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ABSTRACT

Convolutionis oneof the mostwidely useddigital signalprocess-
ing operationslt canbeimplementedisingthefastFouriertrans-
form (FFT),with acomputationatompleity of O(N log V). The

undecimatediscretevavelettransform(UDWT) is linearandshift

invariant,soit canalsobe usedto implementcorvolution. In this

paper we proposea schemeto implementthe convolution using

the UDWT, andstudyits advantagesndlimitations.

1. INTRODUCTION

Convolutionis thefundamentabperationof linear systemtheory
and discretecornvolution is one of the mostwidely useddigital
signalprocessingperation.Finite impulserespons€FIR) digital
filters aredesignedo be convolved with input signalsto achieve
certaineffects,andthefastFouriertransform(FFT)is mostlyused
toimplementorvolution. Thereforeary schemehatcanspeedip
the corvolution processs theoreticallyinterestingandpractically
important.

TheFouriertransform LaplacetransformandZ-transformall
have similar corvolution theoremswhich relatea signaldomain
corvolution to a transformdomainproduct. The wavelet trans-
form is a powerful new mathematicatool. It would desirableto
have a similar corvolution theoremfor the wavelettransform. It
hasbeenshavn, however that the continuouswavelet transform
cannot admita Fouriertype corvolutiontheorem[1], but we can
corvolve two signalsby directly convolving the sub-bandsignals
andcombiningtheresultg2, 3]. Neitherof theabove answersare
quite satisfactory The lack of shift invarianceis one of the rea-
sonsfor thenon-eistenceof awaveletcorvolutiontheoremof the
Fouriertype.

The undecimatediiscretewavelet transform(UDWT) is lin-
earandshift invariant,soit could be usedto implementcorvolu-
tion. Thecomputationatomplexity of theUDWT is O( N log N),
which is of the sameorder of the FFT. We proposea schemeto
implementconvolutionusingthe UDWT, andstudyits advantages
andlimitations.

In this paper we only considerdiscretecircular corvolution,
sinceit is easyto corverta linearcorvolutioninto a circular con-
volution. Section2 containsa brief discussiorof the UDWT and
adetailedanalysisof its computationatompleity. Themainpart
of this paperis in section3, wherewe studythe proposedscheme
to implementconvolution usingthe UDWT. Someexamplesare
givenin sectiord.
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2. UNDECIMATED DISCRETE WAVELET TRANSFORM

2.1. A Review

The undecimatediiscretewavelet transformhas beenindepen-
dently discoveredseveraltimes, for differentpurposesandunder
differentnamed4, 5, 6, 7, 8, 9], e.g. theshift/translatiorinvariant
wavelettransform the stationarywavelettransform,or theredun-
dantwavelettransform.Thekey pointis thatit is redundantshift
invariant,linear, andit gives a betterapproximationto the con-
tinuouswavelettransformthanthe approximatiorprovidedby the
orthonormal(ON) discretewavelet transform(DWT). A discus-
sion of the algorithmandhistory canbe foundin [7]. Herewe
only shov the UDWT from the matrix point of view. The undec-
imateddiscretewavelet transformcan be visualizedas a matrix
multiplication
Y = Wy, (1)

wherey isal x N inputvectof Wisan(L 4+ 1) N x N matrix,
whereL is thenumberof levelsor scaleof decompositionandY
isthe(L + 1) N x 1 outputvector Let'sdenote
W:[W1,W2,...,WL,WL+1]T, (2)

whereW; isan N x N matrix, andthe columnsof W; arecir-
cularly shifted versionsof a single vectorw;, which is the usual
discretewavelet transform(DWT) basisat i;,, scale(z = 1 for
thefinestscale),andwy 4 is the scalingfunction at the coarsest
scale.

Becausehe systemis underdeterminedthereare mary in-
versetransformsput a somavhatdesirableoneis given by

1 1 1 1
M = §W1’2_2W2""’2_LWL’2_LWL+1 ) (3)

wherethe scalingfactors(%, %, e 2%, 2%) arerequiredto off-
settheincreasingedundang of the UDWT asthe scalebecomes
coarser

Directmultiplicationin (1) requiresO(( L+41) N?) operations.
Fortunatelya fastalgorithmexists[4], sothatthetotal numberof
operationgs O(L N ), whichis atmostO(N log N).

