An Algebraic Structure of Orthogonal Wavelet Space^� (revised version)

Jun Tian and Raymond O. Wells, Jr. Computational Mathematics Laboratory Rice University Houston, Texas 77005-1892 juntian@rice.edu, wells@rice.edu http://cml.rice.edu/

�_{This work was supported in part by ARPA and Texas ATP .}

Running Head: ALGEBRAIC STRUCTURE OF WAVELET SPACE

Contact Address:

Jun Tian Department of Mathematics - MS 136 Rice University 6100 Main Street Houston, Texas 77005-1892 Phone: (713) 737-5685 Fax: (713) 285-5231 E-mail: juntian@rice.edu

Abstract

In this paper we study the algebraic structure of the space of compactly supported orthonormal wavelets over real numbers. Based on the parametrization of wavelet space, one can define a parameter mapping from the wavelet space of rank 2 (or 2-band, scale factor of 2) and genus g to the (g � 1) dimensional real torus (the products of unit circles). By the uniqueness and exactness of factorization, this mapping is well-defined and one-to-one. Thus we can equip the rank 2 orthogonal wavelet space with an algebraic structure of the torus. Because of the degenerate phenomenon of the paraunitary matrix, the parametrization map is not onto. However, there exists an onto mapping from the torus to the “closure” of the wavelet space. And with such mapping, a more complete parametrization is obtained. By utilizing the factorization theory, we present a fast implementation of discrete wavelet transform (DWT). In general, an orthogonal rank m DWT has an O(m^2) complexity. In this paper we starts with a given scaling filter and construct an additional (m�1) wavelet filters so that the DWT can be implemented in O(m). With a fixed scaling filter, the approximation order, the orthogonality, and the smoothness remain unchanged, thus our fast DWT implementation is quite general.

List of Symbols

S^1 the unit circle in R^2 S^{m−1} the unit sphere in R^m A a matrix with m rows A(z) the Laurent series or polyphase decomposition of A m the rank of a wavelet matrix, or the scale factor of a wavelet system g the genus of a wavelet matrix, which implies the matrix has size m × mg, or the m − band filter bank has length mg Ã(z) the adjoint of A(z) A^∗ the Hermitian adjoint of A Ā the complex conjugate of A A^t the transpose of A I_m the m × m identity matrix v a unit column vector V (z) primitive paraunitary matrix d the number of factor in paraunitary factorization k_1 the smallest index that A_k ≠ 0 δ_{i,j} the delta function ϕ̂(ξ) the Fourier transform of ϕ(x) U a unitary matrix H the canonical Haar matrix χ(A) the characteristic Haar matrix of A det(A) the determinant of A ⋄_H the Pollen product W M(2, g) the collection of all real orthogonal wavelet matrices of rank 2 and genus g W M(2) the collection of all real orthogonal wavelet matrices of rank 2 T^{g−1} (g − 1)-dimensional real torus W M(m, g) the collection of all real orthogonal wavelet matrices of rank m and genus g W M(m) the collection of all real orthogonal wavelet matrices of rank m T^{g−1} (g − 1)-dimensional real torus

1 Introduction

Wavelet analysis (see [2, 3, 9, 22, 24, 28, 34, 35], etc) has been proven to be a very powerful tool in harmonic analysis, neural networks, numerical analysis, and signal processing, especially in the area of image compression [25, 29, 36] and data denoising [7, 11, 18]. The theoretical work of orthogonal wavelets was done in the late eighties [8, 21, 22] and the framework of biorthogonal wavelets was established in the early nineties [4, 6, 33]. Wavelet theory is closely connected with subband coding, and it provides a functional space structure for subband coding, often leading to better understanding and tremendous improvement.

The invention of the polyphase decomposition [1] is one of the reasons why multirate filter banks processing [30] became practically attractive. It enables the designer to perform all the computations at the “lowest rate permissible within the given context”, and reduces the speed requirements on the processors. It is valuable not only in practical design and actual implementation of filter banks, but also in theoretical study. Actually with the polyphase decomposition, P. P. Vaidyanathan and his colleagues [31] derive factorizations of paraunitary matrices and apply such factorizations to design quadrature mirror filter (QMF) banks for digital signal processing problems. D. Pollen, P. N. Heller, H. L. Resnikoff, and R. O. Wells, Jr. [15, 23, 24] use the polyphase decomposition to develop a parametrization theory of compactly supported orthonormal wavelets.

In this paper, we will discuss the algebraic structure of the space of compactly supported orthonormal wavelets over real numbers. The factorization work mentioned above suggests a mapping from the orthogonal wavelet space to the space of products of unit spheres. But without the uniqueness of the factorization, the mapping cannot be well-defined. The uniqueness result for rank m = 2 (or 2-band, scale factor of 2) was first proved by Pollen [23] and one can define a mapping from the orthogonal wavelet space of rank 2 to products of unit circles. However, this mapping doesn’t provide a quantitative relationship between the size of a wavelet system (or more precisely, the genus of a wavelet matrix) and the number of unit circles in the product. Here we present a new result of the wavelet factorization, the exactness of factorization, which says that the number of unit circles in the product will be exactly the genus minus 1. Then with the uniqueness and exactness of wavelet factorization, one can define a one-to-one mapping from the orthogonal wavelet space of rank 2 and genus g (which means the scaling filter has length 2g) to the (g − 1) dimensional real torus

S^1 × S^1 × · · · × S^1 g−1 Because of the degenerate phenomenon of the paraunitary matrix, this mapping is not onto. Considering even genus and odd genus orthogonal wavelets as two different classes and taking the union in each class up to some genus, that is, adding wavelets with smaller genus but with the same parity to build up a larger space (which is called the “closure” in this paper), then there exists an onto mapping from the torus to the “closure” with which an inclusion diagram commutes. When m > 2, there is no well-defined mapping from the orthogonal rank m wavelet space to the products of unit spheres. However, one can still set up a parameter mapping from the real torus (products of unit spheres) to the orthogonal wavelet space.

This paper is organized as follows. In Section 2 we give a brief review of previous work on paraunitary matrices and orthonormal wavelets. The exactness and uniqueness of factorization of rank m = 2 is discussed in Section 3. In particular we present a new proof of Pollen’s uniqueness result based on our exactness result. This leads to a particular algebraic topological structure for the space of compactly supported orthonormal wavelets over real numbers. More specifically, there exists a well-defined one-to-one mapping from the orthogonal wavelet space of rank 2 and genus g to the (g − 1) dimensional real torus. In Section 4 we study a fast wavelet transform based on factorization. An orthogonal rank m discrete wavelet transform has, in general, an O(m^2) complexity. Here we starts with a fixed scaling filter and construct a full wavelet matrix of rank m with an O(m) discrete wavelet transform. Since we don’t change the scaling filter, the approximation order and the smoothness of the wavelet system remain unchanged, while the complexity of the discrete wavelet system has been improved from O(m^2) to O(m). We conclude the paper in Section 5.

2 A Review of Previous Work

Most of the material in this section is from [1, 15, 17, 23, 24, 26, 30, 31, 32]. We refer to these papers and books for more details.

2.1 Laurent Polynomial and Polyphase Decomposition

For a given sequence a = {a_k, k ∈ Z} which has only finite nonzero elements, the Laurent polynomial a(z) of a is defined by

a(z) := ∑ k∈Z a_kz^{−k} = k2∑ k=k1 a_kz^{−k} where k_1 and k_2 are the smallest and largest indices that a_k is nonzero, respectively. In signal processing, a will be called a finite impulse response (FIR) filter and a(z) is the z-transform of a.

