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ABSTRACT

This papempresents formula-basednethodfor the design
of IR filtershaving morezerosthan(nontrivial) poles.The
filtersaredesignedothattheir squaranagnituddrequeny

responsesre maximally-flatatw = 0 andatw = 7 and
aretherebygeneralizationsf classicaldigital Butterworth
filters. A main resultof the paperis that, for a specified
half-magnituddrequeng anda specifiedhumberof zeros,
thereis only onevalid way in which to split the zerosbe-
tweenz = —1 andthe passbandlIR filters hasing more
zerosthanpolesare of interest,becauseften, to obtaina
goodtrade-of betweerperformanceandtheexpenseof im-

plementationjusta few polesarebest.

1. INTRODUCTION

Probablythe bestknown andmostcommonlyusedmethod
for the designof IIR digital filters is the transformatiorof
the classicalanalodfilters (the Butterworth, Chebyshe |
andll, andElliptic filters) [5]. Oneadwantageof this tech-
nigueis the existenceof formulasfor thesefilters. Unfor-
tunately all suchlIR filters have an equalnumberof poles
andzeros.lt is desirableto be ableto designfilters having
more zerosthan poles (away from the origin), for imple-
mentationpurposes.This paperpresentsaa methodfor the
designof maximally-flatlowpasdIR filters having moreze-
rosthanpolesandwhich possesa specifiechalf-magnitude
frequeng. It is worth noting that not all the zerosarere-
strictedto lie on |z| = 1. The methodusesa formula,
a transformatiorof variables,and a spectralfactorization.
Note that no phaseapproximatioris done;the approxima-
tion is in the magnitudesquared as arethe classicalllR
filter types.

Another main result of the paperis thatfor a specified
numberof zerosanda specifiedhalf-magnituddrequengy,
thereis only onevalid way to divide the numberof zeros
betweerr = —1 andthepassbandThisisin contrasto the
classicaligital Butterworthfilter, for which all thezerodie
atz = —1, regardlesof the positionof the half-magnitude
frequeny in (0, w). The formulasgiven belov provide a
directwayto determinghe numberof zerosthatmustlie at
z = —1 andthe numberof zerosthatmustcontributeto the
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passband.

Given a half-magnitudefrequenyg w,, the filters pro-
ducedby the formulasdescribedbelon are optimalin the
sensdhatthemaximumnumberof derivativesatw = 0 and
w = 7 aresetto zero, underthe constraintthat the filter
possessethe half-magnituddrequenyg w,. ThellR filters
obtainedby transformingthe classicalButterworthfilters,
andthe FIR filters obtainedby Herrmanns formulas[1] are
both specialcasesof the filters producedby the formulas
givenbelow.

Severalauthorshave addressethe designandtheadwan-
tageof lIR filterswith unequahumeratoanddenominator
degreed?2, 3, 4, 9,10,11]. In [8, 9], Sarandki findsthatthe
classicalElliptic andChebyshe filter typesare seldomthe
bestchoice.In [2] Jacksonimprovesthe Martinez/Rirksal-
gorithmandnotesthat,for equi-ripplefilters, theuseof just
2 poles‘is often the mostattractve compromisebetween
computationatompleity andotherperformanceneasures
of interest. However, to our knowledge,no formulashave
beenpresentedor the designof IR filters in which zeros
arenotconstrainedo lie ontheunit circle.

2. NOTATION

Let B(z)/A(z) denotethetransferfunction of a digital fil-

ter. Its frequeng responsemagnitudeM (w) is given by
|B(e?*)/A(e?*)|. Throughoutthis paper the degree of

B(z) will be denotedby L + M, where L is the number
of zerosatz = —1 and M is thenumberof zerosthatcon-
tributeto the passbandThedegreeof A(z) will bedenoted
by N.

Thezerosat = = —1 producea flat behaior in the fre-
gueng responsenagnitudeatw = =, while the remaining
zerostogethemwith the poles,areusedto produceaflat be-
havior atw = 0. Themeaning®f theparameterareshovn
intablel. Thehalf-magnituddrequeny is thatfrequeng
atwhichthe magnitudeequalsonehalf.

3. EXAMPLES

The classicaldigital Butterworthfilter (definedby L = N,
M = 0) is a specialcaseof the filters discussedelow.
Figuresl and2 shav a classicaligital Butterworthfilter of
orderd (L =4,M =0, N =4).

Thefirst generalizatiorpermits I to be greaterthan NV:
L > N with M = 0. Figuresl and3 shov anlIR filter
with L = 6, M = 0, N = 4. It turnsoutthatwhen’Z > N,



Tablel. Notation.

