Reconstruction of self-similar functions from scale-space

Kathrin Berkner^⋆

Department of Mathematics, Rice University, Houston, TX 77005-1892

Abstract. We provide a solution to the problem of reconstructing a fractal interpolation function from its scale-space zeros. Every fractal interpolation function f has a graph that is the attractor of an iterated functions system defined by contractive maps w1, . . . , wN . We construct approximations of these maps from fingerprints in scale-space.

Introduction

During the last years multiscale analysis of signals has attracted a lot of interest in the field of scale-space and wavelet theory. Scale-space theory has focused on using the Gaussian function θ(x) =^1p_{2π} exp(−^1_2 x^2) as a convolution kernel (see e.g. [4]), whereas in wavelet theory a larger class of kernels and properties of convolutions with these kernels are studied. In this paper, we combine methods from both fields.

The convolution of a function f ∈ L^2(IR) with the Gaussian kernel is defined by L_θ [f](x, t) =^1_t ∫ θ(^z�^x_t )f(z)dz, where t > 0. The set N (L_θ(n) [f]) = {(x, t) ∈ IR×IR_+ | L_θ(n) [f](x, t) = 0} of zeros of L_θ(n) [f] is called the fingerprint of L_θ(n) [f], where θ^{(n)} denotes the n-th derivative of θ.

One of the main problems in scale-space theory is the reconstruction of a function from its fingerprints. For references on this topic see, e. g., [4]. In [5],[6], Mallat et al. studied the reconstruction problem in terms of wavelet theory, which is strongly connected to scale-space theory. They have shown that zerocrossings of wavelet transforms form a tool to characterize singularities of the signal. Furthermore, they discuss how to obtain approximations of signals by reconstruction from selected zero-crossings.

In this paper, we study fingerprints of fractal interpolation functions. These functions are defined on a compact interval, and their graphs are self-affine curves. Since many signals seem to have self-affine properties it is interesting to ask which information can be extracted from fingerprints of self-affine functions. We apply results from wavelet theory to find a finite number of points in scale-space that contain all information necessary to compute the graph of a fractal interpolation function.

⋆ Appears in Lecture Notes in Computer Science, No. 1252, Springer-Verlag, 1997. Supported in part by Texas ATP under grant number TATP 003604-018 and Alexander von Humboldt-Stiftung, Germany.

Fingerprints for continuous wavelet transforms

The theory of wavelet transforms is based on convolutions and is connected to scale-space theory. In this section, we summarize how fingerprints in scale-space can be interpreted in terms of continuous wavelet theory. For references regarding wavelet theory we refer the reader, e.g., to [3] and [5].

The continuous wavelet transform of a function f ∈ L^2(IR) with wavelet ψ is typically denoted by W_ψ [f](b, a) =^1p_a ∫ ψ(^x�^b_a )f(x)dx, where ψ has the wavelet property. We consider a function ϕ ∈ L^2(IR) which is an n-times differentiable smoothing function, i.e., ∫ ϕ(x)dx ≠ 0 and ϕ(x) = O(1/(1+x^2)). If ϕ^{(k)} ∈ L^2(IR) and ϕ^{(k)} ≢ 0 for k ∈ {1, . . .n}, then ϕ^{(k)} is a wavelet with k vanishing moments.

Since the Gaussian function θ is a smoothing function we can translate the scale-space notations into ”wavelet language”. The n-th derivative of the Gaussian function is a wavelet with n vanishing moments. Moreover, the convolution L_θ(n) [f] is, up to the normalizing factor a�^{12} , a wavelet transform, where the parameters (x, t) correspond to (b, a). Since we are interested in zeros of W_ψ[f] rsp. L_θ(n) [f], the normalizing factor is not important and we can also speak about fingerprints of wavelet transforms.

It has been observed in many experiments and studied in various papers that fingerprints of the Gaussian kernel characterize features of the original signal f (cf. [4] for more references). In the following section we show how zeros of wavelet transforms can be used to reconstruct self-affine functions.

Reconstruction of fractal interpolation functions

During the last years, wavelet analysis has been applied to various kinds of fractal objects. In this paper, we consider fractal interpolation functions. A graph of a fractal interpolation function is an attractor of an IFS with affine maps. First, we introduce some notation and state some results concerning fractal interpolation function theory (see e.g. [1]).

For a compact set D ⊂ IR we consider affine transforms w_1, . . . , w_N , w_i : [0, 1] × D → [0, 1] × D represented by w_i ( x y ) = ( α_i 0 γ_i δ_i ) ( x y ) + ( ϵ_i ζ_i ) , where α_i, γ_i, δ_i, ϵ_i, ζ_i ∈ IR such that 0 < α_i < 1 and |δ_i| < 1 for each i. Let p_1 = (0, y_1) be the fixed point of w_1 and p_{N +1} = (1, y_{N +1}) the fixed point of w_N . Choose the parameters so that w_i(p_{N +1} ) = w_{i+1}(p_1) for all i = 1, . . . , N −1, and that w_1(p_1), . . . , w_N (p_1), p_{N +1} are not all collinear. The choice of α_i and δ_i ensures that the maps w_i are contractions. The attractor of the IFS = {w_1, . . . , w_N } is the graph of a continuous function f : [0, 1] → IR, which is nowhere differentiable. The function f is called fractal interpolation function with interpolation points w_1(p_1), . . . , w_N (p_1), p_{N +1}.

