Translation Invariant Multiwavelet Transforms^�

Kathrin Berkner^y Department of Mathematics, Rice University Houston, TX 77005-1892, USA

berkner@math.rice.edu

Peter R. Massopust^z Department of Mathematics, Sam Houston State University Huntsville, TX 77341, USA prm@galois.shsu.edu

June 17, 1998

Abstract

A translation invariant multiwavelet transform is introduced. It is shown that the associated correlation matrices satisfy a matrix-valued refinement equation implying a hidden basis wavelet representation. Properties of the correlation matrices such as regularity, approximation order, and vanishing moments are investigated. The results are illustrated for the DGHM multiwavelet.

Keywords and Phrases: Refinable function vectors, multiwavelet transform, correlation functions.

∗Technical Report CML TR 98-06, Computational Mathematics Laboratory, Rice University.

†Partially supported by DARPA/AFOSR F49620-97-1-0513, and Alexander von Humboldt-Stiftung.

‡Partially supported by NSF grant DMS-9503282.

1 Introduction

In recent years wavelet analysis has become a powerful analyzing and synthesizing tool in pure and applied mathematics. The ability of wavelets to resolve different scales and to transfer information back and forth between these scales has been successfully applied to signal processing, data and image compression [4, 25]. The behavior of the continuous or discrete wavelet transform at different levels of resolution is one of the key features of the theory. The continuous wavelet transform gives a highly redundant twodimensional representation of a function whereas the discrete (orthogonal) transform yields a more efficient representation in an appropriate sequence space.

In the theory of denoising a hybrid between the redundant continuous wavelet transform and the discrete wavelet transform was introduced which computes all shifts of an orthogonal wavelet transform and, therefore, keeps the advantage of fast computations in applications. In addition, a better approximation order is obtained. (See, for instance, [3, 6, 16].) This hybrid transform is based on translation invariance, a property not shared by the continuous or discrete wavelet transform.

More recently, multiwavelets have improved the performance of wavelets for several applications by providing added flexibility [26]. Multiwavelets are bases of L^2(IR) consisting of more than one base function or generator [25]. One of the advantages of multiwavelets is that unlike in the case of a single wavelet, the regularity and approximation order can be improved by increasing the number of generators instead of lengthening the support. These additional generators then provide more flexibility in approximating a given function.

In this article some of the results obtained in [3] are generalized to multiwavelets. The emphasis will be on regularity, approximation order, and vanishing moments. The existence of more than one generator adds a new feature to the representation of a function in terms of so-called redundant projectors. Whereas in the case of a single wavelet this redundant representation depends explicitly only on the autocorrelation functions, the cross-correlation functions enter implicitly into the representation if more than one wavelet is used. It will be seen that this is a direct consequence of the matrix-valued refinement equation satisfied by the correlation functions associated with a multiwavelet.

The structure of this article is as follows. In Section 2 a brief review of multiwavelet theory is provided, the relevant terminology and notation is introduced. Section 3 contains the main results on the refinement equation, the regularity, approximation order, and the number of vanishing moments for a translation invariant multiwavelet system. These results are then applied to a particular example, namely the DGHM multiwavelet system, in Section 4. Concluding remarks are made in the last section.

2 Preliminaries on multiwavelets

In this section we give a brief review of the theory of multiwavelets. For a more detailed presentation of multiwavelets, the reader is referred to the references given in the bibliography [11, 13, 14, 19, 25].

A finite collection of L^2-functions Ψ := (ψ_1, . . . , ψ_r)^T is called a multiwavelet if the two-parameter family {Ψ_{jk} := 2^{j/2}Ψ(2^j ·−k) : j, k ∈ ZZ} forms an orthonormal, or more generally, a Riesz basis of L^2(IR).

One way to construct a multiwavelet is through multiresolution analysis, which consists of a nested sequence V_j ⊂ V_{j+1}, j ∈ ZZ, of closed subspaces of L^2(IR) with the property that the closure of their union is L^2(IR) and their intersection is the trivial subspace {0}. Furthermore, each subspace V_j is spanned by the dyadic dilates and integer translates of a finite set of scaling functions {ϕ_i : i = 1, . . . , r}, sometimes also called the generators of the multiresolution analysis. Typically, the scaling vector Φ := (ϕ_1, . . . , ϕ_r)^T has compact support or decays rapidly enough at infinity. (Here, the support of a scaling vector Φ is defined as the union of the supports of its individual components.) For r = 1 we obtain the classical wavelet systems as defined and discussed in, for instance, [5, 9, 21].

