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Abstract

In this paper, we proposea simpleframework for studyingcertaindistributionsof variablesbe-
yondtime-frequency andtime-scale.Whenapplicable,ourresultsturn thetheoryof joint distri-
butionsof arbitraryvariablesinto aneasyexerciseof coordinatetransformation.While straight-
forward,themethodcangeneratemany distributionspreviously attainableonly by thegeneral
constructionof Cohen,including time versusinversefrequency, time versusMellin transform
(scale),andtime versuschirp distributions. In additionto providing insight into thesenew sig-
nal analysistools,warp-baseddistributionshave efficient implementationsfor potentialusein
applications.
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1 Introduction

Thesuccessfulapplicationof joint time-frequency distributionsto problemsin time-varyingspectral

analysishasstimulatedconsiderablerecentinterestin distributionsof othervariablesfor usewhen

a strict time-frequency analysisis not appropriate.

Jointdistributionsgeneralisesinglevariabledistributionsthatmeasuretheenergycontentof some

physicalquantityin a signal.Givenaquantity � representedby theHermitian(symmetric)operator�
, we obtainthedensity ��� IF	�
����������� measuringthe“ � content”of thesignal 
 simply by squaring

theprojectionof 
 ontotheeigenfunctionsu 	 � of
�

[1]

��� IF	�
��������� ��� ���� � 
������ � u 	 � ���!��"$#&%�� ���� �(' (1)

Classicalexamplesof singlevariabledensitiesincludethe time density ��� IF )�
*�+�-,��$� �/.0��
��1,2����� and

frequency density ��� IF 34
����56�����/.7�98 ��5:�$��� obtainedby projectingonto theDirac eigenfunctionsof

the time operator �-;<
�����!� � �=
����!� and the sinusoidaleigenfunctionsof the frequency operator�->?
������� � @A ��BDC
������ . (Wewill useboth 8 andIF 
 to denotetheFouriertransformof thesignal 
 .)
Jointdistributionsattemptto measurethesimultaneoussignalenergy contentof multiplephysical

quantities.Given two quantities� and E , a joint distribution ��F �2G H 
�+���&I�EJ� measuringthe joint � - E
contentin thesignal 
 hasasmarginalstherespective

�
and K energy densities1� ��F ��G H 
�����&I�E$�L%�EM. ��� IF	�
��������� � I � ��F ��N H 
�+���&I�EJ�O%��P. ��� IF Q 
*�+��E$�$� � ' (2)

TheWignerdistribution from Cohen’s classof time-frequency distributions[1] suppliesa classical

exampleof a joint distributionthatmarginalizesto thetimeandfrequency densities.

Many differentconstructionshave beenproposedfor generatingjoint distributions.Thevarious

approachesfall into two broadcategories:general methods (difficult) andcoordinate change meth-

ods (easy).Generalmethodscancreatedistributionsfor everypossiblepairingof physicalquantities

by working from first principles[1,4]. Coordinatechangemethods,on thecontrary, sacrificesome

1Alternatively, wecandefinejoint distributionsin termsof theircovariancepropertiesundercertainunitarytransfor-
mations.For moredetails,see[2,3].
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flexibility for simplicity by bootstrappingexisting distributions into new contexts usingsignalor

axistransformations[4–8].

While notgeneralpurpose,coordinatechangeapproachesto joint distributionsremainattractive,

becausethey provide a straightforwardinterpretationof thedistributionsthey construct.Individu-

ally, eachtransformationmethodhassevere limitations,however, aseachtechniquecangenerate

distributionsfor only a very restrictedsetof physicalquantitypairs.Thepurposeof this paperis to

demonstratethata novel combinationof two differentcoordinatechangeprocedurescanmanufac-

ture joint distributionsfor a muchlargernumberof physicalquantitypairs. In particular, our new

procedurecangeneratemostof thedistributionsconsideredasexamplesof thegeneralmethodof

Cohenin [1]. Thus,whenapplicable,our resultsturn the difficult theoryof joint distributionsof

arbitraryvariablesinto aneasyexerciseof coordinatetransformation.

