A Wavelet Approach to Robust Multilevel Solvers for Anisotropic Elliptic Problems

Andreas Rieder^{1�} Raymond O. Wells, Jr.^1 Xiaodong Zhou^1

March 9, 1994

Abstract

A wavelet variation of the “Frequency decomposition multigrid method, Part I” (FDMGM) of Hackbusch [Numer. Math., 56, pp. 229-245, 1989 ] is presented.

The perfect reconstruction property and the multiresolution structure of wavelets yield the robustness of the additive as well as of the multiplicative version of a two-level method corresponding to any intermediate level in the FDMGM. Aspects of the robustness of the multilevel scheme are discussed. Numerical experiments confirm the theoretical results.

The wavelet version of the FDMGM presented here involves wavelet packets which have been used before this primarily in signal processing.

Key words: wavelets, wavelet packets, robust multilevel methods, anisotropic problems, Galerkin techniques Subject classification: AMS(MOS) 65F10, 65N30

1partially supported by AFOSR under grant 90-0334 which was funded by DARPA �partially supported by a Feodor Lynen-Fellowship of the Alexander von Humboldt- Foundation

0.6 0.7 0.8 0.9 1.0

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... ... ....

....

.......

.......

......

.......

.......

.......

......

.......

.......

.......

.......

.......

.......

......

.......

..................

.........................................................

........................................................................................................................

1 0:1 0:01 0:001 0:0001 ffl s s s s s

1 Introduction

An iterative method for solving a linear system originating from a discretization of the anisotropic model problem − ϵ ∂^2 ∂x^2 u(x, y) − ∂^2 ∂y^2 u(x, y) + u(x, y) = f(x, y) in Ω = (0, s)^2 , (1.1)

u periodic on Ω . (1.2)

is said to be robust if its convergence rate (i.e. the spectral radius of its iteration matrix) is bounded smaller than 1 uniformly in ϵ and the discretization step size. Without loss of generality we will assume that 0 < ϵ ≤ 1 (ϵ > 1 can be modelled by dividing (1.1) by ϵ).

Figure 1 shows the convergence rate of the wavelet multigrid iteration (see [8]) for solving (1.1), (1.2), plotted as a function of the anisotropy parameter ϵ. The convergence rate deteriorates if ϵ approaches zero. One obtains the wavelet multigrid method by a wavelet-Galerkin discretization of the model problem (Section 3) and by using the Mallat transformation (2.21) as canonical restriction, resp., prolongation.

Essentially, there are two ways of obtaining robust multigrid methods. These two ways correspond to the two complementary iterations, the coarse grid correction and the basic iterative method (BIM), which are the main ingredients of a multigrid process.

One way is to choose a sophisticated BIM as done, for instance, in [22] and [26]. However, the performance of the BIM used in these cases (incomplete

LU decomposition [26], block versions of the Gauß-Seidel relaxation [22]) is limited, see Chapter 10 in [10], especially for 3D applications.

A modification of the coarse grid correction opens another way towards robustness (see [10], [11] and [19]), which can be extended to the 3D case.

Our paper is motivated by and related to the “Frequency decomposition multigrid method ” of Hackbusch [10]. We will see that the wavelet theory is a natural framework to describe and to analyze this method. Indeed, the perfect reconstruction property of the wavelet system (2.23) enables us to prove the robustness of the two-level methods with respect to any intermediate level in the recursive multilevel process which is an improvement compared to the original construction of the FDMGM in [10] where only the robustness of the two-level method corresponding to the starting level was verified.

We do not view this wavelet variation of the FDMGM in the more general setting of additive Schwarz iterations (see [11]), in which the BIM is replaced by subspace corrections (see [27], [28]) which reduce high frequency error components.

There are also other wavelet techniques (wavelet multilevel preconditioner, see [3] and [13]) which might be adapted to yield robust solvers.

In the next section we supply the properties of the Daubechies wavelets which we need for our later analysis. We give summaries concerning connection coefficients, Mallat transformations [15] and wavelet packets [20]. Section 3 deals with the wavelet-Galerkin discretization of the model problem (1.1), (1.2). Then the additive coarse grid correction is motivated and formulated in Section 4, and our main result concerning the robustness of the corresponding two-level method is proved. Our theoretical results are confirmed by numerical experiments. As a by-product of our analysis we yield strong Cauchy inequalities for the wavelet packet spaces with respect to H^1-inner products.

The step to a corresponding multilevel method is almost straightforward and done in Section 5. Here we achieve the robustness of the two-level method with respect to any intermediate level. Aspects of the robustness of the (damped) V and of the W -cycle are discussed. Numerical experiments indicate that both cycles are robust. In particular, the experiments indicate the validity of higher order strong Cauchy estimates in this context, which, if valid, would yield the desired robustness result. These desired strong Cauchy inequalities depend, in turn, on delicate (and as yet unknown) properties concerning the Fourier transform of the wavelet filter used in our analysis.

2 Wavelet Analysis

2.1 Some Properties of Daubechies’ Wavelets

Let φ and ψ be the Daubechies scaling and wavelet function of order N, see [4], [5]. The corresponding scaling and wavelet coefficients are {a_k}_{0≤k≤2N −1} and {b_k}_{0≤k≤2N −1}, respectively. We use the normalization ∑ a_k = 2. In the Fourier domain, the scaling equation of the scaling function becomes

φ̂(ξ) = m_0 (ξ 2 ) φ̂ (ξ 2 ) , (2.1)

with the Fourier transform φ̂(ξ) := ( √ 2π)^{−1/2} ∫ φ(x)e^{−ixξ}dx and with m_0(ξ) := 1 2 2N −1∑

n=0 a_ne^{−inξ}. (2.2) Moreover, m_0 satisfies

|m_0(ξ)|^2 + |m_0(ξ + π)|^2 = 1, for all ξ ∈ R, (2.3) and m_0(ξ) = ( 1 + e^{−iξ} 2 )_N Q_N (ξ). (2.4)

The trigonometric polynomial Q_N fulfils |Q_N (ξ)| > 0, ξ ∈ R, (2.5) a fact we will need later in the paper. Let us set

m_1(ξ) := 1 2 2N −1∑

n=0 b_ne^{−inξ}. Then, we have

m_1(ξ) = e^{−i(2N −1)ξ} ( 1 − e^{−iξ} 2 )_N Q_N (ξ + π), (2.6) and ψ̂(ξ) = m_1 (ξ 2 ) φ̂ (ξ 2 ) . (2.7)

Furthermore, since {φ_{0,k}}_{k∈}Z is an orthonormal set, and φ ∈ L^1(R), one has [17] ∑ k∈Z^{|φ̂(ξ + 2kπ)|} 2 = 1 2π , for any ξ ∈ R. (2.8)

Note that φ̂(0) = 1 √ 2π and ψ̂(0) = 0. (2.9)

2.2 Connection Coefficients

From now on, we will assume N ≥ 3, that is, we restrict ourselves to the differentiable Daubechies scaling and wavelet functions [7]. All the lemmas in this section are supplied for later use.

Let us denote the following connection coefficients for the second order derivatives [1], [14],

Γ^h_k := ∫ R^{φ′(x − k)φ′(x) dx, (2.10)} Γ^g_k := ∫ R^{ψ′(x − k)ψ′(x) dx, (2.11)} Γ^c_k := ∫ R^{φ′(x − k)ψ′(x) dx. (2.12)} Since supp(φ) = supp(ψ) = [0, 2N − 1], hence Γ^h_k = Γ^g_k = Γ^c_k = 0 for k /∈ [2−2N, 2N −2]. Moreover, Γ^h_k = Γ^h_{−k} and Γ^g_k = Γ^g_{−k} for k = 2−2N, . . . , 2N −2. The following lemma shows that these second order connection coefficients have precise vanishing and nonvanishing moments (see [16] for the similar lemma for first order connection coefficients).

Lemma 2.1 Let Γ^h_k , Γ^c_k be defined in (2.10) and (2.12) for k ∈ Z. Then, (i) ∑ k k^lΓ^h_k = 0, for l = 0, 1,

(ii) ∑ k k^2Γ^h_k ≠ 0,

(iii) ∑ k k^lΓ^c_k = 0, for l = 0, 1, 2.

