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ABSTRACT

A new methodfor measuringanddesigningsmoothwaveletbasis
which dispenseswith theneedfor having a large numberof zero
momentsof the wavelet is given. The methodis basedon mini-
mizing the“discretefinite variation”,andis ameasureof thelocal
“roughness”of a sampledversionof the scalingfunction giving
riseto “visually smooth”waveletbasis.Smoothwaveletbasisare
deemedto beimportantfor severalapplicationsandin particularly
for imagecompressionwherethe goal is to limit spuriousarti-
factsdueto non-smoothbasisfunctionsin the presenceof quan-
tizationof theindividual subbands.Thedefinitionof smoothness
introducedheregivesriseto new algorithmsfor designingsmooth
waveletbasiswith onlyonevanishingmomentleaving freeparam-
eters,otherwiseusedfor settingmomentstozero,for optimization.

1. INTR ODUCTION

HölderandSobolev exponentsarefundamentalmathematicalmea-
suresof smoothnessgiving precisedefinition of differentiability.
Severalrecentpublications(in particular[6, 2]) hasprovidedalgo-
rithmsfor estimatingboththeHölderandtheSobolev exponentfor
agivenwaveletbasisgiventheassociatedscalingfilter. However,
to obtaingoodestimatesit is necessaryto provide the regularity
or morespecificallythe numberof zeromomentsof the wavelet
function (or filter). Although this is a simpletask if an estimate
of theexponentfor agivenfilter, designedto haveafixednumber
of zeromoments,is desired,thetaskis significantlyharderif one
first have to estimatethe numberof zeromoments.In fact, esti-
matingthenumberof zeromomentsis exactlywhathasto bedone
if theHölderor Sobolev exponentswereto be usedascostfunc-
tionsin anoptimizationalgorithmfor findingtheoptimallysmooth
waveletof a given support.It shouldbenoticedthat theproblem
of estimatingthe numberof zeromomentsis equivalentto find-
ing rootsof a polynomialwhich is known to be a numericallyill
conditionedproblem. Due to thenumericalproblemsneitherthe
Höldernor theSobolev exponentaresuitedcostfunctionsfor de-
signingsmoothwaveletsusingnonlinearoptimization.Recentlya
methodfor designing“more” differentiablewavelets(comparedto
the

�
-regular Daubechiessolution)hasbeendevelopedby Lang

andHeller [4]. However, it doesnecessarilyrequirethat a large
numberof momentsbesetto zero.

First recall that thecontinuous(time) waveletbasisfunctions
areobtainedby iteratingtheassociatedfilter bankaninfinite num-
berof times.Now realizingthatany practicalapplicationwill only
involve a finite numberof iterations,theassociatedfunctionsare
not continuousbut discretefor which the strict definition of dif-
ferentiabilitygiven by theHölder andSobolev exponentsarenot
(necessarily)meaningful. As a result alternative descriptionsof
smoothnessincorporating“visual” smoothnessbehavior (e.g.,lo-
cal variation) shouldbeconsidered.
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Furthermore,onecanshow [5] thata goodapproximationto
the discretewavelet transform(DWT) can be implementedeffi-
ciently by approximateorthogonalrotations.However, by apply-
ingapproximateorthogonalrotationsonecanonlymakethezeroth
momentvanishexactly andonly hopethat higherordermoments
aresmall. Hence,with the goal of implementingthe DWT effi-
ciently, thefactthatexactzeromomentsof higherordercannotbe
achievedshouldbe incorporatein to thedesignspecifications.If
in additionto only requiringthatthefirst momentbesetto zeroit
is imposedthatthelatticeanglesbeof theform�������	��
�����	� ��� ������������� �!#"%$ '& (1)

where( is thespecifiedword-lengthand � �)� +*-,�.0/�!%1 onecanin
theorydesign(e.g.,by integerprogramming)waveletbasiswhich
canbeimplementedexactlyby asmallnumberof 2 -rotations.

Basedontheseobservationsandthefact thatprescribingonly
onezeromoment(the zerothmomentof 3 
  54 & ) the wavelet ba-
siscanat bestbe 6 
 andhencemeasuresof smoothnesssuchas
theHölderandSobolev exponentsareinsufficient for ourpurpose.
Theresultspresentedin thispaperis building onideasfirst seenin
[1] wheretotal variationwasintroducedasa way to optimizethe
smoothnessof the prototypefilter for 7 -bandcosinemodulated
orthonormalwaveletsbasis.Thenew measure,discretefinite vari-
ation, canbe optimizedindependentof the numberof vanishing
momentsgiving riseto smoothwaveletbasis.Furthermore,since
the new measuredoesnot dependon having a large numberof
vanishingmomentsfor obtainingsmoothbasisit canin principle
beusedto solve thelatticeanglequantizationproblemprescribed
by (1).

