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ABSTRACT

A new methodfor measuringanddesigningsmoothwaveletbasis
which dispensesvith the needfor having a large numberof zero
momentsof the waveletis given. The methodis basedon mini-
mizing the“discretefinite variation”,andis ameasuref thelocal
“roughness”of a sampledversionof the scalingfunction giving
riseto “visually smooth"waveletbasis.Smoothwaveletbasisare
deemedo beimportantfor severalapplicationsandin particularly
for image compressiorwherethe goal is to limit spuriousarti-
factsdueto non-smoothbasisfunctionsin the presencef quan-
tization of theindividual subbandsThe definition of smoothness
introducedheregivesriseto new algorithmsfor designingsmooth
waveletbasiswith only onevanishingnomentieaving freeparam-
etersotherwisausedfor settingmomentgo zero,for optimization.

1. INTRODUCTION

HolderandSoboler exponentsarefundamentamathematicaiea-
suresof smoothnesgiving precisedefinition of differentiability
Severalrecentpublicationg(in particular{6, 2]) hasprovidedalgo-
rithmsfor estimatingooththeHolderandthe Soboler exponentfor
agivenwaveletbasisgiventhe associatedcalindfilter. However,
to obtaingoodestimatest is necessaryo provide the regularity
or more specificallythe numberof zeromomentsof the wavelet
function (or filter). Althoughthis is a simpletaskif an estimate
of theexponentfor a givenfilter, designedo have afixednumber
of zeromomentsjs desired thetaskis significantlyharderif one
first have to estimatethe numberof zeromoments. In fact, esti-
matingthenumberof zeromomentss exactly whathasto bedone
if the Holder or Soboler exponentavereto be usedascostfunc-
tionsin anoptimizationalgorithmfor findingthe optimallysmooth
waveletof a given support. It shouldbe noticedthatthe problem
of estimatingthe numberof zero momentsis equivalentto find-
ing rootsof a polynomialwhich is known to be a numericallyill
conditionedproblem. Due to the numericalproblemsneitherthe
Holdernorthe Soboler exponentaresuitedcostfunctionsfor de-
signingsmoothwaveletsusingnonlinearoptimization.Recentlya
methodfor designing'more” differentiablevavelets(comparedo
the K -regular Daubechiesolution) hasbeendevelopedby Lang
andHeller [4]. However, it doesnecessarilyrequirethat a large
numberof momentdesetto zero.

First recallthatthe continuougtime) wavelet basisfunctions
areobtainedby iteratingthe associatedilter bankaninfinite num-
berof times.Now realizingthatary practicalapplicationwill only
involve a finite numberof iterations,the associatedunctionsare
not continuousbut discretefor which the strict definition of dif-
ferentiability given by the Holder and Soboler exponentsarenot
(necessarilymeaningful. As a resultalternatve descriptionsof
smoothnescorporating‘visual” smoothnesgehavior (e.g.,lo-
cal variation) shouldbe considered.
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Furthermorepne canshaw [5] thata goodapproximationto
the discretewavelet transform(DWT) can be implementedeffi-
ciently by approximateorthogonalrotations.However, by apply-
ing approximaterthogonatotationsonecanonly makethezeroth
momentvanishexactly andonly hopethat higherordermoments
aresmall. Hence,with the goal of implementingthe DWT effi-
ciently, thefactthatexactzeromomentf higherordercannotbe
achieved shouldbe incorporaten to the designspecifications.If
in additionto only requiringthatthe first momentbe setto zeroit
isimposedhatthelattice anglesbeof theform

w-1

Bi = Z bi; arctan(l/Zj) Q)

J=0

whereW is thespecifiedvord-lengthandb; ; € {0,1} onecanin
theorydesign(e.qg.,by integer programmingwaveletbasiswhich
canbeimplementedxactlyby a smallnumberof p-rotations.
Basedontheseobsenationsandthefact thatprescribingonly
one zero moment(the zerothmomentof ¥, (¢)) the wavelet ba-
siscanat bestbe C* andhencemeasure®f smoothnessuchas
theHolderandSoboler exponentsareinsufiicientfor our purpose.
Theresultspresentedh this paperis building onideasfirst seenn
[1] wheretotal variationwasintroducedasa way to optimizethe
smoothnessf the prototypefilter for A -bandcosinemodulated
orthonormalvaveletsbasis.Thenew measurediscretefinite vari-
ation, canbe optimizedindependenbf the numberof vanishing
momentggiving riseto smoothwaveletbasis.Furthermoresince
the new measuredoesnot dependon having a large numberof
vanishingmomentdor obtainingsmoothbasisit canin principle
be usedto solve thelattice anglequantizatiorproblemprescribed

by (1).

