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Abstr act

In this papeywe proposea simpleframewvork for studyingcertaindistributionsof variablesbe-
yondtime-frequeng andtime-scale Whenapplicable pur resultsturn thetheoryof joint distri-

butionsof arbitraryvariablesnto aneasyexerciseof coordinatdaransformationWhile straight-
forward, the methodcangeneratamary distributions previously attainableonly by the general
constructionof Cohen,includingtime versusinversefrequengy, time versusMellin transform
(scale),andtime versuschirp distributions. In additionto providing insightinto thesenew sig-
nal analysistools, warp-basedlistributionshave efficientimplementationgor potentialusein

applications.
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1 Introduction

Thesuccessfuhpplicationof joint time-frequeny distributionsto problemsan time-varyingspectral
analysishasstimulatedconsiderableecentinterestin distributionsof othervariablesfor usewhen
astricttime-frequenyg analysigs not appropriate.
Jointdistributionsgeneralissinglevariabledistributionsthatmeasureéheenegy contentof some
physicalquantityin a signal. Givenaquantity« representely the Hermitian(symmetric)operator
A, we obtainthedensity|(IF4s)(«)|?* measuringhe“«a content’of thesignals simply by squaring

the projectionof s ontothe eigenfunctionsi# of A [1]
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Classicalexamplesof singlevariabledensitiesncludethe time density|(IF7s)(¢)|* = |s(¢)|* and
frequeny density|(IF£s)(f)|* = |S(f)|* obtainedby projectingonto the Dirac eigenfunctionf
the time operator(7s)(z) = =z s(x) andthe sinusoidaleigenfunctionf the frequeng operator
(Fs)(z) = ﬂ%é(x). (We will useboth.S andIFs to denotethe Fouriertransformof thesignals.)
Jointdistributionsattemptto measurgéhesimultaneousignalenegy contentof multiple physical

quantities. Giventwo quantitiesa andb, ajoint distribution (P, s)(a, b) measuringhejoint a-b

contentin the signals hasasmaminalstherespectie A andB enegy densitie$

/(P,Lb s)(a,b)db = |(IF4s)(a)|? /(Pa.b s)(a,b)da = |(IFzs)(b)|*. (2)

The Wignerdistribution from Cohens classof time-frequeng distributions[1] suppliesaclassical
exampleof ajoint distributionthatmaminalizesto thetime andfrequeng densities.

Many differentconstructiondiave beenproposedor generatingoint distributions. The various
approachefall into two broadcateyories: general methods (difficult) andcoordinate change meth-
ods (easy).Generamethodscancreatedistributionsfor every possiblepairingof physicalquantities

by working from first principles[1, 4]. Coordinatechangemethodspnthe contrary sacrificesome

LAlternatively, we candefingjoint distributionsin termsof their covariancepropertiesindercertainunitarytransfor
mations.For moredetails,se€[2, 3].



flexibility for simplicity by bootstrappingsxisting distributionsinto new contexts usingsignal or
axistransformation$4-8].

While notgeneralpurposecoordinatechangeapproacheto joint distributionsremainattractve,
becausehey provide a straightforwardnterpretationof the distributionsthey construct.Individu-
ally, eachtransformatiormethodhassevere limitations, however, aseachtechniquecangenerate
distributionsfor only avery restrictedsetof physicalquantitypairs. The purposeof this paperns to
demonstratéhata novel combinationof two differentcoordinatechangeproceduresanmanufac-
ture joint distributionsfor a muchlarger numberof physicalquantitypairs. In particular our new
procedurecangeneratanostof the distributionsconsideredas examplesof the generaimethodof
Cohenin [1]. Thus,whenapplicable our resultsturn the difficult theoryof joint distributions of

arbitraryvariablesnto aneasyexerciseof coordinatdransformation.

