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ABSTRACT

This paperdevelopstwo new adaptive wavelet transformsbased
on the lifting scheme.The lifting constructionexploits a spatial-
domain,prediction-errorinterpretationof the wavelet transform
andprovidesapowerful framework for designingcustomizedtrans-
forms.Weusethelifting constructionto adaptively tuneawavelet
transformto a desiredsignalby optimizingdata-basedprediction
error criteria. The performancesof thenew transformsarecom-
paredto existing wavelet transforms,and applicationsto signal
denoisingareinvestigated.

1. INTRODUCTION

The discretewavelet transform(DWT) provides a very efficient
representationfor a broadrangeof real-worldsignals.This prop-
erty hasbeenexploited to developpowerful signaldenoisingand
estimationmethods[1] andextremelylow-bit-ratecompressional-
gorithms[2].

The1-d DWT representsa real-valueddiscrete-timesignalin
termsof shifts anddilationsof a lowpassscalingfunction anda
bandpasswavelet function [2]. The DWT decompositionis mul-
tiscale: it consistsof a set of scaling coefficients ��������� , which
representcoarsesignal informationat scale 	�

� , anda setof
waveletcoefficients ��� ����� , which representdetail informationat
scales	�
������������������ . TheforwardDWT hasanefficient imple-
mentationin termsof arecursivemultiratefilterbankbasedaround
a lowpassfilter � and highpassfilter � . The inverseDWT em-
ploysaninversefilterbankwith lowpassfilter � � andhighpassfilter� � . For specialchoicesof � and � , we have � ��

� and � � 
!� ,
andtheunderlyingwaveletandscalingandwaveletfunctionsform
an orthonormalsignalbasis. Otherwise,thesefunctionsform a
biorthogonalbasis[2].

The economyof the wavelet transformstemsfrom the fact
that the DWT tendsto compressreal-world signalsinto just a
few coefficients of large magnitude. Compressionfollow from
the“vanishingmoments”propertyof wavelets,which guarantees
that the wavelet coefficientsof low-orderpolynomialsignalsare
zero [2]. Thus, if a signal is exactly polynomial, then it canbe
completelydescribedusingscalingcoefficientsalone.In morere-
alistic situations,the signalwill not be polynomial, but may be
well-approximatedby a piecewisepolynomialfunction. Because
waveletfunctionsalsohave localizedsupport,mostof thewavelet
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coefficientsof suchasignalwill bezeroexceptthosecorrespond-
ing to waveletshaving supportnearthebreakpointsof thepolyno-
mial segments.

It is fruitful to view theDWT asa prediction-errordecompo-
sition.Thescalingcoefficientsatagivenscale(	 ) are“predictors”
for the dataat the next higher resolutionor scale(	&%'� ). The
waveletcoefficientsaresimplythe“predictionerrors”betweenthe
scalingcoefficientsandthehigherresolutiondatathatthey areat-
temptingpredict. This interpretationhasled to a new framework
for DWT designknown asthe lifting scheme[3].

In this paperwe uselifting to designcustomizedDWTs that
adaptto matchthe signalunderconsideration.We develop two
new multiscaleanalysistechniques— scale-adaptedtransforms
andspace-adaptedtransforms. Thefundamentalideain bothcases
is to adaptthepredictionto minimizea data-basederrorcriterion.
While otheradaptive transformtechniqueshave beenproposedin
theliterature[4, 5, 6], theadaptive transformsdevelopedhereare
new, particularlyin theiruseof thelifting programme.

The paperis organizedas follows. In Section2, we review
the basiclifting constructionanddescribea variantof the basic
scheme.In Section3, wedevelopthetwo new adaptiveDWTsus-
ing thelifting construction.In Section4, weapplythenew DWTs
to signaldenoisinganddemonstratethat the adaptedDWTs can
performsignificantlybetterthanstandardwaveletdenoisingmeth-
odsin several interestingcases.We closein Section5 with con-
cludingremarksandplansfor futurework.