1.1. Wavelets

In the remainderof the paperthe discussionwill be restrictedto
2-bandorthonormalwavelet basis. However, mostof the theory
easilyappliesto the 7 -bandsolutionas well as the biorthogo-
nal solution. A 2-bandcompactlysupportedorthonormalwavelet
basesarecharacterizedby a scalingfilter, 8 �  :9 & , andwaveletfil-
ter, 8 
  :9 & , both of finite length ; � $ � , satisfyingthe linear
condition < ��
�= ��� 8 �% :> & �@? $ (2)

andfor all 9A*CB thequadraticcondition< ��
�= ��� 8 �  :> & 8 ' :>EDF$%9 & �HG  :I�JCK & G  :9 & IL/LKE*M,�.0/�!%1ON (3)



The scalingfunction, 3 �% 54 & , andthe wavelet function, 3 
  54 & , is
thendefinedfor I � .0/�! by thedyadicdifferenceequation3 �  54 & � ? $ �0P 8 �  :9 & 3 �% :$�4QJF9 & N (4)

Exacthardwareimplementationsof a discretewavelet transform
(DWT) mustsatisfyboththeorthogonalityaswell asthewavelet
zeromomentcondition. In fact, for themaximallyvanishingmo-
mentsolution(Daubechies)thereare

�R� < S vanishingmoments.
It is well known that implementingthe DWT by lattice rotations
orthogonalityis structurally imposedthroughthe basicbuilding
blocks( $UT+$ orthogonalrotations)[7]. It is alsowell know thatby
imposingthatthesumof thelatticeanglesbe JWVX thezerothmo-
mentis guaranteedto be zero(e.g.,onecaneasilyguaranteethe
implementationof an orthogonalwavelet basis). In fact, choos-
ing any setof lattice anglesaslong asthe sumis constrainedto
be J V X an orthogonalwavelet transformationis guaranteedinde-
pendentof theproperties(e.g.,smoothness,regularity, stopband
characteristicsetc.) of the correspondingscalingandwaveletfil-
ters/functions.

If morethanonevanishingmoment(to high numericalaccu-
racy) is requiredthis canbeachievedby implementingthelattice
filter with floatingpoint multipliers. However, if efficient imple-
mentationsaredesired[5] onehasto give up themomentapprox-
imation propertyin favor of efficient arithmetic(replacefloating
pointmultiplieswith a few shiftsandadds).

The goal is to obtain an algorithm for designing“smooth”
waveletbasisthatcanbeimplementefficiently without sacrificing
propertiesobtainedby the design.The first stepin this direction
is to obtainanew measureof smoothnesscouplingtheconstraints
givenby thelatticearchitectureandthedesignalgorithm.

2. SMOOTHNESS

2.1. The Hölder and Sobolev measure

Definition 1. [Hölder continuity]
Let Y-Z0[]\_^ andlet .a`cbedH! . Thenthefunction Y is Hölder
continuousof order b if thereexista constantf such thatg Y  :h & J Y  :i & g d f g haJji g k for all h�/�iE* [ (5)

Basedontheabovedefinition, Y hasto beaconstantif belH! .
This is not veryusefulfor determiningcontinuityof order b-l�! .
However, usingtheabovedefinitionHöldercontinuityof any orderm l@. is definedasfollows:

Definition 2. [Hölder exponent]
A function YnZQ[o\p^ is continuousof order m �rq D@bj :.C`b-dn! & if Y * 6+s andits

q 4 8 derivativeis Hölder continuousof
order b . Then m is saidto betheHölderexponentof Y

Similarly the Sobolev exponentis a measureof the decayof
theFouriertransformandis givenby thefollowing definition.

Definition 3. [Sobolevexponent]
Let YtZ�[u\v^ , then Y is said to belongto theSobolev spaceof
order w ( Y *Mxey ) ifz|{  �!}D g ~�g S & y g��Y  ~ & g SQ� ~ `@� (6)

Then w is saidto betheSobolev exponentof Y
Notice,thatalthoughSobolev exponentdoesnot give explicit

orderof differentiabilityit doesyield anlowerandupperboundonm , theHölderexponent,andhencethedifferentiabilityof Y . This
canbeseenfrom thefollowing inclusions:x y:� 
�� S+� 6+� � x y (7)

2.2. Boundedvariation

Althoughboundedvariationis definedfor continuousfunctionsit
will beusefulto assumethatall functionsarevectorvaluedin this
section.Let � = bethe > th order(generalized)discretedifference
operatordefinedby� =��  :h � & � =� ����a� >K�� �  :h � �  & for I �F� � N (8)

Then the generalizedboundedvariation of degree � (GBV� ) is
givenby thefollowing definition.