Now consider a matrix A = (a_{i,j} ) consisting of m rows of vectors of the form A = · · · a_{0,−1} a_{0,0} a_{0,1} a_{0,2} · · · · · · a_{1,−1} a_{1,0} a_{1,1} a_{1,2} · · · . . . . · · · a_{m−1,−1} a_{m−1,0} a_{m−1,1} a_{m−1,2} · · · where only a finite number of entries a_{i,j} are nonzero, and m ∈ N, m ≥ 2. Define submatrices A_k of size m × m of A in the following manner A_k = (a_{i,km+j} ) , i = 0, · · · , m − 1, j = 0, · · · , m − 1 for k ∈ Z. In other words, A is expressed in terms of block matrices in the form A = (· · · , A_{−1}, A_0, A_1, · · ·) where, for instance

A_0 = a_{0,0} · · · a_{0,m−1} . . . . a_{m−1,0} · · · a_{m−1,m−1} From the matrix A, we construct the formal power series

A(z) := ∑ k∈Z A_kz^{−k} = k2∑ k=k1 A_kz^{−k} (2.1) where k_1 and k_2 are the smallest and largest indices that A_k ≠ 0, respectively. We call A(z) the Laurent series of the matrix A. We can equally well write A(z) as an m × m matrix

A(z) =

∑ k a_{0,km}z^{−k} · · · ∑ k a_{0,km+m−1}z^{−k} . . . . · · · ∑ k a_{i,km+j} z^{−k} · · · . . . . ∑ k a_{m−1,km}z^{−k} · · · ∑ k a_{m−1,km+m−1}z^{−k} which we will refer to as the polyphase decomposition of A. For the case of m = 2, we find A(z) = ( · · · a_{0,−2}z + a_{0,0} + a_{0,2}z^{−1} · · · , · · · a_{0,−1}z + a_{0,1} + a_{0,3}z^{−1} · · · · · · a_{1,−2}z + a_{1,0} + a_{1,2}z^{−1} · · · , · · · a_{1,−1}z + a_{1,1} + a_{1,3}z^{−1} · · · )

and we see that the even and odd coefficients along the rows are blocks in the left and right columns, respectively. Let g := k_2 − k_1 + 1

be the number of terms in the summation (2.1) and call g the genus of the Laurent series A(z) and the matrix A.

Finally we define the adjoint Ã(z) of the Laurent series A(z) by

Ã(z) := A^∗(z^{−1}) :=^{k2}∑ k=k1 A^∗_kz^k = −k1∑ k=−k2 A^∗_{−k}z^{−k} where A^∗_k := Ā^t_k is the Hermitian adjoint of the m × m matrix A_k. When A_k is a real matrix, A^∗_k = A^t_k.

2.2 Paraunitary Matrices

For an m × mg matrix A, we say that A is paraunitary if its Laurent series A(z) satisfies A(z)Ã(z) = cI_m (2.2)

where c ≠ 0 is a constant and I_m is the m × m identity matrix. This generalizes the classical notion of unitary matrix (the case where g = 1 and c = 1). In signal processing, one can design perfect reconstruction (PR) FIR filter banks with particular properties from a paraunitary matrix A.

Let v be a unit column vector, that is, v^∗v = 1. Define the Laurent matrix

V (z) := I_m − vv^∗ + vv^∗z^{−1} (2.3)

and let V be the corresponding m × 2m matrix. It’s easy to verify that V is a paraunitary matrix. We will say that a paraunitary matrix V of the form (2.3) is primitive.

Note that a primitive paraunitary matrix has the constant c = 1 in (2.2). And any primitive paraunitary matrix has determinant z^{−1}. The proof, can be found, for example, in [31].

Lemma 2.1 If V is a primitive paraunitary matrix, then det(V (z)) = z^{−1}.

A fundamental result is that an arbitrary paraunitary matrix can be factored into products of primitive paraunitary matrices. We define the paraunitary product of two paraunitary matrices A and B of the same size m × mg to be given by AB = C if A(z)B(z) = C(z) (2.4)

where A(z), B(z), and C(z) are the Laurent series of A, B, and C, and the product in (2.4) is simply the matrix product.

Theorem 2.1 (Paraunitary Factorization Theorem) Let A be an m × mg paraunitary matrix, then there must exist primitive paraunitary matrices V_1, · · · , V_d and a square m × m paraunitary matrix U such that

A = V_1V_2 · · · V_dU

where d ∈ N, d ≥ g − 1, and U = z^{−k1} A(1), where A(z) is the Laurent series of A, and k_1 is the smallest index that A_k ≠ 0 in (2.1).

See [31] for a complete proof.

2.3 Orthogonal Wavelet Matrices

An m × mg matrix A = (a_{i,j} ) is said to be an orthogonal wavelet matrix of rank m if A(z)Ã(z) = mI_m (2.5) and ∑ j a_{i,j} = { m if i = 0 0 if 1 ≤ i ≤ m − 1

(2.6)

It is easy to verify that an orthogonal wavelet matrix with m rows has rank m in the classical sense.

Note that in the theory of wavelet analysis, we will systematically employ the additional linear constraint (2.6) in addition to the paraunitary condition (2.5). This is one of the main difference between wavelet systems and PR FIR filter banks.

Comparison of coefficients of corresponding powers of z in (2.5) yields quadratic orthogonality relations for the rows of A ∑ j∈Z ā_{i1,k1m+j} a_{i2,k2m+j} = mδ_{i1,i2} δ_{k1,k2} (2.7) where δ is defined by

δ_{i1,i2} := { 1 if i_1 = i_2 0 otherwise

We will refer to (2.5) and (2.6) or equivalently (2.7) and (2.6) as the quadratic and linear conditions defining an orthogonal wavelet matrix, respectively.

From the theory of orthogonal wavelets [8, 9, 24, 27], one can define a scaling function ϕ(x) and m − 1 wavelet functions ψ_1(x), · · · , ψ_{m−1}(x), all are compactly supported L^2 functions, by

ϕ̂(ξ) = (2π)^{−1/2 ∞}∏ j=1 M_0(m^{−j} ξ)

where ϕ̂(ξ) is the Fourier transform of ϕ(x)

ϕ̂(ξ) := 1√ 2π ∫ ϕ(x)e^{−iξx} dx and M_0(ξ) is the discrete Fourier transform of {a_{0,k}, k ∈ Z}

M_0(ξ) := 1 m ∑ k a_{0,k}e^{−ikξ} and ψ_i(x) := ∑ k a_{i,k}ϕ(mx − k) , i = 1, · · · , m − 1 For j, k ∈ Z we define the rescaled and translated scaling and wavelet functions by ϕ_{j,k} (x) := m^{j/2}ϕ(m^j x − k) (ψ_i)_{j,k} (x) := m^{j/2}ψ_i(m^j x − k) , i = 1, · · · , m − 1 With the quadratic condition (2.5) and linear condition (2.6), the wavelet functions ψ_1(x), · · · , ψ_{m−1}(x) will generate a tight frame [19].

Theorem 2.2 (Lawton) Let A be an orthogonal wavelet matrix of rank m and genus g, and let ψ_1(x), · · · , ψ_{m−1}(x) and their rescaled and translated version be defined as above. Then, for all f ∈ L^2(R), there exists an L^2 convergent expansion f(x) = m−1∑ i=1 ∞∑ j=−∞ ∞∑ k=−∞ (d_i)_{j,k}(ψ_i)_{j,k}(x) where the coefficients are given by

(d_i)_{j,k} = ∫ f(x) (ψ_i)_{j,k}(x) dx The necessary and sufficient conditions that (ψ_i)_{j,k} (x) constitute an orthonormal basis for L^2(R) are given by A. Cohen [5] and W. M. Lawton [20]. One needs to either find a “good” compact set congruent to [−π, π] modulo 2π or check whether 1 is a non-degenerate eigenvalue of a multiresolution operator to ensure orthogonality. We refer to [5, 20] for more details.