2. THE LIFTING CONCEPT

Lifting, aspace-domainconstructionof biorthogonalwaveletsde-
velopedby Sweldens[3], consistsof theiterationof thefollowing
threebasicoperations(seeFigure1):

Split: Divide theoriginal datainto two disjoint subsets.For ex-
ample,we will split theoriginal dataset ( � ��� into (*) ����� 
( � � ��� , theevenindexedpoints,and (,+ ����� 
-( � � �/. � � , the
oddindexedpoints.

Predict: Generatethewaveletcoefficients� ����� astheerrorin pre-
dicting ( + � ��� from (,) ����� usingpredictionoperator0 :

� � ��� 
1(,+ � ��� %20435( ) � ���56 � (1)

Update: Combine (,) � ��� and � ����� to obtain scalingcoefficients������� that representa coarseapproximationto the original
signal ( ����� . This is accomplishedby applying an update
operator7 to thewaveletcoefficientsandaddingto (,) ����� :

������� 
1( ) � �8��. 7935� � �8�:6 � (2)
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Figure1: Lifting stage:Split, Predict,Update.

Thesethreestepsform a lifting stage. Iterationof the lifting
stageon theoutput ������� createsthecompletesetof DWT scaling
andwaveletcoefficients � � ����� and � � ����� . K

Thelifting stepsareeasilyinverted,evenif 0 and 7 arenon-
linear or space-varying. Rearranging(1) and(2), wehave

(,) � ��� 
 ������� %L7935� � �8�:6 � ( + ����� 
M� � ���N. 0435(,) �����:6 � (3)

2.1. Predictor Design

Typically, thepredictionoperator0 is alinearshift-invariantfilter,
with O transform P435O 6 . In Figure2, we illustrate a symmetric,Q 
SR -point predictor P435O 6 
UT K OWV K . TWX . T8YZO . TW[�O X . By
tracingthecontributionof (,) ����� and ( + ����� throughthetreeto the
point � � ��� , we canfind theequivalentfilter thatwouldbeapplied
to theoriginaldata( � �8� . In vectorform, wehave\ 
 � %]T K �^���_%]TWXC�`���_%]TWYC�]���_%]T8[ �:a � (4)

(Notethezerosat thepositionscorrespondingto oddpointsin the
originaldata,exceptfor the � in thecenter.)
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Figure2: Predictionfiltering. An
Q 
SR point linear prediction

filter P435O 6 yieldsthepredictionvector \ shown acrossthetop.

Recall that the goal of the predictionstepis to eliminateall
low-order polynomialsfrom ( ����� in creatingthe wavelet coef-
ficients. For a linear predictor, this is easily accomplishedby
the following simpleprocedure.Form the

Qed 3f� Q %'� 6 ma-
trix g whoserows are the monomialsignals: � g �:hji k 
 � h ,� 
�%/3 Q % � 6 ����������3 Q % � 6 , lm
n�N������������� Q % � . (We make
the convention � � 
o� .) Now, for the predictorto suppressall
polynomialsup to

Q % � storder, we requirethat

g \ 
opq� (5)

This setof linear equationsis readily solved, since g forms the
first
Q

rowsof a Vandermondematrix,which is alwaysinvertible
[8]. Uponrecognizingthatthesolutionlivesin an

Q
-dimensional

subspace,we canrewrite (5) in a simplerform in termsof a newQUdrQ
matrix gts and u thevectorof coefficientsof theprediction

filter P435O 6 g s uS
 � ���v�N���������v� �5a � (6)

K In fact, all wavelet transformscanbe factoredinto a seriesof lifting
stages(with perhapsmultiplepredictsandupdatesperstage)[7].

2.2. Update Design

The(linear)updatefilter w435O 6 creates��� ��� by updatingeach( ) � ���
with thenearest�Q waveletcoefficients � ����� from eitherside.The
updateorder �Q canbe chosenindependentlyof

Q
; however, the

predictioncoefficients T,x mustbe fixed prior to determiningthe
updatefilter in thestandardlifting programme.

In Figure3,wetracethecontributionof theoriginal (,) � ��� and(,+ � ��� to each ������� for an
Q 
o� point predict followed by an�Q 
nR point updatewith w435O 6 
�y K OWV X . y�X�OWV K . y�Y . y�[�O .