2 Three Approachesto Joint Distributions

2.1 Cohen’s general method: Giventwo operators4d and B representingwo arbitraryphysical

guantitiess andb, Cohenformsthejoint distribution of « andb as(see[1,4] for moredetails)

(Pass)( / / / (2 eA+BE) 5) (1) =120+ g dov d 3. (3)

Cohens constructionis general,but it requiresthat we solve a sometimescomplicatedoperator
equationto expressthe exponentiatecbperatore’?"(*A+55) - The time-frequenyg caseis well un-
derstoodusingthetime andfrequeng operators/ and.F yields Cohens classof time-frequenyg
distributions[1, p. 136].

2.2 Axis transformation method: Jointa—b distributionsare easilyobtainedwhenwe canfunc-
tionally relatethesevariablesto time andfrequeng by « = a~'(¢) andb = 37'(f). In this special
casewe canderive ana—b distribution simply by warpingthe coordinate®f atime-frequeng dis-

tribution [4]
(Puys)(a,b) = |ala) 50)| (Peys)lala), 5(O)]. )
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It is easily verified that all P, ;s obtainedin this way correctly maginalize to |(IF4s)(a)|* =
&(a)] [(Frs)(a(a)* = |a(a)] |s(a(a))l* and |[(Fss)(b)]* = [5(b)] [(Fxs)(B(b))]* = |6(b)|
|[S(B(b))*.

Example: DistributionsP, .s of time ¢t and“inversefrequeng” r (representetby the operator
R = ff‘)) canbe constructedrom Cohens classtime-frequenyg distributionsthroughthe changeof

variabler = J}—O [1, p. 238]. Theresultingclassof distributions,obtainedas

(Po, s)(t.r) = f—S(Pt,fs>(t,@), ©)

T T
maiginalizesto time |s(t)|? andinversefrequeny |(Frs)(r)|* = & |S(fo/r)|.
2.3 Signal transformation method: Joint a—b distributions are also easily generatedvhenthe

guantitieses andb areunitarily equivalent to time andfrequeng [5, 6], with
A=U"'TU, B=U'FU (6)

andU aunitarytransformationln this caseajoint «—b distribution canbe obtainedby preprocess-

ing atime-frequenyg distribution with U
(Pavb 3)(aab) = (Pf7f US)(aab)' (7)

ThesignaltransformationlU canbeinterpretedas“rotating” the coordinate®f the time-frequeng
distributionto thenew variables.

All P, ;s obtainedn thiswaycorrectlymamginalizeto | (IF 4s)(a)|* = |(IF7Us)(a)|* = |(Us)(a)|?
and|(Fss)(b)|* = |(F£Us)(b)[* = |(FUs)(b)[* [5].

Example: Definethe logarithmictime operator(Ls)(z) = log(z) s(z), anddefinethe Mellin
operatorH = %(T F + FT). (Cohenrefersto H asthe“scale” operatof1,9].) Theseoperatorsare
unitarily equivalentto 7 and.F asin (6) with (Us)(z) = e”/2 s(e*). Thereforewe canconstruct

distributionsmaginalizingto log time | (IFzs)(1)]? = |e/? 5(¢')|* andMellin transform

2
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simply by preprocessinthesignalby U beforecomputingavalid time-frequeng distribution[5-8].
2.4 Shortcomings of transformation methods. While simple,both the axis andsignaltransfor
mationmethodglacerathersevererestrictionsonthepairsof operatorgor whichthey cangenerate
joint distributions. In the axistransformatiormethod we requirethevariables: andb to bewarped
versionof timeandfrequeng.? In thesignaltransformatiommethodwe requiretheoperators4 and
B to beunitarily equialentto time andfrequeng. Note,for instancethatin warpingthefrequeng

maminalto Mellin transformasabove, we mustacceplog time for theothermamginal.

3 Linking Signal and Axis Transfor mations

Dueto theindividual limitations of the axisandsignaltransformatiormethodspnly generaloper
ator methodscangeneratgoint distributionsfor all possibleoperatorpairs. However, whenused
in tandem, the axis and signaltransformatiormethodsyield a powerful methodfor generatinga
largenumberof joint distributions.By executingfirst a unitarypreprocessingansformatioronthe
signalandthenan axis warpingtransformatioron the distribution, we canremaptime-frequenyg

distributionsto a large classof differentjoint distributions.

