L^2 Convergence of Biorthogonal Coifman Wavelet Systems

Jun Tian and Raymond O. Wells, Jr.

Abstract. Biorthogonal Coifman wavelet (BCW) systems are biorthogonal wavelet systems with the vanishing of moments equally distributed between the scaling functions and wavelet functions. It has been shown that these wavelet systems provide an optimal wavelet sampling approximation with an exponential convergence rate, where the optimality is measured over all possible vanishing moments distributions. The scaling filters and wavelet filters are all dyadic rational, which means we can implement a very fast multiplication-free discrete wavelet transform. Recent work showed that the scaling filters of BCW systems converge to the sinc scaling filter in l^2(ZZ), while the L^2(IR) convergence of the scaling functions remained open. In this work we will prove the scaling functions of BCW systems converges to the sinc function in L^2(IR). Following the pioneering work of Chui and Wang, we establish a quantitative relationship between the orthonormal Daubechies wavelet systems and the BCW systems. Based on the convergence property of the Daubechies systems, we are able to show the L^2(IR) convergence of BCW systems.

§1. Introduction Wavelet analysis (see [3,4,10,16,19,23,31,32], etc) has been proven to be a very powerful tool in harmonic analysis, neural networks, numerical analysis, and signal processing, especially in the area of image compression [20,27,29,33] and data denoising [8,13,14]. The theoretical work of orthogonal wavelets was done in the late eighties [9,15,16] and the framework of biorthogonal wavelets was established in the early nineties [5,7,30]. Wavelet theory is closely connected with subband coding, and it provides a functional space structure for subband coding, often leading to better understanding and tremendous improvement.

In this paper we will focus on biorthogonal Coifman wavelet (BCW) systems, a family of compactly supported biorthogonal wavelet systems with the vanishing of moments equally distributed between the scaling functions and wavelet functions. These wavelet systems provide a wavelet sampling approximation with an exponential convergence rate. Recent work ([19,26]) showed that the scaling filters of BCW systems converge to the sinc scaling filter in l^2(ZZ), where the L^2(IR) convergence of the scaling functions remained open. We will show that the scaling functions of BCW systems converge to the sinc function in L^2(IR).

Approximation Theory IX 1 Charles K. Chui and Larry L. Schumaker (eds.), pp. 1–8. Copyright oc 1998 by Vanderbilt University Press, Nashville, TN. ISBN 1-xxxxx-xxx-x.

All rights of reproduction in any form reserved.

§2. Biorthogonal Coifman Wavelet Systems

BCW systems are the generalization of orthogonal Coifman wavelet systems (or Coiflets, see [2,11]) to the biorthogonal setting. Here we give a brief review of BCW systems, for more details, we refer to [1,12,17,18,21–26,28].

Definition 1. A biorthogonal wavelet system with compact support is called a biorthogonal Coifman wavelet (BCW) system of degree N if the following two conditions are satisfied,

• the vanishing moments of the synthesis scaling function ϕ̃(x) and wavelet function ψ̃(x) are both of degree N,

Mom_p(ϕ̃) := ∫ IR x^pϕ̃(x) dx = 0, p = 1, . . . , N, Mom_p(ψ̃) := ∫ IR x^pψ̃(x) dx = 0, p = 0, . . . , N, • the vanishing moment of the analysis wavelet function ψ(x) is of degree N, Mom_p(ψ) := ∫ IR x^pψ(x) dx = 0, p = 0, . . . , N. Lemma 2. For a biorthogonal Coifman wavelet system of degree N, the vanishing moment of the analysis scaling function ϕ(x) is also of degree N,

Mom_p(ϕ) := ∫ IR x^pϕ(x) dx = 0, p = 1, . . . , N.