In vector form, we have the equivalentfilter z at the top of the
Figure.Notethat z is a functionof boththeupdatecoefficients y x
andthepredictioncoefficientsT x .
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Figure3: Updatefiltering. An
Q 
�� point linearpredictfollowed

by an �Q 
-R point linearupdateyieldstheupdatevector z shown
acrossthetop.

Theupdatefilter vector z shouldpasslow-orderpolynomials
into ������� while attenuatinghigh-orderpolynomials. Conversely,
we candesignthemirror updatefilter vector � \ (definedas �� k 
3v%/� 6 k � k ) to suppresslow-orderpolynomials.For theexamplein
Figure3, wehave

� \ 
 � %]T K y K ��%�y K ��3v%]T K y�XW%`T8X�y K 6 �,%�y�X���3v�N%`T8X�y�XW%`T K yNY 6 �%�y Y �,3v%]T X y Y %`T K y [ 6 ��%�y [ �q%]T X y [ �:a � (7)

Sincethe
Q 
�� predictioncoefficients are alreadydeter-

mined,thereare �Q 
UR unknowns(theupdatecoefficients yWx ) in� \ . Solutionof g � \ 
�p asin (5) yieldstheupdatecoefficients.
In summary, we designthe predictionstepto eliminatethe

low-orderpolynomialsignalstructure,leaving only thehigh-order
details.Wedesigntheupdatetopreservethelow-orderpolynomial
signalstructureat thenext coarserscale.X
2.3. The Update/Predict Programme

In thelifting framework of Figure1, theupdatestructuredepends
on thepredictorstructure.Hence,if 0 is space-varyingor nonlin-
ear, thensois 7 , andthedesignprocedureof Section2.2becomes
unwieldy. A crafty detouraroundthis problemis to performthe
updatestepfirst, followedby theprediction[9]. Therelevantequa-
tionsthenbecome��� ��� 
-(*) ������. 7935( + �����:6 ��� � ��� 
 ��� ��� %�0435(,) �����:6 � (8)

After designinga linearupdatefilter to preserve thefirst �Q low-
orderpolynomialsin thedata(asin Section2.1),wecanapplyanyX In orderto normalizetheenergy of theunderlyingscalingandwavelet
functions,we actually output � V Kv� X���� �C� and � Kv� X���� �C� from the lifting
stage.



space-varyingor nonlinearpredictorwithout affecting the coarse
approximation������� .

Sincetheupdate/predictlifting stagecreates��� ��� prior to � � ��� ,
the predictionoperatorcanbe designedto optimizeperformance
criteria otherthanpolynomialsuppressioncapability. For exam-
ple, thepredictorcouldbea medianfilter. In Section3.2,we will
exploit thisflexibility to designspace-varyingpredictorsthatadapt
to thecharacteristicof thesignal.

3. ADAPTIVE LIFTING

The lifting approachto wavelet designgives us a greatdeal of
flexibility. In principle,wecanuseany linear, nonlinear, or space-
varyingpredictorandupdate,andthelifting constructionensures
that the resultingtransformis invertible. We now investigatethe
capabilitiesof thelifting approachfor adaptive lifting DWTs that
optimizedata-basedpredictionmeasuresto matchthecharacteris-
ticsof agivensignal.Themotivationbehindthesenew transforms
is thatbetterpredictorswill leadto moreefficient signalrepresen-
tations. Sincethecompressionabilitiesof signaltransformations
arekey to successfulsignalprocessingalgorithms[1], theadaptive
transformsderived herehave thepotentialto improve transform-
basedprocessing.

3.1. Scale-Adaptive Transforms

In Section2, we derived thelifting constructionbasedon a poly-
nomial signal suppression/preservationargument. However, we
alludedto nonlinearschemesbasedon otherthanpolynomialpre-
diction. For example,we coulddesigna predictorfor certaintex-
tural components,suchasperiodicpatterns.More generally, we
canlet thesignalitself dictatethestructureof thepredictor.

