Representing the geometry of domains by wavelets with applications to partial differential equations

Raymond O. Wells, Jr. Xiaodong Zhou

Department of Mathematics, Rice University Houston, TX 77251-1892

ABSTRACT

1 INTRODUCTION

The recently introduced compactly supported wavelets of Daubechies have proven to be very useful in various aspects of signal processing, notably in image compression (see, e.g., [23]). The fundamental idea in the application to image compression was to take a digitized image and to use wavelets to provide a multiscale representation of it, and to then discard some information at some scales, and leave information more intact at other scales. The Daubechies wavelets have differentiability properties in addition to their compact support and orthogonality properties. A number of authors have used such wavelet systems for solving various problems in differential and integral equations (see [7,12,2,1,19,17]).

An additional point of view for approaching boundary value problems in partial differential equations was introduced in [18], in which the boundary, the boundary data, and the unknown solution (of a boundary value problem) on the interior of a domain are all uniformly represented in terms of compactly supported wavelet functions in an extrinsic ambient Euclidean space. In this paper we describe multiscale representations of domains and their boundaries and obtain multiscale representations of some of the basic elements of geometric calculus (line integrals, surface measures, etc.) which are then in turn useful for specific numerical calculations in problems in approximate solutions of differential equations. This is similar to the spectral method in solving differential equations (essentially using an orthonormal expansion), but here we use the localization property of wavelets to extend this orthonormal representation to boundary data and geometric boundaries. In this paper we want to indicate how to carry this out.

We illustrate this principle for the Dirichlet problem for a classical elliptic differential equation:

−Δu + u = f in Ω, u|_{∂Ω} = g, (1.1)

where Ω is a bounded domain in R^n, with a boundary ∂Ω satisfying a suitable regularity condition and where f and g are suitable given functions. The basic principle divides into several basic points:

1. Represent the geometric region for the boundary value problem in terms of wavelets. For this we use the characteristic function of the domain χ_Ω and let ∇χ_Ω represent its boundary as a measure on R^n. Both of these can be represented in terms of a wavelet series, using differentiable wavelets and connection coefficients (the latter are useful for calculating derivatives of wavelet expansions, see [11]).

2. Represent the functions defined on the boundary and on the interior of the region in terms of wavelet series defined in a rectangular region containing the domain. For this we observe that approximate solutions of differential equations are restrictions of functions defined on all of R^n, while any function defined on the boundary in some smoothness class admits extensions (not unique) to the ambient space.

3. Convert the differential equation to some weak form extended to the larger rectangular region (fictitious domain approach), involving integration over the interior and along the boundary, all of which are to be represented in terms of wavelets.

4. Formulate and solve a multiscale wavelet-Galerkin problem for the domain and the differential equation, using localized wavelets as an orthonormal basis, and representing both the unknown functions and the test functions in terms of the same basis.

In this paper we want to indicate how these steps can be carried out in a somewhat generic fashion, and will close with a summary of some explicit results which have been carried out in a series of longer papers. In particular we want to indicate how the multiscale representation can be used at different scales in different parts of the problem, and how the Mallat algorithm allows one to go from one scale to another with ease.

Our basic computational strategy in approaching a boundary value problem from a wavelet multiscale point of view involves the following basic steps (borrowed from image processing!).

1. Scan the given data and the characterisic function of the domain at the finest scale available in the problem (the pixel scale). Using connection coefficients at this fine scale, compute the gradient of the characteristic function in terms of wavelets. This is a one-time calculation independent of the differential equation system.

2. Use the Mallat algorithm to convert the data to coarser intermediate scales, when needed. The coarser scales correspond to finite element scales or the mesh size of a finite difference scheme (“h”), at which we solve a (possibly in a multiscale or multigrid version) wavelet-Galerkin problem (keeping as much fine-scale information as possible).

3. Use the multiscale property of the data and the problem representation to develop algorithms which do more intensive calculations at a range of scales where this is necessary (localized in either space or time), and choose scales where the calculations are less intensive when this is possible (this part is analogous to the quantization process in image compression algorithms).

4. Use the Mallat algorithm to go back to the fine (pixel) scale from the intermediate scales where calculations have been made, and use this scale to calculate errors or to represent the solution numerically or graphically.

