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ABSTRACT

Thispaperpresentsa formula-basedmethodfor thedesign
of IIR filtershaving morezerosthan(nontrivial) poles.The
filtersaredesignedsothattheirsquaremagnitudefrequency
responsesaremaximally-flatat ����� andat ����� and
aretherebygeneralizationsof classicaldigital Butterworth
filters. A main result of the paperis that, for a specified
half-magnitudefrequency anda specifiednumberof zeros,
thereis only onevalid way in which to split the zerosbe-
tween � �
	�� andthe passband.IIR filters having more
zerosthanpolesareof interest,becauseoften, to obtaina
goodtrade-off betweenperformanceandtheexpenseof im-
plementation,justa few polesarebest.

1. INTRODUCTION

Probablythebestknown andmostcommonlyusedmethod
for thedesignof IIR digital filters is the transformationof
the classicalanalogfilters (the Butterworth,Chebyshev I
andII, andElliptic filters) [5]. Oneadvantageof this tech-
niqueis the existenceof formulasfor thesefilters. Unfor-
tunately, all suchIIR filters have anequalnumberof poles
andzeros.It is desirableto beableto designfilters having
more zerosthan poles(away from the origin), for imple-
mentationpurposes.This paperpresentsa methodfor the
designof maximally-flatlowpassIIR filtershavingmoreze-
rosthanpolesandwhichpossessaspecifiedhalf-magnitude
frequency. It is worth noting that not all the zerosarere-
stricted to lie on 
 ��
 ��� . The methodusesa formula,
a transformationof variables,anda spectralfactorization.
Note thatno phaseapproximationis done;the approxima-
tion is in the magnitudesquared- as arethe classicalIIR
filter types.

Anothermain result of the paperis that for a specified
numberof zerosanda specifiedhalf-magnitudefrequency,
thereis only onevalid way to divide the numberof zeros
between� ��	�� andthepassband.This is in contrastto the
classicaldigital Butterworthfilter, for whichall thezeroslie
at � ��	�� , regardlessof thepositionof thehalf-magnitude
frequency in � ������� . The formulasgiven below provide a
directwayto determinethenumberof zerosthatmustlie at� ��	�� andthenumberof zerosthatmustcontributeto the�
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passband.
Given a half-magnitudefrequency ��� , the filters pro-

ducedby the formulasdescribedbelow areoptimal in the
sensethatthemaximumnumberof derivativesat ����� and����� areset to zero,underthe constraintthat the filter
possessesthehalf-magnitudefrequency ��� . TheIIR filters
obtainedby transformingthe classicalButterworthfilters,
andtheFIR filtersobtainedby Herrmann’s formulas[1] are
both specialcasesof the filters producedby the formulas
givenbelow.

Severalauthorshave addressedthedesignandtheadvan-
tagesof IIR filterswith unequalnumeratoranddenominator
degrees[2, 3, 4, 9, 10,11]. In [8, 9], Saram̈aki findsthatthe
classicalElliptic andChebyshev filter typesareseldomthe
bestchoice.In [2] JacksonimprovestheMartinez/Parksal-
gorithmandnotesthat,for equi-ripplefilters,theuseof just
2 poles“is often the mostattractive compromisebetween
computationalcomplexity andotherperformancemeasures
of interest.” However, to our knowledge,no formulashave
beenpresentedfor the designof IIR filters in which zeros
arenotconstrainedto lie on theunit circle.

2. NOTATION

Let  !�"� �$#&% �"� � denotethe transferfunctionof a digital fil-
ter. Its frequency responsemagnitude'�� �(� is given by
  !�")$*,+ �$#&% �")$*-+ � 
 . Throughoutthis paper, the degree of !�"� � will be denotedby .0/�' , where . is the number
of zerosat � ��	�� and ' is thenumberof zerosthatcon-
tributeto thepassband.Thedegreeof % �"� � will bedenoted
by 1 .

Thezerosat � �2	�� producea flat behavior in the fre-
quency responsemagnitudeat �3�4� , while theremaining
zeros,togetherwith thepoles,areusedto producea flat be-
havior at ����� . Themeaningsof theparametersareshown
in table1. Thehalf-magnitudefrequency is thatfrequency
atwhich themagnitudeequalsonehalf.

3. EXAMPLES

Theclassicaldigital Butterworthfilter (definedby . � 1 ,' �5� ) is a specialcaseof the filters discussedbelow.
Figures1 and2 show aclassicaldigital Butterworthfilter of
order4 ( . �76 , ' �8� , 1 �96 ).

Thefirst generalizationpermits . to be greaterthan 1 :.;:<1 with ' �2� . Figures1 and3 show an IIR filter
with . �8= , ' �8� , 1 �96 . It turnsout thatwhen .>:91 ,



Table1. Notation.

Parameters.?/@' total numberof zeros. numberof zerosat � ��	��1 total numberof poles�A� half-magnitudefrequency

Flatness.B/0'C/D1 total degreesof flatness'E/>1 degreeof flatnessat �0�8�. degreeof flatnessat �0�8�
Table2. For . , ' , and 1 shown, theintervalof permissible
half-magnitudefrequencies� � is givenby �GFIHKJ and �GFML�N ..O/9' is the numeratordegreeand 1 is thedenominator
degree.