Now we return to orthogonal wavelet matrices. The set of orthogonal wavelet matrices with genus equal to 1 play a special role in the theory of orthogonal wavelets. We shall call them orthogonal Haar wavelet matrices. The set of orthogonal Haar wavelet matrices of rank m is a homogeneous space which is isomorphic to the Lie group U_{m−1} of unitary (m − 1) × (m − 1) matrices, and there is a distinguished Haar matrix which corresponds to the identity element of the group U_{m−1}, which will be called the canonical Haar matrix.

Lemma 2.2 An m × m matrix H is an orthogonal Haar wavelet matrix if and only if H = ( 1 0 0 U ) H where U ∈ U_{m−1} is a unitary matrix, that is, U^∗U = I_{m−1}, and H is the canonical Haar matrix of rank m, which is defined by

H :=

1 1 1 − √ m − 1 √_1 m−1 √_1 m−1 . . .. . .. . · · · · · · · · · . . 0 0 · · · − √_{im} i+1 √_m i2+i · · · √_m i2+i . . · · · · · · · · · . .. . .. . . 0 · · · · · · · · · 0 − √_m 2 √_m 2 where i = m − 1, · · · , 2, 1.

The proof of the above lemma, can be found, for example, in [15, 24]. Let A be an orthogonal wavelet matrix and let A(z) be its Laurent series. Define the characteristic Haar matrix χ(A) of the wavelet matrix A by

χ(A) := A(1)

It can be easily checked that χ is a well-defined mapping from orthogonal wavelet matrices of rank m to orthogonal Haar wavelet matrices of rank m. When m = 2, we have χ(A) = ( · · · + a_{0,−2} + a_{0,0} + a_{0,2} + · · · , · · · + a_{0,−1} + a_{0,1} + a_{0,3} + · · · · · · + a_{1,−2} + a_{1,0} + a_{1,2} + · · · , · · · + a_{1,−1} + a_{1,1} + a_{1,3} + · · · )

With Lemma 2.2, the following theorem is a simple consequence of Theorem 2.1.

Theorem 2.3 (First Orthogonal Factorization Theorem) If A is an orthogonal wavelet matrix of rank m and genus g, then there exist primitive paraunitary matrices V_1, · · · , V_d such that

A = z^{−k1} V_1V_2 · · · V_dH (2.8)

where d ∈ N, d ≥ g − 1, H = χ(A) is the characteristic Haar matrix of A, and k_1 is the smallest index that A_k ≠ 0 in the Laurent series (2.1).

The number d in (2.8) can by determined by the following way. From (2.5) it follows that det(A(z)) = cz^{−b} for some constant c ≠ 0 and integer b. Now taking the determinant on both sides of (2.8) and using the result of Lemma 2.1, we get cz^{−b} = z^{−mk1} z^{−d}det(H) Note that det(H) = det(A(1)) = c so b = mk_1 + d

Thus d = b − mk_1 In particular, if k_1 = 0, then d = b.

For two orthogonal wavelet matrices A_1 and A_2, whose characteristic Haar matrix are the same, we can define the Pollen product by the formula

A_1 ⋄_H A_2 := A

if their Laurent series satisfy

A(z) = A_1(z)H^{−1}A_2(z)

where H = χ(A_1) = χ(A_2)

It’s easy to check that the characteristic Haar matrix of A is also H. Thus the set of orthogonal wavelet matrices with the same characteristic Haar matrix is a group with the (noncommutative) Pollen product. Thus we may restate Theorem 2.3 in the language of Pollen products.

Theorem 2.4 (Second Orthogonal Factorization Theorem) If A is an orthogonal wavelet matrix A of rank m and genus g, then there exist orthogonal wavelet matrices A_1, · · · , A_d such that

A = z^{−k1} A_1 ⋄_H A_2 ⋄_H · · · ⋄_H A_d

where H = χ(A) is the characteristic Haar matrix of A, and

A_j (z) = V_j (z)H = (I_m − v_j v_j^∗ + v_j v_j^∗z^{−1})H , j = 1, · · · , d

where for each v_j , v_j^∗v_j = 1.

3 The Case of Rank m = 2

From the factorization theorems in Section 2, we know that an orthogonal wavelet matrix can be written as a product of some primitive paraunitary matrices and a Haar matrix. Thus it suggests a mapping from the space of orthogonal wavelet matrices to the space of products of primitive paraunitary matrices (which is, actually, unit spheres, by definition) and Haar matrices. However such mapping can not be well-defined without knowing

1. the factorization form is unique. From an orthogonal wavelet matrix, there is only one set of primitive paraunitary matrices and a Haar matrix which correspond to the factorization form.

2. the number of primitive paraunitary matrices, d, can be quantitatively determined by the genus g. Then one can set up a mapping from the subspace of orthogonal wavelet matrices of genus g to a product of a torus and Haar matrices.

We will refer to these two requirements as the uniqueness and exactness of factorization, respectively. In this section, we will present the exactness of factorization for rank m = 2 and also give a new proof of Pollen’s uniqueness result for rank m = 2. It turns out only for m = 2, the uniqueness and exactness of factorization are valid. In this section, we will mainly study the case of m = 2. We will also discuss the case of m > 2 as well.

3.1 Uniqueness and Exactness of Factorization

In the literature, a two-band (or two-channel) filter bank has been refered to as the quadrature mirror filter (QMF) bank [12, 13, 16]. In wavelet analysis, the most common setting for the rank m is m = 2, in which we will have one scaling function ϕ(x) and one wavelet function ψ(x). Thus when we decompose a function, there will be exactly two parts in the wavelet representation, the average part of ϕ(x) and the difference part of ψ(x).

In R^2 a unit vector can be represented by a point (cos θ, sin θ)^′ on the unit circle S^1, and its primitive paraunitary matrix

V_θ (z) = I_2 − ( cos θ sin θ ) (cos θ, sin θ) + ( cos θ sin θ ) (cos θ, sin θ)z^{−1}

= I_2 − ( cos^2θ cos θ sin θ cos θ sin θ sin^2θ ) + ( cos^2θ cos θ sin θ cos θ sin θ sin^2θ ) z^{−1} = ( sin^2θ − cos θ sin θ − cos θ sin θ cos^2θ ) + ( cos^2θ cos θ sin θ cos θ sin θ sin^2θ ) z^{−1} = S(θ) + C(θ)z^{−1} where S(θ) := ( sin^2θ − cos θ sin θ − cos θ sin θ cos^2θ )

C(θ) := ( cos^2θ cos θ sin θ cos θ sin θ sin^2θ )

Note that S(θ) and C(θ) are related by S(θ) = C(θ + π/2) and C(θ) = S(θ + π/2) With this special form of primitive paraunitary matrix over real numbers, the orthogonal wavelet matrix over real numbers will have exactly g −1 primitive paraunitary matrix factors in the factorization.

Theorem 3.1 (Exactness of Factorization) If A is a real orthogonal wavelet matrix of rank 2 and genus g, then there exist exactly g − 1 primitive paraunitary matrices V_1, · · · , V_{g−1} such that

A = z^{−k1} V_1V_2 · · · V_{g−1}H (3.1) where k_1 is the smallest index that A_k ≠ 0 in the Laurent series (2.1).

