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ABSTRACT

Convolutionis oneof themostwidely useddigital signalprocess-
ing operations.It canbeimplementedusingthefastFouriertrans-
form(FFT),with acomputationalcomplexity of

���������
	���
. The

undecimateddiscretewavelettransform(UDWT) is linearandshift
invariant,so it canalsobeusedto implementconvolution. In this
paper, we proposea schemeto implementthe convolution using
theUDWT, andstudyits advantagesandlimitations.

1. INTRODUCTION

Convolution is thefundamentaloperationof linearsystemtheory,
and discreteconvolution is one of the most widely useddigital
signalprocessingoperation.Finite impulseresponse(FIR) digital
filters aredesignedto be convolvedwith input signalsto achieve
certaineffects,andthefastFouriertransform(FFT)is mostlyused
to implementconvolution.Thereforeany schemethatcanspeedup
theconvolutionprocessis theoreticallyinterestingandpractically
important.

TheFouriertransform,LaplacetransformandZ-transformall
have similar convolution theorems,which relatea signaldomain
convolution to a transformdomainproduct. The wavelet trans-
form is a powerful new mathematicaltool. It would desirableto
have a similar convolution theoremfor thewavelet transform. It
hasbeenshown, however that the continuouswavelet transform
cannot admita Fourier typeconvolution theorem[1], but we can
convolve two signalsby directly convolving thesub-bandsignals
andcombiningtheresults[2, 3]. Neitherof theaboveanswersare
quite satisfactory. The lack of shift invarianceis oneof the rea-
sonsfor thenon-existenceof awaveletconvolutiontheoremof the
Fouriertype.

The undecimateddiscretewavelet transform(UDWT) is lin-
earandshift invariant,so it couldbe usedto implementconvolu-
tion. Thecomputationalcomplexity of theUDWT is

���������
	���
,

which is of the sameorderof the FFT. We proposea schemeto
implementconvolutionusingtheUDWT, andstudyits advantages
andlimitations.

In this paper, we only considerdiscretecircular convolution,
sinceit is easyto convert a linearconvolution into a circularcon-
volution. Section2 containsa brief discussionof theUDWT and
adetailedanalysisof its computationalcomplexity. Themainpart
of this paperis in section3, wherewe studytheproposedscheme
to implementconvolution usingthe UDWT. Someexamplesare
givenin section4.

Theresearchis supportedby BNR andTexas-ATPgrant.

2. UNDECIMATED DISCRETE WAVELET TRANSFORM

2.1. A Review

The undecimateddiscretewavelet transformhas beenindepen-
dentlydiscoveredseveral times,for differentpurposesandunder
differentnames[4, 5, 6, 7, 8, 9], e.g.theshift/translationinvariant
wavelettransform,thestationarywavelettransform,or theredun-
dantwavelettransform.Thekey point is that it is redundant,shift
invariant, linear, and it gives a betterapproximationto the con-
tinuouswavelettransformthantheapproximationprovidedby the
orthonormal(ON) discretewavelet transform(DWT). A discus-
sion of the algorithmandhistory can be found in [7]. Herewe
only show theUDWT from thematrix point of view. Theundec-
imateddiscretewavelet transformcanbe visualizedas a matrix
multiplication ���������

(1)

where
�

is a ��� � inputvector,
�

is an
����� � ��� � � matrix,

whereL is thenumberof levelsor scalesof decomposition,and
�

is the
���� � ��� ��� outputvector. Let’s denote��� � �"!#�$�&%
�(')')'*���"+,���"+.-/!10324�

(2)

where
�"5

is an
� � � matrix, andthecolumnsof

�65
arecir-

cularly shiftedversionsof a singlevector 7 5 , which is the usual
discretewavelet transform(DWT) basisat 839;: scale( 8 � � for
thefinestscale),and 7 +.-/! is thescalingfunctionat thecoarsest
scale.

Becausethe systemis underdetermined,therearemany in-
versetransforms,but asomewhatdesirableoneis givenby

< �>= �? � ! � �? % � % �)'(')')� �? + � + � �? + � +.-/!)@ � (3)

wherethe scalingfactors(

!% � !A �)')'(' !%CB � !%CB ) are requiredto off-
settheincreasingredundancy of theUDWT asthescalebecomes
coarser.

Directmultiplicationin (1) requires
�������D� � ���

% �
operations.

