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ABSTRACT

This paperpresentsan efficient adaptive algorithmfor designing
FIR digital filters thatareefficient accordingto an ��� errorcrite-
ria. Thealgorithmis anextensionof Burrus’ iterative reweighted
least-squares(IRLS) methodfor approximating��� filters. Such
algorithmwill converge for mostsignificantcasesin a few itera-
tions. In somecaseshowever, thetransitionbandwidthis suchthat
thenumberof iterationsincreasessignificantly. Theproposedal-
gorithmcontrolssuchproblemanddrasticallyreducesthenumber
of iterationsrequired.

1. INTRODUCTION

In designingFIR filters, it is usuallynecessaryto minimizeaner-
ror norm. Typically, the two mostcommonlyusednormsarethe
Chebishev norm( ��� ) andtheleast-squaresnorm( �	� ). However,
in someapplicationsminimizing either the error energy ( � � ) or
themaximumerror( ��� ) is not theoptimalapproachto designing
a filter. This articleaddressesthedesignof filters thatareoptimal
in the ��� norm(i.e. filters designedthroughtheminimizationof
the 
 -th power of theerror).

Thereis no analyticalway to minimize the 
 -th power of the
error; thereforean iterative approachmustbe used.Theapplica-
tion of Iterative ReweightedLeastSquares(IRLS) methodshas
beenstudiedintensively by appliedmathematicians.In 1961Law-
son[8] cameup first with an IRLS algorithmto solve theChebi-
shev approximationproblem.He provedtheexistenceof anopti-
malsolutionandthelinearconvergenceassociatedwith hismethod.
Rice andUsow [11] extendedLawson’s methodto a generaliza-
tion of the � � problem,pointing ut that Lawson’s methodcould
occationallyberequiredto restart.Karlovitz [7] presentedin 1970
an IRLS algorithmwith guaranteedlinear convergencefor even
valuesof 
 . Kahng[6] cameup with an extensionof Lawson’s
algorithmto ��� problems,basedon Newton-Raphson’s method,
andproved that his algorithmalwaysconverges. Independently,
Fletcheret al. [5] developeda similar algorithm. Burrus et al.
[2, 4, 3] developedarobustalgorithmthatwouldconvergequadrat-
ically undermost conditions; however it is sensitive to certain
caseswherethetransitionbandwidthcausesthealgorithmto pro-
duceoccasionaljumpsin theerror. For suchcasesa largenumber
of iterationsis required.Themethodpresentedin thisarticlecom-
binestherobustnessof Burrusalgorithmwith somedegreeof flex-
ibility in the useof adaptive parametersthat would allow for the

fastconvergenceof aNewton-basedmethodandstrongrobustness.
Thebasictheoryof IRLS methodsappliedto thedesignof � � FIR
filters is presented,andseveralapproachesarereviewed.Theneed
of anadaptive methodthatovercomesparticularcasesis justified
andelaborated.

2. FIR FILTER DESIGN

Typically, FIR filters aredesignedby consideringa sampledver-
sionof a desiredfrequency response�
������� . For linearphasefil-
ters,it is possibleto expressthefrequency response� ������� ������ ���! #" �%$���&('*) �,+.- � (1)

(where" �%$�� is thelength-/ filter impulseresponse)in termsof a
realamplitudefunctionandaphaseterm.Usingsymmetryproper-
tiesof theFouriertransform,a linear-phaseFIR filter is definedby� �����0�1�2�����,&3'�) �,+(42- , if " �%$�� satisfiessomesymmetrycon-
straints[10]. For thepurposesof thispaper, only odd-lengthfilters
with evensymmetrywill beconsidered.Thereal-valuedamplitude
function �2����� is definedasfollows [4]�5������� 4� ���! 76 �%$���8:9<;��=�?>A@B$�� (2)

where 6 �%$��#�DCFE " �%$��HG5IJ$KIL>M@ON" �?>P� $Q�R>G otherwise

and >S�T�U/T@VNW�YX E . Equation(2) describesa linearsystemof
equationswhosesolutionis a setof coefficientsthatcharacterize
the filter impulseresponse.In matrix form, this is expressedas�Z�\[ 6 , where � is a columnvectorwith � samplesof thede-
sired frequency response,6 is the vectorof / filter coefficients
and [ is acosinematrix requiredfor theFouriertransform.