Proof: (i) and (ii) are results from [1] and (iii) can be proved similarly. 2 We now consider the Fourier transforms of these connection coefficients Γ^h_k , Γ^g_k, Γ^c_k.

Lemma 2.2 For ξ ∈ R, let us denote λ^h(ξ) := ∑ k Γ^h_k e^{−ikξ}, (2.13)

λ^g(ξ) := ∑ k Γ^g_ke^{−ikξ}, (2.14) λ^c(ξ) := ∑ k Γ^c_ke^{−ikξ}. (2.15) Then, we have λ^h(ξ) = ∑ m |φ̂(ξ + 2mπ)|^2(ξ + 2mπ)^2, (2.16)

λ^g(ξ) = ∑ m |ψ̂(ξ + 2mπ)|^2(ξ + 2mπ)^2, (2.17)

λ^c(ξ) = ∑ m φ̂(ξ + 2mπ)ψ̂(ξ + 2mπ)(ξ + 2mπ)^2. (2.18)

Proof: The statements can be proved by arguing as in [1]. 2 Lemma 2.3 Let λ^h(ξ) and λ^g(ξ) be defined as in the lemma above. Then, (i) φ̂ has zeros only at 2mπ for m ∈ Z − {0}, (ii) λ^h(ξ) = 0 iff ξ = 2mπ, m ∈ Z, (iii) ψ̂ has zeros only at 4mπ for m ∈ Z, (iv) λ^g(ξ) > 0 for ξ ∈ R.

Remark: Since λ^g is a continuous and 2π-periodic function, so (iv) implies that there is a positive constant c, so that λ^g(ξ) ≥ c for all ξ ∈ R.

Proof:

(i) The fact φ̂(2mπ) = 0 for m ∈ Z − {0} follows from (2.8) and (2.9).

On the other hand, suppose that there is a ξ_0 ∉ {2mπ : m ∈ Z}, such that φ̂(ξ_0) = 0. Then by (2.1) and (2.5), we derive φ̂(ξ_0/2) = 0, as well. Recursively, one can show φ̂(ξ_0/2^k) = 0, for all k ∈ Z. Hence by letting k tend to ∞, one has φ̂(0) = 0 which contradicts to (2.9) because φ̂ is continuous.

(ii) Suppose that λ^h(ξ) = 0 for some ξ /∈ {2mπ : m ∈ Z}. Then, by (2.16), one has φ̂(ξ + 2mπ) = 0, for all m ∈ Z. But this contradicts (2.8). Since ∑ k Γ^h_k = 0, so λ^h(2mπ) = 0 for m ∈ Z.

(iii) This follows from (2.7) and (i).

(iv) Suppose that λ^g(ξ) = 0 for some ξ ∈ [0, 2π), then by (2.17),

|ψ̂(ξ + 2mπ)|^2(ξ + 2mπ)^2 = 0, for all m ∈ Z. (2.19)

In particular, m = 1 implies ψ̂(ξ+2π)(ξ+2π) = 0. But this is impossible by (iii). Therefore, (iv) is proved, since λ^g is 2π-periodic.

Lemma 2.4 Let λ^h and λ^c be defined by (2.13) and (2.15), respectively. Then,

lim_{ξ→0} λ^c(ξ) λ^h(ξ) = 0. (2.20)

Proof: By the definitions of λ^h and λ^c, the lemma follows from Lemma 2.1 and the l’Hospital rule. 2

Remark: Since λ^h and λ^c are 2π-periodic functions, it follows that (2.20) holds at all points 2kπ, k ∈ Z.

2.3 Mallat Transformations

The (periodic) Mallat transformations h, g : R^{2n} → R^n of a vector v ∈ R^{2n} are defined by

(h v)_k = 1 √ 2 2N −1∑

l=0 a_l v_{l+2k} , k = 0, . . . , n − 1 , (2.21)

(g v)_k = 1 √ 2 2N −1∑

l=0 b_l v_{l+2k} , k = 0, . . . , n − 1 , (2.22)

where we extend v periodically, i.e. v_l = v_{l+2n}.

The Mallat transformations satisfy (see [4], [15]), h^th + g^tg = I , (2.23) hh^t = gg^t = I , gh^t = hg^t = 0 . (2.24) We use I to denote the identity matrix of appropriate size throughout this paper.

2.4 Wavelet Packets

Wavelet packets were originally introduced in [20] to improve the frequency resolution of signals achieved by a wavelet analysis. We will need wavelet packets for space decomposition later in our multigrid scheme.

The wavelet packets {ψ^κ : κ ∈ N_0, κ is binary} (where N_0 denotes the nonnegative integers) are recursively defined by

ψ^{κ 0}(x) := 2N −1∑

m=0 a_mψ^κ(2x − m), κ = 1, 10, 11, . . . , (2.25) and ψ^{κ 1}(x) := 2N −1∑

m=0 b_mψ^κ(2x − m), κ = 1, 10, 11, . . . , (2.26) where we set ψ^0 = φ and ψ^1 = ψ. We note the natural definition W^κ_j := closure(span{ψ^κ_{j,m}(x) := 2^{j/2}ψ^κ(2^j x − m) : m ∈ Z}).

The scaling function space V_j := W^0_j has now the following orthogonal decomposition into wavelet packet spaces, see [5], [18],

V_j = 2l−1⨁

κ=0 W^κ_{j−l}, κ is binary and l ∈ N.

3 Wavelet-Galerkin Discretization of the Model Problem

3.1 Variational Formulation

We introduce the Sobolev space H^1_p (Ω), Ω = (0, s)^2, with periodic boundary conditions,

H^1_p = H^1_p (Ω) := {v ∈ L^2(Ω) : v_x, v_y ∈ L^2(Ω), v(0, y) = v(s, y), v(x, 0) = v(x, s)}. The weak or variational formulation of the model problem (1.1), (1.2), reads:

find u ∈ H^1_p : A(u, v) = ∫ Ω fv dxdy, for all v ∈ H^1_p , (3.1) where A is the H^1_p -elliptic bilinear form A(u, v) = ∫ Ω (ϵ u_xv_x + u_yv_y + uv) dxdy. (3.2) Due to the Lax-Milgram theorem [2] (3.1) has a unique solution u. For a wavelet-Galerkin discretization of (3.1), we assume that s in (1.1) is an integer greater than 4N − 3. Further, we introduce the wavelet-Galerkin spaces V^p_l = V^p_l (0, s) := {v ∈ L^2(0, s) : v(x) = ∑ k∈Z^{ckφl,k(x), x ∈ [0, s],} and c_k = c_{k+2}l_s}, (3.3) and for later use

W^p_l = W^p_l (0, s) := {v ∈ L^2(0, s) : v(x) = ∑ k∈Z^{ckψl,k(x), x ∈ [0, s],} and c_k = c_{k+2}l_s}. (3.4) Obviously, V^p_l and W^p_l have the dimension n_l = 2^ls. The wavelet-Galerkin approximation u_l ∈ V^p_l ⊗ V^p_l to u is the unique solution of A(u_l, v_l) = ∫ Ω fv_l dxdy, for all v_l ∈ V^p_l ⊗ V^p_l .

A convergence proof of u_l → u is given in [24]. We expand u_l , u_l(x, y) = ∑ i,j∈Z u^l_{i,j}φ_{l,i}(x)φ_{l,j}(y), where the expansion coefficients are periodic in each index with period n_l, and we define f^l_{i,j} = ∫ Ω f(x, y)φ_{l,i}(x)φ_{l,j}(y) dxdy. If we now order the coefficients u^l_{i,j} and f^l_{i,j}, 0 ≤ i, j ≤ n_l − 1, lexicographically and denote the resulting vectors U_l and F_l, respectively, then we have the following linear system for the n^2_l unknowns U_l, A_lU_l = F_l, (3.5)

where ( ⊗ denotes the tensor product of spaces, operators and vectors)

A_l = ϵ c^h_l ⊗ I + I ⊗ c^h_l + I ⊗ I (3.6)

is the Galerkin approximation (stiffness matrix) of A in V^p_l ⊗V^p_l . In (3.6) c^h_l is a symmetric and circulant n_l × n_l matrix [6], which is completely determined by the connection coefficients Γ^h_k (2.10),

c^h_l = δ^{−2}_l

Γ^h_0 Γ^h_1 · · · Γ^h_p 0 0 · · · 0 Γ^h_p · · · Γ^h_2 Γ^h_1 Γ^h_1 Γ^h_0 · · · · · · Γ^h_p 0 · · · 0 0 Γ^h_p · · · Γ^h_2 . . . . . . . . . . . . . . . . . . . . . . . . Γ^h_1 · · · Γ^h_p 0 0 0 · · · Γ^h_p · · · · · · Γ^h_1 Γ^h_0 ,

(3.7) where p = 2N − 2 and δ_l := 2^{−l} is the discretization step size.