Theorem 3. (Wavelet Sampling Approximation) For f(x) ∈ C^N (IR) with compact support, and the N-th derivative f^{(N)}(x) is Lipschitz, let j ∈ IN, define S^j(f)(x) := ∑ k∈ZZ f ( k 2^j ) ϕ(2^j x − k), where ϕ(x) is the analysis (or synthesis) scaling function of a biorthogonal Coifman wavelet system of degree N. Then || f(x) − S^j(f)(x) || L2 ≤ C2^{−j(N+1)}, where C is a constant, depending only on f and ϕ. If in addition, ϕ(x) ∈ C^n(IR), then | ||f(x) − S^j (f)(x)||_Hn ≤ C2^{−j(N+1−n)}. It can be shown that (see, for example, [26]), for an optimal wavelet sampling approximation, vanishing moments should be equally distributed between the scaling function and the wavelet function. The closed form solution of the minimum length biorthogonal Coifman wavelet system of degree N is given by the scaling filters {a_k} and {ã_k}:

• if N is even, N = 2n,

a_{2k+1} = ã_{2k+1} =

(−1)^k(2n + 1) 2^{4n−1}(2k + 1) ( 2n − 1 n − 1 )( 2n n + k ) , (1)

• if N is odd, N = 2n − 1,

a_{2k+1} = ã_{2k+1} =

(−1)^k(2n − 1) 2^{4n−3}(2k + 1) ( 2n − 2 n − 1 )( 2n − 1 n + k ) , (2) and ã_{2k} = δ_{0,k}, (3) a_{2k} = 2δ_{0,k} − ∑ l∈ZZ ã_{2l+1}ã_{2l+1−2k}. (4)

In the remainder of this paper, a biorthogonal Coifman wavelet system will always be refered to the one with minimum length, which is given by the above formula, unless it is otherwise stated. An attractive feature of the formula is that all a_k’s, ã_k’s are either zero or a dyadic rational number (see [26] for proof), that is, an integer divided by a power of 2. Thus one can implement a very fast multiplication-free discrete wavelet transform, which consists of only addition and shift operations, on digital computers. Also from the above formula, when the degree N is odd, the BCW system is symmetric, i.e., a_k = a_{−k}, and ã_k = ã_{−k}. An interesting observation is that BCW systems and orthonormal Daubechies wavelet systems ([9,10]) are closely related by their scaling filters, more precisely, m̃_{2n+1}(ξ) = | m^D_n (ξ) |_2 , (5) where m is defined by the scaling filter {a_k},

m(ξ) := 1 2 ∑ k∈ZZ a_ke^{−ikξ}, and m̃_{2n+1} corresponds to the synthesis part of the BCW system of degree 2n + 1, m^D_n corresponds to the orthonormal Daubechies wavelet system of degree n, whose wavelet function ψ^D_n has vanishing moments up to degree n, ∫ IR x^pψ^D_n (x) dx = 0, p = 0, . . . , n. (6) And one can prove (see [19,26]) that the scaling filters of BCW systems converge to the sinc scaling filter, which is defined by

a^{sinc}_{2k} := δ_{0,k}, a^{sinc}_{2k+1} :=

(−1)^k2 (2k + 1)π . The sinc scaling filter is the scaling filter of the sinc wavelet system, whose scaling function is exactly sinc(πx) =^{sin πx}_{πx} .

Lemma 4. Suppose {ã^N_k , k ∈ ZZ} to be the synthesis scaling filter of the BCW system of degree N, then lim N→∞ || ã^N − a^{sinc} || l2 = lim_{N→∞} ( ∑ k∈ZZ ( ã^N_k − a^{sinc}_k

)_2 )_{1/2} = 0.

§3. L^2 Convergence Property

It had been conjectured (see [28]) for some time that the scaling functions of BCW systems converge to sinc(πx) in L^2(IR). Such convergence could also explain the good sampling approximation property of BCW systems (see Theorem 3).

3.1. Chui and Wang’s Convergence Theorem

In [6], Chui and Wang proved the following theorem for orthonormal wavelet systems.

Theorem 5. (Chui-Wang) Let ϕ_n be orthonormal scaling functions defined by ϕ_n(x) = ∑ k a_{n,k}ϕ_n(2x − k), m_n(ξ) = 1 2 ∑ k a_{n,k}e^{−ikξ},

m_n(ξ) = ( 1 + e^{−ikξ} 2 )_n L_n(ξ), L_n(π) ≠ 0 and L_n(0) = 1, |L_n(ξ)| ≤ C2^n | |sin^n ( ξ 2 )| | , π 2 ≤ |ξ| ≤ π, for some absolute constant C (independent of n). Then lim_{n→∞} | | | ||ϕ̂n| − χ(−π,π)(ξ) | | | |_{L2} = 0.

