracingthe contritution of z.[n] andz.[n] throughthetreeto the
pointd[n], we canfind the equivalentfilter thatwould be applied
to theoriginal dataz[r]. In vectorform, we have

g = [_p17 07 —Pp2, 17 —ps3, 07 _p4]T' (4)

(Notethezerosatthe positionscorrespondingo oddpointsin the
original data,exceptfor the1 in thecenter)
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Figure2: Predictionfiltering. An N = 4 point linear prediction
filter P(z) yieldsthepredictionvectorg shovn acrosghetop.

Recallthat the goal of the predictionstepis to eliminateall
low-order polynomialsfrom z[r] in creatingthe wavelet coef-
ficients. For a linear predictor this is easily accomplishedby
the following simple procedure. Form the N x (2N — 1) ma-
trix 'V whoserows are the monomialsignals: [V]m,. = r™,
n=—(N-1),...,(N=-1),m=0,1,...,N — 1. (Wemake
the convention0® = 1.) Now, for the predictorto suppressall
polynomialsupto N — 1storder we requirethat

Vg = 0. (5)

This setof linear equationds readily solved, sinceV formsthe
first N rows of a Vandermondenatrix, whichis alwaysinvertible
[8]. Uponrecognizinghatthe solutionlivesin an N -dimensional
subspacewe canrewrite (5) in a simplerform in termsof a new
N x N matrix V¢ andp thevectorof coeficientsof theprediction
filter P(z)

Vep = [1,0,...,0]". (6)

In fact, all wavelettransformscanbe factoredinto a seriesof lifting
stagegwith perhapsnultiple predictsandupdateperstage)7].

2.2. Update Design

The(linear)updatefilter U (z) creates:[n] by updatingeachz.[n]
with thenearestV waveletcoeficientsd[n] from eitherside. The
updateorderA~7 canbe chosenindependenthyof N; however, the
predictioncoeficientsp, mustbe fixed prior to determiningthe
updatéfilter in the standardifting programme.

In Figure3, we tracethe contrikution of theoriginal z.[n] and
zo[n] to eachc[n] for an N = 2 point predictfollowed by an
N =4 pointupdatewith U(z) = iz 2+ usz 4 us + uaz.
In vector form, we have the equivalentfilter h at the top of the
Figure.Notethath is afunctionof boththeupdatecoeficientsuy,
andthepredictioncoeficientspy, .
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Figure3: Updatéfiltering. An N = 2 pointlinearpredictfollowed
byanN = 4 pointlinearupdateyieldsthe updatevectorh shavn
acrosghetop.

Theupdatefilter vectorh shouldpasdow-orderpolynomials
into c[n] while attenuatinghigh-orderpolynomials. Corversely
we candesignthe mirror updatefilter vectorg (definedasg,, =
(—=1)"hy) to suppesdow-orderpolynomials.For theexamplein
Figure3, we have

g = [-piu,
—us, (—}72113,—}71114)7 —Uy4, —ng4]T. )

Sincethe N = 2 predictioncoeficients are alreadydeter

mined,thereare N = 4 unknowns(the updatecoeficientsuy) in
g. Solutionof Vg = 0 asin (5) yieldsthe updatecoeficients.

In summary we designthe predictionstepto eliminatethe
low-orderpolynomialsignalstructure)eaving only the high-order
details.We designtheupdateto presere thelow-orderpolynomial
signalstructureat the next coarsesscale?

—u1, (—pruz —p2u1), —u2, (1—p2uz —p1us),

2.3. The Update/Predict Programme

In thelifting framework of Figurel, the updatestructuredepends
onthepredictorstructure.Hence if P is space-aryingor nonlin-
ear thensois U, andthedesignproceduref Section2.2becomes
unwieldy A crafty detouraroundthis problemis to performthe
updatestepfirst, followedby theprediction[9]. Therelevantequa-
tionsthenbecome

c[n] = ze[n]+ U(zo[n]), d[n] = c[n]— P(zc[n]). (8)
After designinga linear updatefilter to presere thefirst N low-

orderpolynomialsin thedata(asin Section2.1),we canapplyary

21n orderto normalizethe enegy of theunderlyingscalingandwavelet
functions, we actually output 2~1/2d[n] and 2!/2¢[n] from the lifting
stage.



space-arying or nonlinearpredictorwithout affecting the coarse
approximatiore[n].

Sincetheupdate/predidifting stagecreates[rn] priortod[n],
the predictionoperatorcan be designedo optimizeperformance
criteria otherthan polynomialsuppressiortapability For exam-
ple, the predictorcould bea medianfilter. In Section3.2,we will
exploit thisflexibility to designspace-aryingpredictorghatadapt
to the characteristiof thesignal.