1.1. Wavelets

In the remainderof the paperthe discussiorwill be restrictedto
2-bandorthonormalwavelet basis. However, mostof the theory
easily appliesto the M -bandsolutionas well asthe biorthogo-
nal solution. A 2-bandcompactlysupportecrthonormalwavelet
basesarecharacterizedy a scalingfilter, ko (%), andwaveletfil-

ter, h1(k), both of finite length N = 2K, satisfyingthe linear
condition

i ho(n) = V2 )

andfor all £ € Z the quadraticcondition

z

hi(n)hj(n 4+ 2k) = 6(1 — 5)é(k)

0

i,j €{0,1}. (3)
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The scalingfunction, ¥ (t), andthe wavelet function, ¥ (t), is
thendefinedfor : = 0, 1 by thedyadicdifferenceequation

$i(t) = V2 hi(k)vo(2t — k). )

Exacthardwaremplementation®f a discretewavelet transform
(DWT) mustsatisfyboththe orthogonalityaswell asthe wavelet
zeromomentcondition. In fact, for the maximally vanishingmo-
mentsolution(Daubechieshhereare K = % vanishingmoments.
It is well known thatimplementingthe DWT by lattice rotations
orthogonalityis structurallyimposedthroughthe basicbuilding
blocks(2 x 2 orthogonarotations)7]. It is alsowell know thatby
imposingthatthe sumof thelattice anglesbe — ¢ the zerothmo-
mentis guaranteedo be zero(e.g.,onecaneasilyguaranteg¢he
implementationof an orthogonalwavelet basis). In fact, choos-
ing ary setof lattice anglesaslong asthe sumis constrainedo
be —7 anorthogonalwavelettransformatioris guaranteednde-
pendentof the propertieqe.g.,smoothnesgegularity, stopband
characteristicetc.) of the correspondingcalingand waveletfil-
ters/functions.

If morethanonevanishingmoment(to high numericalaccu-
rag) is requiredthis canbe achievedby implementingthe lattice
filter with floating point multipliers. However, if efficient imple-
mentationsaredesired5] onehasto give up the momentapprox-
imation propertyin favor of efficient arithmetic(replacefloating
point multiplieswith afew shiftsandadds).

The goal is to obtain an algorithm for designing“smooth”
waveletbasisthatcanbeimplementefficiently without sacrificing
propertiesobtainedby the design. The first stepin this direction
is to obtaina new measuref smoothnessouplingthe constraints
givenby thelatticearchitectureandthe designalgorithm.

2. SMOOTHNESS

2.1. The Holder and Soboler measure

Definition 1. [Holder continuity]
Lety : R — Candlet0 < o < 1. Thenthefunctiony is Holder
continuousof order « if there exista constantc sudh that

lo(z) —e(y)] < cle—y|* forallz,yeR (5)

Basedontheabove definition, ¢ hasto beaconstantf o > 1.
Thisis notvery usefulfor determiningcontinuity of ordera > 1.
However, usingtheabove definitionHoldercontinuityof ary order
r > 0 is definedasfollows:

Definition 2. [Holder exponent]

Afunctiony : R — C is continuousof orderr = P 4+ o (0 <
a<l)ifpe CT andits Ptk derivativeis Holder continuousof
order«. Thenr is saidto bethe Holder exponenof ¢

Similarly the Soboles exponentis a measuref the decayof
the Fouriertransformandis givenby thefollowing definition.

Definition 3. [Sobolevexponent]
Lety : R — C, theny is saidto belongto the Sobole spaceof
orders (¢ € H?)if

[a+py

Thens is saidto bethe Sobole exponentf ¢

H(w)|” dw < oo (6)

Notice,thatalthoughSobole exponentdoesnot give explicit
orderof differentiabilityit doesyield anlowerandupperboundon
r, the Holder exponent,andhencethe differentiability of ¢. This
canbe seenfrom thefollowing inclusions:

Hs+1/2 C C'r C Hs (7)

2.2. Boundedvariation

Althoughboundedvariationis definedfor continuougunctionsit

will beusefulto assumehatall functionsarevectorvaluedin this
section.Let D,, bethe nth order(generalized}liscretedifference
operatordefinedby

Daf(z) =3 (?) fzij) fori c N*. ®)

Thenthe generalizedboundedvariation of degreep (GBVp) is
givenby thefollowing definition.