Fortunatelya fastalgorithmexists [4], so thatthetotal numberof
operationsis

�����E��
, which is atmost

���������
	���
.

2.2. Complexity of the Wavelet Transforms

In orderto establishtheefficiency of theUDWT basedconvolution
algorithm,we needto studythecomputationalcomplexity of the
wavelet transforms.Let us assumethe lengthof the input signal
is
�

, the lengthof the conjugatequadraturefilter (CQF) is F ,
andthenumberof levelsof decompositionis

�
. Thebasicstepof

DWT is theconvolutionof theinput signalwith theCQF, andthe
efficientimplementationhasthelatticestructure[10]. Thenumber



of multiplicationandadditionsneededto convolvethesignalwith
boththehighpassandthelow passCQFare

!
G6HJILK���� � F � � F � � (4)M HJI/K���� � F � � F � ' (5)

Throughoutthis paper, we use
G

to denotethe numberof real
multiplies, and

M
for the numberof real additions,varioussub-

scriptsareusedfor differentalgorithms.Due to the latticestruc-
ture,thecomplexities in (4) and(5) arenearlyhalf of whatis nor-
mally requiredfor straightforwardconvolution. If down-sampling
is performedaftertheconvolution,theabovecomplexitiesarefur-
thercutby half.

For theorthonormal(ON) DWT,G�N�O 2 ��� � F � ��� � F � � (6)M N�O 2 ��� � F � �E� � F � ' (7)

They areindependentof the numberof levels of decomposition,
sincesuccessive down-samplingsarecarriedout at eachlevel or
scale.

For an
�

level UDWT, sincewedonotdown-sample,thetotal
complexity increaseslinearlywith

�
, asGQP N�O 2 ��� � F � �E� � F �� � (8)M P NDO 2 ��� � F � ��� � F �� ' (9)

Thenumberof levels
�

is boundedaboveby
���
	 % �

, soG P N�O 2 ��� � F � ���DR F �S���
	 % � � (10)M P N�O 2 ��� � F � ���DR F �����
	 % � ' (11)

Weneedto pointout thatDWT andUDWT arethemselvesse-
quencesof convolutions.Dependingon thepracticalsituation,we
might implementthoseconvolutionsusing other fast algorithms
like the FFT [11], e.g. for cosinemodulatedorthogonalwavelet
transform[12].

3. CONVOLUTION USING UDWT

3.1. The Scheme

Let T bean �U� ���V� � � vector, and W bean �X� � vectorof ones,
thentheKroneckertensorproductY � T[Z\W is avectorof length���� � ��� . Let ] bea diagonalmatrixwith theelementsof Y on
thediagonal,then

< ] � is a linearshift

%
invariantoperator, i.e.< ] � ��^
_`�ba � � � ^c< ] � _`�da1< ] ����� (12)< ] �>e �3_ ��f � �ge ��< ] � _ ��f � � (13)

where
e ��h �Cf �

denotesthecircularshiftof
_

by
f

units.So
< ] �

performsacircularconvolution,as_ViDj � < ] � _ � (14)

where
j

is determinedby T , andtheCQF. Thuswehaveascheme
that implementsconvolutionusingUDWT. We canfurthermerge
thosescalingfactors(

!% � !A �)')'(' !% B � !% B ) in
<

into thediagonalma-
trix ] , andsimplify ourmethodas

� 2�k] � .
Our UDWT basedconvolution methodhasa form similar to

the convolution theoremof the Fourier transform,i.e. transform
domainproduct. However, that is only true for oneof the input!

Firstorderapproximation.
%
We only considerthecircularshifts in thispaper.

signals(
_

), theotherinput
j

is buriedin theCQFsand T . Or we
canequivalentlysaythat

j
is transformedto T throughsomeother

transformationinvolving theCQF. This is notsurprising,sincethe
wavelettransformthathastheexactFourier typeconvolutionthe-
oremdoesnot exist [1]. Anotherdrawbackis, aswe will discuss
in section3.2, only certaintypesof convolutionscan be imple-
mentedusingUDWT. Notethat

� 2 k] � canbeinterpretedasa
scaleweightingoperation.

3.2. Limitations

To characterizethoseconvolutionsthatcanbeimplementedusing
UDWT, we needto studyour schemein greaterdetail. Let

j
de-

notetheconvolutionkernelfor
� 2 k] � , i.e.

