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ABSTRACT

This paperpresentsan efficient adaptve algorithmfor designing
FIR digital filters thatareefficientaccordingto an L,, error crite-
ria. Thealgorithmis an extensionof Burrus’iterative reweighted
least-squaredRLS) methodfor approximatingL,, filters. Such
algorithmwill converge for mostsignificantcasesn a few itera-
tions. In somecasesowever, thetransitionbandwidthis suchthat
the numberof iterationsincreasesignificantly The proposedal-
gorithmcontrolssuchproblemanddrasticallyreduceghe number
of iterationsrequired.

1. INTRODUCTION

In designingFIR filters, it is usuallynecessaryo minimizeaner
ror norm. Typically, thetwo mostcommonlyusednormsarethe
Chebishe norm (L) andtheleast-squaresorm(L-). However,
in someapplicationsminimizing eitherthe error enegy (L2) or
themaximumerror (L) is notthe optimalapproacho designing
afilter. This article addressethe designof filters thatareoptimal
in the L, norm (i.e. filters designedhroughthe minimizationof
thep-th power of theerror).

Thereis no analyticalway to minimize the p-th power of the
error; thereforeaniterative approachmustbe used. The applica-
tion of Iteratve RewveightedLeastSquareqIRLS) methodshas
beenstudiedintensiely by appliedmathematiciandn 1961Law-
son[8] cameup first with an IRLS algorithmto solve the Chebi-
shes approximatiorproblem. He proved the existenceof anopti-

malsolutionandthelinearconvergenceassociatedith hismethod.

Rice and Usaw [11] extendedLawsons methodto a generaliza-
tion of the L, problem,pointing ut that Lawsons methodcould
occationallyberequiredto restart.Karlovitz [7] presentedh 1970
an IRLS algorithmwith guaranteedinear convergencefor even
valuesof p. Kahng[6] cameup with an extensionof Lawsons
algorithmto L, problemsbasedon Newton-Raphsors method,
and proved that his algorithmalways corverges. Independently
Fletcheret al. [5] developeda similar algorithm. Burruset al.
[2, 4, 3] developedarohbustalgorithmthatwould corvergequadrat-
ically under most conditions; however it is sensitve to certain
caseswvherethetransitionbandwidthcauseghe algorithmto pro-
duceoccasionajumpsin the error For suchcases largenumber
of iterationsis required.Themethodpresentedh this articlecom-
binestherobustnes®f Burrusalgorithmwith somedegreeof flex-
ibility in the useof adaptve parametershatwould allow for the

fastconvergenceof aNewton-basedanethodandstrongrobustness.
Thebasictheoryof IRLS methodsappliedto thedesignof L,, FIR
filtersis presentedandseveralapproachearereviewed. Theneed
of anadaptve methodthat overcomegarticularcasess justified
andelaborated.

2. FIRFILTER DESIGN

Typically, FIR filters are designedy consideringa sampledver
sionof adesiredfrequeng responsed (w). For linear phasefil-
ters, it is possibleto expressthefrequeng response

N-1

H(w) =) h(n)exp™" 1)

n=0

(whereh(n) is thelength4V filter impulseresponsejn termsof a
realamplitudefunctionandaphasdaerm. Usingsymmetryproper
tiesof theFouriertransformalinearphaserIR filter is definedby
H(w) = A(w)exp?M¥ if h(n) satisfiessomesymmetrycon-
straintg[10]. For thepurpose®f this paperonly odd-lengttfilters
with evensymmetrywill beconsideredThereal-valuedamplitude
function A(w) is definedasfollows [4]

AWw) =" a(n)cosw(M —n) @)

where

h(M) n=M

0 otherwise
andM = (N — 1)/2. Equation(2) describes linear systemof
equationsvhosesolutionis a setof coeficientsthat characterize
the filter impulseresponse.In matrix form, this is expressecdas
A = Ca, whereA is a columnvectorwith L samplesf the de-
siredfrequeng responseq is the vectorof N filter coeficients
andC is acosinematrix requiredfor the Fouriertransform.