It is oftendesirableto take a largenumberof samplesto de-
signasmallfilter (in thesensethat �^]_/ , where� is thenumber
of frequency samplesand / is thefilter order). This settingwill
resultin anoverdeterminedsystemof equationswithout anexact
solutionand,therefore,theproblemof designinganFIR filter be-
comesoneof approximatinga desiredfrequency responsebased
upon a particularerror norm. The weightedleast-squares�U���`�
norm,whichconsiderstheerrorenergy, is definedbyacb ���c� a �`�ed Nfhgji lk �����3�U�5�����!@m�=�,�����Y� �(n �	oBpq



where � � ���c� and �2����� arethe desiredanddesignedamplitude
responsesrespectively. A moregeneralerror criteria minimizes
the 
 -th power of theerrorwithacb ����� a �r�ed NfKgji k �����3�U�2���c�s@^�
�������Y� � n �	o pt (3)

TheweightedChebishev ( � � ) criteria,whichminimizesthemax-
imumerror, is givenbyacb ����� a ���SuwvW'-yx�z  3{ i}|�~ k �����3�U�5�����!@m�=�,�����Y� ~
In all casesk ����� is anonnegative weightingfunction.

Consideringadiscretizedversionof (3), theobjectiveis to find
thecoefficients 6 �%$�� suchthatthescalarerror� ���R� ���� � �! ~ �5���

� ��@^�
����� � � ~ � (4)

is minimized over the frequencies� � . Using the � � norm, the
minimizationof � � � ���� � �s ~ �5���

� ��@m�=�r��� � � ~ �
resultsin � �V�.���
where� is theresidualvector���j[ 6 @B�=�
Theresultingnormalequationsaregivenby[ � [ 6 �R[ � � �

A weightederrorapproachresultsin� � � ���� � �! !� �� ~ �2���
� ��@m�=�r��� � � ~ �

with � �V�.� k � k �
where k is adiagonalmatrixwith theweights� � in its diagonal.
It canbeprovedthattheresultingnormalequationshave theform[ � k � k [ 6 �R[ � k � k � � (5)

The objective of IRLS algorithmsconsistsin finding the optimal
weightsin (5) thatminimizethescalarerrorof (4).

3. IRLS METHODS

ThebasicIRLS approachto solve(3) consistsin findingiteratively
theoptimalweightsk for (5) using6�� ��� [�� k �� k � [=� ��� [�� k �� k � �
� (6)

at the � -th iteration.Thefirst guessfor 6�� considersunit weights
in thediagonalof k . Then,theresultingerroris foundusing� � �j[ 6 � @m�=�

Sincewecanexpress(4) as� � � ���� � �! !��� ~ �2���
� ��@B�=�,��� � � ~ �

wecandefineaweightingvectorby���c� � � ~ � � ~ � � � �Y�����For eachiteration,thesevaluesarelocatedin thediagonalof k .
Then,(6) is usedagainuntil the methodconvergesto the proper
solution. However, it hasbeenfound that this approachhasin-
tensepracticalproblems,sincetheinversionrequiredby (6) often
usesan ill-posed matrix and, in most cases,convergenceis not
achieved.

Rice andUsow [11] developedan algorithmbasedon Law-
son’s methodthat requiresa multiplicative updateof theweights
aftereachiteration.They usedresultsfrom Motzkin andWalsh[9]
that warranteedthe existenceof a solutionfor the Chebishev ap-
proximationproblemtosupporttheuseof aweightedleast-squares
algorithmfor the ��� problem.They defined� �c� � � �
�� ~ � � ~ �where � � � ��
�@ E �� ��
�@ E ����Nand � � �

E � � 
�@ EE � � ��
�@ E �!�VN`�The restof the algorithmworks the sameway asthe basicIRLS
method.However, theproperselectionof � will allow for astrong
convergencealgorithm. Note that for � ��G we obtainthebasic
IRLS algorithm.