The condition that the spaces V_j be nested implies that the scaling vector Φ satisfies the following two-scale matrix dilation equation or matrix refinement equation Φ(x) = ∑ k∈ZZ P (k) Φ(2x − k), (2.1)

where the filter coefficient matrices {P (k)}_{k∈}ZZ are r × r matrices satisfying ∑ k∈ZZ ‖P (k)‖ℓ^2(IR^r�^r) < ∞. Denoting the L^2-orthogonal complement of Vj in V_{j+1} by W_j, it can be shown that there exists a multiwavelet Ψ such that W_j is spanned by the dyadic dilates and integer translates of Ψ. Moreover, a multiwavelet satisfies a two-scale matrix dilation equation of the form

Ψ(x) = ∑ k∈ZZ Q(k)Φ(2x − k), (2.2)

where the r × r matrices {Q(k)}_{k∈}ZZ are in ℓ^2(IR^{r×r}).

The pair (Φ, Ψ) will be called a multiwavelet system. As our emphasis is entirely on compactly supported and orthogonal multiwavelets, we assume that scaling vectors and multiwavelets satisfy the following conditions.

• Both Φ and Ψ have compact support. (This implies that the sums in Eqns. (2.1) and (2.2) are finite).

• The scaling vectors and multiwavelets are fully L^2-orthogonal in the following sense:

⟨Φ(2^j · −k), Φ(2^j · −ℓ)⟩ = δ_{kℓ}I_r, (2.3) ⟨Ψ(2^j · −k), Ψ(2^m · −ℓ)⟩ = δ_{jm,kℓ}I_r, (2.4) ⟨Φ(2^j · −k), Ψ(2^m · −ℓ)⟩ = O_r, (2.5)

where I and O denotes the identity and zero matrix, respectively. Here we defined the inner product of two vector-valued functions F and G by ⟨F, G⟩ := ∫ IR F (x) G^T (x) dx. (The transpose of a matrix is denoted by^T .)

In terms of the filter coefficient matrices the above orthogonality conditions read ∑ k∈ZZ P (k)P^T (k + 2ℓ) = δ_{0ℓ}I_r (2.6) ∑ k∈ZZ Q(k)Q^T (k + 2ℓ) = δ_{0ℓ}I_r (2.7) ∑ k∈ZZ P (k)Q^T (k + 2ℓ) = O_r, for all ℓ ∈ ZZ. (2.8)

Since V_{j+1} = V_j ⊕ W_j, every function f_{j+1} ∈ V_{j+1} can be decomposed into an “averaged” or “blurred” component f_j ∈ V_j and a “difference” or “fine-structure” component g_j ∈ W_j:

f_{j+1} = f_j + g_j.

This decomposition can be continued until f_{j+1} is decomposed into a coarsest component f_0 and j difference components g_m, m = 1, . . . , j: f_{j+1} = f_0 + g_1 + . . . + g_j. (2.9) This decomposition algorithm can be reversed to give a reconstruction algorithm: Given the coarse components together with the fine structure components one reconstructs any f_j ∈ V_j via reversal of Eqn. (2.9). Let us note that both algorithms are usually applied to the expansion coefficients (in terms of the underlying basis) of f and g and that they involve the matrices P (k) and Q(k). More precisely, the decomposition algorithm applied to f ∈ V_j gives f_j = ∑ k ⟨f, Φ_{jk}⟩ Φ_{jk} = ∑ k ⟨f, Φ_{j−1,k}⟩ Φ_{j−1,k} + ∑ k ⟨f, Ψ_{j−1,k}⟩ Ψ_{j−1,k}, where the inner products ⟨f, Φ_{jk}⟩, ⟨f, Φ_{j−1,k}⟩, and ⟨f, Ψ_{j−1,k}⟩ are related via ⟨f, Φ_{jk}⟩ = ∑ m P (m − 2k) ⟨f, Φ_{j−1,k}⟩ (2.10) and ⟨f, Ψ_{j−1,k}⟩ = ∑ m Q(m − 2k) ⟨f, Φ_{jk}⟩. (2.11) The reconstruction algorithm applied to a function f_{j−1} ∈ V_{j−1}, f_{j−1} = ∑ k ⟨f_{j−1}, Φ_{j−1,k}⟩ Φ_{j−1,k} and g_{j−1} ∈ W_{j−1}, g_{j−1} = ∑ k ⟨f_{j−1}, Φ_{j−1,k}⟩ Ψ_{j−1,k} yields ⟨f_j , Φ_{jk}⟩ = ∑ m P (m − 2k)^T ⟨f_{j−1}, Φ_{j−1,k}⟩ + Q(m − 2k)^T ⟨f_{j−1}, Ψ_{j−1,k}⟩. (2.12) As a consequence of the decomposition algorithm, any function f ∈ L^2(IR) may be represented as a multiwavelet series of the form f = ∑ k∈ZZ r∑ i=1 ⟨f, ϕ_{i,jk}⟩ ϕ_{i,jk} + ∑ m≥j ∑ k∈ZZ r∑ i=1 ⟨f, ψ_{i,mk}⟩ ψ_{i,mk} (2.13) = P^j[f] + ∑ m≥j Q^m[f], (2.14) where P^j and Q^j denote the orthogonal projectors of L^2(IR) onto V_j and W_j, j ∈ ZZ, respectively. Here we defined ϕ_{i,jk} = 2^{j/2}ϕ_i(2^j · −k) and ψ_{i,jk} = 2^{j/2}ψ_i(2^j · −k).