Definition 4. [Generalizedboundedvariation of degreep]
Lety(z) beavectorvaluedfunctionsudhthate : [, 5] — R and
consideranym pointspartitioning [«, ] sud that

6 =30 <21 < < Tmpm_y =Db

thenforn > 1
n—1
BYL = | Dup(z) (©)
=0

is definedto be the genernlizedboundedvariation of degreep of
thefunctione(z) on[a, b].

Giventhe definition of GBVp, the generalizedotal variation
of degreep (GTVp) is definedas the leastupperboundof the
GBVp over all possiblepartitionsof [a, b]. Usingthe above defi-
nition of GBVp aformal definitionof GTVp follows.

Definition 5. [Generalizedotal variation of degreep]
Let X bethesetof m pointspartitioning[a, 5] sud that

X={ziia=z0 <31 <+ < Tpm_1 =b}
then

n—1
TV = sup BV, = sup Z | Dnp(zi)|? (20)
x x

=0

is definedto bethe genealizedtotal variation of degreep of ¢ (z)
on [a,b]. Furthermoe, in caseTV}, < oo thenwe saythe the
functioney(z) is of boundedvariation.

Functionsof boundedvariation hasa numberof interesting
propertied3, pp. 530-543],however, for the purposeof applying
ideasfrom thetheoryof boundedrariationto the designof smooth
waveletsthesepropertiesare not relevant andin fact “total vari-
ation” is not the exact quantity that shouldbe minimized. This
canintuitively be seenby observingthe functionsgivenin Fig. 1.
Notice that both Fig. 1aandFig. 1b hasthe sametotal variation,
namelyTV} = ¢, andyetthefunctionsarevery differentwith re-
spectto smoothnessAlso, noticing that (10) involvestaking the
sup over all possiblepartitionson [a, b] this is computationally
prohibitive.

Hence,a measureof smoothnesshould take all this in to
accountand mostimportantly it shouldobjectively quantify the
differencesobsenedin Fig. 1. In fact, the measureshouldfavor
Fig. 1bsinceit is smoothethanFig. 1a. In thenext sectionamea-
surerelatedto both boundedvariationaswell asHolderis intro-
ducedthatwill quantifythedesireddistinction. The new measure
will bereferredto asthediscretefinite variation(DFV) indicating
thatit is basedon the (local) variationof discretesamplef the
waveletgeneratedby afinitely iteratedfilter bank.
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Figurel: Boundedvariationandlocally smoothfunctions.

2.3. DiscreteFinite Variation

Basedon the above descriptionthe desiredpropertyof the new
measurecanbe statedasfollows: locally the “discrete” wavelet
shouldnot changeto fast Thisis exactly why Fig. 1bis prefered
over Fig. lawhereat z; therateof changes approachingnfinity.
Also, noticetheuseof theword“discrete”in theabovedescription.
This comesfrom the fact thattypically only a few stageqscales)
of the wavelettransformis computedn ary real applicationand
hencethe associateavaveletis not continuous(at that scale)but
discrete.

Let J bethe numberof stagedn the iteratedfilter bankused
to generatehe wavelet, andlet ¢ (z;) supportecon [0, N — 1],
bethelength L sequencef samplef the scalingfunction such
thatd = z¢9 < 21 < --- < zr_1 =N —1withz; — 2,1 = Az
foralli =1...,L — 1. Then,with D,, definedby (8) definethe
vector V,,, of nth orderdifferencedy

Vo = Dot (z:) (11)

anda functionis saidto be of DFV if ||V,|, < co. Hence,the

distinctionbetweerboundedvariationandDFV is thatDFV only
takesinto accounthe variationof adjacenpointswhile bounded
variationcaresaboutall possiblepartitionsof the support.

An algorithm for designingsmoothly varying wavelets can
theneasilybe constructedy minimizing the £# normof V,, over
ho subjectto theconstraintsn (2) and(3). For shorthanchotation
we will referto the solutionof minimizing the ¥ normof V,, by
DFVE,. Although,theabove procedurénasalot of resemblesvith
obtainingsmoothderivatives, which is exactly what Holder and
Soboler achieves,noticethatnowhereis it requiredthat,(z) or
ary of its derivatives are continuousand hencehigherordermo-
mentsdoesnot have to be zero. Furthermorethe definition of
smoothnesgivenby DFV doestakeinto accounthatfor practical
applicationghe waveletfunctionsarenot continuous.