Definition 4. [Generalizedboundedvariation of degree� ]
Let Y  :h & bea vectorvaluedfunctionsuch that YeZ���� / ��� \�[ and
considerany � pointspartitioning ��� / �L� such that� � h � `ch 
 `H������`ch�� ��
 � �
thenfor >Cln! ����� = � = ��
� � ��� g � = Y  :h � & g

�
(9)

is definedto bethe generalizedboundedvariation of degree� of
thefunction Y  :h & on � � / �L� .

Given thedefinitionof GBV� , thegeneralizedtotal variation
of degree � (GTV� ) is definedas the leastupperboundof the
GBV� over all possiblepartitionsof � � / �L� . Usingtheabove defi-
nition of GBV� a formaldefinitionof GTV� follows.

Definition 5. [Generalizedtotal variation of degree� ]
Let � bethesetof � pointspartitioning ��� / �L� such that� � ,�h � Z0� � h � `]h 
 `@������`]h�� ��
 � � 1
then   � � = �t¡�¢�£¤ ��� � = �@¡�¢�£¤ = ��
� � ��� g � = Y  :h � & g

�
(10)

is definedto bethegeneralizedtotal variationof degree� of Y  :h &
on � � / �L� . Furthermore, in case

  � � = `¥� thenwe say the the
function Y  :h & is of boundedvariation.

Functionsof boundedvariation hasa numberof interesting
properties[3, pp. 530-543],however, for thepurposeof applying
ideasfrom thetheoryof boundedvariationto thedesignof smooth
waveletsthesepropertiesarenot relevant andin fact “total vari-
ation” is not the exact quantity that shouldbe minimized. This
canintuitively beseenby observingthefunctionsgiven in Fig. 1.
Notice that bothFig. 1a andFig. 1b hasthesametotal variation,
namely

  � 

 � f , andyet thefunctionsareverydifferentwith re-
spectto smoothness.Also, noticing that (10) involvestaking the¡�¢�£

over all possiblepartitionson � � / �L� this is computationally
prohibitive.

Hence,a measureof smoothnessshould take all this in to
accountand most importantly it shouldobjectively quantify the
differencesobserved in Fig. 1. In fact, the measureshouldfavor
Fig.1bsinceit is smootherthanFig. 1a. In thenext sectionamea-
surerelatedto bothboundedvariationaswell asHölder is intro-
ducedthatwill quantifythedesireddistinction.Thenew measure
will bereferredto asthediscretefinite variation(DFV) indicating
that it is basedon the (local) variationof discretesamplesof the
waveletgeneratedby afinitely iteratedfilter bank.
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Figure1: Boundedvariationandlocally smoothfunctions.

2.3. DiscreteFinite Variation

Basedon the above descriptionthe desiredpropertyof the new
measurecanbe statedasfollows: locally the “discrete” wavelet
shouldnot changeto fast. This is exactly why Fig. 1b is prefered
overFig. 1awhereat h � therateof changeis approachinginfinity.
Also,noticetheuseof theword“discrete”in theabovedescription.
This comesfrom the fact that typically only a few stages(scales)
of the wavelet transformis computedin any real applicationand
hencethe associatedwavelet is not continuous(at that scale)but
discrete.

Let © bethenumberof stagesin the iteratedfilter bankused
to generatethewavelet,andlet 3«ª�  :h � & supportedon � .0/ ; J@! � ,bethe length ¬ sequenceof samplesof thescalingfunctionsuch
that . � h � `ch 
 `H������`@h� ��
 � ; Je! with h � JMh � ��
 �@® hfor all I � !ON�N�N�/ ¬ JF! . Then,with � = definedby (8) definethe
vector,

� = , of > th orderdifferencesby

� = � � = 3 ª�  :h � & (11)

anda function is saidto be of DFV if ¯ � = ¯ � `°� . Hence,the
distinctionbetweenboundedvariationandDFV is thatDFV only
takesinto accountthevariationof adjacentpointswhile bounded
variationcaresaboutall possiblepartitionsof thesupport.

An algorithm for designingsmoothlyvarying waveletscan
theneasilybeconstructedby minimizing the ± � normof

� = over8 � subjectto theconstraintsin (2) and(3). For shorthandnotation
we will refer to thesolutionof minimizing the ± � normof

� = by²a³ � � = . Although,theaboveprocedurehasalot of resembleswith
obtainingsmoothderivatives,which is exactly what Hölder and
Sobolev achieves,noticethatnowhereis it requiredthat 3 �% :h & or
any of its derivativesarecontinuousandhencehigherordermo-
mentsdoesnot have to be zero. Furthermore,the definition of
smoothnessgivenby DFV doestakeinto accountthatfor practical
applicationsthewaveletfunctionsarenotcontinuous.