As an immediate consequence, let ϕ^D_n be an (arbitrarily chosen) orthonormal Daubechies scaling function of degree n (see Eqn. (6)), then lim_{n→∞} | | | ||ϕ̂^D_n | − χ(−π,π)(ξ) | | | |_{L2} = 0. (7)

3.2. L^2 Convergence to sinc(πx)

Since ϕ̂(ξ) = ∏_∞ j=1 m(2^{−j} ξ), Eqn. (5) implies a relationship between the synthesis scaling functions of BCW systems and orthonormal Daubechies scaling functions, ^̃ϕ_{2n+1}(ξ) = | |ϕ̂^D_n (ξ) | |^2.

Thus | | ^̃ϕ2n+1(ξ) − χ(−π,π)(ξ) | | = | | | |ϕ̂^D_n (ξ) | |^2 − χ(−π,π)(ξ) | | = | | ( |ϕ̂^D_n | + χ_{(−π,π)}(ξ) ) · ( |ϕ̂^D_n | − χ_{(−π,π)}(ξ) )| | ≤ 2 | ||ϕ̂^D_n | − χ(−π,π)(ξ) | | , since |ϕ̂^D_n | ≤ 1. By Eqn. (7) and Parseval’s identity, it follows lim_{n→∞} | | | |ϕ̃_{2n+1}(x) − sin πx πx | | | | L2 = (2π)^{−1/2} lim_{n→∞} | | | | ^̃ϕ2n+1(ξ) − χ(−π,π)(ξ) | | | |_{L2} = 0.

For the even degree part, from Eqns (1) and (2), we have

ã_{2n,2k+1} = ã_{2n+1,2k+1} +

(−1)^k 2^{4n+1} ( 2n n )( 2n + 1 n + k + 1 ) , where {ã_{2n,k}|k ∈ ZZ} and {ã_{2n+1,k}|k ∈ ZZ} are the synthesis scaling filters of BCW systems of degree 2n and 2n + 1, respectively. By summing up, one gets

m̃_{2n}(ξ) = m̃_{2n+1}(ξ) −

(2n − 1)!!

(2n)!!

i sin^{2n+1} ξ,

where

(2n − 1)!! := n∏ k=1 (2k − 1), (2n)!! := n∏ k=1 (2k) = 2^nn!.

Notice that

1 − C sin^{2n}(ξ) ≤ | m^D_n (ξ) |_2 ≤ 1, for |ξ| ≤ π 2 , for some absolute constant C, which is independent of n. Choose a positive integer k such that |ξ/2^k| <^π_2 , then

1 − C sin^{2n}(ξ/2^k) ≤ m̃_{2n+1}(ξ/2^k) ≤ 1. So | m̃_{2n}(ξ/2^k) | = | |m̃_{2n+1}(ξ/2^k) − (2n − 1)!! (2n)!!

i sin^{2n+1}(ξ/2^k) | | = | m̃_{2n+1}(ξ/2^k) | · | |1 − (2n − 1)!! (2n)!! i sin^{2n+1}(ξ/2^k) m̃_{2n+1}(ξ/2^k) | | . Since | |(2n − 1)!! 2n!! i sin^{2n+1}(ξ/2^k) m̃_{2n+1}(ξ/2^k) | | ≤ | | sin^{2n+1}(ξ/2^k) m̃_{2n+1}(ξ/2^k) | | ≤ | | sin^{2n+1}(ξ/2^k) 1 − C sin^{2n}(ξ/2^k) | | ≤ | C sin^{2n+1}(ξ/2^k) | ≤ | |C(ξ/2^k)^{2n+1} | | , for n large enough, where C is an absolute constant independent of n. Thus

lim_{n→∞} ∞∏ j=k+1 | |1 − (2n − 1)!! (2n)!! i sin^{2n+1}(ξ/2^j ) m̃_{2n+1}(ξ/2^j ) | | = 1.