2 Three Approaches to Joint Distributions

2.1 Cohen’s general method: Given two operators
�

and K representingtwo arbitraryphysical

quantities� and E , Cohenformsthejoint distributionof � and E as(see[1,4] for moredetails)

��F �2G H 
�+���&I�EJ�R. �S�T� 
 # �����VUXW A ��BZY\[ 	^]`_ZQba 
Zc���!�:WZd A ��BeYf[ � ]`_ H a %��=%�g�%h ' (3)

Cohen’s constructionis general,but it requiresthat we solve a sometimescomplicatedoperator

equationto expressthe exponentiatedoperatorW A ��BeYf[ 	�]L_ZQa . The time-frequency caseis well un-

derstood;usingthetime andfrequency operators; and > yieldsCohen’s classof time-frequency

distributions[1, p. 136].

2.2 Axis transformation method: Joint � –E distributionsareeasilyobtainedwhenwe canfunc-

tionally relatethesevariablesto time andfrequency by �i.jg d @k�-,�� and El.mh d @���56� . In this special

case,we canderive an � –E distribution simply by warpingthecoordinatesof a time-frequency dis-

tribution[4]

��F �2G H 
�����nI�E$�o. ��� CgT����� Chp��EJ� ��� ��Frq G s 
�^t9gS���u��Ivh ��E$��w ' (4)
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It is easily verified that all F ��G H 
 obtainedin this way correctly marginalize to ��� IF	�
�+���u�$���i.� CgS���u�$� ��� IF) 
*�+��gS���u�v��� � . � CgS���u�$�p� 
���gS���u�v�$� � and ��� IF Q 
����EJ��� � . � ChS��EJ���p��� IF3 
���1hp��EJ�x�$� � . � ChS��E$�$��98 �-h ��E$�v����� .
Example: Distributions FDq G y 
 of time , and“inversefrequency” z (representedby theoperator{ . s-|3 ) canbeconstructedfrom Cohen’s classtime-frequency distributionsthroughthechangeof

variablezl. s1|s [1, p. 238]. Theresultingclassof distributions,obtainedas

��F q G y 
���-,kI�z�R. 5e}z � ��F q G s 
�L~u,kI 5e}zl� I (5)

marginalizesto time � 
O�1,��$��� andinversefrequency ��� IF � 
����z�$� � . s1|y�� �98 ��5Z}$�Zz�$� � .
2.3 Signal transformation method: Joint � –E distributionsarealso easily generatedwhen the

quantities� and E areunitarily equivalent to timeandfrequency [5,6], with� . �od @ ;<�RI K�.���d @ >i� (6)

and � a unitarytransformation.In this case,a joint � –E distributioncanbeobtainedby preprocess-

ing a time-frequency distributionwith �
��F �2G H 
�����nI+EJ��. ��FDq G s ��
�����nI+EJ� ' (7)

Thesignaltransformation� canbeinterpretedas“rotating” thecoordinatesof thetime-frequency

distributionto thenew variables.

All F �2G H 
 obtainedin thiswaycorrectlymarginalizeto ��� IF 	 
�+���u�$� � .���� IF ) ��
��������� � .�������
�����u�$� �
and ��� IF Q`
�+��E$�$���p.���� IF 34��
����E$�$� �p.���� IF ��
����EJ����� [5].

Example: Definethe logarithmictime operator�-��
�+����� ������ �����L
����!� , anddefinethe Mellin

operator� ��@� �-;�>��R>�;i� . (Cohenrefersto � asthe“scale”operator[1,9].) Theseoperatorsare

unitarily equivalentto ; and > asin (6) with ����
�������D.�Wk�k���u
��XWk�e� . Therefore,we canconstruct

distributionsmarginalizingto log time ��� IF �`
��������� � .���W$� ��� 
��XW�� �$� � andMellin transform

��� IF ¡S
����¢���� � . ���� � 
������uWZd A ��Bk£D¤�¥�¦� � �§�9d @���� %�� ���� � (8)
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simplyby preprocessingthesignalby � beforecomputingavalid time-frequency distribution[5–8].

2.4 Shortcomings of transformation methods: While simple,both the axisandsignaltransfor-

mationmethodsplacerathersevererestrictionsonthepairsof operatorsfor whichthey cangenerate

joint distributions.In theaxistransformationmethod,werequirethevariables� and E to bewarped

versionsof timeandfrequency.2 In thesignaltransformationmethod,werequiretheoperators
�

andK to beunitarily equivalentto timeandfrequency. Note,for instance,thatin warpingthefrequency

marginal to Mellin transformasabove,wemustacceptlog time for theothermarginal.