_4i
j ��� 2 k] � _ .
Wecanshow that j �

+l-/!m 5on !�p 5;qr5 � (15)

where p 5 is thescaledeffective weightingfactorfor the 839;: scale,
and
qs5

is theautocorrelation(AC)sequenceof 7 5 . Sothefilter that
we actuallyuseis a weightedcombinationof the autocorrelation
sequencesof thewaveletsondifferentscales.Sincetheautocorre-
lationsequencesaresymmetricandof oddlengtht , j mustalsobe
symmetricandof odd length,i.e. the type-I filter in [13]. Sothe
degreesof freedomof ourschemeareupperboundedby

�vu ? � � .
It is thusimportanttoaskwhetherall theoddlengthsymmetric

filters canbe implementedusingUDWT, i.e. whetherthe bound�vu ? � � is tight. For agiven
j

, weneedto solveasetof nonlinear
equationsto get both the CQFsand T . Theseequationsarenot
straightforwardto solve, so onemight wantto designfilters that
hasthestructureasin (15). Sinceall theCQFcanbeparameterized
[10], the designtask is an unconstrainednonlinearoptimization
problem,for whichgeneraltoolsexist [14].

3.3. Complexity of Convolution Algorithms

Becauseof the structure,the multiplication of ] canbe merged
into theUDWT, anddoesnotrequireany additionalcomputations.
Sothetotalnumberof multiplicationsandadditionsneededto per-
form ourcircularconvolutionschemeisG6P NDO 2 H/w�x
y
��� � F � �E� � ? F �� � (16)

and M P N�O 2 HLw�x
y ��� � F � �E� � ? F �� ' (17)

ThestraightforwardconvolutionrequiresGQHLw�x
y
��� �Cz �3jE��� � � z �3jE� �
(18)

and M HLw�x
y ��� �$z �3jE��� � � z �3jE� �
(19)

operations,where
z �3jE�

is thelengthof
j

. For FFT basedconvo-
lution, G�K/K 2 H/w�x
y.���� � �����
	 % �{�|� � (20)

and M K/K 2 H/w�x}y ���� ��~? �����}	 % � ' (21)

In orderfor our algorithmto bethemostefficient, i.e. having
theleasttotalnumberof multiplicationsandadditions,weneedz �3jE�D� ? F � � (22)

t Ignoringthecircularnatureof our autocorrelationat thismoment.



and �&� ?���
� + '
(23)

For sufficiently long
_

, (23) is easilysatisfied.We will show in
section3.4 that we cangenerateratherlong filter by short CQF
andfew levelsof decomposition,suchthat(22) is valid. For these
cases,we indeedhave a fastalgorithmto implementtheconvolu-
tion.

3.4. Size of the AC sequences of DWT basis

Let
z �3�*�

denotethelength/supportof thevector
�
. SincetheDWT

basissequencesat differentlevelsarerelatedby up-samplingand
convolution,it canbeshown that

A
z � 7 5 � � ? z � 7 5;� ! �J� F�� ? � z � 7 ! � � F ' (24)

The lengthof the autocorrelationfunction and the lengthof the
DWT basisarerelatedbyz � qr5 � � ? z � 7 5 � �d� ' (25)

Solvingthedifferenceequation(24),wehavez � 7 + � � ?
+ � F���� � ��F � ? � (26)

and z � q + � � ? +.-/! � F��|� � � ? F �|� ' (27)

So
z � q + �

growsexponentiallywith
���

, thus
z �3jE�

alsogrows
exponentiallywith

�
, andthegrowthrateis independentof F . We

canseethat(22),whichonly requiresa lineargrowth ratewith
�

,
canbe easilysatisfied.If we measuretheefficiency of our algo-
rithm by theratiosbetweenthecomputationalcomplexity of other
algorithmsandthecomplexity of ourUDWT basedalgorithm,we
canconcludethattheefficiency growslogarithmicallywith

�
and

exponentiallywith
�

. Weneedto emphasisthatthefilters thatwe
canefficiently implementmusthave the structureas(15). There
might exist other efficient algorithmsto implementsuchfilters,
howeverwearenotawareof any suchalgorithm.