For approximation-theoretic purposes, the spaces V_j are usually required to reproduce polynomials up to a certain degree D − 1. As the multiwavelet space W_j is orthogonal to V_j , the first D moments of the multiwavelet Ψ vanish ∫ IR x^pΨ(x) dx = 0, p = 0, . . . , D − 1. (2.15)

Such a multiwavelet system will be called a multiwavelet system of order D. For the remainder of this paper, we assume that we always deal with a multiwavelet system of order D > 0. Note that if f is a polynomial of degree at most D − 1, then its representation (2.14) reduces to f = P^j[f]. In the case r = 1 this in particular implies that the span of ϕ contains all polynomials of degree < D. For r > 1, the span of each individual scaling function ϕ_i may in general not contain all such polynomials. (See [17, 23] for examples and details.)

In general, the projection P^j[f] is at least as smooth as the most irregular component of the scaling vector Φ. In particular, if ϕ_i is in the Sobolev space H^α(IR) for i = 1, . . . , r then P^j[f] ∈ H^α(IR) for each j ∈ ZZ.

It is well-known that a multiwavelet system of order D satisfies the following Jackson-type inequality.

Lemma 2.1 Suppose that f ∈ C^n(IR), 1 ≤ n ≤ D, is compactly supported. Then ‖ f − P^j[f] ‖_L2 ≤ C 2^{−jn}, (2.16)

for a positive constant C independent of j and n.

The exact relationship between the reproduction of polynomials by the integer shifts of Φ and the L^p-approximation order of P^j is discussed in [20].

3 Hidden basis multiwavelet representations

In this section we study autocorrelation functions of multiwavelet systems to extend results presented in [3]. In particular, we consider properties such as translation invariance, regularity, and vanishing moments.

3.1 Translation Invariance

A disadvantage of the orthogonal wavelet and multiwavelet transform is its lack of translation invariance. In the case r = 1, this fact is overcome by considering all continuous shifts of the orthogonal wavelet transform. This naturally leads to redundant representations of L^2(IR) functions [3, 6]. Here we extend the approach presented in [3] to the case r > 1, i.e., multiwavelets.

For h ∈ IR, we denote the continuous shift operator (by h) on L^2(IR) by S_h. Associated with S_h, we introduce redundant projectors for functions f ∈ L^2(IR) by P^j_R[f] := 2^j

∫_2�j 0 S_{−h}P^jS_h[f] dh (3.1) Q^j_R[f] := 2^j

∫_2�j 0 S_{−h}Q^jS_h[f] dh, (3.2) where P^j and Q^j are the orthogonal projectors defined in (2.14). Lemma 3.1 The redundant projectors P^j_R and Q^j_R, j ∈ ZZ, are translation invariant, i.e., P^j_R[f(· + δ)](y) = P^j_R[f](y + δ) and (3.3) Q^j_R[f(· + δ)](y) = Q^j_R[f](y + δ), (3.4) for all δ ∈ IR, and yield the following representation of a function f ∈ L^2(IR). f = 2^j r∑ i=1 ∫ IR ϱ_{ii}(2^j (x − ·)) f(x) dx + ∑ m≥j r∑ i=1 2^m ∫ IR τ_{ii}(2^m(x − ·)) f(x) dx (3.5) = P^j_R[f] + ∑ m≥j Q^m_R [f], (3.6)

where ϱ_{ii} and τ_{ii} are the autocorrelation functions of the components of the scaling vector Φ and the multiwavelet Ψ, i.e., ϱ_{ii}(x) := ∫ IR ϕ^i(y)ϕ^i(y + x) dx (3.7) τ_{ii}(x) := ∫ IR ψ^i(y)ψ^i(y + x) dx. (3.8)

P roof. The proof proceeds along the same lines as in [3]. The details are left to the reader. 2

Remark 3.1 In the next subsection we show that, in order to obtain a refinement equation for the autocorrelation functions ϱ_{ii} and τ_{ii}, the crosscorrelation functions ϱ_{ij} and τ_{ij} are needed. For this reason, we refer to the above representation (3.5) as a autocorrelation transformation or a hidden basis multiwavelet representation.