2.2. Complexity of the Wavelet Transforms

In orderto establishtheefficiency of theUDWT basecdtonvolution
algorithm,we needto studythe computationatompleity of the
wavelettransforms.Let us assumehe lengthof the input signal
is N, the lengthof the conjugatequadraturdilter (CQF) is M,

andthe numberof levelsof decompositions L. Thebasicstepof

DWT is the convolution of theinput signalwith the CQF, andthe
efficientimplementatiorhasthelattice structurg10]. Thenumber



of multiplicationandadditionsneededo corvolve the signalwith
boththe high passandthelow passCQF aré

Meogr(N,M)= MN, )

Acqr(N,M)= MN. (5)

Throughoutthis paper we use M to denotethe numberof real
multiplies, and.4 for the numberof real additions,varioussub-
scriptsareusedfor differentalgorithms. Due to the lattice struc-
ture,the compleitiesin (4) and(5) arenearlyhalf of whatis nor

mally requiredfor straightforwardconvolution. If down-sampling
is performedafterthe convolution,the above compleities arefur-

thercutby half.

For theorthonormal(ON) DWT,

Mopwr(N,M,L) = MN, (6)

Apwr(N,M,L) = MN. @

They areindependenof the numberof levels of decomposition,
sincesuccessie down-samplingsare carriedout at eachlevel or
scale.

Foran L level UDWT, sincewe do notdown-samplethetotal
compleity increasedéinearly with Z, as

Mypwr(N,M,L)y=MNL, (8)
Avpwr(N,M,L) = MNL. ©)

Thenumberof levels L is boundedabove by log, N, so
Myupwr(N,M,L) < MNlog, N, (10)
Avpwr(N,M,L) < MNlog, N. (11)

We needto pointoutthatDWT andUDWT arethemselesse-
guence®f convolutions.Dependingon the practicalsituation,we
might implementthoseconvolutions using other fast algorithms
like the FFT [11], e.g. for cosinemodulatedorthogonalwavelet
transform[12].

3. CONVOLUTION USING UDWT

3.1. The Scheme

Letd bean1 x (L + 1) vector ando bean1 x N vectorof ones,
thenthe Kroneckertensomproductk = d ® o is avectorof length
(L + 1)N. Let D beadiagonalmatrix with theelementf k on
thediagonalthenMDW is alinearshift® invariantoperatoyi.e.

MDW (ax + by) = aMDWx + bMDWy,  (12)

MDW5(x,1) = S(MDWx, I), (13)

whereS(z, I') denoteshecircularshiftof x by I units. SOMDW
performsa circularcorvolution,as

x*h =MDWx, (14)

whereh is determinedy d, andthe CQFE Thuswe have ascheme
thatimplementsconvolution usingUDWT. We canfurthermeige
thosescalingfactors(3, i - - - 315 3r) in M into thediagonaima-
trix D, andsimplify our methodasWZDW .

Our UDWT basedcornvolution methodhasa form similar to
the cornvolution theoremof the Fourier transform,i.e. transform
domainproduct. However, thatis only true for one of the input

LFirstorderapproximation.
2We only considetthecircularshiftsin this paper

signals(x), the otherinputh is buriedin the CQFsandd. Orwe
canequvalentlysaythath is transformedo d throughsomeother
transformationnvolving the CQF. Thisis not surprising sincethe
wavelettransformthathasthe exact Fouriertype convolutionthe-
oremdoesnot exist [1]. Anotherdravbackis, aswe will discuss
in section3.2, only certaintypesof corvolutionscan be imple-
mentedusingUDWT. Notethat W7 DW canbeinterpretedasa
scaleweightingoperation.

3.2. Limitations

To characterizéhosecornvolutionsthatcanbeimplementedising
UDWT, we needto studyour schemen greaterdetail. Let h de-
notethecornvolutionkernelfor WTDW ,i.e.xxh = WTDWx.