This process is similar to image processing, in that all of the “image” (the complete boundary value problem in this case) is represented in terms of wavelets, and these are then processed, and then the wavelet representation is converted back to the normal functional representation at the scanning or pixel level. For representation of video images, it is the coarser scale information which is manipulated (“quantized” in the case of image compression, i.e., some of the wavelet coefficients are thrown out and a new image is constructed from the remainder). Here we have to solve for new coefficients by using the equations which arise, instead of simply throwing some of the coefficients away in a systematic fashion. By using connection coefficients again, a nonlinear differential equation is reduced to a system of nonlinear algebraic equations which can be solved by iterative methods. Moreover, the wavelet structure allows for a natural multigrid solution of the corresponding algebraic equations.

One important property of this numerical scheme is that the coding for the solution of the boundary value problem is independent of the geometry of the boundary. The geometry of the boundary is encoded in the scanning and digitizing at the pixel scale of the geometric region under consideration; this is a simple input to the problem, and it can be changed as simply as the boundary data itself can be changed. Normally in finite element approaches to such a boundary value problem, one has a finite element grid which is adapted to the boundary. This is not necessary for this scheme, which gives it great flexibility in applications.

In Section 2 we find a review and a summary of the basic information about wavelets which we need for this paper. In Section 3.1 we give some of the theoretical background for the geometric-measure theoretic objects which are of interest in this paper. This includes arc-length (more generally surface measure in the higher-dimensional case) as well as Radon measures representing integration of a function over the same boundary. In Section 3.2 we find wavelet representations of these same objects, using the characteristic function of the domain as the principal way in which the geometry is expressed. We show that natural truncations of these wavelet representation formulas converge at specific and calculable rates. Finally, in Section 4 we give examples of a number of different solution methodologies for numerical solutions of specific partial differential equations which have been formulated and solved by these methods.

2 WAVELET MULTISCALE REPRESENTATION OF FUNCTIONS

In this section we will briefly recall the Daubechies compactly supported wavelets which are differentiable and which will be used in this paper. Let g be a positive integer, and consider a 2 × 2g matrix of the form a = ( a^0 . . . a^0_{2g−1} a^1_0 . . . a^1_{2g−1} ) , (2.2) where 2g−1∑ k=0 a^r_ka^s_{k+2l} = 2δ_{l,0}δ^{r,s}, (2.3) 2g−1∑ k=0 a^r_k = 2δ^{r,0}, (2.4)

where δ^{l,m} = δ_{l,m} = { 0 l ≠ m 1 l = m, l, m ∈ Z is the Kronecker delta function. This is a wavelet matrix of rank 2 and genus g (see [10]). By choosing

a^1_k = (−1)^{k+1}a^0_{2g−1−k},

we see that the orthogonality conditions in (2.3) and (2.4) are satisfied if they are satisfied for the first row. Given any wavelet matrix of the form (2.2), we can find compactly supported scaling functions and wavelet functions which are in L^2(R) and which satisfy φ(x) = 2g−1∑ k=0 a^0_kφ(2x − k),

ψ(x) = 2g−1∑ k=0 a^1_kφ(2x − k). The function φ(x) is called the scaling function associated with a, and ψ(x) is called the wavelet function associated with a. There is a (g − 1)-dimensional parameter space of choice of wavelet matrices ([16], [20]). The functions φ and ψ both have support in the interval [0, 2g − 1], and we define the wavelet system associated with a by

φ^j_k(x) := 2

j_2 φ(2^j x − k), ψ^j_k(x) := 2

j_2

ψ(2^j x − k), (2.5)

where k ∈ Z, j ∈ Z^+ (the nonnegative integers). The fundamental theorem of Daubechies and Lawton is that

φ^0_k(x), ψ^j_k(x), k ∈ Z, j ∈ Z^+, (2.6)

is a tight frame for L^2(R) for any wavelet matrix a (see [3], [13]), i.e., any f ∈ L^2(R) has an L^2 expansion of the form f = ∑ f_kφ^0_k(x) + ∑ f^j_k ψ^j_k(x), (2.7)

where f_k = ∫ f(x)φ^0_k (x)dx, f^j_k = ∫ f(x)ψ^j_k (x)dx. (2.8) For a generic wavelet matrix, (2.6) is an orthonormal system, and (2.7) is the usual orthonormal expansion (cf. Lawton [14]).