3 Linking Signal and Axis Transformations

Dueto theindividual limitationsof theaxisandsignaltransformationmethods,only generaloper-

ator methodscangeneratejoint distributionsfor all possibleoperatorpairs. However, whenused

in tandem, the axis andsignal transformationmethodsyield a powerful methodfor generatinga

largenumberof joint distributions.By executingfirst a unitarypreprocessingtransformationon the

signalandthenan axis warpingtransformationon the distribution, we canremaptime-frequency

distributionsto a largeclassof differentjoint distributions.

Theorem: Let � and E betwo variableswhoseHermitianoperatorrepresentations
�

and K satisfy

thefollowing conditions: (i)
�

and K canberelatedto thetimeandfrequency operatorsas� . ¨pd @ ;i¨�I K©. �od @ >i�RI (9)

with ¨ and � unitarytransformations.(ii) Thecompositionª � ¨S� d @ is anaxiswarpingoperator

of theform

�1ª¬«&�+�����R. � C �����$� @��X� «!t  ������w (10)

with  asmooth,1–1function.Thena joint � –E distribution ��F ��G H 
�����nI+EJ� canbeconstructedfrom a

time-frequency distribution ��FDq G s 
*�+�-,kI�5:� through

��F ��G H 
�����&I�E$�o. � C ���u�$�S��FDq G s �®
�^t  �����+I�E�w ' (11)

2In fact,it waspreciselythisshortcomingthatleadScullyandCohento developthegeneralapproachof Section2.1.
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Proof: Direct evaluationshows that eachdistribution of the form (11) marginalizesto ¯\° IF	�±k²³°�´b²³¯ �¶µ¯\°�·6±³²k°�´²k¯ � and ¯\° IFQ ±k²³°�¸�²k¯ �(µ ¯\° IF ¹�±k²k°º¸�²k¯ � .
The transformation� rotatesthe �1,³I+56� coordinatesof the time-frequency distribution to new

coordinates��»:I�E$� . The transformationª thenwarpsthe rotatedtime axis » to align it with the

quantity � .
In otherwords, if

�
and K relateto ; and > as in (9) and (10), thenwe can obtaina large

classof � –E distributionsusinga simplethree-stepprocedure:3 (i) transformthesignal 
®¼½ ��
 ;
(ii) computea conventionaltime-frequency distribution of the transformedsignal; (iii) warp the

remappedtimeaxisof theresultingdistribution. A numericalalgorithmfor warpingtime-frequency

distributionssuitablefor useon thedigital computeris readilyprogrammed.

Theadvantageof thedoubletransformationmethodis thatit breaksthesevererestrictionsplaced

on thequantities� and E by boththeaxisandsignaltransformationmethodsdescribedin Section2.

By allowing thechoiceof both � and ¨ , wecanderiveamuchlargerclassof distributions.However,

completelyfreechoiceis still not possible,because� and ¨ musthave the structuralpropertyof

cancellingmodulothewarpingoperatorª .

Severalextensionsto thetheoremarestraightforward.Reversingtherôlesof timeandfrequency

movesthe warpingtransformationin (11) into thesecondargument.We alsodo not have to start

from time-frequency distributions. We canmapexisting distributionsbasedon arbitraryoperators¾
, ¿ to distributionsbasedon

�
, K so long asall four operatorsobey a relationanalogousto (9).

Theadvantageof startingfrom time-frequency distributionsis simply thatthey arewell understood

andthereforeaid in understandingthenew � –E distributions.

3If wedefinethe2-dtransformationÀ asthearea-preservingchangeof variablesÁ ÀÃÂSÄ Á�Å`Æ�Ç ÄDÈ�É�ÊË Á�Å ÄxÉXÂiÌ Ë Á Í Ä Æ�Î-Ï�Æ
thenwecanwrite (11) in thestandardform ÐSÑvÒ Ó:Ô ÀÃÐ§Õ�Ò Ö$× foundin [5]. However, whereas[5] emphasizedusing À
only to warpbothaxesof ÐTÑvÒ ÓbØ backto indicatetimeandfrequency, in this paper, weexploit a rangeof different À .
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4 Examples

Linked signal/axistransformationsareespeciallyusefulfor transformingtime-frequency distribu-

tions to distributionsof time versusa “warpedfrequency” variable. In this case,we set ¨ to the

identity operator, choose� to bea warpingoperatorbasedaroundtheaxiswarpingfunction  d @ ,
andset ª©.Ù� d @ to warptherotatedtime axisbackthe time variable.Theresultingdistributions

marginalizeto timeandtheintegral transform� ��FDq G H 
���1,³I+EJ�L%,¶. ���� � 
O�����:W d A ��B H Ú Y�� a � C �����$� @���� %�� ���� �$' (12)

Eachchoiceof  resultsin a differentwarpedfrequency transformmatchedto a distinct classof

instantaneousfrequency characteristics.TheFourier, Mellin, andchirp transformsresultfrom the

choices �����§.m� ,  �����§. � �� � , and  �����§.Ù���§��Û�Ü �Ý ����� , respectively.