Anotherapproachto solve (5) consistsin usinga temporary
coefficient vectordefinedby�6��c� � ��� [�� k ��c� � k ��� � [=� ��� [�� k ��c� � k �c� � �=� (7)

Thefilter coefficientsaftereachiterationarethenupdatedby6 ��� � �R� �6 �c� � �L��N�@ �y� 6 �
This approachis known as the Karlovitz method[7], and it has
beingclaimedthat it convergesto theglobaloptimalsolutionfor
even values of ¡�I¢
¤£T¥ . However, in practiceseveral con-
vergenceproblemshavebeenfoundevenundersuchassumptions.
Onedrawbackis that the convergenceparameter� hasto be op-
timized for eachiteration,which requiresthemultiple evaluation
for differentvaluesof G�Ij�KI�N , anda linearsearchfor thebest
valuemustbedone.Thereforetheoverallexecutiontimebecomes
ratherlarge.

Kahng[6] developedanalgorithmbasedonNewton-Raphson’s
methodthatuses �w� N
¦@JN (8)

to get 6�� � �6 � �V��
¦@ E � 6 � ���
w@JN (9)

This selectionfor � is baseduponNewton’s methodto minimize� . Therestof thealgorithmfollowsKarlovitz approach.However,
since� is fixed,thereis noneedto performthelinearsearchfor its



bestvalue.SinceKahng’smethodisbaseduponNewton’smethod,
it convergesquadraticallyto the optimal solution. Kahngproved
thathismethodconvergesfor all casesof � andfor any problem.It
canbeseenthatKahng’s methodis a particularcaseof Karlovitz
algorithm, with � as definedin (8). Newton-raphsonbasedal-
gorithmsarenot warranteedto converge to the optimal solution
unlessthey aresomewhat closeto thesolutionsincethey require
to know andinvert theHessianmatrix of theminimizedfunction,
whichmustbepositive definite[1]. However, theirquadraticcon-
vergencemakesthemanappealingoption.

Burrus,BarretoandSelesnick[4, 2, 3] developeda method
(which from now on will be referredto as BBS) that combines
the powerful quadraticconvergenceof Newton methodswith the
robust initial convergenceof the basicIRLS method,thus over-
comingtheinitial sensitivity of Newton-basedalgorithmsandthe
slow linearconvergenceof Lawson-basedmethods.To accelerate
initial convergence,theirmethodfor minimizingthe 
 -th powerof
theerrorusesinitially 
K�¨§l© E , where § is a convergencepa-
rameterdefinedby N5Ij§_I E . At thenext iteration,
 increases
its valueby a factorof § , to 
J�D§ � ©ª
 . This is doneat each
iteration,soto satisfy
 � �Vu�«­¬���
 �3®�¯W° §¦
 � ��� � (10)

The implementationof eachiterationfollows Karlovitz’s method
usingtheparticularselectionof 
 givenby (10).

4. ADAPTIVE ALGORITHM

Much of the performanceof a methodis baseduponwhetherit
canreacha globalminimafor a certainerrormeasure.In thecase
of the methodsdescribedabove, both convergencerate and sta-
bility play an importantrole in the method’s performance.Both
Karlovitz and RUL methodsare supposedto converge linearly,
while Kahng’s andBurrus’ methodsconvergequadratically, since
they bothuseaNewton-basedadditive updateof theweights.

Barretoshowed in [2] that the modified versionof Kahng’s
method(or BBS) typically convergesfasterthan the RUL algo-
rithm. However, this approachpresentssomeparticularproblems
thataredependentuponthetransitionbandwidth

�
. For somepar-

ticular valuesof

�
, the BBS methodwill result in an ill-posed

weight matrix that causesthe ��� error to increasedramatically
after a few iterations. Two factscanbe derived from Figure1:
for this particularbandwidththeerror increasedslightly after the
fifth andeleventh iterations,andincreaseddramaticallyafter the
sisteenth.Also, it is worthto noticethataftersuchincrease,theer-
ror startedto decreasequadraticallyandthat,at a certainpoint, it
flattened(thusreachingthecomputationallimits of thecomputer).