This implies

lim_{n→∞} | | ^̃ϕ2n(ξ) | | = lim_{n→∞} ∞∏ j=1 | m̃_{2n}(ξ/2^j ) |

= lim_{n→∞} k∏ j=1 | m̃_{2n}(ξ/2^j ) | · ∞∏ j=k+1 | m̃_{2n}(ξ/2^j ) |

= lim_{n→∞} k∏ j=1 | m̃_{2n+1}(ξ/2^j ) | · ∞∏ j=k+1 | m̃_{2n+1}(ξ/2^j ) |

= lim_{n→∞} | | ^̃ϕ2n+1(ξ) | | = χ_{(−π,π)}(ξ). Now by taking {2 ^̃ϕ_{2n+1}, n ∈ ZZ} as a dominating sequence, the sequence { ^̃ϕ_{2n}, n ∈ ZZ} converge to χ_{(−π,π)} in L^2. By using the concept of asymptotically linear phase (see [6]), the sequence {ϕ̃_{2n}, n ∈ ZZ} converge to^{sin πx}_{πx} in L^2(IR).

For the analysis scaling function ϕ_n(x), again, based on Eqns (1), (2), and (4), we have

m_n(ξ) = 1 2 ∑ k∈ZZ ( (2δ_{0,k} − ∑ l∈ZZ ã_{n,2l+1}ã_{n,2l+1−2k})e^{−2ikξ} + ã_{n,2k+1}e^{−i(2k+1)ξ} )

= 2m̃_n(ξ) + m̃_n(−ξ) − 2m̃_n(ξ)m̃_n(−ξ).

Now one can apply the previous approach to prove the convergence.

Thus we derive

Theorem 6. Let ϕ̃_n(x) be the synthesis (or analysis) scaling function of biorthogonal Coifman wavelet system of degree n, then lim_{n→∞} | | | |ϕ̃_n(x) − sin πx πx | | | | L2 = 0.

§4. Conclusions

We proved the scaling functions of BCW systems converge to sinc(πx) in L^2(IR). This provides a family of smooth wavelet systems to approximate the sinc wavelet system. It can also be shown that the wavelet functions of BCW systems converge to the difference of two sinc functions. An open question concerning Coiflets is the existence of large degree Coiflets, and there is no explicit formula for Coiflets. If Coiflets do exist for large degrees, one would expect that they possess the same convergence property as of BCW systems.

Acknowledgments. Supported in part by DARPA/AFOSR F49620-97-1- 0513.

References

1. R. Ansari, C. Guillemot, and J. F. Kaiser, Wavelet construction using Lagrange halfband filters, IEEE Trans. Circ. Syst. 38 (September 1991), 1116–1118.

2. G. Beylkin, R. Coifman, and V. Rokhlin, Fast wavelet transforms and numerical algorithms I, Commun. Pure Appl. Math. 44 (1991), 141–183.

3. C. S. Burrus, R. A. Gopinath, and H. Guo, Introduction to Wavelets and Wavelet Transforms, Prentice Hall, Englewood Cliffs, NJ, 1997.

4. C. K. Chui, An Introduction to Wavelets, Academic Press, Boston, MA, 1992.

5. C. K. Chui and J. Z. Wang, A general framework of compactly supported splines and wavelets, J. Approx. Theory 71 (1992), 263–304.

6. C. K. Chui and J. Z. Wang, High-order orthonormal scaling functions and wavelets give poor time-frequency localization, J. Fourier Anal. Appl. 2 (1996), 415–426.

7. A. Cohen, I. Daubechies, and J.-C. Feauveau, Biorthogonal bases of compactly supported wavelets, Commun. Pure Appl. Math. XLV (1992), 485–560.

8. R. R. Coifman and D. L. Donoho, Translation-invariant de-noising, in Wavelets and Statistics, A. Antoniadis (ed.), Springer-Verlag, 1995.