To continuethe exampleof Section2.3, applyingthe warp � d @ to the log time axis of the log

time versusMellin distribution remapsthataxisbackto truetime. Theresultingdistributionslie in

Cohen’s classof time-Mellin distributions(time-scalein his terminology)[1,9]. Thisclasscontains

theMarinovich-Altes(warpedWigner)distribution [7,10]. It is importantto notethat this classis

unattainableby eithersignalor axiswarpingalone.

In Figure1 we show two distributionsof a signalconsistingof two componentsconcentrated

alongcompositelinear/sinusoidalinstantaneousfrequencies.SincetheWignertime-frequency dis-

tributiondoesnot matchsignalsof this typeaswell assinusoids,impulses,andlinearchirps,it ex-

hibits copiouscross-components.Prewarpingthesignalto accountfor theform of thesignalyields

a postwarpeddistribution thatmarginalizesto time and“compositelinear/sinusoidalinstantaneous

frequency” contentandthereforebettermatchesthesignal.

Reversingthe rôlesof time andfrequency in thewarpingprocedurewill yield frequency versus

warpedtimedistributionsthatmatchdifferentclassesof groupdelay(dispersion)characteristics.
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5 Going Further

While our approachherehasbeenbasedon satisfyingmarginal distributions,analysisof the lo-

calizationandcovariancepropertiesof warpedtime-frequency distributionsis simple. An analysis

similar to that in [5] shows that warpedCohen’s classtime-frequency distributionslocalizealong

warpedimpulses,sinusoids,andlinearchirps.Unfortunately, exceptfor thespecialcasë�.P� in

theTheorem,mostwarpeddistributionslack any usefulcovarianceto unitarytransformations.4 In

fact,thetimeversus“warpedfrequency” distributionsof Section4 will notevenbecovariantto time

shifts in general.While somewhatdisappointing,we notethat lack of covarianceis a limitation of

joint distributionsof arbitraryvariablesin generalandnot just of thisparticularapproach[11].

In certainsituationswe maydesiresimpler(yet non-orthogonal)functionsof theform W d A ��B H Ú Y�� a
ratherthan � C �����$��@�����W d A ��B H Ú Y�� a in the “warpedfrequency” integral transformon the right side of

(12). Marginalsof this typearenotsupportedby thegeneralconstructionof Section2.1,sincenon-

orthogonaleigenfunctionsdictatenon-Hermitianoperatorswhich in turn lead to complex-valued

distributions. However, usingnon-unitarywarpingoperators,we canconstructdistributionswith

thesestreamlinedmarginalsby migratingthemeasure� C �����$� into theleft sideof thecalculation(2).

Thesignal/axiswarpingprocedurecanbeappliedto higher-orderdistributionssuchastheposi-

tivedistributionsof Cohen[1]. Positivedistributionsof arbitraryvariablescanalsobesetupdirectly,

as

��FDÞ�2G H 
�����nI+EJ��. ��� IF 	�
*�+���u�$� � ��� IF QL
����E$�$� �Sß ���&I�EJ� (13)

with ß definedasin thetime-frequency casedescribedin [1, p. 198].

Acknowledgements: Thanksto LeonCohenfor suggestingthis morein-depthanalysisof warped

time-frequency distributions. Thanksalsoto FayeBoudreaux-Bartelsfor valuablediscussionsand

to DougJonesfor suggestingtheuseof theJAM in thiscontext.

4By contrast,Cohen’s classtime-frequency distributions[1] arecovariant to time andfrequency shifts andaffine
classdistributions[2,3] arecovariantto timeshiftsandscalechanges.
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Figure1: (a) Wignertime-frequency distributionof a synthetictestsignal. (b) WarpedWignerdistribution
with timeand“compositelinear/sinusoidal instantaneousfrequency” (variable“ ¸ ”) marginals.Thevariablȩ
measuresthevariationof thelinear/sinusoidalinstantaneousfrequency pathin time-frequency.
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