3.2 Some Properties of Circulant Matrices

Let (Γ_0 Γ_1 · · · Γ_p 0 · · · 0 Γ_{−p} · · · Γ_{−1}) be the first row of the n × n circulant matrix B, (n ≥ 2p + 1). We note that

B = Cir_n (Γ_0 Γ_1 · · · Γ_p 0 · · · 0 Γ_{−p} · · · Γ_{−1}),

where Cir_n(c_1, . . . , c_n) is the n×n circulant matrix generated by the first row (c_1, . . . , c_n). Then from [6], we know that the eigenvalues of B are

λ_α = p∑ k=−p Γ_ke^{−i2παk/n}, α = 0, . . . , n − 1, (3.8) and their corresponding l^2-orthonormal eigenvectors v_α, α = 0, . . . , n − 1, are

(v_α)_k = 1 √ n e^{−i2παk/n}, k = 0, . . . , n − 1. (3.9) Remark: All circulant matrices of the same size have the same eigenvectors. In particular, the positive definite matrix A_l in (3.6) has the eigenvalues

Λ_{α,β} = δ^{−2}_l (ϵ λ_α + λ_β) + 1 > 0 (3.10)

with corresponding eigenvectors v_α ⊗ v_β for α, β = 0, . . . , n − 1.

4 The Two-level Method

In this section, we propose a two-level method to solve the linear system (3.5), and prove its robustness.

4.1 Motivation of the Method and Main Result

Assume that one wants to solve (3.5) at level l. Following the philosophy of multigrid methods [9], [25], we first apply a classicial relaxation process (Richardson, Jacobi or Gauß-Seidel) as BIM ν times with initial guess U^0_l . We obtain an approximate solution U^ν_l . In general, the BIM only reduces error components well in the direction of eigenvectors corresponding to large eigenvalues. In the presence of strong anisotropy, that is, ϵ small compared to 1, this means the error E^ν_l = U_l − U^ν_l may contain not only a part which is low frequency in both the x and y-directions, but also a part which is high frequency in x-direction. This can be seen by (3.9) and (3.10). For a more detailed discussion we refer to [10]. Consequently, we approximate the error E^ν_l in both spaces V^p_{l−1} ⊗ V^p_{l−1} and W^p_{l−1} ⊗ V^p_{l−1} instead of only in V^p_{l−1} ⊗ V^p_{l−1}, as in a standard multigrid procedure. In the abstract setting of [27] and [28], the resulting coarse grid correction

U^ν_l ← U^ν_l + [ (h^t ⊗h^t)A^{−1}_{l−1}(h⊗h)+(g^t ⊗h^t)(A^g_{l−1})^{−1}(g ⊗h) ] (F_l −A_lU^ν_l ) (4.1)

may be viewed as an additive subspace correction with respect to the orthogonal subspaces V^p_{l−1} ⊗ V^p_{l−1} and W^p_{l−1} ⊗ V^p_{l−1}.

The n^2_{l−1} × n^2_{l−1} dimensional matrix A^g_{l−1} is a Galerkin approximation (stiffness matrix) of the bilinear form A (3.2) with respect to W^p_{l−1} ⊗ V^p_{l−1}:

A^g_{l−1} := (g ⊗ h)A_l(g^t ⊗ h^t) = ϵ c^g_{l−1} ⊗ I + I ⊗ c^h_{l−1} + I ⊗ I, (4.2)

where the circulant matrix c^g_{l−1} = gc^h_l g^t of dimension n_{l−1} × n_{l−1} is built by the 2N − 1 connection coefficients Γ^g_k, k = 0, . . . , 2N − 2, of the wavelet ψ (2.11),

c^g_{l−1} = δ^{−2}_{l−1} Cir_{nl}�_1 (Γ^g_0 · · · Γ^g_{2N −2} 0 · · · 0 Γ^g_{2N −2} · · · Γ^g_1).

For our further considerations, we need the Euclidean (spectral) norm ‖ · ‖ as well as the energy-norm relative to (3.5), ‖x‖_{Al} = ‖A^{1/2}_l x‖, with the associated matrix norm ‖B‖_{Al} = ‖A^{1/2}_l BA^{−1/2}_l ‖.

In order to show that the robustness of the proposed two-level method does not depend on a suitably chosen BIM we make only general assumptions on the iteration matrix S_l = I − L^{−1}_l A_l of the BIM: ‖A^{1/2}_l S^ν_l ‖_{Al} ≤ C_sη(ν)δ^{−1}_l , η(ν) → 0, as ν → ∞, (4.3) where the constant C_s and the function η depend neither on δ_l nor on ϵ. Further, ‖S^ν_l ‖_{Al} ≤ 1. (4.4) The assumption (4.3) is usually called the smoothing property of the BIM, see [9].

Remark: With a suitably chosen relaxation parameter β ∈ R, the pointwise versions of the Richardson (L_l = β^{−1}I) and the damped Jacobi iteration (L_l = β^{−1}diag(A_l)) satisfy (4.3) as well as (4.4) with η(ν) = √ η_0(2ν), η_0(ν) = ν^ν /(ν + 1)^{ν+1}, see e.g. [9], Chapter 6.2.

One step of the robust wavelet-based method (or frequency decomposition method in the notation of [10]) is as follows: after ν steps of the BIM, perform one coarse grid correction step (4.1). If we denote the iteration matrix of this method by M_l(ν), then

M_l(ν) = [ I − (h^t ⊗ h^t)A^{−1}_{l−1}(h ⊗ h)A_l − (g^t ⊗ h^t)(A^g_{l−1})^{−1}(g ⊗ h)A_l ] S^ν_l . (4.5)

Now, we are ready to state the robustness of the method (4.5) (for convenience, we refer to an iterative method by its iteration matrix). The proof of the following theorem will cover the whole next section.

Theorem 4.1 Let M_l(ν) be the iteration matrix defined in (4.5). Assume that the BIM S_l satisfies (4.3) and (4.4). Then, there exist two positive constants C and σ which are both independent of ϵ and the discretization step size δ_l, such that ‖M_l(ν)‖_{Al} ≤ Cη(ν) + √ r(ϵ, δ_l) (4.6) where the function r(·, ·) is positive and uniformly bounded by σ < 1. Moreover, r(ϵ, δ_l) → 0 for any fixed δ_l > 0 as ϵ tends to zero.

The constant σ will be given more expicitly in Lemma 4.8 in the next section.

Corollary 4.2 The wavelet two-level method (4.5) is robust, that is, for any ~ρ ∈ ( √ σ, 1), there exists a positive integer νe_ρ such that

ρ(M_l(ν)) ≤ ~ρ for all ν ≥ νe_ρ.

Figure 1 shows numerical approximations to the spectral radius of the two-level iteration matrix M_l(2) (4.5) for the Daubechies wavelet with order N = 3. The damped Jacobi iteration was used as BIM with damping factor β = Γ^h_0 / ∑ k |Γ^h_k |. For δ_l fixed, the spectral radius decreases in ϵ because the function r in (4.6) does.

4.2 Proof of the Robustness of the Two-level Method

For the proof of Theorem 4.1, we supply several preparatory results. We will first prove the following kind of approximation property for the additive coarse grid correction. For convenience, we write n instead of n_l and suppose n ≥ 2s. Lemma 4.3 Let A_l be the discretization matrix defined in (3.6). We define a linear mapping U : R^{n2} → R^{n2/2}, by

U := ( h ⊗ h g ⊗ h ) . (4.7)

0.35

0.40

0.45

0.50

.... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... ....

.......

...............

...............

..............

...............

...............

...................

.......................................................................................................................................................................................

... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... .... .... ....

........

................

...............

...............

...............

...............

..................................................

.......................................................................................................................................................

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... .... .... ....

...........

................

.................

................

................

................

.............................................. .....................................................

...........................................................................................

1 0.1 0.01 0.001 0.0001 ϵ ρ(M_l(2)) s

s s s s l = 1 s

s s s s l = 3 s

s s s s

l = 5

Figure 1: Convergence rate of the two-level method M_l(2) as a function of

the anisotropy parameter ϵ for several levels l with corresponding dimensions

n_l = 2^ls, s = 16. The underlying Daubechies wavelet has order N = 3.

Then, one has

‖ (I − U^tU)A^{−1}_l ‖ ≤ C δ^2_l , (4.8)

for some constant C independent of ϵ and δ_l.

Proof: 1. Note that I − U^tU = Q^tQ with

Q := ( h ⊗ g g ⊗ g ) (4.9)

by (2.23). Now, given any vector f ∈ R^{n2} , one has

‖ Q^tQA^{−1}_l f‖^2 = n−1∑ α,β=0 n−1∑ μ,ν=0 Λ^{−1}_{α,β} Λ^{−1}_{μ,ν} ⟨f, v_α ⊗ v_β⟩ ⟨f, v_μ ⊗ v_ν⟩ · ⟨Q(v_α ⊗ v_β), Q(v_μ ⊗ v_ν)⟩, (4.10) where the Λ_{α,β}’s are the eigenvalues of A_l in (3.10), and ⟨·, ·⟩ denotes the

usual Euclidean inner product in the real space. Clearly, ⟨Q(v_α ⊗ v_β), Q(v_μ ⊗ v_ν)⟩ = ⟨hv_α, hv_μ⟩ ⟨gv_β , gv_ν ⟩ + ⟨gv_α, gv_μ⟩ ⟨gv_β, gv_ν⟩.

2. We now analyse the terms ⟨hv_α, hv_μ⟩ and ⟨gv_β, gv_ν⟩. By the definition of h (2.21) and (3.9), one has

(hv_α)_k = √ 2 1 √ n e^{−i2π2αk/n} m_0 (2απ n ) , for k = 0, · · · , n/2 − 1. Similarly, one obtains for k = 0, · · · , n/2 − 1, that

(gv_α)_k = √ 2 √ n e^{−i2π2αk/n} m_1 (2απ n ) . Therefore, ⟨hv_α, hv_μ⟩ = 2 n n/2−1∑

k=0 e^{−i2π2(α−μ)k/n} m_0 (2απ n ) m_0 (2μπ n ) , (4.11) and ⟨gv_β, gv_ν ⟩ = 2 n n/2−1∑

k=0 e^{−i2π2(β−ν)k/n} m_1 (2βπ n ) m_1 (2νπ n ) . (4.12)

If we use S^{α,μ}_n to denote the sum over k in (4.11) then an easy calculation gives S^{α,μ}_n = { 1 : α − μ = k n/2, k ∈ Z, 0 : otherwise.

(4.13)

The products (4.11) and (4.12) can now be expressed by ⟨hv_α, hv_μ⟩ = S^{α,μ}_n m_0 (2πα n ) m_0 (2πμ n ) , ⟨gv_β, gv_ν⟩ = S^{β,ν}_n m_1 (2πβ n ) m_1 (2πν n ) , (4.14)

which enable us to estimate the sum (4.10) by

‖ Q^tQA^{−1}_l f‖^2 ≤ C ‖f‖^2 · max |⟨gv_β, gv̄_ν⟩| Λ_{α,β}Λ_{μ,ν} . (4.15)

3. By (3.10), (3.8) and (2.13), we have

Λ_{α,β} = δ^{−2}_l ( ϵ λ^h ( 2π α n ) + λ^h ( 2π β n )) + 1. (4.16)

In step 4 we will prove the following

Lemma 4.4 We have that

sup_ξ |m_1(ξ)| λ^h(ξ) = C < ∞. (4.17) Using (4.17), (4.16) and (4.14), one derives that |⟨gv_β, gv_ν ⟩| Λ_{α,β}Λ_{μ,ν} ≤ Cδ^4_l . (4.18)

Lemma 4.3 follows from (4.15) and (4.18).

4. Finally, we prove Lemma 4.4. By part (ii) of Lemma 2.3 , λ^h(ξ) has zeros only at 2mπ, m ∈ Z. Moreover, by Lemma 2.1, λ^h has second order zeros at these points. But when N ≥ 3, which we are assuming, m_1(ξ) has zeros of at least order 3 at 2mπ, m ∈ Z. Hence the lemma is proved since both λ^h and m_1 are continuous 2π-periodic functions. 2 Corollary 4.5 Let U be defined as in (4.7). Then,

‖ A^{1/2}_l (I − U^tU)A^{−1}_l ‖ ≤ C δ_l, (4.19) for some constant C which is independent of ϵ and δ_l. Proof: Since ‖A^{1/2}_l ‖ ≤ C δ^{−1}_l (4.19) follows from (4.8).

Lemma 4.6 Let S_l be the iteration matrix of a BIM for solving (3.5) satisfying (4.3). Then, ‖(I − U^tU)S^ν_l ‖_{Al} ≤ Cη(ν), (4.20) where C is a constant independent of ϵ, δ_l. Proof: First, ‖(I − U^tU)S^ν_l ‖_{Al} = ‖A^{1/2}_l (I − U^tU)S^ν_l A^{−1/2}_l ‖ ≤ C δ_l ‖A_lS^ν_l A^{−1/2}_l ‖, by (4.19). Therefore, the lemma follows readily from (4.3).2 Remark: The estimate (4.20) states analytically that a BIM satisfying (4.3) reduces those error components well corresponding to the subspace {z ∈ R^{n2} : U^tUz = z}. In the less precise words of the beginning of Section 4.1: the BIM damps strongly error components which are smooth in the directions of both coordinates axes as well as which are high frequency in the x and smooth in the y-directions.

We define the following auxiliary matrix

~M_l(ν) := ( I − U^t(UA_lU^t)^{−1}UA_l ) S^ν_l . (4.21)

The matrix ~M_l(ν) in fact is the iteration matrix of a two-level method between the spaces V^p_l ⊗ V^p_l and V^p_l ⊗ V^p_{l−1}. This two-level method corresponds to the semicoarsening of grids in [19]. Further, M_l(ν) can be viewed as an approximation to ~M_l(ν): one step of an (undamped) block Jacobi method to approximate the inverse of UA_lU^t in (4.21) yields M_l(ν). Moreover, if ϵ is equal to zero, then M_l(ν) = ~M_l(ν). This fact explains the montonic decrease of ρ(M_l(2)) in ϵ (see Figure 1).

Theorem 4.7 Let ~M_l(ν) be defined as in (4.21). Under the assumptions of Lemma 4.6 we have ‖~M_l(ν)‖_{Al} ≤ Cη(ν), where C is a constant independent of ϵ, δ_l.

Proof: Note that ~M_l(ν) = (I − U^t(UA_lU^t)^{−1}UA_l)(I − U^tU)S^ν_l . Hence, ‖~M_l(ν)‖_{Al} ≤ ‖I − U^t(UA_lU^t)^{−1}UA_l‖_{Al} ‖(I − U^tU)S^ν_l ‖_{Al} . The statement follows from (4.20) and from ‖I − U^t(UA_lU^t)^{−1}UA_l‖_{Al} = 1 which holds true because I − A^{1/2}_l U^t(UA_lU^t)^{−1}UA^{1/2}_l is an orthogonal projector with respect to the Euclidean inner product. 2 To finish the proof of Theorem 4.1, we only need to estimate the difference of M_l(ν) and ~M_l(ν). For this, we introduce the following block diagonal matrix D_l = ( A_{l−1} 0 0 A^g_{l−1} ) , where A_{l−1} and A^g_{l−1} are defined in (3.6) and (4.2), respectively. Therefore,

~M_l(ν) − M_l(ν) = U^t((UA_lU^t)^{−1} − D^{−1}_l )UA_lS^ν_l , which is estimated by ‖~M_l(ν) − M_l(ν)‖_{Al} ≤ ‖U^t((UA_lU^t)^{−1} − D^{−1}_l )UA_l‖_{Al} ‖S^ν_l ‖_{Al} . (4.22) By (4.4), ‖S^ν_l ‖_{Al} ≤ 1, and