9. I. Daubechies, Orthonormal bases of compactly supported wavelets, Commun. Pure Appl. Math. XLI (1988), 906–996.

10. I. Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia, PA, 1992. 11. I. Daubechies, Orthonormal bases of compactly supported wavelets II:

variations on a theme, SIAM J. Math. Anal. 24 (1993), 499–519. 12. G. Deslauriers and S. Dubuc, Symmetric iterative interpolation processes, Const. Approx. 5 (1989), 49–68.

13. D. L. Donoho, De-noising by soft-thresholding, IEEE Trans. Info. Theory 41 (May 1995), 613–627.

14. M. Lang, H. Guo, J. E. Odegard, C. S. Burrus, and R. O. Wells, Jr., Noise reduction using an undecimated discrete wavelet transform, IEEE Signal Proc. Letters 3 (January 1996), 10–12.

15. S. G. Mallat, Multiresolution approximation and wavelet orthonormal bases of L^2(IR), Trans. AMS 315 (September 1989), 69–87.

16. Y. Meyer, Wavelets and Operators, Cambridge University Press, Cambridge, 1992.

17. S. Phoong C. W. Kim, and P. P. Vaidyanathan, A new class of twochannel biorthogonal filter banks and wavelet bases, IEEE Trans. Signal Proc. 43 (March 1995), 649–665.

18. L.-M. Reissell, Wavelet multiresolution representation of curves and surfaces, Grap. Models Image Proc. 58 (May 1996), 198–217.

19. H. L. Resnikoff and R. O. Wells, Jr., Wavelet Analysis and the Scalable Structure of Information, Springer-Verlag, New York, 1998.

20. A. Said and W. A. Pearlman, A new fast and efficient image codec based on set partitioning in hierarchical trees, IEEE Trans. Circ. Syst. Video Tech. 6 (June 1996), 243–250.

21. N. Saito and G. Beylkin, Multiresolution representation using the autocorrelation functions of compactly supported wavelets, IEEE Trans. Signal Proc. 41 (December 1993), 3584–3590.

22. M. J. Shensa, The discrete wavelet transform: wedding the à trous and Mallat algorithms, IEEE Trans. Signal Proc. 40 (October 1992), 2464– 2482.

23. G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley Cambridge Press, Wellesley, MA, 1995.

24. W. Sweldens, The lifting scheme: a custom-design construction of biorthogonal wavelets, Appl. Comp. Harm. Anal. 3 (1996), 186–200.

25. J. Tian and R. O. Wells, Jr., Vanishing moments and wavelet approximation, Technical Report, CML TR 95-01, Rice University, January 1995. (ftp://cml.rice.edu/pub/reports/CML9501.ps.Z) 26. J. Tian, The Mathematical Theory and Applications of Biorthogonal Coifman Wavelet Systems, Ph.D. Thesis, Rice University, February 1996.

27. J. Tian and R. O. Wells, Jr., A lossy image codec based on index coding, in Proc. Data Compression Conference, J. A. Storer and M. Cohn (eds.), 1996. (ftp://cml.rice.edu/pub/reports/CML9515.ps.Z) 28. J. Tian, R. O. Wells, Jr., J. E. Odegard, and C. S. Burrus, Coifman wavelet systems: approximation, smoothness, and computational algorithms, in Computational Science for the 21st Century, John Wiley & Sons Ltd, 1997, 831–840.

29. P. Topiwala (ed.), Wavelet Image and Video Compression, Klumer, 1998. 30. M. Vetterli and C. Herley, Wavelets and filter banks: theory and design, IEEE Trans. ASSP 40 (1992), 2207–2232.

31. M. Vetterli and J. Kovačević, Wavelets and Subband Coding, Prentice Hall, Englewood Cliffs, NJ, 1995.

32. M. V. Wickerhauser, Adapted Wavelet Analysis from Theory to Software, Wellesley, MA, 1993.

33. Z. Xiong, K. Ramchandran, and M. T. Orchard, Space-frequency quantization for wavelet image coding, IEEE Trans. Image Proc. 6 (May 1997), 677–693.

Jun Tian and Raymond O. Wells, Jr. Computation Mathematics Laboratory Rice University Houston, TX 77005-1892

juntian@rice.edu, wells@rice.edu
http://cml.rice.edu/