Daubechies chooses a very specific wavelet matrix a_{Dg} , for each genus g ≥ 1, which maximizes the vanishing moments of ψ, i.e., she chooses a so that ∫ R^{xnψ(x)dx = 0, m = 0, . . . , g − 1.} For each g, there are only a finite number of such choices, and we use the choice made by Daubechies. Her choice leads to a specific countable family of scaling functions and wavelet functions φ_{Dg}, ψ_{Dg}, g = 1, 2, . . ., with a number of properties. In Daubechies’ paper she denoted these functions by_N φ(x),_N ψ(x), where N = g. We call φ_{Dg} the Daubechies scaling function of genus g, and ψ_{Dg} the Daubechies wavelet function of genus g, for g ∈ N (the positive integers). For simplicity we let φ and ψ denote the Daubechies scaling and wavelet functions throughout the remainder of this paper, and the corresponding wavelet system is defined by (2.5) (we choose the support of φ(x) and ψ(x) to be [0, 2g − 1]). In this case (2.6) is an orthonormal basis for L^2(R), and (2.7) and (2.8) hold as before. In Daubechies’ new book [4] is a thorough discussion of all of these issues. In particular, the Daubechies wavelets have specific differentiability properties, namely, φ ∈ C^{α(g)}, where α is affine linear, and for g ≥ 3, φ ∈ C^1, which is all we will need in this paper.

The Daubechies wavelet system gives a specific multiresolution analysis of L^2(R) (cf. Mallat [15]). Namely, if we let (in the topology of L^2(R)) V_j := closure (span {φ^j_k : k ∈ Z}), (2.9)

and let W_j be the orthogonal complement of V_j in V_{j+1}, then for fixed j ∈ Z, {φ^j_k}_{k∈}Z, is an orthonormal basis for V_j, and {ψ^j_k}_{k∈}Z, is an orthonormal basis for W_j . Moreover, for any j ∈ Z,

L^2(R) = V_j ⊕ ⨁ n≥j W_n = ⨁ n∈Z^{Wn.} In addition, if we let P_j be the orthonormal projection L^2(R)^Pj→ V_j , then we see that ⋃ j∈Z^{Vj = L} 2(R), ⋂ j∈Z^{Vj = 0,} in the sense that lim_{j→∞} P_jf = f, lim j→−∞ P_jf = 0. The Mallat identity asserts that for a fixed level J (corresponding to a scale width of 2^{−J} ),

V_J = V_0 ⊕ W_0 ⊕ · · · ⊕ W_{J−1},

where W_j is the orthogonal complement of V_j in V_{j−1}, and one has that W_j are spanned by ψ^j_k. The formulas relating these two representations are given by ([15], see also [22]): if we assume an expansion of the form

f^j (x) = ∑ k∈Z^f j,0 k φ^j_k(x) ∈ V_j , (2.10)

(where f^{∗,0}_∗ denotes coefficients of φ and f^{∗1}_∗ denotes coefficients of ψ),

f^j (x) = ∑ k∈Z^f 0,0 k φ_k(x) + j−1∑ i=0 ∑ k∈Z^f i,1 k ψ_{ik}(x) ∈ V_0 ⊕ W_0 ⊕ . . . + W_{j−1}, (2.11)

where

f^{i,0}_k = 1 √ 2 ∑ l f^{i+1,0} l a_{l−2k}, 0 ≤ i ≤ j, f^{i,1}_k = 1 √ 2 ∑ l f^{i+1,0} l b_{l−2k}, 0 ≤ i ≤ j. (2.12)

Conversely, if we know the coefficients of the expansion (2.11), then the coefficients in (2.10) are determined recursively by f^{i,0}_k = 1 √ 2 ∑ l ( f^{i−1,0} l a_{k−2l} + f^{i−1,1}_L b_{k−2l} ) , 0 ≤ i ≤ j. (2.13) Tensor products of the L^2 basis φ_n(x), ψ^j_k(x) are used in the 2-dimensional setting, and tensor products of these formulas are used as well.