3. ADAPTIVELIFTING

The lifting approachto wavelet designgives us a greatdeal of
flexibility. In principle,we canuseary linear, nonlinear or space-
varying predictorandupdate andthelifting constructiorensures
thatthe resultingtransformis invertible. We now investigatethe
capabilitiesof thelifting approactor adaptve lifting DWTs that
optimizedata-basegredictionmeasureso matchthe characteris-
tics of agivensignal. Themotivationbehindthesenew transforms
is thatbetterpredictorswill leadto moreefficientsignalrepresen-
tations. Sincethe compressiorabilities of signaltransformations
arekey to successfusignalprocessinglgorithmg1], theadaptve
transformsderived herehave the potentialto improve transform-
basedorocessing.

3.1. Scale-Adaptive Transforms

In Section2, we derived thelifting constructiorbasedon a poly-
nomial signal suppression/preseation agument. However, we
alludedto nonlinearscheme$asedn otherthanpolynomialpre-
diction. For example,we could designa predictorfor certaintex-
tural componentssuchas periodic patterns.More generally we
canlet thesignalitself dictatethe structureof the predictor

In ascale-adaptettansform(ScAT), we adaptthe predictorin
eachlifting stagein orderto matchsignalstructureat the corre-
spondingscale.Thebasicideais to usealinear N -point predictor
but requirethatit supprespolynomialsonly upto M < Nthor-
der TheremainingN — M degreesof freedomare then used
to adaptthe predictorto the signal. Specifically at eachscale
we optimizethe predictorover the N — M degreesof freedom
to minimize the spatially-aeragedsquaredpredictionerror This
optimizationproducespredictorsthat canmatchboth polynomial
and non-polynomialsignal structure. For example,if the signal
containsaregulartexture,thenarelatively low-orderadaptve pre-
dictor of this form may be ableto matchthe texture muchbetter
thana purepolynomialpredictorof the sameorder

The optimizationitself is a straightforwardN -dimensional
constrainedeastsquaregproblem— the constraintbeingthatwe
requirethe predictorto suppressM < Nth-orderpolynomials.
Letx, denotetheodd-indexeddatawe wishto predictandlet X,
[Xe]n,k = ze[n — k], beamatrix composedf the even-indexed
datausedin the prediction. The vectorof predictionerrorsis then
givenby

e = Xo — XepP. 9)

Our objectie is to find the predictioncoeficientsthat mini-
mizethe sumof squaregredictionerrorse e while satisfyingthe
M < N polynomialconstraintsThus,we solve

min |[xo — Xepl|* subjectto (6), (10)
1

with V°® an M x M matrix determinedasin Section2.1. The
optimal prediction coeficientsfor this constrainedeastsquares

problemcan be efficiently computedusing the QR factorization
method[8, p. 567].

The optimal predictoreffectively “locks-on” to the dominant
signalstructureat eachscale. The wavelet coeficientsd[n] then
representhe variationsof the signal from this structure. Once
the optimal predictoris determinedthe updateis designedising
the methodsof Section2.2 to ensurethat the dominantcoarse-
scale(low-frequeng) structureis presered in the coarsesignal
approximatiorthatis usedat the next scale.

3.2. Space-Adaptive Transforms

In additionto a scale-by-scal®ptimization,lifting permitsusto
instantaneouslhadaptthe predictorto the signaland changethe
waveletbasisfunctionsateachpointandscale.ln aspace-adapted
transform(SpAT), we employ the update/predicframavork of
Section2.3 and choosea predictorfrom a suite of predictorsto
minimizeeachd[r] value.

Our adaptie algorithmperformsaﬁ = 1 pointupdate,and
thenfor eachn chooseshe N e {1, 3, 5, 7} point predictionthat

minimizesthevalued[n]. We choosehis (N, N) pair, becaus¢he
underlyingwaveletfunctionsarerelatively smoothandthesynthe-
sis functionshave small side-bandg49]. A demonstratiorof the
SpAT appliedto astepedgeis shovnin Figure4. Thetransformis
ableto lock-onto the dominantsignalstructureat eachpoint, and
avoid discontinuitiesandotherhigh-ordermpolynomialphenomena
thatwould decreas¢he quality of prediction.
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Figure4: In the SpAT, the order N of the predictorvarieswith
spacen to minimize the wavelet coeficient valued[n]. Above
eachz[n] we give the correspondinghoice N (n). As the pre-
dictor approachesin edge,it decreasesV (chooseavaveletsof
smallerspatialsupport)in orderto avoid theedge.