In ascale-adaptedtransform(ScAT), weadaptthepredictorin
eachlifting stagein order to matchsignalstructureat the corre-
spondingscale.Thebasicideais to usea linear

Q
-pointpredictor,

but requirethat it suppresspolynomialsonly up to ��� Q th or-
der. The remaining

Q %�� degreesof freedomare then used
to adaptthe predictor to the signal. Specifically, at eachscale
we optimizethe predictorover the

Q %�� degreesof freedom
to minimizethespatially-averagedsquaredpredictionerror. This
optimizationproducespredictorsthatcanmatchbothpolynomial
andnon-polynomialsignalstructure. For example,if the signal
containsaregulartexture,thenarelatively low-orderadaptivepre-
dictor of this form maybe ableto matchthe texture muchbetter
thanapurepolynomialpredictorof thesameorder.

The optimization itself is a straightforward
Q

-dimensional
constrainedleastsquaresproblem— theconstraintbeingthatwe
requirethe predictorto suppress��� Q th-orderpolynomials.
Let �,� denotetheodd-indexeddatawewishto predictandlet ��� ,� � � �:k�i x�
U( ) ��� %2� � , bea matrix composedof theeven-indexed
datausedin theprediction.Thevectorof predictionerrorsis then
givenby � 
1� � %�� � u=� (9)

Our objective is to find the predictioncoefficientsthat mini-
mizethesumof squaredpredictionerrors

� a � while satisfyingthe��� Q polynomialconstraints.Thus,wesolve

�4������ � � %2� � u � X subjectto (6) � (10)

with gts an � d � matrix determinedas in Section2.1. The
optimal predictioncoefficients for this constrainedleastsquares

problemcan be efficiently computedusing the QR factorization
method[8, p. 567].

The optimalpredictoreffectively “locks-on” to the dominant
signalstructureat eachscale.The waveletcoefficients � ����� then
representthe variationsof the signal from this structure. Once
theoptimalpredictoris determined,the updateis designedusing
the methodsof Section2.2 to ensurethat the dominantcoarse-
scale(low-frequency) structureis preserved in the coarsesignal
approximationthatis usedat thenext scale.

3.2. Space-Adaptive Transforms

In additionto a scale-by-scaleoptimization,lifting permitsus to
instantaneouslyadaptthe predictorto the signalandchangethe
waveletbasisfunctionsateachpointandscale.In aspace-adapted
transform(SpAT), we employ the update/predictframework of
Section2.3 andchoosea predictorfrom a suiteof predictorsto
minimizeeach� ����� value.

Our adaptive algorithmperformsa �Q 
!� point update,and
thenfor each � choosesthe

Q¡ �¢ ����£��?¤���¥�¦ point predictionthat
minimizesthevalue� ����� . Wechoosethis 3 Q �q�Q ) pair, becausethe
underlyingwaveletfunctionsarerelatively smoothandthesynthe-
sis functionshave small side-bands[9]. A demonstrationof the
SpAT appliedto astepedgeis shown in Figure4. Thetransformis
ableto lock-onto thedominantsignalstructureat eachpoint,and
avoid discontinuitiesandotherhigh-orderpolynomialphenomena
thatwoulddecreasethequality of prediction.
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Figure4: In the SpAT, the order
Q

of the predictorvarieswith
space� to minimize the wavelet coefficient value � � �8� . Above
each ( � ��� we give the correspondingchoice

Q 3 �,6 . As the pre-
dictor approachesan edge,it decreases

Q
(chooseswaveletsof

smallerspatialsupport)in orderto avoid theedge.

4. NUMERICAL EXPERIMENTS

In this section,we comparetheperformanceof thenew adaptive
transformswith someof the standardDaubechieswavelets. Two
experimentsare performed. First, we comparethe entropiesof
the coefficient distributionsof several well-known testsignalsto
assessthe level of compactionafforded by the new transforms.
Second,we comparetheperformanceof thenew transformsin a
signaldenoisingapplication.