3 REPRESENTATION OF DOMAINS AND BOUNDARIES BY WAVELETS

3.1 Elements of Geometric Measure Theory

In this subsection, we will briefly review some basic measure-theoretic properties concerning sets of finite perimeter. Readers are referred to [5] or [6] for more details on geometric measure theory. The properties developed will include specific formulas from geometric measure theory for boundary integrals and related quantities. In the next subsection we will represent these same quantities in terms of wavelets.

We will say that a Lebesgue integrable function u is of bounded variation over a domain U ⊂ R^n if sup g∈C10 (U,Rn),|g|≤1 ∫ U udivg dx_1 . . . dx_n ≤ +∞. Suppose that u is of bounded variation in U ⊂ R^n. Then, using the Reisz representation theorem, there exist a Radon measure μ and a μ-measurable function ν with |ν(x)| = 1, for μ-almost every x ∈ U, so that, for any g ∈ C^1_0 (U, R^n), ∫ U udivg dx_1 . . . dx_n = ∫ U g · ν dμ. We will denote by |∇u| the Radon measure μ and by ∇u the vector-valued measure ν · μ. Note that if u is continuously differentiable, then μ is the 2-dimensional Lebesgue measure weighted by the norm of the gradient of u and ν = ∇u |∇u| . We will say that an open set Ω is of finite perimeter in U if its characteristic function χ_Ω is of bounded variation in U. In particular, we say Ω is of finite perimeter if χ_Ω is a function of bounded variation in R^n.

Proposition 3.1 For any open set U, if Ω is of finite perimeter in U, then ∫ U |∇χ_Ω| = sup g∈C10 (U,Rn),|g|≤1 ∫ Ω divg dx_1 . . . dx_n. (3.1) In particular, if ∂Ω is piecewise smooth, then ∫ U |∇χ_Ω| = A(∂Ω ∩ U ), (3.2) where A(∂Ω ∩ U ) is the n − 1-dimensional area (volume) of ∂Ω inside U (for n = 2, A(∂Ω ∩ U ) is the arc length of ∂Ω ∩ U ).

Again, by the Reisz representation theorem, there exists a vector-valued |∇χ_Ω|-measurable function ν with |ν| = 1, |∇χ_Ω|-almost everywhere. In the case that ∂Ω is a level set of some Lipschitz function F , then ν = ∇F |∇F | almost

everywhere along the boundary ∂Ω, and ∫ ν · ∇χ_Ω is the area of ∂Ω.

Assume Ω is a bounded domain in R^n whose boundary ∂Ω admits a representation of the form

∂Ω = {x ∈ R^n : F (x) = c} for some Lipschitz function F and constant c. Then the unit normal vector along the boundary ∂Ω, ⃗n, can be written as ⃗n = ∇F |∇F | . (3.3)

Hence by extending^→n to R^n “smoothly”, we formally derive the following formula for the area of ∂Ω,

A(∂Ω) = ∫ ∂Ω ds = ∫ ∂Ω ⃗n · ⃗n ds = ∫ Ω div⃗n dx_1 . . . dx_n = ∫ R^{n χΩdiv⃗n dx1 . . . dxn = −} ∫ R^{n ∇χΩ · ⃗n dx1 . . . dxn,} where χ_Ω is the characteristic function of Ω. So we have A(∂Ω) = − ∫ R^{n ∇χΩ · ⃗n dx1 . . . dxn. (3.4)} More generally, by the same derivation, one has for any integrable function f defined on ∂Ω, after extending f to R^n, ∫ ∂Ω f ds = − ∫ R^{n f ||∂Ω||, (3.5)} where we use ||∂Ω|| to denote this numerical boundary measure −∇χ_Ω · ⃗n.

The formulas (3.4) and (3.5) represent the area of ∂Ω and boundary integrals over ∂Ω in terms of extrinsic data, namely the function F (x), and does not depend on a local coordinate parametrization of ∂Ω.

3.2 A Wavelet Multiresolution of Geometric Measure Integrals

For simplicity we restrict our attention to domains in R^2, but the results are valid in R^n with a suitable change in the formulas. Let Ω be an open bounded set in R^2 whose boundary is defined by ∂Ω = {(x, y) ∈ R^2 : F (x, y) = t}, for some Lipschitz function F defined in R^2 of ∂Ω and for some constant t. It follows that Ω has finite perimeter, and all of the analysis in Section 3.1 is valid. In addition, let {φ^j_k(x), ψ^j_k(x)} be a Daubechies wavelet system of genus g in R.