4. EXAMPLE AND DISCUSSIONS

As anexample,wewouldlike to designalowpassFIR filter with a
cutoff frequency at � ' � ?
�
� . For simplicity, we only minimizethe� %

differencebetweentheidealfilter andthedesignedfilter. Weuse
threelevel UDWT implementation,and length � CQFson each
level. In orderto gainmore freedom,we usedifferentCQFson
differentlevels. However, this doesnot changethetotal complex-
ity of theimplementation.Weneedto find threelatticeparameters
on eachlevel, andfour weightingcoefficients.Theunconstrained
optimizationroutine in [14] wereusedto find the �(� unknowns
thatminimizethe

� %
differencebetweentheidealfilter andthede-

signedfilter, andthe resulting� CQF coefficients� andweighting
vectorareshown in Tab. 1 and 2 respectively. Thefrequency re-
sponseof thefinal filter is shown in Fig. 1(a). Theresultingfilter
hasthesame

� %
errorasa length-

� �
optimalFIR filter, whosefre-

quency responseis shown in Fig. 1(b). ComparingFig. 1(a) and
Fig. 1(b), we canseethat thenew filter hasa slight higherover-
shoot,but its frequency responsein stopbandis muchbetter. TheA

Ignorethewarpingcausedby thecircularconvolution.�
We assume� is very large,since ���;� +/�J� � .� Onelocalminimum.� Theconstrainonthesumof squaresof theCQFcoefficientsis relaxed,

andit doesnot affect theproblem.

Table1: CQFcoefficientsfor theexamplelowpassfilter.

L 1 2 3
0.618744 0.527011 0.012580
1.023193 0.760529 0.537700
-0.310055 0.341187 0.803249
0.135727 -0.193336 0.213485
-0.135082 -0.068969 -0.156461
0.081686 0.047792 0.003661

Table2: Weightingcoefficientsfor theautocorrelationsequences.

8 1 2 3 4p 5 0.201496 -0.121795 -0.001087 -0.000692

computationalcomplexity of thenew filter is thesameasalength-
36FIR filter. For comparison,wealsoplot thefrequency response
of a length-

� � optimalFIR lowpassfilter in Fig. 1(c). Clearly, for
this example,we canefficiently implementbetterfilter usingthe
UDWT.

Thefrequency responsesof thefour autocorrelationsequences
areshown in Fig. 1(d). SincetheFourier transformis linear, the
frequency responsein Fig. 1(a) is the weightedcombinationof
thefrequency responsesof theautocorrelationsequences,andthe
weightsarethesameasin Tab. 2.

During our limited experiments,we observe that the UDWT
implementationsis very efficient whenthe lowpassbandwidthis�%C 

, andthe efficiency grows when the passbandgetsnarrower.
Thismaydueto thetreestructureof thewavelettransform,where
we successively split the lowpassband. For otherkind of cutoff
frequenciesor filter types,undecimatedwaveletpackettransform
or M-bandundecimatedwavelettransformmightbehelpful.Mul-
tirate implementationsof narrow-bandlowpassfilters have been
studiedin [15], howevertheimplementationstherearenotstrictly
shift invariant.

Up-tonow, weonly considertraditionalsoftwareimplementa-
tion of the wavelet transform. Recentresult [16] shows that the
CORDIC-basedhardwareimplementationof the wavelet trans-
form hasvery nice properties,e.g. it canbe efficiently approxi-
matedin reducedparameterspaceandimplementedwith a small
numberof shift & add operations. So we can extend our un-
decimatedwavelet transformbasedconvolutionalgorithmfor the
CORDIC-basedhardwareimplementation.We thusneedto op-
timize in the reducedparameterspace,so the overall systemhas
efficienthardwareimplementationanddesiredfilter performance.

5. SUMMARY

We proposea novel methodto implementthe convolution using
the undecimatedwavelet transform. Similar to the convolution
theoremof the Fourier transform,the UDWT basedconvolution
hastheform of atransformdomainproduct.Thefiltersthatcanbe
implementedusingtheUDWT arecompletelycharacterized.We
alsoshow thatfor certaincases,ourmethodis muchmoreefficient
thanthetraditionalconvolutionalgorithms.
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Figure1: Frequency responsesof lowpassfilterswith cutoff frequency at � ' � ?
�}� . (a)Thedesignedfilter thatcanbeefficient implemented
usingtheUDWT. (b) Thelength-53optimalfilter thathasthesame

� %
errorasthefilter in (a). (c) Thelength-36optimalfilter thathasthe

samecomputationalcomplexity asthefilter in (a). (d) Thefrequency responsesof thefour autocorrelationsequences.
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