3.2 Refinement Equation

In the case r = 1, the autocorrelation functions satisfy a refinement equation where the filter coefficients are the so-called à-trous filters [2, 15, 22, 24]. In the following lemma we derive a refinement equation for the correlation functions of a scaling vector Φ.

Theorem 3.1 Let

Θ(x) := ∫ IR Φ(y)Φ^T (y + x) dy (3.9)

be the r × r correlation matrix of the scaling vector Φ. The elements of Θ are the correlation functions of the component functions of Φ, i.e.,

ϱ_{ij}(x) := ∫ IR ϕ^i(y)ϕ^j(y + x) dy, i, j = 1, . . . , r. (3.10) Then Θ satisfies a matrix-valued refinement equation of the form

Θ(x) = 1 2 ∑ k∈ZZ ∑ ℓ∈ZZ P (k + ℓ) Θ(2x − ℓ) P^T (k). (3.11)

P roof. Employing the refinement equation (2.1) for Φ, we obtain

Φ(x)Φ^T (x) = [ ∑ m P (m)Φ(2x − m) ] [ ∑ ℓ P (m)Φ(2x − ℓ) ]T

= ∑ m,ℓ P (m) Φ(2x − m) Φ^T (2x − ℓ) P^T (ℓ).

Therefore,

Θ(x) = ∫ IR Φ(y)Φ^T (y + x) dy = ∫ IR ∑ m,ℓ P (m) Φ(2x − m) Φ^T (2x + 2y − ℓ) P^T (ℓ) dy = ∑ m,ℓ P (m) · 1 2 [∫ IR Φ(x − m)Φ^T (x + 2y − ℓ) dy ] P^T (ℓ) = ∑ ℓ,k P (ℓ + k) · 1 2 [∫ IR Φ(x)Φ^T (x + 2y − k) dy ] P^T (ℓ) = 1 2 ∑ k∈ZZ ∑ ℓ∈ZZ P (k + ℓ) Θ(2x − ℓ) P^T (k).

The elements (Θ(x))_{ij} of the matrix Θ(x) are the inner products ρ_{ij}(x) = ∫ IR ϕ^i(y)ϕ^j(y + x) dy, i, j = 1, . . . , r. 2 The lack of commutativity in the algebra of matrices does not allow us to write Eqn. (3.11) in the usual form (2.1). However, regarding the r × r matrix Θ as a column vector Γ of length r^2, we may obtain such a form. More precisely, let

Γ = ( ϱ_{11} . . . ϱ_{1r} . . . ϱ_{r1} . . . ϱ_{rr} )^T . (3.12)

Note that the right-hand side of Eqn. (3.11) may be interpreted as a linear operator acting on Θ. Hence, there exists a finite sequence of r^2 ×r^2 matrices A(k) such that Γ(x) = ∑ k A(k)Γ(2x − k). (3.13)

Remark 3.2 In the case r = 1, the refinement equations (3.11) and (3.12) reduce to the same classical refinement equation. For r > 1 the dimension of the second refinement equation increases quadratically in r.

In this context, the purpose of choosing the expression hidden basis multiwavelet representation in Remark (3.1) becomes transparent. Although only the autocorrelation functions ϱ_{ii} appear explicitly in the representation of a function f, the cross-correlation functions enter implicitly through the above matrix-valued refinement equation. The incorporation of hidden functions into a recursive definition of the autocorrelation functions is reminiscent of the construction of so-called hidden-variable fractal functions [1].

Analog to the definition of Θ, we define a correlation matrix associated with the multiwavelet Ψ

Ξ(x) := ∫ IR Ψ(y)Ψ^T (y + x) dy (3.14)

satisfying a refinement equation of the form

Ξ(x) = 1 2 ∑ k∈ZZ ∑ ℓ∈ZZ Q(k + ℓ) Ξ(2x − ℓ) Q^T (k). (3.15)

The pair (Θ, Ξ) is called a translation invariant multiwavelet system.