The following theorem (proof see [2]) explains the self-similarities in fingerprints of wavelet transforms of fractal interpolation functions.

Theorem 1. Let f be a fractal interpolation function and w = {w_1, . . . , w_N } an associated IFS with parameters α_i, ϵ_i, γ_i, δ_i, ζ_i. Furthermore, let ψ be a wavelet with compact support [−K, K] and k vanishing moments, k ≥ 2. Then for (b, a) ∈ IR × IR_+ with [−aK + b, aK + b] ⊂ [0, 1] the following equation holds: W_ψ [f](b, a) = 1 δ_iα_i W_ψ[f](α_ib + ϵ_i, α_ia) (1)

for each i = 1, . . . , N .

In the following, we assume that the wavelet ψ is the k-th (k ≥ 2) derivative of a (k + 1)-times differentiable smoothing function with compact support [−K, K] and f a fractal interpolation function.

It can be shown that the set

S(ψ, f) = {(b, a) ∈ IR × IR_+ | W_ψ[f](b, a) = 0 and ∂W_ψ[f] ∂b (b, a) = 0} is discrete in scale-space.

If f is a fractal interpolation function one can show with the results from [5] and Theorem 1 that the set S(ψ, f) is non-empty (proof see [2]). Since for given parameters α_i and ϵ_i the parameters γ_i, δ_i and ζ_i can be computed from three non-collinear points of the graph of f, the following lemma presents a solution to the reconstruction problem of fractal interpolation functions.

Lemma 2. Let w = {w_1, . . . , w_N } be an IFS with parameters α_i, ϵ_i, γ_i, δ_i, ζ_i and f the corresponding fractal interpolation function. Furthermore, let (b, a) ∈ S(ψ, f). Then there are points (b_i, a_i) ∈ S(ψ, f), i = 1, . . . , N , such that

a_i = α_ia, b_i = α_ib + ϵ_i, N∑ i=1 α_i = 1 and α_i + ϵ_i = ϵ_{i+1}. (2)

For determing the set S(ψ, f) we have to compute the wavelet transforms at all possible scales. Therefore, we can not use the algorithm presented in [5] which is based on dyadic wavelet transforms. At this point we encounter the link between scale-space and wavelet theory. We interpret a truncated derivative of the Gaussian function, θ^{(n)}, as a good approximation of a wavelet with compact support which is the n-th derivative of a smoothing function. Furthermore, scaling theorems for Gaussian kernels allow an efficient computation of the set S(θ^{(n)} , f) ⊂ L_θ(n) . The S(θ^{(n)} , f) is used to find the maps w_i by following the points of S(θ^{(n)} , f) from coarsest scale to finer scales. In contrast to the method presented in [6], only a finite set of zeros of wavelet transforms at selected scales is necessary to reconstruct the graph of the fractal interpolation function.

In Table 1, the result of an algorithm is presented which is based on a coarse-to-fine tracking of S(ψ, f). We use the discretized second derivative of the Gaussian function as an approximation of the wavelet ψ. The analyzed fractal interpolation function has a corresponding IFS with equal scaling factors α_i. Examples with different scaling factors are analyzed in [2]. The errors in the computation are caused by the discretization of the scale parameter a.

Table 1. Theoretical parameters (left), numerical computations (right). i αi ϵi γi δi ζi 1 1/3 0 42 0.5 0 2 1/3 1/3 -5 -0.5 50 3 1/3 2/3 -32.3 0.23 40 i αi ϵi γi δi ζi 1 0.334 0.000 42.615 0.538 0.000 2 0.334 0.332 -4.029 -0.518 50.089 3 0.334 0.666 -32.202 0.232 39.874

Fig. 1. Left: Graph of the fractal interpolation function from Table 1. Right: Corresponding fingerprints of L_θ(2) [f].

Remarks. The presented results based on scale-space zeros yield a theoretical basis for applications in time series and image analysis. In the literature, fractal interpolation functions are used to model signals with almost self-affine properties. Therefore it is obvious to ask whether fingerprints of a given signal can be used to construct a selfaffine function whose graph is close to the given signal. Further work is going on to answer this question.

Acknowledgment. The author would like to thank F. v. Haeseler, R. O. Wells, Jr. and H.-O. Peitgen for inspiring discussions. Furthermore, the author would like to thank W. Berghorn for providing her with a program to compute the fingerprints. Part of this work was done while the author was at CeVis, University of Bremen, Germany. She was at that time supported by Deutsche Forschungsgemeinschaft, Forschergruppe Dynamische Systeme.

References

1. Barnsley, M.: Fractals Everywhere. Academic Press Orlando, FL (1988) 2. Berkner, K.: A Solution to the Inverse Problem for Fractal Interpolation Functions.

Report Nr. 380, Institut für dynamische Systeme, University of Bremen (1996) 3. Daubechies, I.: Ten Lectures on Wavelets. SIAM, Philadelphia, PA (1992) 4. Lindeberg, T.: Scale-space Theory in Computer Vision. Kluwer, Academic Publishers (1994) 5. Mallat, S., Hwang, W.L.: Singularity Detection and Processing with Wavelets.

IEEE Trans. Inform. Theor. 38 (1992) 617-643 6. Mallat, S., Zhong., S.: Characterization of Signals from Multiscale Edges. IEEE Trans. Patt. Anal. Mach. Intell. 14 (1992) 710-732

This article was processed using the LATEX macro package with LLNCS style