3. EXAMPLES

This sectiongivesresultsof the new designandcomparethe re-
sults with the

�
-regular solutionsdue to Daubechies.Table 1

comparesDFV and Hölder exponentfor the
�

-regular solution
andthe

²a³ � S 
 solution.Thesolutionof theoptimalDFV wasob-
tainedby performinga constrainedminimizationusingthe MAT-
LAB constrainedoptimizationalgorithm: constr. In Fig. 2 the
correspondingscalingfunctionfor ; � !�$ is plotted.Notice,that
althoughthe Hölder regularity is significantly different (2.1553
versus0.8964)the new designis “visually” smoother. In Fig. 3
thecorrespondingfirst andsecondordernumericalderivativesare
plotted. Notice that higherHölder regularity doesindeedcorre-
spondto smootherfirst andsecondorderderivativesandyet one
could not have guessedthat by observingthe functionsin Fig. 2
only. In Table2 scalingfilter coefficientsfor theoptimal ; � !�$
solution is given and Table 3 show the first 6 momentsof both
filters.

Table 1: Comparisonof DFV and Hölder regularity for a
length ; � $ � maximally vanishing moments(

�
-regular)

waveletbasisandthewavelet basisobtainedby optimizingDFV
( ´aµ � ²a³ � 
S ).; DFV Hölder�

-regular ´aµ � ²a³ � S 
 �
-regular ´aµ � ²a³ � S 


6 0.2024 0.1962 1.0816 0.8498
8 0.1804 0.1735 1.6008 0.9132

10 0.1731 0.1680 1.9336 0.8976
12 0.1697 0.1655 2.1553 0.9124
14 0.1678 0.1649 2.4261 0.8955
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Figure2: Scalingfunction 3 �  54 & for length ; � !#$ . Top figure
shows the 6-regular (Daubechies)solutionandthe bottomfigure
showsthesolutionobtainedby minimizing

²a³ � S 
 .
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Figure3: For ; � !#$ thetoprow showsthenumericalfirstderiva-
tive for the6-regularsolution(left) andtheoptimalDFV solution
(right). Thebottomrow shows the correspondingnumericalsec-
ondderivative.
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Figure4: Frequency responseof the length ; � !�$ scalingfil-
ters. Solid line is the optimal DFV solutionandthe dashedline
correspondsto the6-regularsolutionof Daubechies.

Table 2: Coefficients for the ¶ -regular Daubechiesand optimal
DFV of length ; � !�$ scalingfilter, 8 �  :I &I ¶ -regular ´aµ � ²·³ � S 


0 0.11154074335011 0.19245354387245
1 0.49462389039847 0.61548666606234
2 0.75113390802111 0.68371407583713
3 0.31525035170920 0.15741065475483
4 J 0.22626469396546 J 0.25034258010171
5 J 0.12976686756727 J 0.09471248100885
6 0.09750160558732 0.12424589905097
7 0.02752286553031 0.03213128171802
8 J 0.03158203931749 J 0.05910916266348
9 0.00055384220116 0.00183896311853

10 0.00477725751095 0.01614500519119
11 J 0.00107730108531 J 0.00504830345833

Table 3: Discrete wavelet moments � � of the ¶ -regular
DaubechiesandoptimalDFV of length ; � !�$ waveletsI ¶ -regular ´·µ � ²·³ � S 
0 8.8818e-16 1.6653e-16

1 6.6613e-15 J 1.5449e-05
2 5.3291e-14 2.5649e-01
3 3.4106e-13 4.9725e+00
4 2.7285e-12 9.0241e+01
5 2.1828e-11 1.5307e+03

4. SUMMARY

This paperintroducesa new definition of smoothnesswhich is
moremeaningfulandlessrestrictive thanoptimizationof Hölder
andSobolev exponents.Themethoddispenseswith thetraditional
measuresof smoothnesswhichrequiresthatalargenumberof mo-
mentsbesetto zeroin favor of ameasurethatdescribesthe“visual
smoothness”of thefinitely iteratedfilters. Resultsshow thatmini-
mizationof discretefinite variation(ameasureof localroughness)
resultsin waveletbasiswhich arevisually smootherthanthe

�
-

regular solutionsdueto Daubechieswithout having to imposea
largenumberof zeromomentsof 3 
  :h & .
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