‖U^t((UA_lU^t)^{−1} − D^{−1}_l )UA_l‖_{Al} = ‖A^{1/2}_l U^t((UA_lU^t)^{−1} − D^{−1}_l )UA^{1/2}_l ‖ = ρ(I − D^{−1}_l UA_lU^t) = ρ ( 0 A^{−1}_{l−1}C_{l−1} (A^g_{l−1})^{−1}C^t_{l−1} 0 ) (4.23)

= ρ(A^{−1}_{l−1}C_{l−1}(A^g_{l−1})^{−1}C^t_{l−1})^{1/2}, where C_{l−1} = (h ⊗ h)A_l(g^t ⊗ h^t) = ϵ (hc^h_l g^t) ⊗ I, by (2.24). The last equality in (4.23) follows from, for instance, Lemma 5.2.3 in [12]. One observes that c_{l−1} := hc^h_l g^t = δ^{−2}_{l−1} Cir_{n/2} (Γ^c_0 · · · Γ^c_{2N −2} 0 · · · 0 Γ^c_{2−2N} · · · Γ^c_{−1}). (4.24) (See (2.12) for the connection coefficients Γ^c_k.) Let us denote the eigenvalues of c_{l−1} by λ^c_α, for α = 0, . . . , n/2 − 1. Then,

ρ(A^{−1}_{l−1}C_{l−1}(A^g_{l−1})^{−1}C^t_{l−1}) = max_{α,β} ϵ^2|λ^c_α|^2 Λ^h_{α,β}Λ^g_{α,β} ≤ max_α |λ^c_α|^2 λ^h_αλ^gα ≤ σ < 1, (4.25) where the last two inequalities are valid because of Lemma 4.8 (below). Combining (4.23) and (4.25), one can derive from (4.22) that ‖~M_l(ν) − M_l(ν)‖_{Al} ≤ √ σ < 1. (4.26) Thus, Theorem 4.1 follows from Theorem 4.7 and (4.26).

Remark: If we combine the BIM S_l with the multiplicative version of the subspace correction (4.1), then we yield a two-level method with the following iteration matrix M_l(ν) := [ I − (g^t ⊗ h^t)(A^g_{l−1})^{−1}(g ⊗ h)A_l ] [ I − (h^t ⊗ h^t)A^{−1}_{l−1}(h ⊗ h)A_l ] S^ν_l = [ I − U^t T^{−1}_l U A_l ] S^ν_l , (4.27) where

T^{−1}_l = ( A^{−1}_{l−1} 0 −(A^g_{l−1})^{−1}(g ⊗ h)A_l(h^t ⊗ h^t)A^{−1}_{l−1} (A^g_{l−1})^{−1} ) . Performing a calculation like (4.23) with T^{−1}_l instead of D^{−1}_l shows that Theorem 4.1 holds also for M_l(ν), however with a sharper estimate: The inequality (4.6) has to be replaced by ‖M_l(ν)‖_{Al} ≤ C η(ν) + r(ϵ, δ_l), (4.28) and Corollary 4.2 has to be modified accordingly.

Lemma 4.8 Let λ^h(ξ), λ^g(ξ) and λ^c(ξ) be defined as in (2.13), (2.14) and (2.15). Then, σ := sup_{0≤ξ<2π} |λ^c(ξ)|^2 λ^h(ξ)λ^g(ξ) < 1. (4.29)

Proof: The above lemma is a special case of Lemma 5.2. 2 For the case N = 3, a numerical calculation shows that the constant σ in Lemma 4.8 satisfies σ < 0.3.

As a consquence of Lemma 4.8 we obtain the following strong Cauchy inequality.

Theorem 4.9 Let V^p_l and W^p_l be the spaces defined in (3.3) and (3.4), respectively. Then for any given functions v ∈ V^p_l and w ∈ W^p_l , one has | | ∫_s 0 v^′(x) w^′(x) dx | |^2 ≤ σ ( ∫ s 0 |v^′(x)|^2 dx ) ( ∫ s 0 |w^′(x)|^2 dx ) , (4.30)

where σ < 1 is the constant in Lemma 4.8.

5 Multilevel Scheme

5.1 Definition and Notation

The multilevel scheme corresponding to the two-level method M_l (4.5) can be derived in an almost straightforward manner. To define the complete multilevel procedure for solving (3.5) we denote (κ is a binary number)

A_{l,κ} := ϵ c^κ_l ⊗ I + I ⊗ c^h_l + I ⊗ I, (5.1) where

c^κ_l = δ^{−2}_l Cir_{nl} (Γ^κ_0 · · · Γ^κ_{2N −2} 0 · · · 0 Γ^κ_{2N −2} · · · Γ^κ_1 ), (5.2)

with

Γ^κ_μ = ∫ R^{(ψ} κ)^′(x − μ) (ψ^κ)^′(x) dx, μ = 0, . . . , 2N − 2, (see (2.10) and (2.11)). Due to the recursive definition of the wavelet packets, their connection coefficients can be easily computed from the connection coefficients of the scaling function φ.

With the definition (5.1) we have A_l = A_{l,0} and A^g_l = A_{l,1}. The matrices A_{l,κ} are Galerkin approximations (stiffness matrices) of the bilinear form A (3.2) relative to the spaces W^κ_l ⊗ V^p_l (all wavelet packet spaces in this section are understood in their periodic modifications analogously to (3.3) and (3.4), for convenience we will however subpress the superscript p). Therefore, they are all positive definite.

We denote the iteration matrix of the BIM with respect to A_{l,κ} by S_{l,κ} = I − L^{−1}_{l,κ} A_{l,κ} and we suppose that all needed connection coefficients are precomputed and stored. Our procedure has four variable quantities: l is the varying level, 0 ≤ l ≤ L, where L is the level corresponding to the smallest discretization step size, κ is a binary integer at level l, w is an approximate solution, b is a right-hand side or a defect. We then define the following multilevel procedure which describes (for l = L, κ = 0) one step of our wavelet frequency decomposition multigrid method (WFDM): MLP(l, κ, w, b) begin if l = 0 then w := A^{−1}_{l,κ} b else w := S^ν_{l,κ}w +^{ν−1} ∑ j=0 S^j_{l,κ}L^{−1}_{l,κ} b (ν steps of the BIM)

d := A_{l,κ}w − b, v_0 = 0, v_1 = 0 for j = 1 to γ : MLP(l − 1, κ0, v_0, (h ⊗ h)d) for j = 1 to γ : MLP(l − 1, κ1, v_1, (g ⊗ h)d) w := w − (h^t ⊗ h^t)v_0 − (g^t ⊗ h^t)v_1 (5.3) end

The V -cycle corresponds to the choice γ = 1 and the W -cycle to γ = 2.

On any intermediate level l, 0 ≤ l ≤ L, 2^{L−l} independent linear systems have to be solved. Hence, the proposed algorithm can be performed in parallel. For a more detailed discussion of this topic see [12], Section 11.3.1.

The consideration of the computational complexity done in [10] carries over to our situation without any modifications. The V -cycle is an O(N ·n^2_l )- algorithm whereas the W -cycle is of order O(N · n^2_l log n_l). If the order N of the wavelet is fixed then the respective orders are O(n^2_l ) and O(n^2_l log n_l). It is assumed that the connection coefficients are precomputed and the work on level 0 is neglected. Similiar assumptions are made in [10].

The precomputation of the connection coefficients {Γ^κ_μ}_{κ=0,...,2}L requires the solution of a linear system of dimension 4N −3 for the Γ^0_μ’s [14]; the other connection coefficients are generated from these by Mallat transformations involving O(2^LN^2) operations.

5.2 Theoretical Considerations

First, we will show that the two-level methods relative to all intermediate levels of the multigrid scheme are robust, i.e. we verify the robustness of the two-level methods with iteration matrices M_{l,κ}(ν) = [ I − (h^t ⊗ h^t) A^{−1}_{l−1,κ0} (h ⊗ h) A_{l,κ} (5.4) − (g^t ⊗ h^t) A^{−1}_{l−1,κ1} (g ⊗ h) A_{l,κ} ] S^ν_{l,κ}, where κ is a binary number greater than zero. For κ = 0 we set M_{l,0} = M_l with M_l from (4.5).