Proof: Let A(z) = ∑ k∈Z A_kz^{−k} = k2∑ k=k1 A_kz^{−k} where k_1 and k_2 are the smallest and largest indices that A_k ≠ 0, respectively, and g = k_2 − k_1 + 1. From Theorem 2.3, there exist d primitive paraunitary matrices V_1, · · · , V_d, such that

A(z) = z^{−k1} V_1(z) · · · V_d(z)A(1) = z^{−k1} ( S(θ_1) + C(θ_1)z^{−1} ) · · · ( S(θ_d) + C(θ_d)z^{−1} ) A(1) = z^{−k1} ( S(θ_1) · · · S(θ_d) + · · · + C(θ_1) · · · C(θ_d)z^{−d} ) A(1) To prove d = g − 1, it suffices to show that C(θ_1)C(θ_2) · · · C(θ_d) ≠ 0 If not, that is C(θ_1)C(θ_2) · · · C(θ_d) = 0 since

C(θ_1) · · · C(θ_d) = ( cos^2θ_1 cos θ_1 sin θ_1 cos θ_1 sin θ_1 sin^2θ_1 ) · · · ( cos^2θ_d cos θ_d sin θ_d cos θ_d sin θ_d sin^2θ_d )

= d−1∏ j=1 cos(θ_j − θ_{j+1}) ( cos θ_1 cos θ_d cos θ_1 sin θ_d sin θ_1 cos θ_d sin θ_1 sin θ_d )

it follows that for some j_0 ∈ {1, · · · , d − 1}, cos(θ_{j0} − θ_{j0+1}) = 0. Now S(θ_1) · · · S(θ_d)

= C(θ_1 + π/2) · · · C(θ_d + π/2) = d−1∏ j=1 cos(θ_j − θ_{j+1}) ( sin θ_1 sin θ_d − sin θ_1 cos θ_d − cos θ_1 sin θ_d cos θ_1 cos θ_d )

= 0 which is impossible, since S(θ_1) · · · S(θ_d) = A_{k1} ≠ 0 Thus d should be equal to g − 1. 2 The following uniqueness theorem was first derived by Pollen [23].

Theorem 3.2 (Uniqueness of Factorization) For an orthogonal wavelet matrix A of rank 2 and genus g, the factorization is unique. If A = z^{−k1} V_1V_2 · · · V_dH = z^{−k1} W_1W_2 · · · W_dG where V_j ,W_j are primitive paraunitary matrices, j = 1, · · · , d, H and G are two square constant matrices, then V_j = W_j , j = 1, · · · , g − 1, and H = G.

Note that from Section 2, we know that if det(A(z)) = cz^{−b}, then d = b − mk_1 thus the number of factors, d, will be invariant if A(z) has two or more different factorizations, which actually can not happen when m = 2.

The uniqueness of factorization actually can be obtained from the exactness result. The reason is that if A = z^{−k1} V_1V_2 · · · V_{g−1}H = z^{−k1} W_1W_2 · · · W_{g−1}G then evaluating at z = 1 will imply H = G, and V_1V_2 · · · V_{g−1}(W_{g−1})^{−1} · · · (W_2)^{−1}(W_1)^{−1} = I_2 Note that W_j is a primitive paraunitary matrix W_j = S(η_j ) + C(η_j )z^{−1} so (W_j )^{−1} = (W_j )^∗

= S(η_j ) + C(η_j )z = z ( C(η_j ) + S(η_j )z^{−1} ) = z ( S(η_j + π/2) + C(η_j + π/2)z^{−1} ) = zU_j where U_j = S(η_j + π/2) + C(η_j + π/2)z^{−1}

Thus we have V_1V_2 · · · V_{g−1}U_{g−1} · · · U_2U_1 = z^{−g+1}

Since z^{−g+1} has genus 1, and d = g − 1 = 0, we must have

V_j U_j = z^{−1}I_2 , j = 1, · · · , g − 1

that is V_j = W_j

which implies the uniqueness of factorization.

When m > 2, the uniqueness result or the exactness does not hold in general. Here is a counterexample

1 0 0 0 0 0 0 0 0 + 0 0 0 0 1 0 0 0 1 z^{−1} = ( I_3 − e_2e_2^∗ + e_2e_2^∗z^{−1} ) ( I_3 − e_3e_3^∗ + e_3e_3^∗z^{−1} ) = ( I_3 − v_2v_2^∗ + v_2v_2^∗z^{−1} ) ( I_3 − v_3v_3^∗ + v_3v_3^∗z^{−1} )

where e_2 = (0, 1, 0)^′ , e_3 = (0, 0, 1)^′ and v_2 = ( 0, √ 2/2, √ 2/2 )_′ , v_3 = ( 0, √ 2/2, − √ 2/2 )_′ In this example, we have two different factorizations and d = 2 > g − 1 = 1. Even when m = 2, if A is a complex matrix, the number of factors d can be greater than g − 1, even though A(z) has a unique factorization. One can choose two complex unit vectors v_1, v_2 ∈ C^2 such that they are orthogonal to each other but (I_2 − v_1v^∗_1) (I_2 − v_2v^∗_2) ≠ 0

then the product of their primitive paraunitary matrices will have genus g = 2, but d = 2 > g − 1.

Another remark is that in the factorization, the exponent k_1 is set to be the smallest index that A_k ≠ 0 in the Laurent series A(z). If we drop this requirement on k_1, then A(z) will have different factorization, because of the degenerate phenomenon

V_{θ1} (z)V_{θ2} (z) = z^{−1}I_2

if θ_1 − θ_2 = kπ + π/2 for some integer k. However the factorization given by Theorem 2.3 is minimal in the sense that the number of factors is minimal. And in the minimal case, the factorization is also unique and exact.

3.2 Algebraic Structure of Orthogonal Wavelet Space

Combining Theorem 3.1 and Theorem 3.2, if A is a real orthogonal wavelet matrix of rank 2 and genus g, there exist exactly and uniquely g −1 primitive paraunitary matrices V_1, · · · , V_{g−1} such that

A(z) = z^{−k1} V_1 · · · V_{g−1}H (3.2)

where H = A(1) is the characteristic Haar matrix, and since m = 2, we have H = ( 1 1 −1 1 ) , or H = ( 1 1 1 −1 )

Thus for any real orthogonal wavelet matrix of rank 2 and genus g, there exists a unique set {k_1, V_1, V_2, · · · , V_{g−1}, H} such that (3.2) holds. By definition, V_j = I_m − v_j v^∗_j + v_j v^∗_j z^{−1}

where v_j is a unit vector, v^∗_j v_j = 1, j = 1, 2, · · · , g − 1. Then V_1V_2 · · · V_{g−1} can be identified as a point on the (g − 1) dimensional real torus

S^1 × S^1 × · · · × S^1 g−1 So the uniqueness of factorization sets up a well-defined mapping from the space of orthogonal wavelets to the space of real tori (with additional parameter k_1 and Haar matrix H, which will be discussed next). And the exactness of factorization guarantees the image set of a subspace of genus g orthogonal wavelets will be inside the (g − 1) dimensional real torus.