3. EXAMPLES

This sectiongivesresultsof the new designand comparethe re-
sults with the K'-regular solutionsdue to Daubechies. Table 1
compareDFV and Holder exponentfor the K -regular solution
andthe DFV3 solution. Thesolutionof the optimal DFV wasob-
tainedby performinga constrainedninimizationusingthe MAT-
LAB constrainedptimizationalgorithm: const r. In Fig. 2 the
correspondingcalingfunctionfor N = 12 is plotted. Notice,that
althoughthe Holder regularity is significantly different (2.1553
versus0.8964)the new designis “visually” smoother In Fig. 3
thecorrespondindirst andsecondrdernumericaldervativesare
plotted. Notice that higherHolder regularity doesindeedcorre-
spondto smootheffirst andsecondorderderivatives andyet one
could not have guessedhat by observingthe functionsin Fig. 2
only. In Table2 scalindfilter coeficientsfor theoptimal N = 12
solutionis given and Table 3 show the first 6 momentsof both
filters.

Table 1: Comparisonof DFV and Holder regularity for a
length N = 2K maximally vanishing moments(X -regular)
waveletbasisandthe wavelet basisobtainedby optimizing DFV
(min DFV3).

N DFV Holder
K-regular | min DFV; | K-regular | min DFV?

6 0.2024 0.1962 1.0816 0.8498
8 0.1804 0.1735 1.6008 0.9132

10 0.1731 0.1680 1.9336 0.8976

12 0.1697 0.1655 2.1553 0.9124

14 0.1678 0.1649 2.4261 0.8955
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Figure2: Scalingfunction,(t) for length.V = 12. Top figure
shaws the 6-regular (Daubechiesyolutionandthe bottomfigure

shawvsthesolutionobtainedoy minimizing DF V3.
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Figure3: For N = 12 thetoprow shavsthenumericafirstderiva-
tive for the 6-regular solution(left) andthe optimal DFV solution
(right). The bottomrow shows the correspondinghumericalsec-
ondderivative.
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Figure4: Frequeng responsef thelength N = 12 scalingfil-
ters. Solid line is the optimal DFV solutionandthe dashedine
correspondso the 6-regular solutionof Daubechies.

Table 2: Coeficientsfor the 6-regular Daubechiesand optimal
DFV of lengthN = 12 scalindfilter, ko (z)

9 6-regular min DFV;
0 0.1115407433501 0.19245354387%
1 0.4946238903987 0.6154866660628
2 0.7511339080211 0.683714075837&
3 0.3152503517020 0.1574106547548
4 | —0.22626469396%6 | —0.2503425800171
5 | —0.1297668675627 | —0.094712481088%
6 0.0975016055832 0.1242458990508
7 0.0275228655381 0.032131281718D
8 | —0.0315820393149 | —0.0591091626348
9 0.0005538422016 0.001838963118%
10 0.0047772575195 0.0161450051919
11 | —0.00107730108%1 | —0.0050483038833
Table 3: Discrete wavelet moments m; of the 6-regular
DaubechiesindoptimalDFV of length N = 12 wavelets
i | 6-regular | min DFVE
0 | 8.8818e-16| 1.6653e-16
1 | 6.6613e-15| —1.5449e-05
2 | 5.3291e-14| 2.5649e-01
3 | 3.4106e-13| 4.9725e+00
4 | 2.7285e-12| 9.0241e+01
5 | 2.1828e-11| 1.5307e+03

4. SUMMARY

This paperintroducesa new definition of smoothnessvhich is
more meaningfulandlessrestrictve thanoptimizationof Holder
andSoboler exponents Themethoddispensesvith thetraditional
measuresf smoothneswhichrequireghatalargenumberof mo-
mentsbesetto zeroin favor of ameasurehatdescribeshe“visual
smoothnessdf thefinitely iteratedfilters. Resultsshow thatmini-
mizationof discretdfinite variation(a measuref local roughness)
resultsin waveletbasiswhich arevisually smoothethanthe K -
regular solutionsdueto Daubechiesvithout having to imposea
large numberof zeromomentof ¢ (z).
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