An important feature of autocorrelation functions α_ϕ(s) = ⟨ϕ, ϕ(· + s)⟩ in classical wavelet theory is their interpolation property [10, 12]. This property is equivalent to α_ϕ(n) = δ_{0n}, n ∈ ZZ, which implies that the function values of α_ϕ at dyadic rationals may be computed exactly using the refinement equation for α_ϕ. The following proposition shows that the interpolation property also holds for r > 1.

Proposition 3.1 The correlation matrix Θ(x) is skewsymmetric in x and interpolatory, i.e.,

Θ_{ij}(x) = Θ_{ji}(−x), Θ(n) = δ_{0n}I_r, n ∈ ZZ.

P roof. The skewsymmetry of Θ(x) follows directly from the skewsymmetry of the cross-correlation functions ϱ_{ij} (x).

The orthogonality condition (2.3) implies that Θ(0) = I_r and Θ(n) = O_r, for all 0 ≠ n ∈ ZZ. 2

Remark 3.3 It is worthwhile pointing out that the elements ϱ_{ij} of Θ are in general not interpolatory.

3.3 Regularity and Moments

The regularity of classical wavelet systems and their property to reproduce polynomials are fundamental to many applications such as compression and denoising. For that reason we like to investigate the regularity and approximation properties of translation invariant multiwavelet systems. For this purpose, we first review some regularity properties of multiwavelet systems.

The regularity of a multiwavelet systems depends on the matrices P (k) in the refinement equation (2.1). More precisely, in the Fourier domain this refinement equation is by ^Φ(u) = P ( u 2 ) ^Φ ( u 2 ) , where the symbol or refinement mask P is defined by

P (u) = 1 2 ∑ k P (k) e^{−iuk}. (3.16) The regularity of Φ depends on the decay rate of the infinite product

^Υ(u) = lim_{n→∞} [ P (u 2 ) · · · P ( u 2^n ) ^Φ(0) ] . (3.17)

In [7] it is shown that the above limit exists and that the finite product Π_n(u) ^Φ(0) = P ( u 2 ) · · · P ( u 2n ) ^Φ(0) converges pointwise for all u ∈ IR and uniformly on compact sets. In particular, under the assumptions ‖P (u) − P (0)‖ ≤ C |u|^α and ‖P (0)‖ < 2^α for some α > 0, the following estimate is obtained ‖Π_k(u)‖ ≤ e^{Cα|u|α} ‖P (0)‖^k (3.18) and implies that

‖Π_{N +k}(u) ^Φ(0) − Π_N (u) ^Φ(0)‖ ≤ C^′ e^{Cα|u|α(1+2} �Nα_) |u|^α ( ‖P (0)‖ 2^α ) . (3.19)

The latter estimate is used to prove the decay of ^Υ(u) [7].

Theorem 3.2 Let P be an r × r matrix of the form

P (u) = 1 2^m

C_0(2u) · · · C_{m−1}(2u) P^{(m)}(u) C_{m−1}(u)^{−1} · · · C_0(u)^{−1}, (3.20) where the C_i are certain r × r matrices and P^{(m)} is an r × r matrix with trigonometric polynomials as entries. Suppose that the spectral radius of P^{(m)}(0) is strictly less than two. For k ≥ 1, let

γ_k = 1 k log_2 sup_u ‖ ‖ ‖ ‖P^{(m)} (u 2 ) · · · P^{(m)} ( u 2^k )‖ ‖ ‖ . (3.21)

Then there exists a positive constant C such that for all u ∈ IR ‖ ^Υ(u)‖ ≤ C (1 + |u|)^{−m+γk} . (3.22) The precise matrix factorization (3.20) may be found in [7, 20]. As in the case r = 1 the rate of decay m determines the smoothness of the components of Φ in terms of Sobolev norms (see [7] for more details). Next we use the above results to obtain estimates on the regularity of translation invariant multiwavelet systems. For this purpose, note that the Fourier transform of Eqn. (3.11) is given by ^Θ(u) = P (u 2 ) ^Θ ( u 2 ) P (u 2 )T . (3.23)

Lemma 3.2 Suppose that P satisfies ‖P (u) − P (0)‖ ≤ C |u|^α (3.24) for some α > 0 and that ‖P (0)‖ < 2^α. (3.25) Then the infinite product