Since the multiplication by z^{−k} is just a shift of index j in a_{i,j}, we will discard the difference between two orthogonal wavelet matrices if one is the other multiplied by z^{−k} for some integer k. Note that ( 1 1 1 −1 ) = ( 1 1 −1 1 ) ( 0 1 1 0 )

if we assume A(z) = ( h_e(z) h_o(z) g_e(z) g_o(z) )

then A(z) ( 0 1 1 0 ) = ( h_e(z) h_o(z) g_e(z) g_o(z) ) ( 0 1 1 0 ) = ( h_o(z) h_e(z) g_o(z) g_e(z) )

which means that a multiplication by the matrix ( 0 1 1 0 )

is a flip on the components (even and odd coefficients of A at each row) and doesn’t change the structure of A(z). Without loss of generality, we will always assume that

H = A(1) = ( 1 1 −1 1 )

or equivalently ∑ j∈Z a_{1,2j} = −1 ∑ j∈Z a_{1,2j+1} = 1

Then a real orthogonal wavelet matrix A of rank 2 and genus g can by uniquely characterized by g − 1 primitive paraunitary matrices, or g − 1 unit vectors, which is an element of the (g − 1) dimensional real torus. So the uniqueness and exactness of factorization builds up a bridge between the space of compactly supported orthonormal wavelets over real numbers and a torus, which is the product of unit circles.

Let W M(2, g) be the collection of all real orthogonal wavelet matrices of rank 2 and genus g, and W M(2) be the collection of all real orthogonal wavelet matrices of rank 2, then W M(2) = ⋃ 1≤g<∞ W M(2, g) And let T^n denote the n-dimensional real torus T^n = S^1 × S^1 × · · · × S^1 n As we know, the image set of W M(2, g) under the factorization map is a subset of T^{g−1}. Thus the factorization map will induce a mapping from W M(2, g) to T^{g−1} ρ : W M(2, g) −→ T^{g−1} A(z) −→ (θ_1, θ_2, · · · , θ_{g−1}) By the uniqueness and exactness of factorization, this mapping ρ is welldefined. And it is also clear that ρ is one-to-one. Because of the degenerate phenomenon of paraunitary matrix V_{θ1} (z)V_{θ2} (z) = z^{−1}I_2 (3.3) if θ_1 − θ_2 = kπ + π/2 for some integer k, this mapping is not onto. The image set will exclude the degenerate points (θ_1, · · · , θ_{g−1}) where θ_{j0} −θ_{j0+1} = kπ + π/2 for some j_0 ∈ {1, · · · , g − 2} and k ∈ Z. Thus one derives Theorem 3.3 The mapping from W M(2, g), the space of real orthogonal wavelet matrices of rank 2 and genus g, to the real torus T^{g−1} ρ : W M(2, g) −→ T^{g−1} A(z) −→ (θ_1, θ_2, · · · , θ_{g−1}) is well-defined and one-to-one.

Conversely, there is a natural mapping τ from the torus T^{g−1} to W M(2) τ : T^{g−1} −→ W M(2) (θ_1, θ_2, · · · , θ_{g−1}) −→ V_{θ1} (z)V_{θ2} (z) · · · V_θg�_1 (z)H where H is the canonical Haar matrix of rank 2, which is exactly H = ( 1 1 −1 1 )

Again, because of (3.3), the image set τ (T^{g−1}) ≠ W M(2, g). The degenerate property (3.3) cancels out two primitive paraunitary matrices at each time, and the image set τ (T^{g−1}) will be τ (T^{g−1}) = W M(2, g) ∪ W M(2, g − 2) ∪ W M(2, g − 4) ∪ · · · W M(2, rem) where rem = 1 is g is odd, otherwise rem = 2. In the sense of the mapping τ , we define the “closure” W M(2, g) of W M(2, g) by

• if g is odd W M(2, g) := (g+1)/2 ⋃ j=1 W M(2, 2j − 1) = W M(2, 1) ∪ · · · ∪ W M(2, g)

• if g is even W M(2, g) := g/2⋃ j=1 W M(2, 2j) = W M(2, 2) ∪ · · · ∪ W M(2, g)

Then the mapping τ with the image set restricted to W M(2, g) will be onto τ : T^{g−1} −→ W M(2, g) However this mapping is not one-to-one, because ( I_2 − e_1e_1^∗ + e_1e_1^∗z^{−1} ) ( I_2 − e_2e_2^∗ + e_2e_2^∗z^{−1} ) = ( I_2 − v_1v_1^∗ + v_1v_1^∗z^{−1} ) ( I_2 − v_2v_2^∗ + v_2v_2^∗z^{−1} )

where e_1 = (1, 0)^′ , e_2 = (0, 1)^′ and v_1 = (√ 2/2, √ 2/2 )_′ , v_2 = (√ 2/2, − √ 2/2 )_′

The structure of the image set of τ suggests that we may divide orthogonal wavelet matrices into two classes, W M(2, odd), those with odd genus, and W M(2, even), those with even genus. Inside each class, the following diagram commutes T^{g−1 τ}−→ W M(2, g) ↓ ↓ T^{g+1 τ}−→ W M(2, g + 2) where the inclusion mapping i_1 from T^{g−1} to T^{g+1} is adding a pair of degenerate point (θ_g, θ_{g+1})

i_1 : T^{g−1} −→ T^{g+1} (θ_1, · · · , θ_{g−1}) −→ (θ_1, · · · , θ_{g−1}, θ_g, θ_{g+1}) where θ_g − θ_{g+1} = kπ + π/2 for some integer k. For example, one can choose θ_g = π/2 and θ_{g+1} = 0. And the inclusion mapping i_2 from W M(2, g) to W M(2, g + 2) is a multiplication by z^{−1}

i_2 : W M(2, g) −→ W M(2, g + 2) A(z) −→ z^{−1}A(z) From (3.3), it is easy to verify that the above diagram is truly commutative. We formulate it as the following theorem.

Theorem 3.4 Define a mapping τ from the real torus T^{g−1} to W M(2, g), the “closure” of W M(2, g) by τ : T^{g−1} −→ W M(2, g) (θ_1, θ_2, · · · , θ_{g−1}) −→ V_{θ1} (z)V_{θ2} (z) · · · V_θg�_1 (z)H

where H = ( 1 1 −1 1 )

Then τ is well-defined and onto, and the following diagram commutes T^{g−1 τ}−→ W M(2, g) ↓ ↓ T^{g+1 τ}−→ W M(2, g + 2)

For the rank m > 2, let W M(m, g) be the collection of all real (or complex) orthogonal wavelet matrices of rank m and genus g, and W M(m) be the collection of all real (or complex) orthogonal wavelet matrices of rank m, W M(m) = ⋃ 1≤g<∞ W M(m, g) And let T^n denote the n-dimensional real (or complex) torus T^n = S^{m−1} × S^{m−1} × · · · × S^{m−1} n Because of the lack of the uniqueness and exactness of factorization, the factorization map from W M(m, g) to T^{g−1} is not well-defined. However one can always define the parameter mapping from T^n to W M(m) by τ : T^n −→ W M(m) (v_1, v_2, · · · , v_n) −→ V_1(z)V_2(z) · · · V_n(z)H

where H is the canonical Haar matrix of rank m. Similar to the case of m = 2, we can define the “closure” of W M(m, g) by W M(m, g) := W M(m, g) ∪ W M(m, g − m) ∪ · · · ∪ W M(m, rem) where rem is the reminder of g under module m. And one can also generalize Theorem 3.4 to m > 2, which will be omitted here.

4 A Fast Wavelet Transform based on Factorization

The discrete wavelet transform (DWT) [21] can be implemented via the multiplication by the polyphase decomposition of the wavelet matrix. Thus the complexity of the DWT is the same as the multiplication complexity of the wavelet matrix.

Assume we have an orthogonal wavelet matrix of rank m and genus g, then a direct DWT implementation based on matrix multiplication will have m^2g multiplications and (m^2 − m)g additions. Note that in the DWT complexity, we do not consider the length of the data/signal with which the DWT will be applied to. One can equally add the length as an additional parameter and carry out a similar analysis.