4. NUMERICAL EXPERIMENTS

In this section,we comparethe performanceof the new adaptve

transformswith someof the standardDaubechiesvavelets. Two

experimentsare performed. First, we comparethe entropiesof

the coeficient distributions of several well-known testsignalsto

assesghe level of compactionafforded by the new transforms.
Secondwe comparethe performancef the new transformsn a

signaldenoisingapplication.

4.1. Entropy Comparison

The entropyof thetransformcoeficientdistribution is acommon
measureof the efficiency of a signaltransform[5]. If we collec-
tively denotethe scalingand wavelet coeficientsby {w;}, then



theentropyis definedas

H(w) = > |wi[*log, [wil*, (11)

B

assuminghenormalizationy " w;|* = 1.

Table1 compareshe entropiesof the Daubechies-8D8) and
Daubechies-2Haar)DWTs to thoseobtainedusingthe ScAT and
SpAT. The ScAT usedan N = N = 4 lifting constructionwith
M = 3 vanishingmomentsenforced. The first four signals,
Doppler, Blocks,Bumps,andHeariSine,arestandardestsignals
introducedn [1]. Thelastsignal,DoppelBlock,is aconcatenation
of theDopplersignalandthe Blocks signal(hencdt containdhoth
smoothandedgysignalelements) All signalwere1024 samples
long. Theentropiesn Tablel1 shawv thatboth adaptve transforms
performnearlyaswell (or better)thanthe betterof the D8 or the
Haarin eachtestcase.

Tablel: Entropyresultsfor varioussignalsandtransforms.

Signal Entropy by Algorithm
D8 Haar | SCAI | SpAl
Doppler | 2.837 | 3.153 | 2.878 | 2.568
Blocks 2598 | 2.618 | 2.517 | 2.318
Bumps 3.541 | 3.652 | 3.532 | 3.233
HeaviSine | 2.262 | 2.500 | 2.250 | 2.265
DoppelBlo&k| 3.543 | 3.597 | 3.414 | 3.149

4.2. Denoising Comparison

BecauseDWTs provide sucha parsimoniousrepresentatiorior
wide classe®f signalsthe DWT hasprovedto bea powerful tool
for noiseremoval. The basic"waveletdenoising’programme1]
is describedasfollows. We obsene I samples{z[n]} of anun-
known function f with additivei.i.d. Gaussiamoises{n[n]}:

z[n] = s[n]+n[n], n=0,1,...,L—1. (12)

We computehe DWT of z andapplya“soft-thresholdnonlinear
ity to the wavelet coeficients. The soft-thresholdsetsvery small
coeficientsto zero and reducesall other coeficientsby a fixed
amountproportionato thestandardieviation of thenoise.Thein-
verseDWT of thethresholdedoeficientsproduces “denoised”
signal.For amoreinformationsee[1].

Table2 providesthe mean-squaredrror (MSE) performance
of the four transformsand five signalsdiscussedn Section4.1
above. In this experiment, noise of standarddeviation 0.1 x
max, |s[n]| wasaddedto eachof the testsignals. The MSEsin
Table 2 shav againthat both adaptve transformsperformnearly
aswell (or better)thanthe betterof the D8 or the Haarin eachtest
case.

5. CONCLUSIONS

Thispapethasdescribedwo new adaptve DWTsbasednthelift-
ing scheme We usedthellifting constructiorto adaptvely match
theDWT to agivensignalbasedndata-basedrrorcriteria. Com-
parisonsn entropymeasureandsignaldenoisingdemonstratéhe
potentialutility of thenew transforms.

Table2: Denoising:MSE for varioussignalsandtransforms.

Signal M SE by Algorithm
D8 Haar ScAT SpAl
Doppler | 0.0483| 0.0733| 0.0459 | 0.0521
Blocks 0.4428| 0.3598| 0.4084| 0.3661
Bumps 0.4014 | 0.4403| 0.3949| 0.4102
HeaviSine | 0.1966 | 0.4404| 0.1990| 0.2107
DoppelBlo&k| 0.1111| 0.1065| 0.1110| 0.0966

Marny variationsontheideaspresentetierecanbemadeto de-
velopnew adaptve DWTSs. For example alogical next stepwould
be to combinethe ScAT and SpAT into a scaleand spaceadap-
tive transform.We alsonotethatthe new transformsareeasilyex-
tendedo imagegqasimilarlifting constructiorexistsfor higherdi-
mensionablata).Finally, in this paperwe have only examinedthe
potentialof the new transformdor signaldenoisingbut they may
alsoimprove algorithmperformanceén otherapplicationssuchas
signalcompressioff9], detectionandclassification.
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