^Ω(u) = lim_{n→∞} Π_n(u) ^Θ(0) Π_n(u)^T (3.26)

converges pointwise for all u ∈ IR and uniformly on compact subsets. P roof. The proof is very similar to that of Lemma 3.1 in [7]. The orthogonality of Φ (2.3) implies that ^Θ(0) = I_r and, therefore, Π_k(u) ^Θ(0)Π^T_k − ^Θ(0) = Π_k(u)Π_k(u)^T − I_r. Using the estimate (3.18) we obtain

Π_k(u)Π_k(u)^T − I_r = ( k ∑ ℓ=1 P ( u 2 ) · · · P ( u 2^{ℓ−1} ) [ P ( u 2^ℓ ) − P (0) ] P (0)^{k−ℓ} ) · ( k ∑ ℓ=1 P ( u 2 ) · · · P ( u 2^{ℓ−1} ) [ P ( u 2^ℓ ) − P (0) ] P (0)^{k−ℓ} )T .

It follows that for any k ∈ IN ‖Π_k(u)Π_k(u)^T − I_r‖ ≤ C e^{2Cα |u|α} |u|^{2α} ∞∑ ℓ=1 [ ‖P (0)‖ 2^α

]_2ℓ ≤ C^′ e^{2Cα |u|α} |u|^{2α}. Using the fact that Π_{N +k}(u) = Π_N (u)Π_k(2^{−N} u) we obtain

‖Π_{N +k}(u)Π_{N +k}(u)^T −Π_N(u)Π_N (u)^T ‖ ≤ C^′ e^{2Cα |u|α(1+2} �Nα_) |u|^{2α} [ ‖P (0)‖ 2^α

]_2N . 2 Next we establish a decay estimate of ^Ω in complete analogy to Theorem 3.2.

Theorem 3.3 Let P be an r × r matrix of the form

P (u) = 1 2^m

C_0(2u) · · · C_{m−1}(2u) P^{(m)}(u) C_{m−1}(u)^{−1} · · · C_0(u)^{−1},

where the C_i are certain r × r matrices and P^{(m)} is an r × r matrix with trigonometric polynomials as entries. Suppose that the spectral radius of P^{(m)}(0) is strictly less than two. For k ≥ 1, let

γ_k = 1 k log_2 sup_u ‖ ‖ ‖P^{(m)} (u 2 ) · · · P^{(m)} ( u 2^k )‖ ‖ ‖ . Then there exists a positive constant C such that for all u ∈ IR ‖ ^Ω(u)‖ ≤ C (1 + |u|)^{2(−m+γk)}. (3.27) P roof. The result follows immediately from the proof of Theorem 4.1 in [7] by observing that instead of products of the form Π_k(u) we are dealing with products of the form Π_k(u)Π_k(u)^T . This implies that all norm estimates are squared. 2 Note that just like in the case r = 1, the decay rate of ^Ω is increased by a factor of 2. In particular, the approximation order also increases by a factor of 2. This doubling of the approximation order follows from the form of the Fourier transform as a product ^ϱ_{ii}(u) = ^ϕ_i(u) ^ϕ_i(u). The correlation functions τ_{ii} have an analogous product representation in terms of the wavelet functions ψ_i in the Fourier domain and, therefore, τ_{ii} has vanishing moments up to order 2D. This implies that the autocorrelation transformation (3.6) has approximation order 2D. Since the cross-correlation functions τ_{ij}, i ≠ j, are products of the form ^ψ_i ^ψ_j, they also have vanishing moments up to order 2D. Therefore, we say that the translation invariant multiwavelet system (Θ, Ξ) has approximation order 2D.

Remark 3.4 It is worthwhile mentioning that the above results hold for semiorthogonal, biorthogonal, and oblique wavelet systems as long as the approximation spaces V_j contain polynomials and are orthogonal to the wavelet spaces W_j.

In the case r = 1, the translation invariant wavelet system has the coiflet property of order 2D, i.e., in addition to the vanishing moments up to order 2D of the autocorrelation functions τ (x) := ∫ IR ψ(y)ψ(y +x) dx, the functions ϱ(x) := ∫ IR ϕ(y)ϕ(y +x) dx also have vanishing moment of orders one to 2D − 1. This follows directly from the fact that ^ϱ(u) = ^ϕ(u) ^ϕ(−u). This property transfers to the case r > 1 for the functions ϱ_{ii}, but not necessarily for the cross-correlation functions ϱ_{ij}. Since ^Θ(u) = ^Φ(u) ^Φ^T (−u), the translation invariant multiwavelet system (Θ, Ξ) has a multicoiflet property of order 2D, only if the off-diagonal terms in the matrix n∑ ν=0 ( n ν ) ^Φ^{(n−ν)}(0) ^Φ^{(ν)T} (0), n = 1, . . . , 2D − 1,

vanish identically. For example, for n = 1 and r = 2, it means that the scaling functions ϕ_1 and ϕ_2 must satisfy