From Lemma 2.2, the set of characteristic Haar matrices H is isomorphic to a specific unitary group. Since the unitary group U_{m−1} has dimension (m − 1)(m − 2)/2, the space of orthogonal m-band wavelet matrices will be at least (m − 1)(m − 2)/2 dimensional (actually much larger). Thus one derives

Lemma 4.1 A universal DWT implementation can not achieve better than O(m^2).

Thus in general, for a given wavelet matrix, there is no O(m) DWT implementation. However, when one designs a wavelet matrix, in most cases, all preimposed conditions (for examples, the approximation order, the orthogonality, the smoothness, etc.) are on the scaling filter only, and the wavelet filters are then constructed from the scaling filter. When m = 2, the wavelet filter is uniquely determined (up to a translation) by the scaling filter. When m > 2, there is some degree of freedom in the choices of the wavelet filters. It suggests the possibility that from a given scaling filter, one may construct a full wavelet matrix with less DWT complexity. Several approaches [27, 14, 17] have been presented to construct the m − 1 wavelet filters from the scaling filter.

Here we briefly repeat Heller’s procedure to construct a full wavelet matrix from a given scaling filter and a characteristic Haar matrix. A more general construction method is described in [17]. The next theorem is Theorem 4.1 of [14] (see also [24]).

Theorem 4.1 Given a scaling filter a_0 of genus g and a characteristic Haar matrix H, there exists an orthogonal wavelet matrix A of genus g whose first row is a_0 and whose characteristic Haar matrix is H.

The proof in [14] is constructive. It suffices to obtain vectors v_i such that the relationship (2.8) holds with d = g − 1. Without loss of generality, we can assume k_1 = 0 (otherwise one can always shift a_0 to get k_1 = 0). The factorization (2.8) now has the form

A_0 + A_1z^{−1} + · · · + A_{g−1}z^{−g+1} = g−1∏ i=1 ( I_m − v_iv_i^∗ + v_iv_i^∗z^{−1} ) H where the first row of each A_k is known. Right-multiplying by H^{−1}, it becomes

B_0 + B_1z^{−1} + · · · + B_{g−1}z^{−g+1} = g−1∏ i=1 ( I_m − v_iv_i^∗ + v_iv_i^∗z^{−1} ) (4.4)

Again the first row of each B_k is known. By comparing the coefficient of z^{−g+1} on both side of (4.4), one gets

B_{g−1} = v_1v_1^∗v_2v_2^∗ · · · v_{g−1}v_{g−1}^∗

The right hand side is a rank-1 matrix, and each of whose rows is proportional to v_{g−1}^∗. Since the first row of B_{g−1} is known, and let it be β, it follows

v_{g−1} = β^∗ ||β|| Right-multiply (4.4) by I_m − v_{g−1}v_{g−1}^∗ + v_{g−1}v_{g−1}^∗z the inverse of the newly determined prime factor, to obtain

C_0 + C_1z^{−1} + · · · + C_{g−2}z^{−g+2} = g−2∏ i=1 ( I_m − v_iv_i^∗ + v_iv_i^∗z^{−1} )

Again the first row of each C_k is known, and we can repeat the pattern to get v_{g−2}, v_{g−3}, · · · , v_1. It has been shown in [14] that the resulting matrix g−1∏ i=1 (I_m − v_iv_i^∗ + v_iv_i^∗z^{−1}) H is an orthogonal wavelet matrix of genus g whose first row is a_0 and with characteristic Haar H.

With the above construction procedure, let’s examine very carefully the multiplication complexity of each factor in the wavelet matrix factorization and shows that, for any scaling filter, one can always construct a full orthogonal wavelet matrix with an O(m) discrete wavelet transform. We first show that the factorization into primitive paraunitary factors can be further factored into almost diagonal matrices which is similar to the decomposition of Daubechies and Sweldens’ [10] for biorthogonal wavelets of rank 2, using the lifting steps.

First, for the primitive paraunitary matrix

V_i(z) = I_m − v_iv^∗_i + v_iv^∗_i z^{−1} ,

a multiplication by V_i(z) has an O(m) complexity because of its special structure as the product of vectors. This O(m) complexity can be also illustrated by the Gaussian elimination method.

Set the unit vector v_i = (w_1, w_2, · · · , w_m)^∗, then

V_i(z) =

1 + w̄_1w_1(z^{−1} − 1) w̄_1w_2(z^{−1} − 1) · · · w̄_1w_m(z^{−1} − 1) w̄_2w_1(z^{−1} − 1) 1 + w̄_2w_2(z^{−1} − 1) · · · w̄_2w_m(z^{−1} − 1) . . . . . . . . w̄_mw_1(z^{−1} − 1) w̄_mw_2(z^{−1} − 1) · · · 1 + w̄_mw_m(z^{−1} − 1)

Now using the Gaussian elimination method, we get

V_i(z) = X(z)X_1X_2 · · · X_{m−1} (4.5)

where X_j = (x_{k,l})_{m×m}, j = 1, 2, · · · , m − 1, is defined by

X_j :=

1 0 · · · 0 0 0 · · · 0 0 0 1 · · · 0 0 0 · · · 0 0 . . . . . . . . . . . . . . . . . . 0 0 · · · 0 0 0 · · · 1 0 0 0 · · · 0 w_j /w_m 0 · · · 0 1

that is x_{k,l} = 1 if k = l w_j /w_m if k = m and l = j 0 otherwise and X(z) is of the form

1 0 · · · 0 w̄_1w_m(z^{−1} − 1) 0 1 · · · 0 w̄_2w_m(z^{−1} − 1) . . . . . . . . . . 0 0 · · · 1 w̄_{m−1}w_m(z^{−1} − 1) −^{w1}_wm −^{w2}_wm · · · −^wm�^1_wm 1 + w̄_mw_m(z^{−1} − 1)

Note that if w_m = 0, then one can move to w_{m−1} and apply the same proce-

dure.

Continuing the process and using the identity

w̄_1w_1 + w̄_2w_2 + · · · + w̄_mw_m = 1

we have

X(z) = Y_1Y_2 · · · Y_{m−1}Y (z) (4.6)

where Y_j , j = 1, 2, · · · , m − 1, is defined by

Y_j :=

1 0 · · · 0 0 0 · · · 0 0

0 1 · · · 0 0 0 · · · 0 0 . . . . . . . . . . . . . . . . . . 0 0 · · · 0 0 0 · · · 1 0

0 0 · · · 0 −w_j /w_m 0 · · · 0 1 and

Y (z) =

1 0 · · · 0 w̄_1w_m(z^{−1} − 1)

0 1 · · · 0 w̄_2w_m(z^{−1} − 1) . . . . . . . . . . 0 0 · · · 1 w̄_{m−1}w_m(z^{−1} − 1)

0 0 · · · 0 z^{−1}

Since

Y (z) = P_1P_2 · · · P_{m−1}P (z) (4.7)

where P_j , j = 1, 2, · · · , m − 1, is defined by

P_j :=

1 0 · · · 0 0 0 · · · 0 0

0 1 · · · 0 0 0 · · · 0 0 . . . . . . . . . . . . . . . . . . 0 0 · · · 1 0 0 · · · 0 0

0 0 · · · 0 1 0 · · · 0 w̄_j w_m

0 0 · · · 0 0 1 · · · 0 0 . . . . . . . . . . . . . . . . . . 0 0 · · · 0 0 0 · · · 1 0

0 0 · · · 0 0 0 · · · 0 1 and

P (z) =

1 0 · · · 0 −w̄_1w_m 0 1 · · · 0 −w̄_2w_m . . . . . . . . . . 0 0 · · · 1 −w̄_{m−1}w_m 0 0 · · · 0 z^{−1}

Combining (4.5), (4.6), and (4.7), we obtain

V_i(z) = Y_1 · · · Y_{m−1}P_1 · · · P_{m−1}P (z)X_1 · · · X_{m−1} .