Theorem: Leta andb betwo variableswvhoseHermitianoperatorrepresentationgl and3 satisfy

thefollowing conditions: (i) A andB canberelatedto thetime andfrequenyg operatorsaas
A=277'TZ, B = U 'FU, (9)

with Z andU unitarytransformations(ii) ThecompositionV = ZU~! is anaxiswarpingoperator

of theform
(Vg)(x) = [i(x)]"? glo(x)] (10)

with v asmooth,1-1function. Thenajoint a—b distribution (P, ; s)(a, b) canbeconstructedrom a

time-frequeng distribution (P, ; s)(¢, f) through

(Pays)(a,b) = [o(a)] (PryUs)[v(a),b]. (11)

2In fact, it waspreciselythis shortcominghatleadScullyandCohento developthegenerabpproactof Section2.1.
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Proof: Direct evaluationshaws that eachdistribution of the form (11) maginalizesto |(IF 4s)(a)|? =

|(Zs)(a)|* and| (IFis) (b)|* = [ (IFUSs) (b)|*.

The transformationU rotatesthe (¢, f) coordinatesof the time-frequeng distribution to nev
coordinateq«, b). The transformationV thenwarpsthe rotatedtime axis « to align it with the
quantitya.

In otherwords,if A andB relateto 7 and F asin (9) and(10), thenwe can obtaina large
classof «—b distributionsusinga simplethree-stegprocedurée® (i) transformthe signals — Us;
(i) computea corventionaltime-frequenyg distribution of the transformedsignal; (iii) warp the
remappedime axisof theresultingdistribution. A numericalalgorithmfor warpingtime-frequenyg
distributionssuitablefor useon thedigital computeis readilyprogrammed.

Theadwantageof thedoubletransformatiormethodis thatit breakghe severerestrictiongplaced
onthequantitiess andb by boththe axisandsignaltransformatiormethodsdescribedn Section2.
By allowing thechoiceof bothU andZ, we canderive amuchlargerclassof distributions.However,
completelyfree choiceis still not possible becausdJ andZ musthave the structuralpropertyof
cancellingmodulothewarpingoperatorV.

Severalextensiongo thetheoremarestraightforward Reversingtherolesof time andfrequeng
movesthe warpingtransformatiorin (11) into the secondargument. We alsodo not have to start
from time-frequenyg distributions. We canmap existing distributionsbasedon arbitrary operators
C, D to distributionsbasedon A, B solong asall four operatorobey a relationanalogougo (9).
Theadwantageof startingfrom time-frequeng distributionsis simply thatthey arewell understood

andthereforeaidin understandinghe new «—b distributions.

3If we definethe 2-dtransformatiorV- asthe area-preservinghangeof variables
(VG)(z,y) = [0(x)| G [v(a), ],

thenwe canwrite (11)in thestandardorm P, , = VP, ;U foundin [5]. However, whereaqd5] emphasizedxsin_gv
only to warpbothaxesof P, ; s backto indicatetime andfrequeng, in this paperwe exploit arangeof differentV.



4 Examples

Linked signal/axistransformationsre especiallyusefulfor transformingtime-frequenyg distribu-
tions to distributions of time versusa “warpedfrequeng” variable. In this case,we setZ to the
identity operatoy chooseU to be a warpingoperatorbasedaroundthe axis warpingfunctionv =1,
andsetV = U~! to warptherotatedtime axis backthe time variable. The resultingdistributions

maiginalizeto time andtheintegral transform

/(Ptbs)(t,b) di = ‘/3(:1:) e—I2mbu(@) |1}(J:)|1/2da: . (12)

Eachchoiceof v resultsin a differentwarpedfrequeny transformmatchedto a distinct classof
instantaneoufrequeng characteristicsThe Fourier, Mellin, andchirp transformsresultfrom the
choicesv(z) = z, v(z) = log z, andv(z) = |z|°sgn(x), respectiely.