We can interpolate the characteristic function χ_Ω and the defining function F in terms of scaling functions at a certain level j by using the following interpolation given in [22], where c is a suitable constant (which in practice can be taken to be zero). We set

I_j (χ_Ω)(x, y) = ∑ p,q χ^j_{p,q} φ^j_p(x)φ^j_q (y), (3.6)

I_j (F )(x, y) = ∑ p,q F^j_{p,q}φ^j_p(x)φ^j_q(y), (3.7)

where χ^j_{p,q} =^1_2j χ_Ω(^{p+c}_{2j} ,^{q+c}_{2j} ), and F^j_{p,q} =^1_2j F (^{p+c}_{2j} ,^{q+c}_{2j} ).

If F is C^2, then by [22], the interpolation (3.7) of F will converge to F in H^1 as j → +∞. In fact, by a little more careful analysis, we can prove the following theorem (see [21])

Theorem 3.2 Assume Ω is a bounded set of finite perimeter in R^2, then χ^j_Ω converges to χ_Ω in L^2(R^2) as j → +∞.

By differentiating the sums on the right-hand sides of (3.6) and (3.7), and using the connection coefficients defined by (see [11] for a discussion of connection coefficients)

Γ^l_m =: ∫ R^{φ′mφl dx,} one derives the expansions for the partial derivatives of χ_Ω and F, ∂χ^j_Ω ∂x (x, y) = ∑ p.q ( ∂χ ∂x )_j p,q φ^j_p(x)φ^j_q(y), (3.8) ∂χ^j_Ω ∂y (x, y) = ∑ p.q ( ∂χ ∂y )_j p,q φ^j_p(x)φ^j_q(y), (3.9) ∂F^j ∂x (x, y) = ∑ p.q ( ∂F ∂x )_j p,q φ^j_p(x)φ^j_q (y), (3.10) ∂F^j ∂y (x, y) = ∑ p.q ( ∂F ∂y )_j p,q φ^j_p(x)φ^j_q (y). (3.11)

By Theorem 3.2, we have the following

Corollary 3.3 Under the assumption in Theorem 3.2, ∇χ^j_Ω converges to ∇χ_Ω (as distributions), as j → +∞, and the support of ∇χ^j_Ω is contained in U^j_Ω.

Proof: For g ≥ 3, the scaling function φ is differentiable, hence for any continuously differentiable vector-valued function ⃗ξ, using integration by parts, one has ∫ ⃗ξ · ∇χ^j_Ω dxdy = ∫ div(⃗ξ)χ^j_Ω dxdy. Then the corollary follows readily from Theorem 1 by letting j → +∞. The second conclusion in the corollary is clear. 2

Now we approximate the normal vector ⃗n. For j large, we approximate the values of^{∂F}_{∂x} and^{∂F}_{∂y} at the integer points by their corresponding expansion coefficients, that is, ( ∂F ∂x )_j p,q ≈ ∂F ∂x (p, q)/2^j, and ( ∂F ∂y )_j p,q ≈ ∂F ∂y (p, q)/2^j. So

|∇F |(p.q) ≈ 2^j (( ∂F ∂x )_j p,q )_2 + (( ∂F ∂y )_j p,q )_2 . (3.12)

If we write ⃗n = (n_x, n_y), then again,

n_x(p, q) ≈ (_{∂F} ∂x )_j p,q √ ((_{∂F} ∂x )_j p,q )_2 + (( ∂F ∂y )_j p,q )_2 ;

therefore, n_x admits an expansion at level j,

n^j_x(x, y) = ∑ p,q (_{∂F} ∂x )_j p,q 2^j √ ((_{∂F} ∂x )_j p,q )_2 + (( ∂F ∂y )_j p,q )_2 φ^{jp}(x)φ^{jq} (y). (3.13)

Similarly,

n^j_y(x, y) = ∑ p,q

(_{∂F} ∂y )_j p,q 2^j √ ((_{∂F} ∂x )_j p,q )_2 + (( ∂F ∂y )_j p,q )_2 φ^{jp}(x)φ^{jq}(y). (3.14)

Using the continuity of ∇F , we have the following lemma.