Thus the multiplication by V_i(z) can be implemented with 4(m − 1) multiplications and 4(m − 1) additions. The next lemma tells us that the DWT complexity of a characteristic Haar matrix is fully determined by its unitary matrix.

Lemma 4.2 For a characteristic Haar matrix H, the DWT complexity is equal to the sum of O(m) and the complexity of a multiplication by a matrix U, where U is the unitary matrix in Lemma 2.2.

Proof: From Lemma 2.2, it suffices to show that the multiplication by the canonical Haar matrix H has an O(m) complexity. By definition, H is equal to the product of two matrices

1 0 0 · · · 0 0 √_1 m−1 0 · · · 0 . . . . ... · · · . . 0 · · · √_m i2+i · · · 0 . . · · · · · · . .. . . 0 · · · · · · · · · √_m 2

1 1 · · · · · · · · · · · · 1 1 − m 1 · · · · · · · · · · · · 1 . . ... ... · · · · · · · · · . . 0 0 · · · −j 1 · · · 1 . . · · · · · · · · · ... ... . . 0 · · · · · · · · · 0 −1 1 The first matrix is diagonal, and a multiplication by it will be m − 1 multiplications and no additions. For the second matrix, let’s denote it by G, and assume G · (x_0, x_1, · · · , x_{m−1})^∗ = (y_0, y_1, · · · , y_{m−1})^∗

Since

y_0 = x_0 + x_1 + · · · + x_{m−1} y_1 = y_0 − m · x_0 y_2 = y_1 − (m − 1) · (x_1 − x_0) . . . . y_{m−1} = y_{m−2} − 2 · (x_{m−2} − x_{m−3})

So the multiplication of G can be implemented within m − 1 multiplications and 3m − 4 additions. Totally the multiplication by H has 2m − 2 multiplications and 3m − 4 additions. The lemma is proved. 2

Combining Theorem 4.1 and Lemma 4.2, we obtain

Theorem 4.2 Given a scaling filter a_0 of genus g, there exists an orthogonal wavelet matrix A of genus g whose first row is a_0, and the DWT complexity of A is O(m).

Proof: By choosing the canonical Haar matrix H as the characteristic Haar, we can construct an orthogonal wavelet matrix A of genus g whose first row is a_0 by Theorem 4.1, A(z) = g−1∏ i=1 (I_m − v_iv^∗_i + v_iv^∗_i z^{−1}) H . Note that each prime factor

I_m − v_iv^∗_i + v_iv^∗_i z^{−1}

can be implemented with 4(m − 1) multiplications and 4(m − 1) additions. Since there are exactly g − 1 prime factors in the factorization, totally they will contribute to 4(m − 1)(g − 1) multiplications and 4(m − 1)(g − 1) additions. Now for the canonical Haar matrix H, the unitary matrix U = I_{m−1}. Applying Lemma 4.2, it follows that the DWT complexity of A is O(m). 2

In the design problem for orthogonal wavelet matrices, oftenly the scaling filter is constructed first. In these situations, one can simply choose the canonical Haar matrix (or some other simple structured Haar matrix whose unitary matrix has an O(m) multiplication complexity) as the characteristic Haar matrix and construct the additional m − 1 wavelet filters (see Theorem 4.1 and 4.2). Then the full wavelet matrix will have an O(m) DWT. In the case that an orthogonal m-band wavelet matrix is already given, because changing the wavelet filters doesn’t change the approximation order and the smoothness, one can fix the scaling filter and modify the wavelet filters to achieve O(m) DWT. One can ignore the wavelet filters and construct a new wavelet matrix from the given scaling filter by Theorem 4.1 and 4.2. Or one can employ the eigenfilter approach [31] to find the unit column vectors v_1, v_2, · · · , v_d in the factorization (2.8) and force the characteristic Haar matrix to be the canonical Haar matrix (or some other Haar matrix with O(m) DWT). There is a slight difference between these two approaches. For the eigenfilter approach, the number of prime factors, d, is greater than or equal to g − 1. When d > g − 1 (which is the case when the exactness of factorization fails), the multiplication complexity of the prime factors may be larger than O(m), and the DWT complexity of the constructed wavelet matrix will be larger than the DWT complexity of its characteristic Haar matrix. So with a given full wavelet matrix, the construction method from its scaling filter would seem preferable.

Finally we will discuss a specific example on how to construct a full wavelet matrix from a given scaling filter to have an O(m) DWT. The fast wavelet transform implementation will also be illustrated.

This example is from [27], a rank 3 scaling filter with approximation order two^1,

a_0 = a_{0,0} a_{0,1} a_{0,2} a_{0,3} a_{0,4} a_{0,5}

∗

= 0.58610191307059 0.91943524640393 1.25276857973726 0.41389808692940 0.08056475359608 −0.25276857973727

∗

Note that we use a different normalization (2.6). In [27], they have ∑ j a_{0,j} = √ m 1An rank m scaling filter is said to have approximation order K if it has a polynomial factor of the form P K(z), with P (z) = (1 + z�^1 + � � � + z�^(m�^{1)})/m for maximal possible K.

Now a_0 is a scaling filter of genus 2, and the canonical Haar matrix H is

H = 1 1 1 − √ 2 √_1 2 √_1 2 0 − √_3 2 √_3 2 Using the notation in the proof of Theorem 4.1, the first row of A_1 is

(0.41389808692940, 0.08056475359608, −0.25276857973727)

Right-multiplying by H^{−1} (which is equal to H^∗/m), we get the first row of B_1, which is

β = (0.08056475359607, −0.23570226039551, −0.13608276348796)

Now normalize this row vector to obtain

v_1 = β^∗ ||β|| = (0.28383930946236, −0.83040739086483, −0.47943593065288)^∗

So the full wavelet matrix is equal to

A(z) = (I_3 − v_1v^∗_1 + v_1v^∗_1z^{−1})H =

0.58610191307059 0.91943524640393 1.25276857973726 −0.20330295558638 0.94280904158208 −0.03239930480915 0.69911956479291 −1.08866210790362 0.79779083357459 + 0.41389808692940 0.08056475359608 −0.25276857973727 −1.21091060678671 −0.23570226039553 0.73950608599570 −0.69911956479291 −0.13608276348797 0.42695403781700 z^{−1}

For the fast DWT implementation, based on the factorization in the Appendix,

I_3 − v_1v^∗_1 + v_1v^∗_1z^{−1} = 1 0 0 0 1 0 0.59202761269027 0 1

1 0 0 0 1 0 0 −1.73205080756882 1 ·

1 0 −0.13608276348796 0 1 0 0 0 1

1 0 0 0 1 0.39812714026031 0 0 1 · 1 0 0.13608276348796 0 1 −0.39812714026031 0 0 z^{−1}

1 0 0 0 1 0 −0.59202761269027 0 1 · 1 0 0 0 1 0 0 1.73205080756882 1

And for H, it can be factored as

H = 1 0 0 0 √ 12 0 0 0 √ 32 1 1 1 −2 1 1 0 −1 1

Combining the factorization of the prime factor and the canonical Haar matrix, we derive a fast implementation of the DWT.