.?/D' . ' 1 �GFIHKJ�#P� �GFML�N�#P�6 6 � 6 � �Q � 6 � ��R QTS 6VU
5 6 � 6 ��R QTS 6VU �= � 6 � ��R 6W=PXP�= Q � 6 ��R 6W=PXP� ��RY=T���[Z6 X 6 ��RY=T���[Z �Z � 6 � ��R 6\�]6V�= � 6 ��R 6\�]6V� ��R Q XPUPU
7 Q X 6 ��R Q XPUPU ��RY=^6P6V=6 S 6 ��RY=^6P6V= �

therestrictionthat ' equalzerolimits therangeof achiev-
ablehalf-magnitudefrequencies.Thismotivatesthesecond
generalization.

In addition to permitting . to be greaterthan 1 , the
secondgeneralizationpermits ' to be greaterthan zero:.>_91 and '`: � . Figures1 and4 show anIIR filter with. ���[= , ' �8Z , 1 �96 .

As mentionedabove, for a specifiedhalf-magnitudefre-
quency � � anda specifiednumberof zeros( .B/D' ), there
is only onecorrectway to split thezerosbetween� �<	��
andthepassband.To illustratethis property, it is helpful to
constructa tablethatindicatestheappropriatevaluesfor . ,' and 1 . When 1 ��6 and .B/D' equals6\�[RaRaRb��Z , table
2 givestheappropriatechoicefor . and ' to achieve a de-
siredhalf-magnitudefrequency. As canbeseenfrom the
table,theintervalscover theinterval � ������� anddonotover-
lap. As explainedbelow, theseintervalscanbeunambigu-
ouslycomputedby inspectingtherootsof anappropriateset
of polynomials.

4. DERIVATIONS

The approachdescribedbelow provides formulasfor two
nonnegative polynomialsc!�-d � and e!�-d � . Then,by (i) us-
ing a suitabletransformation( d �Cfg � �h	@i�jPkl�(� asin [1])
and(ii) takingaspectralfactor, astableIIR filter  !�"� �$#&% �"� �
is obtainedhaving a magnitudesquaredfrequency response
 '�� �(� 
 g givenby


 '�� �(� 
 g � c!� fg 	 fg i�jTk��(�e!� fg 	 fg i�jTk��(� R
Accordingly, c!�"d �m# e!�"d � is designedto approximatea low-
passresponseover d�n�o ���a��p . This resultsin a formula-
basedmethod.No iterationsarerequiredfor finding c!�-d �
and e!�"d � .

To begin,wederivetheclassicaldigitalButterworthfilter.
This establishesnotationandmakescleartheway in which
thegeneralizationusesthesameideasin its derivation.

4.1. Classical Digital Butterworth Filter
Let thedegreeof c!�-d � be . , thedegreeof e!�-d � be . , and
define q!�"d �r� c!�-d �$# e!�-d � . In orderto obtain . degreesof
flatnessat d �s� , q!�-d � musthave thefollowing form:

qt�-d �G� c!�"d �e!�-d � � � �I	 d �"ue!�"d � R (1)

In orderthat q!�-d �T	v� havean . degreeof flatnessat d ��� ,q!�"d � mustsatisfy

q!�-d �w	3�M� c!�-d �x	 et�-d �e!�-d � ��	zy d ue!�"d � (2)

wherey is anappropriatelychosenconstant.Solvingeqs(1)
and(2) for et�-d � gives

e!�-d �r� � �I	 d � u / y d u R (3)

To choosey to achieve a specifiedhalf-magnitudefre-
quency � � is straight-forward.The eq 
 '�� � � � 
 � fg be-
comesq!�"d �]�I� f{ where d �|� fg � �M	0i�jPkl���&� . Solvingfory , oneobtainsy � Sx} f�~ N��"���N �� R
4.2. First Generalization
Let . denotethenumberof zerosat d �s� andlet 1 denote
thenumberof poleswith .>_91 . Then,asabove,

qt�-d �G� c!�"d �e!�"d � � � �I	 d ��uet�-d � (4)

where e!�"d � hasdegree 1 . But

q!�-d �x	@��� c!�-d �x	 e!�"d �e!�-d � �s	 dl�����"d �e!�"d � (5)

where ���-d � is apolynomialof degreeatmost . 	 1 . Solv-
ing eqs(4) and(5) for e!�-d � gives

e!�"d �r� � �I	 d � u />d � ���"d �&R (6)



Table3. Permissiblerangesfor y for thefirst generalization.1 even y _ �1 odd y _�� u ~xf� �
Since e!�"d � hasdegree 1 , et�-d � mustequalthepolynomial
obtainedby takingonly thefirst 14/ � coefficientsof � �M	d �"u /�d������-d � . ���-d � can alwaysbe chosenso that the
remainingcoefficientsarezero.Introducingthenotation� �
for polynomialtruncation(discardingall termsbeyond the1?��� power), e!�"d � canbewrittenas

e!�"d �`� � ��� � �I	 d � ur� / y d � (7)