Parameters
L+ M total numberof zeros
L numberof zerosatz = —1
N total numberof poles
w, half-magnituddrequeny
Flatness
L+ M + N | total degreesof flatness
M+ N deggreeof flatnessatw = 0
L degreeof flathessatw = «

Table2. For L, M, andN shawn, theinterval of permissible
half-magnituddrequencies, is givenby w,,;, andw,, 4, -
L + M is the numeratordegreeand N is thedenominator
degree.

|L+M|L M N wnin/T @Wmae/7
| 4 |4 0 4 0 1]
e |5 0 4 0 0.5349
4 1 4 05349 1
6 0 4 0 0.4620
6 |5 1 4 04620 0.6017
4 2 4 06017 1
70 4 0 0.4140
; [6 1 4 04140 05299
5 2 4 05299 0.6446
4 3 4 06446 1

therestrictionthat M equalzerolimits the rangeof achies-
ablehalf-magnituddrequenciesThis motivatesthe second
generalization.

In addition to permitting L to be greaterthan N, the
secondgeneralizatiorpermits M to be greaterthan zero:
L > N andM > 0. Figuresl and4 shav anlIR filter with
L=16,M =7,N =4.

As mentionedabore, for a specifiedhalf-magnituddre-
gueny w, andaspecifiedhumberof zeros(L + M), there
is only one correctway to split the zerosbetween: = —1
andthe passbandTo illustratethis property it is helpful to
construciatablethatindicateshe appropriatevaluesfor L,
M andN. WhenN =4 andL + M equalst, ... 7, table
2 givestheappropriatechoicefor L and M to achieve ade-
siredhalf-magnituddrequeng.  As canbeseerfromthe
table, theintervalscovertheinterval (0, =) anddo notover-
lap. As explainedbelow, theseintervals canbe unambigu-
ouslycomputedy inspectingherootsof anappropriateset
of polynomials.

4. DERIVATIONS

The approachdescribedbelon provides formulasfor two
nonn@ative polynomialsP(z) and@(z). Then,by (i) us-
ing a suitabletransformatior(z = (1 — cosw) asin [1])
and(ii) takingaspectrafactor, astable IR filter B(z)/A(z)
is obtainedhaving a magnitudesquaredrequeng response
| M (w)|? givenby

5 P(% - %cosw)
M (w)” = Q(% — L cosw)’

Accordingly, P(z)/Q(z) is designedo approximatealow-
passresponsever z € [0, 1]. This resultsin a formula-
basedmethod. No iterationsarerequiredfor finding P(z)
and@(z).

To begin, we derivetheclassicalligital Butterworthfilter.
This establishesotationandmakesclearthewayin which
thegeneralizatioruseghe sameddeasin its derivation.

4.1. Classical Digital Butterworth Filter
Letthedegreeof P(x) be L, thedegreeof Q(z) be L, and
defineF'(z) = P(z)/Q(z). In orderto obtain L degreesof
flathessatz = 1, I'(2) musthave thefollowing form:

; (1—z)t

F(z) = = . 1
(2) e ®

In orderthatF'(z) — 1 havean L degreeof flatnessatz = 0,

F(z) mustsatisfy

N _P(l‘)—Q(I)__C;L‘L
0= ~Tawm @

wherec is anappropriately}choserconstant Solvingeqs(1)
and(2) for Q(x) gives
Q) = (1 - 2)t + et 3)

To choosec to achiere a specifiedhalf-magnitudefre-
queny w, is straight-forward. The eq | M (w,)| = £ be-
comesF(z,) = + wherez, = $(1 — cosw,). Solvingfor

\L
¢, oneobtainse = 3(1'x+°).

4.2. First Generalization

Let L denotethenumberof zerosatz = 1 andlet N denote
thenumberof poleswith L > N. Then,asabove,

P() _(1-=z)*

=00 = e “
whereQ(z) hasdegreeN. But
N P(x) - Q(z) _rNU(;l‘)
R TE BTV

whereU (z) is apolynomialof degreeatmost. — N. Solv-
ing eqs(4) and(5) for Q(z) gives

Q)= (1-z)" +2"U(x). (6)



Table3. Permissibleangedor ¢ for thefirst generalization.