5 Conclusions

In this paper we define a one-to-one mapping ρ from the space of real orthogonal wavelet matrices of rank 2 and genus g to the space

S^1 × S^1 × · · · × S^1 g−1 Thus any real orthogonal wavelet matrix can be uniquely identified as a point on a real torus. Meanwhile one can define a mapping τ from the torus to the wavelet space. The image set of τ suggests a partition of all orthogonal wavelet matrices of rank 2. With the same parity on the genus, the mapping τ provides a commutative diagram.

Based on the factorization, we propose an O(m) DWT implementation for an orthogonal wavelet matrix constructed from a given scaling filter. The scaling filter completely determined the approximation order, the orthogonality, and the smoothness of a full wavelet matrix. Thus from the scaling filter, one can always construct a full wavelet matrix with the additional (m − 1) wavelet filters whose DWT has an O(m) complexity.

After finishing this work, we learned that some similar results to those in Section 3 were obtained by J. Kautsky and R. Turcajová [17]. In [17], they proved that

For any orthogonal wavelet matrix A = (A_0, A_1, · · · , A_{g−1}), which is rank m and genus g, there exists a decomposition into linear factors

A = K_1K_2 · · · K_{g−1}H

where the linear factor

K_i = I_m − U_iU^∗_i + U_iU^∗_i z^{−1} , i = 1, 2, · · · , g − 1 ,

where U_i is an m × r_i matrix, 1 ≤ r_i < m, and its r_i column vectors are unit vectors and orthogonal to each other. And H is the characteristic Haar matrix of A. The factorization is unique if and only if

rank(A_0) + rank(A_{g−1}) = m .

References

[1] M. Bellanger, G. Bonnerot, and M. Coudreuse. Digital filtering by polyphase network: Application to sample rate alteration and filter banks. IEEE Trans. ASSP, 24:109–114, April 1976.

[2] C. S. Burrus, R. A. Gopinath, and H. Guo. Introduction to Wavelets and Wavelet Transform. Prentice Hall, Englewood Cliffs, NJ, 1997.

[3] C. K. Chui. An Introduction to Wavelets. Academic Press, Boston, MA, 1992.

[4] C. K. Chui and J. Z. Wang. A general framework of compactly supported splines and wavelets. J. Approx. Theory, 71:263–304, 1992.

[5] A. Cohen. Ondelettes, analyses multirésolutions et filtres miroir en quadrature. Annales de l’institut Henri Poincaré, 7(5):439–459, 1990.

[6] A. Cohen, I. Daubechies, and J.-C. Feauveau. Biorthogonal bases of compactly supported wavelets. Comm. Pure Appl. Math., XLV:485– 560, 1992.

[7] R. R. Coifman and D. L. Donoho. Translation-invariant de-noising.

In Anestis Antoniadis, editor, Wavelets and Statistics. Springer-Verlag, 1995.

[8] I. Daubechies. Orthonormal bases of compactly supported wavelets.

Comm. Pure Appl. Math., XLI:906–966, 1988.

[9] I. Daubechies. Ten Lectures on Wavelets. SIAM, Philadelphia, PA, 1992.

[10] I. Daubechies and W. Sweldens. Factoring wavelet transforms into lifting steps. preprint, 1996.

[11] D. L. Donoho. De-noising by soft-thresholding. IEEE Trans. Inform.

Theory, 41(3):613–627, May 1995.

[12] C. Galand. Codage en sous-bandes: théorie et applications à la compression numérique du signal de parole. Thesis, University of Nice, Nice, France, March 1983.

[13] C. Galand and H. J. Nussbaumer. New quadrature mirror filter structures. IEEE Trans. ASSP, 32:522–531, June 1984.

[14] P. N. Heller. Rank m wavelet matrices with n vanishing moments. SIAM J. Matr. Anal., 16:502–518, 1995.

[15] P. N. Heller, H. L. Resnikoff, and R. O. Wells, Jr. Wavelet matrices and the representation of discrete functions. In C. K. Chui, editor, Wavelets - A Tutorial in Theory and Applications, pages 15–50. Academic Press, Cambridge, MA, 1992.

[16] V. K. Jain and R. E. Crochiere. Quadrature mirror filter design in the time domain. IEEE Trans. ASSP, 32:353–361, April 1984.

[17] J. Kautsky and R. Turcajová. Pollen product factorization and construction of higher multiplicity wavelets. Linear Algebra and Its Applications, 222:241–260, 1995.

[18] M. Lang, H. Guo, J. E. Odegard, C. S. Burrus, and R. O. Wells, Jr.

Noise reduction using an undecimated discrete wavelet transform. IEEE Signal Proc. Letters, 3(1):10–12, January 1996.

[19] W. M. Lawton. Tight frames of compactly supported affine wavelets. J.

Math. Phys., 31(8):1898–1901, August 1990.

[20] W. M. Lawton. Necessary and sufficient conditions for constructing orthogonal wavelet bases. J. Math. Phys., 32:57–61, January 1991.

[21] S. G. Mallat. Multiresolution approximation and wavelet orthonormal bases of L^2(R). Trans. AMS, 315(1):69–87, September 1989.

[22] Y. Meyer. Wavelets and Operators. Cambridge University Press, Cambridge, 1992.

[23] D. Pollen. SU_I (2, F [z, 1/z]) for F a subfield of C. J. Amer. Math. Soc., 3(3):611–624, 1990.

[24] H. L. Resnikoff and R. O. Wells, Jr. Wavelet Analysis and the Scalable Structure of Information. Springer-Verlag, New York, 1997. To appear.

[25] A. Said and W. A. Pearlman. A new fast and efficient image codec based on set partitioning in hierarchical trees. IEEE. Trans. Circ. Syst. Video Tech., 6(3):243–250, June 1996.

[26] A. K. Soman and P. P. Vaidyanathan. On orthonormal wavelets and paraunitary filter banks. IEEE Trans. Signal Proc., 41(3):1170–1183, March 1993.

[27] P. Steffen, P. N. Heller, R. A. Gopinath, and C. S. Burrus. Theory of regular m-band wavelet bases. IEEE Trans. Signal Proc., 41(12):3497– 3511, December 1993.

[28] G. Strang and T. Nguyen. Wavelets and Filter Banks. Wellesley- Cambridge Press, Wellesley, MA, 1995.

[29] J. Tian and R. O. Wells, Jr. A lossy image codec based on index coding.

In J. A. Storer and M. Cohn, editors, Proc. Data Compression Conference, page 456, Snowbird, Utah, 1996. IEEE Computer Society Press. (ftp://cml.rice.edu/pub/reports/CML9515.ps.Z).

[30] P. P. Vaidyanathan. Multirate Systems and Filter Banks. Prentice-Hall, Englewood Cliffs, NJ, 1993.

[31] P. P. Vaidyanathan, T. Q. Nguyen, Z. Doǧanata, and T. Saramäki.

Improved technique for design of perfect reconstruction FIR QMF banks with lossless polyphase matrices. IEEE Trans. ASSP, 37(7):1042–1056, July 1989.

[32] M. Vetterli and D. Le Gall. Perfect reconstruction FIR filter banks:

Some properties and factorizations. IEEE Trans. ASSP, 37(7):1057– 1071, July 1989.

[33] M. Vetterli and C. Herley. Wavelets and filter banks: Theory and design.

IEEE Trans. ASSP, 40:2207–2232, 1992.

[34] M. Vetterli and J. Kovačević. Wavelets and Subband Coding. Prentice Hall, Englewood Cliffs, NJ, 1995.

[35] M. V. Wickerhauser. Adapted Wavelet Analysis from Theory to Software.

Wellesley, MA, 1993.

[36] Z. Xiong, K. Ramchandran, and M. T. Orchard. Space-frequency quantization for wavelet image coding. to appear in IEEE Trans. Image Proc., 1997.