Lemma 3.4 Assume that F is twice differentiable, then ⃗n^j ≡ (n^j_x, n^j_y) converges to ⃗n in H^1_{loc}(R^2) as j → +∞.

Using the formula (3.4), and taking (3.8), (3.9), (3.12), (3.13) and (3.14) into account, let us set

L^j (∂Ω) = − [ ∑ p,q (( ∂χ ∂x )_j p,q ( ∂F ∂x )_j p,q + ( ∂χ ∂y )_j p,q ( ∂F ∂y )_j p,q ) /|∇F |(p, q) ] . (3.15)

Then we have the following theorem which follows directly from the above results.

Theorem 3.5 Suppose that Ω is a bounded set of finite perimeter, and that the function F is twice differentiable, then L^j (∂Ω) converges to the length of ∂Ω as j → +∞.

For a more general domain, we also have the following theorem which is proved in detail in [21].

Theorem 3.6 Assume that ∂Ω is Lipschitz and piecewise smooth with a finite number of nonsmooth points. Then, as j → +∞, L^j (∂Ω) converges to L(∂Ω), the length of ∂Ω.

In order to calculate the general boundary integral of any given integrable function over ∂Ω, it is useful to calculate the numerical boundary measure ||∂Ω|| defined in (3.5). Using the connection coefficients

Γ^k_{i,j} =: ∫ R^{φkφiφj dx,} one obtains that ||∂Ω||^j = ∑ p,q∈Λ (||∂Ω||)^j_{p,q}φ^j_p(x)φ^j_q(y) dxdy, (3.16) where for each (p, q) ∈ Λ^j_Ω,

(||∂Ω||)^j_{p.q} = ∑ k,l,s,t

((_{∂χ} ∂x ) k,l (_{∂F} ∂x ) s,t + (_{∂χ} ∂y ) k,l (_{∂F} ∂y ) s,t ) Γ^p_{k,s}Γ^q_{l,t} 2^j √ (_{∂F} ∂x )_2 s,t + (_{∂F} ∂y )_2 s,t .

Then we have another formula for calculating the arclength,

L^j (∂Ω) = − ∑ p,q∈Λ (||∂Ω||)^j_{p,q}/2^j. (3.17) In higher dimensions we obtain specific formulas of the same type for surface measures as well. We recall that if we have a parametrized curve in R^2, there are simple formulas for the arclength, and the approach we take here does not assume such a parametrization, but only requires knowledge of the chracteristic function of the domain (at all scales theoretically, at a finite range of scales computationally). For higher-dimensional boundaries of domains, there is no global parametrization of a boundary as in the case of a planar curve, but local coordinate patches must be used to locally parametrize an arbitrary higher-dimensional surface (submanifold) in R^n. Our approach yields explicit computational formulas for the surface area (in R^3) or higher-dimensional (n−1)-dimensional hypersurface measure for a hypersurface of dimension n − 1 in R^n.

4 APPLICATIONS TO BOUNDARY VALUE PROBLEMS IN PARTIAL DIFFERENTIAL EQUATIONS

In this section we want to consider two different methods of numerically solving (1.1) using the wavelet representation of the geometry of the boundary of the domain as discussed in the earlier sections. We consider (1.1) in R^2, namely, −△u + u = f, in Ω ⊂ R^2, u = g, on ∂Ω, (4.18)

where f ∈ L^2(Ω) and g ∈ H^{1/2}(∂Ω) are given functions on Ω and ∂Ω, respectively, and where u ∈ H^1(Ω) is the sought for solution to the problem (here H^p(X) denotes the Sobolev space of L^2 functions in X whose pth derivative is also in L^2(X) (see, e.g., [21]). Now we formulate two integral equations on a square D which is assumed to contain Ω̄.