Theorem 5.1 Let M_{l,κ}(ν), κ ≥ 0, be the iteration matrix defined in (5.4). Assume that the BIM S_{l,κ} satisfies (4.3) and (4.4) with A_l replaced by A_{l,κ}. Then, there exist two positive constants C_κ and σ_κ which are both independent of ϵ and of the discretization step size δ_l, such that ‖M_{l,κ}(ν)‖_{Al,κ} ≤ C_κ η(ν) + √ r_κ(ϵ, δ_l), (5.5)

where the positive function r_κ(·, ·) is uniformly bounded by σ_κ < 1. Moreover, r_κ(ϵ, δ_l) → 0 for any fixed δ_l > 0 as ϵ tends to zero.

Remark: The statement of Theorem 5.1 holds correspondingly for the multiplicative version of (5.4), cf. (4.27) and (4.28).

For the proof of the above theorem we need a generalization of Lemma 4.8. The constant σ_κ will be given precisely.

Lemma 5.2 Let κ ≥ 0 be a binary number. Let λ^κ(ξ) and λ^{c,κ}(ξ) be defined by λ^κ(ξ) = ∑ μ Γ^κ_μ e^{−i μ ξ}, λ^{c,κ}(ξ) = ∑ μ Γ^{c,κ}_μ e^{−i μ ξ},

with Γ^{c,κ}_μ = ∫ R^{(ψκ0)′(x − μ) (ψκ1)′(x) dx. Then,} σ_κ = sup_{0≤ξ<2π} |λ^{c,κ}(ξ)|^2 λ^{κ0}(ξ) λ^{κ1}(ξ)

< 1. (5.6)

Proof: Similar to Lemma 2.2 we get

λ^κ(ξ) = ∑ μ |(ψ^κ)^(ξ + 2μπ)|^2(ξ + 2μπ)^2, (5.7) λ^{c,κ}(ξ) = ∑ μ (ψ^{κ0})^(ξ + 2μπ) (ψ^{κ1})^(ξ + 2μπ) (ξ + 2μπ)^2. (5.8)

If we apply the Fourier transform on both sides of (2.25) and (2.26), then we have (ψ^{κj})^(ξ) = m_j(ξ/2) (ψ^κ)^(ξ/2), j = 0, 1, with m_0 and m_1 from (2.2) and (2.6). Substituting these relations into (5.7) as well as into (5.8) and summing separately over even and odd indices, we arrive at (cf. [1]):

λ^{κ0}(ξ) = 4 ( |m_0(ξ/2)|^2 λ^κ(ξ/2) + |m_1(ξ/2)|^2 λ^κ(ξ/2 + π) ) , (5.9)

λ^{κ1}(ξ) = 4 ( |m_1(ξ/2)|^2 λ^κ(ξ/2) + |m_0(ξ/2)|^2 λ^κ(ξ/2 + π) ) , (5.10)

λ^{c,κ}(ξ) = 4 m_0(ξ/2) m_1(ξ/2) ( λ^κ(ξ/2) − λ^κ(ξ/2 + π) ) .

Since (2.3), we can rewrite the right hand side of (5.6) as

σ_κ = sup_{0≤ξ<2π} R^κ(ξ) R^κ(ξ) + λ^κ(ξ/2) λ^κ (ξ/2 + π)

(5.11)

with R^κ(ξ) = |m_0(ξ/2)|^2 |m_1(ξ/2)|^2 ( λ^κ(ξ/2) − λ^κ(ξ/2 + π) )_2 . Because λ^1(ξ) = λ^g(ξ) > 0 (Lemma 2.3 (iv)) and because m_0 and m_1 are not zero at the same point, it follows inductively from both equations (5.9), (5.10) that λ^κ(ξ) > 0 for all κ ≥ 1. This implies σ_κ < 1 for κ > 0. In the case κ = 0 assume that σ_0 = 1. Then, (5.11) implies λ^κ(ξ^0/2)λ^κ(ξ^0/2+π) = 0 for one ξ^0 ∈ [0, 2π) which in turn, by Lemma 2.3 (ii), implies |m_0(ξ^0/2)|^2 |m_1(ξ^0/2)|^2 = 0 which is zero of higher order, see Lemma 2.1 (ii) and (2.4), (2.6). Thus, σ_0 < 1. 2

Remark: The numbers σ_κ are again related to strong Cauchy inequalities: if σ is replaced by σ_κ, then (4.30) holds for v ∈ W^{κ0}_l and w ∈ W^{κ1}_l .

Proof of Theorem 5.1: The proof is similar to the proof of Theorem 4.1. We sketch the steps.

1. The eigenvalues of A_{l,κ} are Λ_{α,β} = δ^{−2}_l ( ϵ λ^κ(2πα/n_l) + λ^h(2πβ/n_l) ) + 1, 0 ≤ α, β ≤ n_l − 1. Therefore, the Lemmata 4.3, 4.6, Corollary 4.5 and Theorem 4.7 hold correspondingly.

2. Let ~M_{l,κ} be defined analogously to (4.21) with A_{l,κ} instead of A_l. Then, ‖~M_{l,κ}(ν) − M_{l,κ}(ν)‖_{Al,κ} ≤ σ_κ with σ_κ from (5.6). 2

As a further step in the direction to a robustness proof for the WFDM we will show the uniform boundedness of the constants {C_κ}_{κ≥0} (5.5). We assume that the constants C_s in (4.3) - where A_l is replaced by A_{l,κ} - does not depend on κ. This assumption is reasonable because the damped Richardson as well as the damped Jacobi iteration posses this property, if the damping factor is suitably chosen for each κ. For instance, due to the circulant structure of A_{l,κ}, Γ^κ_0 / ∑ m |Γ^κ_m| is such a suitable choice for the damping factor of the Jacobi method. We used this choice in our numerical experiments presented in the Figures 2 and 3.

If A_l is replaced by A_{l,κ}, then the constant in the estimate (4.19) may depend on κ. Therefore, we make a more careful analysis to overcome this difficulty.

Lemma 5.3 Let U be defined as in (4.7) and let κ be a non-negative binary number. Then, ‖A^{1/2}_{l,κ} (I − U^tU)A^{−1}_{l,κ} ‖ ≤ C δ_l, for some constant C which is independent of δ_l, ϵ and κ.

Proof: We only give an outline of the proof guided by the steps of the proof of Lemma 4.3. We write n instead of n_l.

1. With Q defined as in (4.9) and with v_{α,β} = v_α ⊗ v_β (3.9) we have ‖A^{1/2}_{l,κ} Q^tQA^{−1}_{l,κ} f‖^2 = n−1∑ α,β=0 n−1∑ μ,ν=0 Λ^{−1}_{α,β} Λ^{−1}_{μ,ν} ⟨f, v_{α,β}⟩ ⟨f, v̄_{μ,ν} ⟩ T (α, β, μ, ν)

where (p := h ⊗ g, q := g ⊗ g) T (α, β, μ, ν) = ⟨A_{l,κ}Q^tQv_{α,β}, Q^tQv̄_{μ,ν}⟩ = ⟨A_{l,κ} p^tp v_{α,β}, p^tp v̄_{μ,ν} ⟩ = P0 + ⟨A_{l,κ} q^tq v_{α,β}, q^tq v̄_{μ,ν}⟩ = P1 + 2 ⟨A_{l,κ} p^tp v_{α,β}, q^tq v̄_{μ,ν}⟩ = P2 + ⟨A_{l,κ} q^tq v_{α,β}, p^tp v̄_{μ,ν} ⟩ = P3 .

2. The scalar products P_0, P_1, P_2 and P_3 can be calculated to be (S^{α,μ}_n is the sum (4.13)): P_j = m_j(2πα/n) m_1(2πβ/n) ( δ^{−2}_{l−1}(ϵ λ^{κj} (4πα/n) + λ^g(4πβ/n)) + 1 ) · m_j(2πμ/n) m_1(2πν/n) S^{α,μ}_n S^{β,ν}_n j = 0, 1, P_2 = m_0(2πα/n) m_1(2πβ/n) ( δ^{−2}_{l−1} ϵ λ^{c,κ}(4πα/n) ) · m_1(2πμ/n) m_1(2πν/n) S^{α,μ}_n S^{β,ν}_n , P_3 = m_1(2πα/n) m_1(2πβ/n) ( δ^{−2}_{l−1} ϵ λ^{c,κ}(4πα/n) ) · m_0(2πμ/n) m_1(2πν/n) S^{α,μ}_n S^{β,ν}_n .