We canshaw that
L+1

h = Z d;a;, (15)
i=1

whered; is the scaledeffective weightingfactorfor the;, scale,
anda; istheautocorrelatiofAC) sequencef w;. Sothefilter that
we actuallyuseis a weightedcombinationof the autocorrelation
sequencesf thewaveletson differentscales Sincetheautocorre-
lation sequencearesymmetricandof oddlengti’, h mustalsobe
symmetricandof odd length,i.e. thetype-Ifilter in [13]. Sothe
degreesof freedomof our schemeareupperboundedy N/2 + 1.

It isthusimportantto askwhetherall theoddlengthsymmetric
filters canbe implementedusingUDWT, i.e. whetherthe bound
N/2+1istight. Foragivenh, we needo solve asetof nonlinear
equationgo get both the CQFsandd. Theseequationsare not
straightforwardto solve, so onemight wantto designfilters that
hasthestructureasin (15). Sinceall theCQFcanbeparameterized
[10], the designtaskis an unconstrainedhonlinearoptimization
problem for whichgeneratoolsexist [14].

3.3. Complexity of Convolution Algorithms

Becauseof the structure the multiplication of D canbe meged
into theUDWT, anddoesnotrequireary additionalcomputations.
Sothetotalnumberof multiplicationsandadditionsneededo per
form our circularcorvolutionschemes

Mupwrcone(N,M,L) =2MNL, (16)
and
Avpwrcons(N, M, LYy =2MNL. a7
Thestraightforwardconvolutionrequires
Meono(N, L(h)) = NL(h), (18)
and
Aconv (N, L(h)) = NL(h), (19)

operationswhere£(h) is thelengthof h. For FFT basedcorvo-
lution,
Mrprrcons(N) = Nlog, N + N, (20)

and .
Arrrcons(N) = ENlog2 N. (21)

In orderfor our algorithmto be the mostefficient, i.e. having
theleasttotal numberof multiplicationsandadditionswe need

£(h) >2ML, (22)

31gnoringthecircularnatureof our autocorrelatioratthis moment.



and .
N > 2oME, (23)

For sufficiently long x, (23) is easily satisfied. We will show in

section3.4 that we cangenerataatherlong filter by short CQF
andfew levels of decompositionsuchthat(22)is valid. For these
caseswe indeedhave afastalgorithmto implementthe corvolu-
tion.

3.4. Sizeof the AC sequencesof DWT basis

Let L(s) denotethelength/supportf thevectors. SincetheDWT
basissequenceat differentlevels arerelatedby up-samplingand
convolution, it canbe shown that

L(w;) =2L(wi—1) + M — 2, L(wy) =M. (24)
The length of the autocorrelatiorfunction and the length of the
DWT basisarerelatedby

E(ai) = Zﬁ(w,;) —1. (25)
Solvingthedifferenceequation(24), we have
L(wr)=2"(M—1)— M + 2, (26)

and
Llap)=2"T"(M —1)—2M +3. (27)

SoL(ar) grovsexponentiallywith  °, thus£(h) alsogrons
exponentiallywith L, andthegrowthrateisindependendf A . We
canseethat(22), which only requiresa lineargrowth ratewith L,
canbe easilysatisfied. If we measurahe efficiency of our algo-
rithm by theratiosbetweerthe computationatompleity of other
algorithmsandthe compleity of our UDWT basedalgorithm,we
canconcludethattheefficiency grows logarithmicallywith N and
exponentiallywith . We needto emphasishatthefilters thatwe
can efficiently implementmusthave the structureas(15). There
might exist other efficient algorithmsto implementsuchfilters,
however we arenot awareof ary suchalgorithm.

4. EXAMPLE AND DISCUSSIONS

As anexample we wouldlike to designalowpass-IR filter with a
cutoff frequeng at0.1257. For simplicity, we only minimize the
I, differencebetweertheidealfilter andthedesignedilter. We use
threelevel UDWT implementationand length6 CQFson each
level. In orderto gain more freedom,we usedifferent CQFson
differentlevels. However, this doesnot changehetotal comple-
ity of theimplementationWe needto find threelattice parameters
on eachlevel, andfour weightingcoeficients. The unconstrained
optimizationroutine in [14] were usedto find the 14 unknowvns
thatminimizethel, differencebetweertheidealfilter andthe de-
signedfilter, andthe resulting CQF coeficients’ andweighting
vectorareshavn in Tabh 1 and 2 respectiely. The frequeng re-
sponseof thefinal filter is shavn in Fig. 1(a). Theresultingfilter
hasthe samel, errorasalength$3 optimal FIR filter, whosefre-
gueng responsas shavn in Fig. 1(b). ComparingFig. 1(a) and
Fig. 1(b), we canseethatthe new filter hasa slight higherover
shoot,but its frequeng responseén stopbands muchbetter The

4|gnorethewarpingcausedy thecircular corvolution.