^ϕ_1^′(0) ^ϕ_2(0) − ^ϕ_2^′(0) ^ϕ_1(0) = 0. (3.28)

Similar to orthogonal multiwavelet systems, the smoothness of the projection P^j_R[f] is, in general, determined by the smoothness of the functions ϱ_{ii}. Suppose ϕ_i ∈ H^α(IR) for i = 1, . . . , r then ϱ_{ii} ∈ H^{2α}(IR). Since the redundant projection P^j_R[f] is a sum of convolutions, a result in [18] shows that P^j_R[f] is in the Sobolev space H^{2α+β}(IR) whenever f ∈ H^β(IR).

4 Example: The DGHM Multiwavelet

In [11] a one-parameter family of multiwavelet system based on fractal functions is constructed. If the parameter is chosen to be -1/5, the multiwavelet system is orthogonal and its symbol is given by

P (u) = 1 2 (P (0) + P (1)e^{−iu} + P (2)e^{−2iu} + P (3)e^{−3iu}), (4.1)

where

P (0) = ( 3 √ 2/10 4/5 −1/20 −3 √ 2/20 ) , P (1) = ( 3 √ 2/10 0 9/20 √ 2/20 ) , P (2) = ( 0 0 9/20 −3 √ 2/20 ) , P (3) = ( 0 0 −1/20 0 ) . The DGHM multiwavelet system has approximation order 2 and Φ, Ψ ∈ Lip^1(IR) which implies that P^j[f] ∈ Lip^1. The calculation of the regularity based on the estimates in Theorem (3.2) is given is [7] and yields m = 2 and γ_k < 1, for k large enough. Moreover, the individual wavelet functions have vanishing moments up to order 2.

The translation invariant multiwavelet system (Θ, Ξ) contains the eight functions ϱ_{11}, ϱ_{12}, ϱ_{21}, ϱ_{22}, τ_{11}, τ_{12}, τ_{21}, and τ_{22} where ϱ_{12}(x) = ϱ_{21}(−x) and τ_{12}(x) = τ_{21}(−x). The graphs of these functions are depicted in Figures 1 and 2.

For this example the filter matrices A(k) in (3.13) are given by

A(0) =

9/50 6 √ 2/25 6 √ 2/25 16/25 − √ 2/10 −9/100 −1/25 −3 √ 2/25 − √ 2/10 −1/25 −9/100 −3 √ 2/25 1/400 3 √ 2/400 3 √ 2/400 9/200 ,

A(1) =

9/50 0 0 0 27 √ 2/200 3/100 0 0 27 √ 2/200 0 3/100 0 81/400 9 √ 2/400 9 √ 2/400 1/200 ,

A(2) =

0 0 0 0 0 0 0 0 0 0 0 0 81/400 −27 √ 2/400 −27 √ 2/400 9/200 ,

A(3) =

0 0 0 0 0 0 0 0 0 0 0 0 1/400 0 0 0 .

Figure 1: The graphs of ϱ_{11}, ϱ_{12}, ϱ_{22}.

Figure 2: The graphs of τ_{11}, τ_{12}, τ_{22}.

Employing the results from the previous section, it follows that Θ has approximation order four and that Ξ has vanishing moments up to order four. Moreover, the first to third moments of Θ vanish. The system (Θ, Ξ) does not have the multicoiflet property of order 2D, since, e.g., condition (3.28) is not satisfied. The elements of Θ are in Lip^2. As a consequence, the redundant projections P^j_R[f] are in the Sobolev space H^{2+β}(IR) whenever f ∈ H^β(IR).

5 Concluding remarks

The motivation for studying translation invariant multiwavelet systems was based on the success of translation invariant scalar (r = 1) wavelet systems in signal denoising [3, 6, 16]. In the present article we show that most of the characteristics of scalar wavelet systems such as smoothness and approximation order carry over to the r > 1 case. However, for r > 1 the number of necessary scaling functions increased quadratically in r.

As in denoising orthogonal multiwavelet systems outperform orthogonal wavelet systems [27], it is expected that the introduction of translation invariant multiwavelet systems will further improve the quality of denoised signals. This expectation relies on the increased flexibility in the choice of the basis functions for the reconstruction.

References

[1] M. F. Barnsley, J. Elton, D. P. Hardin, and P. R. Massopust,“Hidden variable fractal interpolation functions,” SIAM J. Math. Anal. 20(5) (1989), 1218 – 1242.