3. For j = 0, 1, we have n−1∑ α,β=0 n−1∑ μ,ν=0 P_j ≤ C δ^2_l ‖f‖^2

· max |m_1(2πβ/n)| |m_1(2πν/n)| ( ϵ λ^{κj} (4πα/n) + λ^g(4πβ/n) + 1 ) ( ϵ λ^κ(2πα/n) + λ^h(2πβ/n) ) ( ϵ λ^κ(2πμ/n) + λ^h(2πν/n) ) ,

where the constant C does not depend on κ. In two steps we show that the maximum is bounded in ϵ and κ. The Lemma 4.4 yields |m_1(2πν/n)| ϵ λ^κ(2πμ/n) + λ^h(2πν/n) ≤ max_ξ |m_1(ξ)| λ^h(ξ) < ∞. It remains to estimate

R = |m_1(2πβ/n)| ( ϵ λ^{κj} (4πα/n) + λ^g(4πβ/n) + 1 ) ϵ λ^κ(2πα/n) + λ^h(2πβ/n) . We use (a + b)/(c + d) ≤ max{a/c, b/d} for a, b, c, d > 0 to get R ≤ max { λκj (4πα/n) λ^κ(2πα/n) = R1 , |m_1(2πβ/n)| (λ^g(4πβ/n) + 1) λ^h(2πβ/n) = R2

} .

The quotient R_2 is bounded independent of κ due to (4.17). To bound R_1 we consider λ^{κj} (2 ξ) λ^κ(ξ) ≤ 4 ( 1 + λ^κ(ξ + π) λ^κ(ξ) ) , where the inequality follows by (5.9) and (5.10), respectively. Since,

max_ξ λ^κ(ξ) min_ξ λ^κ(ξ) ≤ max_ξ λ^g(ξ) min_ξ λ^g(ξ) for all κ ≥ 1,

which also follows from (5.9) and (5.10), R_1 is uniformly bounded in κ.

If we estimate ∑ α,β ∑ μ,ν(P_2 + P_3) in the same manner using |λ^{c,κ}(ξ)|^2 ≤ λ^{κ0}(ξ) λ^{κ1} (ξ), then Lemma 5.3 is proved.

Corollary 5.4 If the BIM S_{l,κ} satisfies (4.3) with a uniform constant C_s in κ, then the constants {C_κ}_{κ≥0} in (5.5) are uniformly bounded: C_κ ≤ C_b for all κ ≥ 0.

Next, we consider the iteration matrix M^′_{L,0}(ν) of the WFDM. Let M^′_{l,κ}(ν) denote the iteration matrix of the iteration (l ≥ 1, κ ≥ 0)

w := U^m_l ,

MLP(l, κ, w, F_l), (5.12) U^{m+1}_l := w,

that is, we start our multigrid procedure to solve A_{l,κ}U_l = F_l on level l.

Lemma 5.5 The above defined matrices M^′_{l,κ}(ν) for the iteration (5.12) satisfy the recursion M^′_{l,κ}(ν) = M_{l,κ}(ν) + (h^t ⊗ h^t)(M^′_{l−1,κ0}(ν))^γ A^{−1}_{l−1,κ0} (h ⊗ h)A_{l,κ} S^ν_{l,κ} + (g^t ⊗ h^t)(M^′_{l−1,κ1}(ν))^γ A^{−1}_{l−1,κ1} (g ⊗ h)A_{l,κ} S^ν_{l,κ} (5.13)

with M^′_{0,κ}(ν) = 0. The matrices M_{l,κ}(ν) are defined in (5.4). If the BIM S_{l,κ} satisfies (4.4), then ‖M^′_{l,κ}(ν)‖_{Al,κ} ≤ ‖M_{l,κ}(ν)‖_{Al,κ} (5.14) + ‖M^′_{l−1,κ0}(ν)‖^γ_{Al}�_{1,κ0} + ‖M^′_{l−1,κ1}(ν)‖^γ_{Al}�_{1,κ1} . Proof: The recursion (5.13) follows by transfering the proof of Lemma 7.1.4 in [9] to the additive coarse grid correction. For the proof of (5.14) we remark:

‖ A^{1/2}_{l,κ} (h^t ⊗ h^t) A^{−1/2}_{l−1,κ0} ‖^2 = ρ( (h ⊗ h) A_{l,κ} (h^t ⊗ h^t) A^{−1}_{l−1,κ0} ) = 1,

where the last equality holds since (h ⊗ h)A_{l,κ}(h^t ⊗ h^t) = A_{l−1,κ0}. 2 A robustness proof for the V -cycle fails with the usual techniques. Indeed, numerical experiments (see e.g., Figure 2 (β = 1)), raise doubts on the robustness. The convergence rate behaves like that one of the V -cycle of the usual multigrid method (based on Finite Element or Finite Difference discretization) with ILU as BIM, see [26]. In the latter case robustness had been achieved by damping the ILU method. Here we produce the same effect,

0.40

0.45

0.50

0.55

0.60

......

.......

......

.......

......

......

......

......

.......

.......

.......

......

......

......

.......

.......

.......

......

.... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..........................................................................

.....................................................................................................................

..... ......

......

......

..... .....

..... ..... ..... ......

..... .....

..... ...... .....

.....

.....

..... ..... .....

...............

.....................

.....................

.....................

.................................................................................................................................. ...........................................................................

1 0.1 0.01 0.001 0.0001 ϵ ρ(M^′_{3,0}(2))

s s

s s s β = 1 s

s s s s β = 0.95

Figure 2: V -cycle convergence rates of the damped (β = 0.95) and undamped

(β = 1) WFDM with L = 3, n_L = 2^Ls, s = 16, and Daubechies wavelet

N = 3. The damped Jacobi iteration was used as BIM.

if we damp the additive coarse grid correction, that is, we replace (5.3) in

the algorithmic representation of MLP by (β ∈ R)

w := w − β (h^t ⊗ h^t)v_0 − β (g^t ⊗ h^t)v_1.

With a right choice of the damping factor β, the V -cycle seems to be robust,

see Figure 2 (β = 0.95). For an analysis of the damped V -cycle we refer to

[21].

For the W -cycle the standard techniques, see [9], Chapter 7, may be

succesful. The idea is to analyze the sequence

ξ_{l,κl} = ζ_{κl} + ξ^2_{l−1,κl0} + ξ^2_{l−1,κl1} (5.15)

with 1 ≤ l ≤ L, 0 ≤ κ_l ≤ 2^{L−l} − 1 (κ_l binary), ξ_{0,κ} = 0 and ζ_κ = C_b η(ν) + √ σ_κ. The connection of (5.15) with (5.14) is obvious.

Since ζ_κ > √ σ_κ, the ζ_κ’s can not be made arbitrarily small by just in-

creasing ν. Therefore, the convergence of the W -cycle does not follow directly

from the two-level convergence as in [9]. However, if the apparent decrease

of the σ_κ’s (5.6), see Table 1, could be verified analytically, then the above

approach would yield the robustness of the W -cycle. A qualititative asser-

tion that the σ_κ’s tend to zero will not be sufficient to prove the robustness;

σ_0 σ_1 σ_{10} σ_{11} σ_{100} σ_{101} σ_{110} σ_{111}

N = 3 2.9E-1 2.8E-2 2.4E-3 2.3E-2 1.9E-4 1.6E-3 5.5E-3 5.0E-3

N = 4 1.9E-1 8.5E-3 6.9E-4 6.3E-3 5.0E-5 5.1E-4 1.3E-3 1.4E-4

Table 1: The numbers σ_κ for the Daubechies wavelets of order 3 and 4

0.25

0.30

0.35

0.40

..... ..... .... ..... ..... ..... .... .... .... .... ..... .... ..... ..... .... ..... .... .... .... ..... ..... .... .... ..... ..... ....