N even c>0

e> ("3

N odd

Since®(z) hasdegree N, Q () mustequalthe polynomial
obtainedby takingonly thefirst N + 1 coeficientsof (1 —
z)l' + 2NU(z). U(z) canalwaysbe chosenso that the
remainingcoeficientsarezero.Introducingthenotation7y
for polynomialtruncation(discardingall termsbeyond the
N'" power), Q(z) canbewritten as

Q) = Tn{(l-=)"}+ea? (7)
N

3 (f) (—e) + ca™. ®)

=0

The free parametere, mustlie within the rangesshavn
in table3. (Whenc is choserto lie in therangesshavn in
thetable,then0 < F(z) < 1 forz € (0,1).) To choose
¢ to achieve a specifiedhalf-magnitudefrequeng w,, let
2o = (1 — cosw,). Solving F(z,) = L for ¢ yields

41 = z,)r — T3 {(1 = )}z,
SRR L

If ¢ doesnotlie in therangeshawvn in table3 thenthespec-
ified w, is too highfor the currentchoiceof L andN. The
greatestv, achievablefor afixed L andN canbefoundby
settinge equalto theappropriatezalueshovnin table3 and
solving eq (9) for z,. It is seenthat z, is aroot of an L
degreepolynomial,

In{(l—2)l} +ea™ —4(1 —2)* =0,  (10)

having exactly onerealrootin (0,1).

To obtainfilters having wider passbandsvith the same
numberof zerosand (nontrivial) poles, it is necessaryo
move at leastonezerofromz = 1 (z = —1) to the pass-
band.This leadsusto thenext subsection.

4.3. Second Generalization
Thesecondyeneralizatiopossessezeroslying awvay from
z = —1. Thesezerosareusedto obtaina higherdegreeof
flatnessatw = 0 (seefigure4). Thefilters possesadegree
of flatnessof M + N atw = 0, anda degreeof flatnessof
L atw = 7.

Following the samereasoningas above, a closedform
solutionwasfoundto begivenby:

P(z) = (1 — 2)*(R(z) + cT(x)). (11)

Q(x) = In{P(x)} (12)
whereR(z) andT(z) aregivenby

R(l‘) — iW:—Ol <M+NN—k—1) (L—N’;}—k—l)l,k (13)

Table4. Permissibleangedor ¢ for thesecondyeneraliza-
tion.

L—-N
Neen| —-1<c<
M+ N
N odd L-N <c
N
and
M- k= _
T(x) =z Y pey (M=) (B NFE) 2k, (14)

(%) is a binomial coeficient. To evaluate (}) for nega-

tive valuesof n we usethe corvention[7]: (**F7') =
(—=1)F(7") fork > 0. Also, () = 0forn > 0, k < 0; and
(Z) =0forn>0,k>n.

The free parameter: canbe chosento positionthe half-
magnituderequeng w,. ¢ mustlie in therangesshavn in
table4. To choosec to achieve a specifiedw,, let z, =
+(1 = cosw,). Solving F'(z,) = % for c yields

o= 40— 2 Rlzg) ~ Tn{(L = ) R@) o)

~ In{(1 = 2) T (@) o) — 4(1 — wo) T (2,)”
If ¢ doesnotlie in therangegivenin table4, thenthespec-
ified w, is eithertoo high or too low for the currentchoice
of L, M and N —it is necessaryo alter the distribution of
zerosbetweenz = 1 (z = —1) andthe passband.

Forfixed L, M, and N, theminimumandmaximumper
missiblevaluesof the half-magnituddrequeny w, canbe
computedy (i) settinge to thevaluesin table4, (ii) solving
eq(15) for z and(iii) usingw = arccos (1 — 2z). Whenc
is finite, it is seenthat z, is aroot of the L + M degree
polynomial:

Tn{(1 = 2)*(R(z) + cT(x))} —
4(1 — 2)*(R(z) + <T(z)) = 0.

When N is odd,c canbearbitrarily large,in which casethe
appropriatgolynomialegbecomes:

In{(1 — 2) T (2)} — 4(1 — 2)*T(z) = 0. (17)

Each polynomial hasexactly onereal root in the interval
(0,1). Thusthe appropriatel. and M canbefoundsystem-
atically by finding therootsof the appropriatepolynomials
andconstructingatablelike table?2.

(16)

5. CONCLUSION

By usingappropriatdormulasandatransformationandby
taking a spectralfactor, maximally flat IIR filters having
more zerosthan (nontrivial) polescan be easily designed
- and without the restrictionthat all zeroslie on the unit
circle. In addition,for a fixed numberof zerosanda fixed
numberof (nontrivial) poles,the formulasabove give a di-
rectway of finding the correctway to split the numberof
zerosbetween: = —1 andthe passband.

More informationcanbe found on the World Wide Web
atURL htt p: // ww\ dsp. ri ce. edu.
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Figure2. L =4, M =0, N = 4.
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Figure3. L =6, M =0, N = 4.
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Figure4. L =16, M =7, N = 4.