The first is the penalty method, with a penalty parameter ε > 0. Namely, for any ε > 0, consider the variational problem ∫ D ∇u_ε · ∇v dxdy + ∫ D u_εv dxdy + 1 ε ∫ ∂Ω u_εv ds = ∫ D fv dxdy + 1 ε ∫ ∂Ω gv ds, (4.19) where u_ε ∈ H^′(D) is the desired solution in D and (4.19) is satisfied for all v ∈ H^1(D). It is proved in [21] that the solution u_ε of (4.19) restricted to Ω converges in H^1(Ω) to the unique solution u of (4.18). We can then try to find numerical approximations to solutions of (4.19) in D (parametrized by ε) and restrict them to Ω to get approximate solutions to (4.18) on Ω.

The second is the Lagrange multiplier method, which involves an additional function λ (a Lagrange multiplier) defined on a new auxiliary boundary ∂S squeezed between ∂D and ∂Ω. This was first exploited numerically by Qian and Weiss [17] and then developed further in [9]. In this case, we consider the square D containing Ω as before and an additional open square S satisfying Ω ⊂⊂ S ⊂⊂ D, i.e., Ω̄ ⊂ S, S̄ ⊂ D. Then we have the following two variational equations on the square D (we let H^1_P (D) denote periodic functions (in the square) in the Sobolev space H^1(D)), for f ∈ L^2(D), g ∈ H^{1/2}(∂Ω), ∫ D (Du∇v + uv)dxdy = ∫ D fv dxdy + ∫ ∂S λvdS, u ∈ H^1_P (D), λ ∈ L^2(∂s) for all v ∈ H^1_P (D),

(4.20) ∫ D ∇p∇v + pv = ∫ ∂Ω (u − g)vds p ∈ H^1_P (D), for all v ∈ H^1_P (D).

(4.21)

In [9] we find a proof that if (u, λ) satisfy (4.20), then u | |_Ω satisfies −Δu + u = f. In addition, if (u, λ, p) satisfy (4.20) and (4.21), and p | |_{∂S} = 0, then u = g on ∂Ω.

The function λ is a Lagrange multiplier type of additional unknown function (defined on ∂S). We set up a system of equivalent equations (see [17,9]) so that we have to solve an equation involving given data on ∂Ω with the solution on ∂S. This will involve a nonsquare matrix in general when discretized. This (lower-dimensional) problem is solved first, and then for this given λ, we solve the periodic boundary problem (4.20) on D using a fast periodic solver (which comes from the wavelet representation in the discrete version which can be solved using an FFT). The scaling spaces V_J = V_0 ⊕· · ·⊕W_{J−1} on the square D are used (using tensor products of one-dimensional wavelet functions).

In the papers [21,8,17] and [9] one can find details of this analysis. The wavelet geometric calculus developed in the earlier part of this paper is used in [21,8] and [9], and the main virtue is that one doesn’t need to know the detailed nature of the location of ∂Ω to make the calculation. Moreover, the accuracy in this method is spectral with respect to the genus of the wavelet system used, and the solution is quite fast with the periodic solver.

Both of these methods have their value and are being tested on a variety of problems at the present time. It seems that for some problems (in particular for (4.18) above), the Lagrange multiplier method is quite superior with respect to speed and accuracy.

These ideas have also been carried out for nonlinear equations (Euler flow, plasticity equations, Navier–Stokes equations; see the reference above), as well as for the Neumann version of the linear elliptic problem (4.18 above).

The principal advantage of these scalable wavelet-Galerkin methods consists of:

• the coding is independent of the geometric shape of the boundary;

• the method works in any number of dimensions;

• the multiscale representation admits readily multigrid-type iterative methods for solving the associated algebraic problems after wavelet discretization;

• the extension to many nonlinear problems is straightforward, provided the nonlinearity is of a simple polynomial character.

5 Acknowledgements

The authors would like to thank Howard Resnikoff, John Weiss and Sam Qian at Aware, Inc., and Roland Glowinski and T. W. Pan at the University of Houston for very useful discussions and collaborations on the topics in this paper. In addition, this research has been supported by AFOSR under grant number 90-0334 which was funded by DARPA and by Aware, Inc.

6 REFERENCES

[1] Emmanuel Bacry, Stephane Mallat, and George Papanicolaou. A wavelet-based space-time adaptive numerical method for partial differential equations. Technical Report 591, New York University, Courant Institute of Mathematical Sciences, November 1991.

[2] G. Beylkin, R. Coifman, and V. Rokhlin. Fast wavelet transforms and numerical algorithms i. CPAMS, 44:141–183, 1991.