� �� H����
� . �^� � 	 d � H / y d � R (8)

The free parameter, y , mustlie within therangesshown
in table3. (When y is chosento lie in therangesshown in
the table, then ��� q!�-d �!��� for dDn�� ���a�[�&R ) To choosey to achieve a specifiedhalf-magnitudefrequency �A� , letd �M� fg � �I	0i�jPk����]� . Solving q!�-d �]�A� f{ for y yields

y � 6 � �I	 d � ��u�	 � ��� � �I	 d ��u � �"d � �d � � R (9)

If y doesnot lie in therangeshown in table3 thenthespec-
ified ��� is too high for thecurrentchoiceof . and 1 . The
greatest��� achievablefor a fixed . and 1 canbefoundby
settingy equalto theappropriatevalueshown in table3 and
solving eq (9) for d � . It is seenthat d � is a root of an .
degreepolynomial,

� � � � �I	 d � u � / y d � 	�6 � �I	 d � u �7��� (10)

having exactlyonerealroot in (0,1).
To obtainfilters having wider passbandswith the same

numberof zerosand (nontrivial) poles, it is necessaryto
move at leastonezerofrom d ��� ( � ��	�� ) to the pass-
band.This leadsusto thenext subsection.

4.3. Second Generalization
Thesecondgeneralizationpossesseszeroslying away from� ��	�� . Thesezerosareusedto obtaina higherdegreeof
flatnessat �0��� (seefigure4). Thefilterspossessa degree
of flatnessof '5/91 at �3��� , anda degreeof flatnessof. at ����� .

Following the samereasoningas above, a closedform
solutionwasfoundto begivenby:

c!�-d �r� � �I	 d � u �"���"d � / y�� �"d �m�]R (11)

e!�-d �A� � � � c!�-d � � (12)

where ���-d � and � �-d � aregivenby

���-d �G���7  ~¡f¢ ��� �  �£ � ~ ¢ ~xf� � � u ~ � £ ¢ ~xf¢ � d ¢ (13)

Table4. Permissiblerangesfor y for thesecondgeneraliza-
tion.

1 even 	��|¤ y ¤ . 	 1'C/01
1 odd

. 	 11 ¤ y
and

� �"d �r� d �   ~¡f¢ ��� �  �£ � ~ ¢ ~ g� ~xf � � u ~ � £ ¢¢ � d ¢ R (14)

� J ¢ � is a binomial coefficient. To evaluate � J ¢ � for nega-
tive valuesof ¥ we use the convention [7]: � J £ ¢ ~xf¢ � �� 	��a� ¢ � ~ J¢ � for ¦§_ � . Also, � J ¢ � �8� for ¥¨_ � , ¦ �@� ; and� J ¢ � ��� for ¥?_ � , ¦©:9¥ .

The freeparametery canbechosento positionthe half-
magnitudefrequency � � . y mustlie in therangesshown in
table4. To choosey to achieve a specified�A� , let d �ª�fg � �I	«i�jPkl���&� . Solving q!�"d �&�G� f{ for y yields

y � 6 � �I	 d � �"u ���-d � �x	 � ��� � �I	 d ��u ���"d � � �"d � �� � � � �I	 d � u � �-d � � �-d �[�x	O6 � �I	 d �]� u � �"d �&� R (15)

If y doesnot lie in therangegivenin table4, thenthespec-
ified � � is eithertoo high or too low for thecurrentchoice
of . , ' and 1 – it is necessaryto alter thedistributionof
zerosbetweend ��� ( � ��	�� ) andthepassband.

For fixed . , ' , and 1 , theminimumandmaximumper-
missiblevaluesof thehalf-magnitudefrequency � � canbe
computedby (i) settingy to thevaluesin table4, (ii) solving
eq(15) for d and(iii) using �3�4¬�­�i]i�jPk � �I	0X d � . When y
is finite, it is seenthat d � is a root of the .0/s' degree
polynomial:� � � � �I	 d � u �-���"d � / y�� �-d �$� � 	6 � �I	 d � u �-���-d � / y�� �-d �$�r����R (16)

When 1 is odd, y canbearbitrarily large,in whichcasethe
appropriatepolynomialeqbecomes:� ��� � �I	 d � u � �"d � � 	�6 � �I	 d � u � �-d �A�9��R (17)

Eachpolynomial hasexactly one real root in the interval
(0,1). Thustheappropriate. and ' canbefoundsystem-
atically by finding therootsof theappropriatepolynomials
andconstructinga tablelike table2.

5. CONCLUSION

By usingappropriateformulasandatransformation,andby
taking a spectralfactor, maximally flat IIR filters having
more zerosthan (nontrivial) polescan be easilydesigned
- and without the restrictionthat all zeroslie on the unit
circle. In addition,for a fixednumberof zerosanda fixed
numberof (nontrivial) poles,the formulasabove give a di-
rect way of finding the correctway to split the numberof
zerosbetween� �s	�� andthepassband.

More informationcanbefoundon theWorld Wide Web
atURL http://www-dsp.rice.edu.
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