The effectsof differentvaluesof § werestudiedto find out
if a relationshipbetween§ andtheerror increasecouldbedeter-
mined. Figure2 shows the ��� error for differentvaluesof

�
and

for §T�¤N�± ² . It canbeseenthatsomeparticularbandwidthscause
thealgorithmto produceavery largeerror.

The conclusionsderived above suggestthe possibility to use
anadaptive algorithmthatchangesthevalueof § so that theer-
ror alwaysdecreases.This ideawasimplementedby calculating
temporarynew weight andfilter coefficient vectorsthat will not
becometheupdatedversionsunlesstheir resultingerroris smaller
thanthepreviousone. If this is not thecase,thealgorithm”tries”
two valuesof § , namely§ � �R§\©³��Nc@ ´µ� and §w¶L�V§D©=��N	�J´¦� (11)
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Figure1: a)BBSmethod,normalbehavior; b) aproblematicband-
with.
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(wheré is anupdatingvariable).Theresultingerrorsfor eachat-
temptarecalculated,and § is updatedaccordingto thevaluethat
producedthesmallesterror. Theerrorof this new § is compared
to theerrorof thenonupdatedweightsandcoefficients,andif the
new § producesa smallererror, thensuchvectorsareupdated;
otherwiseanotherupdateof § is performed.The algorithmcan
besummarizedasfollows,

1. Find the unweightedapproximation6 �1[ ��� � � anduse
  �V§l· E , where N�IO§¸I E .2. Iteratively solve (7) and(9) using� � � N
 � @ON
andfind theresultingerror � � for the ¹ -th iteration.

3. If � � ] � � ��� ,º Calculate(11).º Selectthe smallestof �<»#¼ and �<»ª½ to compareit
with � � until a value is found that resultsin a de-
creasingerror.

The algorithmdescribedabove changesthe valueof § that
causesthe algorithm to producea large error. § is updatedas
many timesasnecessarywithoutchangingthevaluesof theweights,
the filter coefficientsor the variableerrorpower 
 . If an optimal
valueof § exists,thealgorithmwill find it andcontinuewith this
new valueuntil anotherupdatein § becomesnecessary. This al-
gorithm was implementedfor several combinationsof § and

�
;

for all casesthenew algorithmconvergedfasterthantheBBS al-
gorithm(obviously unlessthevaluesof § and

�
aresuchthatthe

errornever increases;in thiscasethenew algorithmworksexactly
assuchmethod).Theresultsareshown in Figure3.afor thespec-
ificationsfrom Figure1. WhereasusingtheBBS methodfor this
particularcaseresultsin a largeerrorafter thesixteenthiteration,
theadaptive methodconvergedbeforeteniterations.

Figure3.billustratesthechangeof § periterationin theadap-
tive method,usingan updatefactorof ´A�eG,±¾N . The ��� error
stopsdecreasingafter the fifth iteration(wherethe BBS method
introducesthe large error); however, the adaptive algorithm ad-
juststhevalueof § sothatthe ��� errorcontinuesdecreasing.The
algorithmdecreasedthe initial valueof § from 1.75 to its final
value of 1.4175(at the expenseof only one additionaliteration
with §l��N<± ¿�²�¿ ).

5. CONCLUSIONS

A descriptionof the ��� FIR filter designproblemwaspresented.
Theuseof iterative reweightedleastsquaresmethodsto solve this
problemwasillustratedandan overview of differentapproaches
wascovered.Both RUL andKahng’s methodsimprove thebasic
IRLS performancewith certainaccelerationtechniques;however
thesemethodsarenot robustenoughsincethey areeithersensitive
to thestartingconditions(Kahng)or they haveslow linearconver-
gence(RUL).

The BBS methodis a fast-convergent algorithm. However,
its sensitivenessto thetransitionbandwidthrequiresamorerobust
method.An adaptivealgorithmwasintroducedasasolutionto this
problem.Thenew methodexhibits thesameconvergenceproper-
tiesastheBBS algorithmfor mostfilters, but is ableto adjustits
parametersto avoid the occasionaldramaticerror increases,thus
makingit a robustalternative for designing��� linearphasefilters.
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