[3] I. Daubechies. Orthonormal bases of compactly supported wavelets. Comm. Pure Appl. Math., 41:906–966, 1988.

[4] I. Daubechies. Ten Lectures on Wavelets. SIAM, Philadelphia, 1992.

[5] Herbert Federer. Geometric Measure Theory. Springer-Verlag, New York, 1969.

[6] Enrico Giusti. Minimal surfaces and functions of bounded variation. Birkhauser, Boston, 1984.

[7] R. Glowinski, W. Lawton, M. Ravachol, and E. Tenenbaum. Wavelet solution of linear and nonlinear elliptic, parabolic and hyperbolic problems in one dimension. In R. Glowinski and A. Lichnewski, editors, Proceedings of the Ninth International Conference on Computing Methods in Applied Sciences and Engineering, Philadelphia, 1990. SIAM.

[8] R. Glowinski, T. W. Pan, R. O. Wells, Jr., and Xiaodong Zhour. Wavelet and finite element solutions for the newumann problem using fictitious domains. Technical report, Rice University, 1992. Computational Mathematics Laboratory.

[9] Roland Glowinski, T. W. Pan, R. O. Wells, Jr., and Xiaodong Zhour. A modified fictitious domain approach for wavlet-galerkin solutions of elliptic boundary value problems. Technical report, Rice University, 1992. Computational Mathematics Laboratory.

[10] P. Heller, H. L. Resnikoff, and R. O. Wells, Jr. Wavelet matrices and the representation of discrete functions.

In Charles Chui, editor, Wavelets: A Tutorial. Academic Press, Cambridge, MA, 1992.

[11] A. Latto, H. L. Resnikoff, and E. Tenenbaum. The evaluation of connection coefficients of compactly supported wavelets. In Y. Maday, editor, Proceedings of the French-USA Workshop on Wavelets and Turbulence, June 1991, New York, 1992. Princeton University, Springer-Verlag.

[12] W. Lawton, W. Morrell, E. Tenenbaum, and J. Weiss. The wavelet-galerkin method for partial differential equations. Technical Report AD901220, Aware, Inc., 1990.

[13] W. M. Lawton. Tight frames of compactly supported affine wavelets. J. Math. Phys., 31(8):1898–1901, August 1990.

[14] Wayne M. Lawton. Necessary and sufficient conditions for constructing orthonormal wavelet bases. J. Math.

Phys., 32(1):57–61, January 1991.

[15] S. Mallat. Multiresolution approximation and wavelet orthonormal bases of l^2(r). Trans. Amer. Math. Soc., 315:69–87, 1989.

[16] D. Pollen. su_I (2, f[z, 1/z]) for f a subfield of c. J. Amer. Math. Soc., 3(3):611–624, 1990.

[17] Sam Qian and John Weiss. Wavelets and the numerical solution of partial differential equations. Technical report, Aware, Inc., 1992. Preprint.

[18] H. L. Resnikoff and R. O. Wells, Jr. Wavelet analysis and the geometry of euclidean domains. J. Geom. Phys., 8(1-4):273–282, 1992.

[19] J. Weiss. Wavelets and the study of two dimensional turbulence. In Y. Maday, editor, Proceedings of the French- USA Workshop on Wavelets and Turbulence, June 1991, New York, 1992. Princeton University, Springer- Verlag.

[20] R. O. Wells, Jr. Parametrizing smooth compactly supported wavelets. Trans. Amer. Math. Soc., 1992. to appear.

[21] R. O. Wells, Jr. and Xiaodong Zhou. Wavelet-galerkin solutions for the dirichlet problems. Technical Report 92-02, Rice University, 1992. Computational Mathematics Laboratory.

[22] R. O. Wells, Jr. and Xiaodong Zhou. Wavelet interpolation and approximate solutions of elliptic partial differential equations. Technical Report 92-03, Rice University, 1992. Computational Mathematics Laboratory.

[23] W. Zettler, J. Huffman, and D. Linden. Application of compactly supported wavelets to image compression. In Proc. SPIE: Image Processing Algorithms and Techniques, volume 1244, pages 150–160. Intl. Soc. for Optical Engineering, 1990.