4.1. Entropy Comparison

Theentropyof thetransformcoefficientdistribution is a common
measureof the efficiency of a signaltransform[5]. If we collec-
tively denotethe scalingandwavelet coefficientsby

¢�§j¨ ¦ , then



theentropyis definedas© 35ª 6 
o« ¨S¬ §_¨ ¬ XW­¯®�° X ¬ §_¨ ¬ X � (11)

assumingthenormalization± ¨ ¬ §_¨ ¬ X 
U� .
Table1 comparestheentropiesof theDaubechies-8(D8) and

Daubechies-2(Haar)DWTs to thoseobtainedusingtheScAT and
SpAT. The ScAT usedan

Q 
 �Q 
SR lifting construction,with� 
�£ vanishingmomentsenforced. The first four signals,
Doppler, Blocks,Bumps,andHeaviSine,arestandardtestsignals
introducedin [1]. Thelastsignal,DoppelBlock,is aconcatenation
of theDopplersignalandtheBlockssignal(henceit containsboth
smoothandedgysignalelements).All signalwere ���C��R samples
long. Theentropiesin Table1 show thatbothadaptivetransforms
performnearlyaswell (or better)thanthebetterof theD8 or the
Haarin eachtestcase.

Table1: Entropyresultsfor varioussignalsandtransforms.

Signal Entropy by Algorithm
D8 Haar ScAT SpAT

Doppler 2.837 3.153 2.878 2.568
Blocks 2.598 2.618 2.517 2.318
Bumps 3.541 3.652 3.532 3.233

HeaviSine 2.262 2.500 2.250 2.265
DoppelBlock 3.543 3.597 3.414 3.149

4.2. Denoising Comparison

BecauseDWTs provide sucha parsimoniousrepresentationfor
wideclassesof signals,theDWT hasprovedto beapowerful tool
for noiseremoval. Thebasic“waveletdenoising”programme[1]
is describedasfollows. We observe ² samples

¢ ( ����� ¦ of anun-
known function ³ with additive i.i.d. Gaussiannoises

¢�´ � ��� ¦ :
( ����� 
oµ ������. ´ � ��� � � 
�����������������²L%-��� (12)

WecomputetheDWT of ( andapplya“soft-threshold”nonlinear-
ity to thewaveletcoefficients. The soft-thresholdsetsvery small
coefficients to zero and reducesall other coefficientsby a fixed
amountproportionalto thestandarddeviationof thenoise.Thein-
verseDWT of thethresholdedcoefficientsproducesa “denoised”
signal.For amoreinformationsee[1].

Table2 providesthemean-squarederror (MSE) performance
of the four transformsand five signalsdiscussedin Section4.1
above. In this experiment,noise of standarddeviation ���¯� d��¶�· k ¬ µ � �8� ¬ wasaddedto eachof the testsignals. The MSEsin
Table2 show againthat bothadaptive transformsperformnearly
aswell (or better)thanthebetterof theD8 or theHaarin eachtest
case.

5. CONCLUSIONS

Thispaperhasdescribedtwonew adaptiveDWTsbasedonthelift-
ing scheme.We usedthe lifting constructionto adaptively match
theDWT to agivensignalbasedondata-basederrorcriteria.Com-
parisonsin entropymeasuresandsignaldenoisingdemonstratethe
potentialutility of thenew transforms.

Table2: Denoising:MSEfor varioussignalsandtransforms.

Signal MSE by Algorithm
D8 Haar ScAT SpAT

Doppler 0.0483 0.0733 0.0459 0.0521
Blocks 0.4428 0.3598 0.4084 0.3661
Bumps 0.4014 0.4403 0.3949 0.4102

HeaviSine 0.1966 0.4404 0.1990 0.2107
DoppelBlock 0.1111 0.1065 0.1110 0.0966

Many variationsontheideaspresentedherecanbemadetode-
velopnew adaptiveDWTs. For example,a logicalnext stepwould
be to combinethe ScAT andSpAT into a scaleand spaceadap-
tive transform.Wealsonotethatthenew transformsareeasilyex-
tendedto images(asimilar lifting constructionexistsfor higherdi-
mensionaldata).Finally, in this paperwehaveonly examinedthe
potentialof thenew transformsfor signaldenoising,but they may
alsoimprove algorithmperformancein otherapplications,suchas
signalcompression[9], detection,andclassification.

Acknowledgements: Thanksto Geoff Davis andWim Sweldens
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