[2] G. Beylkin, “On the representation of operators in bases of compactly supported wavelets,” SIAM J. Numer. Anal. 6 (1992), 1716 – 1740.

[3] K. Berkner and R. O. Wells, Jr., “Smoothness estimates for softthreshold denoising via translation invariant wavelet transforms,” Technical Report CML TR 98-01, Rice University, 1998.

[4] C. S. Burrus, R. A. Gopinath, and H. Guo, Introduction to Wavelets and Wavelet Transforms, Prentice Hall, Englewood Cliffs, HJ, 1998.

[5] C. Chui, An Introduction to Wavelets, Academic Press, San Diego, 1992.

[6] R. R. Coifman and D. L. Donoho, “Translation invariant denoising,” in A. Antoniades, editor, Wavelets and Statistics, Springer Lecture Notes, Springer Verlag, 1995.

[7] A. Cohen, I. Daubechies, G. Plonka, “Regularity of Refinable Function Vectors” The Journal of Fourier Analysis and Applications, 3(1997), 295-324.

[8] I. Daubechies, “Orthonormal bases of compactly supported wavelets,” Commun. Pure and Applied Math. 41(1988), 909–996.

[9] I. Daubechies, Ten Lectures on Wavelets, SIAM, Vol. 61, Philadelphia, 1992.

[10] G. Deslauriers and S. Dubuc, “Symmetric iterative interpolation processes,” Constr. Appr. 5 (1989), 49 – 68.

[11] G. Donavan, J. S. Geronimo, D. P. Hardin, and P. R. Massopust, “Construction of orthogonal wavelets using fractal functions,” SIAM J. Math. Anal. 27 (4) (1996), 1158–1192.

[12] D. L. Donoho, “Interpolating wavelet transforms,” Technical report Department of Statistics, Stanford University, 1992.

[13] J. S. Geronimo, D. P. Hardin, and P. R. Massopust, “Fractal functions and wavelet expansions based upon several scaling functions,” J. Approx. Th. 78(3) (1994), 373–401.

[14] T. N. T. Goodman and S. L. Lee, “Wavelets of multiplicity r”, Trans.

Amer. Math. Soc. 342(1) (1994), 307–324.

[15] M. Holschneider, R. Kronland-Martinet, J. Morlet, and P. Tchamitchian, “A real-time algorithm for signal analysis with the help of the wavelet transform,” in Wavelets: Time-Frequency Methods and Phase Space, 286 – 297, Springer Verlag, Berlin, 1989.

[16] M. Lang, H. Guo, J. E. Odegard, C. S. Burrus, and R. O. Wells, Jr.,“ Noise reduction using an undecimated discrete wavelet transform,” IEEE Sig. Proc. Letters, 3(1) (1996), 10 – 12.

[17] J. Lebrun and M. Vetterli, “Higher order balanced multiwavelets,” IEEE ICASSP, 1998.

[18] A. K. Louis, P. Maaß, and A. Rieder, Wavelets, Teubner Verlag, Stuttgart, Germany, 1994.

[19] P. R. Massopust, Fractal Functions, Fractal Surfaces, and Wavelets, Academic Press, San Diego, 1994.

[20] G. Plonka, “Approximation order provided by refinable function vectors,” Constr. Approx. 13 (1997), 221 – 244.

[21] H. L. Resnikoff and R. O. Wells, Jr, Wavelet Analysis and Scalable Structure of Information, Springer-Verlag, New York, to appear.

[22] N, Saito and G. Beylkin, “Multiresolution representations using the auto-correlation functions of compactly supported wavelets,” IEEE Trans. Sig. Proc.,” 14 (1993), 3584 – 3590.

[23] I. Selesnik, “Multiwavelet bases with extra approximation properties,” Technical Report, Department of Electrical and Computer Engineering, Rice University, 1997.

[24] M. J. Shensa, “The discrete wavelet transform: wedding the à-trous and Mallat algorithms,” IEEE Trans. Sig. Proc. 40(10) (1992), 2464 – 2482.

[25] G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley- Cambridge Press, 1996.

[26] V. Strela, P. Heller, G. Strang, P. Topiwala, and C. Heil, “The application of multiwavelet filter banks to signal and image processing,” IEEE Trans. on Image Proc., to appear.

[27] V. Strela and A. T. Walden, “Signal and Image Denoising via Wavelet Thresholding: Orthogonal and Biorthogonal, Scalar and Multiple Wavelet Transforms,” Preprint 1998.