To continuethe exampleof Section2.3, applyingthewarp U~ to the log time axis of the log
time versusMellin distribution remapghataxis backto truetime. Theresultingdistributionslie in
Cohens classof time-Mellin distributions(time-scalan histerminology)[1,9]. Thisclasscontains
the Marinovich-Altes (warpedwWigner)distribution [7, 10]. It is importantto notethatthis classis
unattainabldy eithersignalor axiswarpingalone.

In Figure 1 we showv two distributionsof a signalconsistingof two componentsoncentrated
alongcompositdinear/sinusoidainstantaneouequencies Sincethe Wignertime-frequenyg dis-
tribution doesnot matchsignalsof this typeaswell assinusoidsjmpulsesandlinearchirps,it ex-
hibits copiouscross-component®ravarpingthe signalto accountor theform of thesignalyields
a postwarpedlistribution thatmamginalizesto time and“compositelinear/sinusoidainstantaneous
frequeng” contentandthereforebettermatcheghe signal.

Reversingthe rolesof time andfrequeng in the warpingprocedurewill yield frequeng versus

warpedtime distributionsthat matchdifferentclasse®f groupdelay(dispersioncharacteristics.



5 Going Further

While our approachhere hasbeenbasedon satisfyingmaiminal distributions, analysisof the lo-
calizationandcovariancepropertieof warpedtime-frequeng distributionsis simple. An analysis
similar to thatin [5] shavs that warpedCohens classtime-frequenyg distributionslocalize along
warpedimpulses sinusoidsandlinear chirps. Unfortunately exceptfor the specialcaseZ = U in
the Theoremmostwarpeddistributionslack ary usefulcovarianceto unitarytransformation$. In
fact,thetime versus‘warpedfrequeng” distributionsof Sectiond will notevenbecovariantto time
shiftsin general.While someavhatdisappointingwe notethatlack of covarianceis a limitation of
joint distributionsof arbitraryvariablesn generalndnotjust of this particularapproach11].

In certainsituationswe maydesiresimpler(yet non-orthogonaljunctionsof theform e—727(<)
ratherthan |o(z)|'/? e=72() in the “warpedfrequeng” integral transformon the right side of
(12). Marginalsof thistypearenot supportedy thegenerakonstructiorof Section2.1, sincenon-
orthogonaleigenfunctionglictate non-Hermitianoperatorswvhich in turn lead to complex-valued
distributions. However, using non-unitarywarpingoperatorswe canconstructdistributionswith
thesestreamlinednaiginalsby migratingthe measurev ()| into theleft sideof the calculation(2).

Thesignal/axisvarpingprocedurecanbe appliedto higherorderdistributionssuchasthe posi-
tivedistributionsof Cohen1]. Positvedistributionsof arbitraryvariablescanalsobesetupdirectly,

as

(P?,s)(a,b) = [(Fas)(a)* [(Fss)(b)]* Q(a,b) (13)
with © definedasin thetime-frequeng casedescribedn [1, p. 198].
Acknowledgements. Thanksto Leon Cohenfor suggestinghis morein-depthanalysisof warped

time-frequeny distributions. Thanksalsoto Faye Boudreaux-Bartelfor valuablediscussionsind

to DougJonedor suggestinghe useof the JAM in this context.

4By contrast,Cohens classtime-frequeny distributions[1] are covariantto time andfrequeng shifts and affine
classdistributions[2, 3] arecovariantto time shiftsandscalechanges.
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Figurel: (a) Wignertime-frequeny distribution of a synthetictestsignal. (b) WarpedWigner distribution
with time and“compositelinear/sinusoidl instantaneouequeng” (variable“b”) maginals. Thevariableb
measuresghe variationof thelinear/sinusaialinstantaneouequeny pathin time-frequeny.