.......

........

.........

........

.......

........

........

........

........

.........

........

..............................................................................................................................................................................................

...... ......

......

......

...... .......

......

......

......

......

......

......

.....

......

......

......

.....

......

.....

...................................................................................................... .......

......

.......

.......

.......

.......

.......

.......

.......

......

.......

.......

.......

.......

..................................................................................................

.......

.......

.......

.......

.......

.......

.......

......

.......

.......

......

.......

.......

.......

.......

..............

...........

...........

...........

...........

...........

...........

....................

.......

.......

......

.......

......

.......

.......

......

.......

......

........

......

.......

......

.......

...........

...............

..............

...............

..............

...............

..........

1 0.1 0.01 0.001 0.0001 ϵ

s

s s s s L = 3 s

s s

s s L = 4

s

s s

s s L = 5

Figure 3: W -cycle convergence rates of the WFDM with damped Jacobi

iteration as BIM, n_L = 2^Ls, s = 16, and Daubechies wavelet N = 3.

the decay rate of such a sequence tending to zero might be necessary.

Conclusion: In this paper, the robustness of any two-level method cor-

responding to an intermediate level in the WFDM has been proved (Theo-

rem 5.1). For the complete multilevel process we only presented some analysis

towards a robustness proof. More specifically, the quantative decay of the

σ_κ’s is needed to ensure W -cycle convergence. However, in [21] we are able

to prove a level dependent convergence of the damped V -cycle.

It is also worth to mention that the formulation of the FDMGM as an

additive Schwarz iteration [11] using the wavelet packet subspaces deserves

further exploration.

Outlook on more general boundary-value problems:

a) Dirichlet boundary conditions in general domains

A wavelet-Galerkin discretization in combination with a penalty/fictitious domain formulation of the Dirichlet problem − ϵ u_{xx} − u_{yy} + u = f in ω, (5.16) u = g on ∂ω, where ω is a domain in R^2, yields the following linear system

(A_l + γ^{−1}M_l)U^γ_l = F_l + γ^{−1}M_lG_l, (5.17)

with appropriate right hand-sides F_l and G_l, see [23] and [24]. The matrix A_l is the one from (3.6) and M_l is a diagonal matrix with diagonal entries either 0 or 1 (the entries are 1 if the corresponding unkowns belong to the (discrete) boundary and they are 0 otherwise).

It is shown in [8] how the WFDM can be used as a preconditioner for the conjugate gradient iteration to become an efficient solver for (5.17) under the assumption of a (sufficiently) small penalty parameter γ > 0.

b) The case of space-dependent ϵ To treat a space-dependent ϵ = ϵ(x, y) in (1.1) (resp. in (5.16)) we project ϵ onto the space V^p_l ⊗ V^p_l (3.3), that is, we make the ansatz ϵ(x, y) = ∑ ϵ^l_{i,j}φ_{l,i}(x)φ_{l,j}(y). Then, the wavelet-Galerkin discretization leads to the higher order connection coefficients Γ_{k,l,p} = ∫ φ(x − k) φ^′(x − l) φ^′(x − p) dx, the stable evaluation of which is considered in [14].

The adaption of the WFDM to this more general case has not been carried out at the present time, but it seems as if it will be necessary to use both h ⊗ g and g ⊗ h as extra filters in this more complex setting.

References

[1] G. Beylkin. On the representation of operators in bases of compactly supported wavelets. SIAM J. Numer. Anal., 6:1716–1740, 1992.

[2] Phillipe G. Ciarlet. The finite element methods for elliptic problems.

North-Holland, 1987.

[3] W. Dahmen and A. Kunoth. Multilevel preconditioning. Numer. Math, 63:315–344, 1992.

[4] I. Daubechies. Orthonormal bases of compactly supported wavelets.

Comm. Pure Appl. Math., 41:906–966, 1988.

[5] I. Daubechies. Ten Lectures on Wavelets. SIAM, Philadelphia, 1992.

[6] P. J. Davis. Circulant Matrices. John Wiley & Sons, New York, 1979.

[7] T. Eirola. Sobolev characterization of solutions of dilation equations.

SIAM J. Math. Anal., 23(4):1015–1030, July 1992.

[8] R. Glowinski, A. Rieder, R. O. Wells, and X. Zhou. A wavelet multigrid preconditioner for Dirichlet boundary value problems in general domains. Computational Mathematics Laboratory TR93-06, Rice University, 1993.

[9] W. Hackbusch. Multi-Grid Methods and Applications. Springer Series in Computational Mathematics. Springer-Verlag, New York, 1985.

[10] W. Hackbusch. The frequency decomposition multi-grid method, part I:

Application to anisotropic equations. Numer. Math., 56:229–245, 1989.

[11] W. Hackbusch. The frequency decomposition multi-grid method, part II:

Convergence analysis based on the additive Schwarz method. Numer. Math., 63:433–453, 1992.

[12] W. Hackbusch. Iterative Solution of Large Sparse Systems of Equations.

Applied Mathematical Sciences. Springer-Verlag, New York, 1994.

[13] S. Jaffard. Wavelet methods for fast resolution of elliptic problems.

SIAM J. Numer. Anal., 29(4):965–986, 1992.

[14] A. Latto, H. L. Resnikoff, and E. Tenenbaum. The evaluation of connection coefficients of compactly supported wavelets. In Y. Maday, editor, Proceedings of the French-USA Workshop on Wavelets and Turbulence, June 1991, New York, 1992. Princeton University, Springer-Verlag.

[15] S. Mallat. Multiresolution approximation and wavelet orthonormal bases of L^2(R). Trans. Amer. Math. Soc., 315:69–87, 1989.

[16] K. McCormick and R. O. Wells. Wavelet calculus and finite-difference operators. Math of Comp, 1993. (to appear).

[17] Y. Meyer. Ondelettes et Operateurs. Hermann, 1990.

[18] Y. Meyer. Wavelets: Algorithms & Applications. SIAM Publications, Philadelphia, 1993.

[19] N. H. Naik and J. V. Rosendale. The improved robustness of multigrid elliptic solvers based on multiple semicoarsened grids. SIAM J. Numer. Anal., 30(1):215–229, 1993.

[20] Y. Meyer R. R. Coifman and M. V. Wickerhauser. Size properties of wavelet packets. In Ruskai et al., editor, Wavelets and their Applications, pages 453–470. Jones and Bartlett, 1992.

[21] A. Rieder and X. Zhou. On the robustness of the damped V -cycle of the wavelet frequency decomposition multigrid method. Technical Report CML TR93-10, Computational Mathematics Laboratory, Rice University, Houston, 1993.

[22] K. Stüben and U. Trottenberg. Multigrid methods: fundamental algorithms, model problem analysis and applications. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, New York, pp. 1-176, 1982. Lecture Notes 960, Springer-Verlag.

[23] R. O. Wells and Xiaodong Zhou. Wavelet solutions for the Dirichlet problem. Technical Report 92-02, Rice University, 1992. Computational Mathematics Laboratory.

[24] R. O. Wells and Xiaodong Zhou. Wavelet interpolation and approximate solutions of elliptic partial differential equations. In R. Wilson and E. A. Tanner, editors, Noncompact Lie Groups. Kluwer, 1994. To appear. Proceedings of NATO Advanced Research Workshop.

[25] P. Wesseling. An Introduction to MultiGrid Methods. Pure & Applied Mathematics, A Wiley-Interscience Series of Text, Monographs & Tracts. John Wiley & Sons, New York, 1991.

[26] G. Wittum. On the robustness of ILU smoothing. SIAM J. Sci. Stat.

Comput., 10(4):699–717, 1989.

[27] J. Xu. Iterative methods by space decomposition and subspace correction. SIAM Review, 34, 1992.

[28] H. Yserentant. Old and new convergence proofs for multigrid methods.

Acta Numerica,Cambridge University Press, New York, pages 285–326, 1993.

Andreas Rieder Raymond O. Wells, Jr., Xiaodong Zhou Computational Mathematics Laboratory Computational Mathematics Laboratory Rice University Rice University Houston, Texas 77251-1892 Houston, Texas 77251-1892 and Universität des Saarlandes 66041 Saarbrücken, Germany