5We assumeV is verylarge,sincel(ar) < N.

6 Onelocal minimum.

"Theconstraironthe sumof squaresf the CQFcoeficientsis relaxed,
andit doesnotaffectthe problem.

Tablel: CQFcoeficientsfor the examplelowpasdfilter.

L 1 2 3
0.618744 | 0.527011 | 0.012580
1.023193| 0.760529 | 0.537700
-0.310055| 0.341187 | 0.803249
0.135727 | -0.193336| 0.213485
-0.135082| -0.068969| -0.156461
0.081686 | 0.047792 | 0.003661

Table2: Weightingcoeficientsfor the autocorrelatiorsequencs.

] 1 2 3 4
d; | 0.201496| -0.121795| -0.001087| -0.000692

computationatompleity of thenew filter is the sameasalength-
36 FIR filter. For comparisonwe alsoplot thefrequeng response
of alength36 optimal FIR lowpasdfilter in Fig. 1(c). Clearly, for
this example,we canefficiently implementbetterfilter usingthe
UDWT.

Thefrequeny responsesf thefour autocorrelatiosequences
areshawn in Fig. 1(d). Sincethe Fouriertransformis linear, the
frequeng responsen Fig. 1(a) is the weightedcombinationof
thefrequeng responsesf the autocorrelatiorsequencs, andthe
weightsarethe sameasin Tah 2.

During our limited experimentswe obsene thatthe UDWT
implementationss very efficient whenthe lowpassbandwidthis
7%, andthe efficiency grows when the passbandjetsnarraver.
Thismaydueto thetreestructureof thewavelettransformwhere
we successiely split the lowpassband. For otherkind of cutoff
frequencie®r filter types,undecimatedvavelet packettransform
or M-bandundecimatedavavelettransformmight be helpful. Mul-
tirate implementation®f narrav-bandlowpassfilters have been
studiedin [15], howevertheimplementationsherearenot strictly
shiftinvariant.

Up-to now, we only considetraditionalsoftwareimplementa-
tion of the wavelet transform. Recentresult[16] shaws thatthe
CORDIC-basedhardwareimplementationof the wavelet trans-
form hasvery nice properties,e.g. it canbe efficiently approxi-
matedin reducedparametespaceandimplementedvith a small
numberof shift & add operations. So we can extend our un-
decimatedvavelettransformbasedconvolution algorithmfor the
CORDIC-basedardwareimplementation. We thus needto op-
timize in the reducedparametespace so the overall systemhas
efficient hardwaréamplementatioranddesiredilter performance.

5. SUMMARY

We proposea hovel methodto implementthe convolution using
the undecimatedvavelet transform. Similar to the convolution
theoremof the Fourier transform,the UDWT basedconvolution
hastheform of atransformdomainproduct. Thefiltersthatcanbe
implementedusingthe UDWT arecompletelycharacterizedWe
alsoshaw thatfor certaincasespur methods muchmoreefficient
thanthetraditionalconvolutionalgorithms.



o
©

=)
()]

Amplitude
<4
Y

Amplitude

o
©

=)
()]

Amplitude
<4
Y

Amplitude

0 0.2 04 0.6 0.8 1
(S48

(©

0.2 04 0.6 0.8 1
/Tt

(d)

Figurel: Frequenyg responsesf lowpasdilters with cutoff frequeng at0.125x. (a) Thedesignedilter thatcanbeefficientimplemented
usingthe UDWT. (b) Thelength-53optimalfilter thathasthe samel, errorasthefilter in (a). (c) Thelength-36optimalfilter thathasthe
samecomputationatompleity asthefilter in (a). (d) Thefrequeng responsesf thefour autocorrelatiorsequences
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