It is often desirableto take a large numberof samplego de-
signasmallfilter (in thesensehatZ > N, whereL isthenumber
of frequenyg samplesand N is thefilter order). This settingwill
resultin anoverdeterminedystemof equationsvithout an exact
solutionand,therefore the problemof designinganFIR filter be-
comesone of approximatinga desiredfrequeny responséased
upon a particularerror norm. The weightedleast-square$L-)
norm,which considergheerrorenepy, is definedby

{ 2h(n) 0<n<M-—1
a(n) =

B b= (2 [ W) - aupyas)



where A4(w) and A(w) arethe desiredand designedamplitude
responsesespectiely. A more generalerror criteria minimizes
thep-th power of the errorwith

Il B@) llo= (% / W) (Aw) - Ad(w))Pdw) 3)
TheweightedChebishe (L) criteria,whichminimizesthemax-
imum error, is given by

| E(w) lloo= Joax | W(w)(A(w) — Aa(w)) |
In all casedV (w) is anonngative weightingfunction.

Consideringadiscretizedrersionof (3), theobjectveistofind
thecoeficientsa(n) suchthatthescalarerror

=y | Alwr) - Aa(wr) I @

k=0

is minimized over the frequenciesv,. Usingthe Ly norm, the
minimizationof

e=Y | Alwe) = Aa(wr) I
k=0

resultsin
T
E =€ €
wheree is theresidualvector
€= Ca — Ad
Theresultingnormalequationsaregivenby
C"Ca=C"Aq

A weightederrorapproachesultsin

L—1
€= Zwi | A(w) — Aa(wr) |?
k=0
with
e=e"WTWe

whereW is adiagonalmatrix with theweightswy, in its diagonal.
It canbe provedthattheresultingnormalequationshave theform

C"WIWCa=C"WTW A4 (5)

The objective of IRLS algorithmsconsistsn finding the optimal
weightsin (5) thatminimizethe scalarerrorof (4).

3. IRLSMETHODS

ThebasiclRLS approacho solve (3) consistsn findingiteratively
theoptimalweightsW for (5) using

am = [CTWEW,.CIT ' CTWLEW,, Ag (6)

atthem-th iteration. Thefirst guesdor a.,, considerainit weights
in thediagonalof W. Then,theresultingerroris foundusing

€m = Cam — Ag

Sincewe canexpresg4) as

L-1

€= Zwm | A(wr) — Ag(ws) |

k=0
we candefineaweightingvectorby

Wing1 = |Em|(z’*2)/2

For eachiteration,thesevaluesarelocatedin the diagonalof W'.
Then, (6) is usedagainuntil the methodcorvergesto the proper
solution. However, it hasbeenfound that this approachhasin-
tensepracticalproblems sincethe inversionrequiredby (6) often
usesan ill-posed matrix and, in most casescorvergenceis not
achieved.

Rice andUsaw [11] developedan algorithmbasedon Law-
sons methodthat requiresa multiplicative updateof the weights
aftereachiteration. They usedresultsfrom Motzkin andWalsh[9]
thatwarranteedhe existenceof a solutionfor the Chebishe ap-
proximationproblemto supportheuseof aweightedeast-squares
algorithmfor the L, problem.They defined

W1 = Wi |€m|®

where
o =2
¥p—2)+1
and
f=m= Lol

2y 2(y(p—-2)+1)
The restof the algorithmworks the sameway asthe basicIRLS
method.However, theproperselectiorof v will allow for astrong
corvergencealgorithm. Notethatfor v = 0 we obtainthe basic
IRLS algorithm.

Anotherapproachto solve (5) consistsin usinga temporary
coeficient vectordefinedoby

tmt1 = [CTWE Wi 1O CTW L Wip1Aa (7)
Thefilter coeficientsaftereachiterationarethenupdatecby
Umt1 = Am+1 + (1 — X)am

This approachis knowvn asthe Karlovitz method[7], andit has
beingclaimedthatit convergesto the global optimal solutionfor
even values of 4 < p < oco. However, in practiceseveral con-
vergenceproblemshave beenfoundevenundersuchassumptions.
Onedravbackis thatthe corvergenceparametet\ hasto be op-
timizedfor eachiteration,which requiresthe multiple evaluation
for differentvaluesof 0 < A < 1, andalinearsearchor the best
valuemustbedone.Thereforeheoverall executiontime becomes
ratherlarge.

Kahng[6] developedanalgorithmbasednNewton-Raphsos
methodthatuses

A= ®)
to get
a, = G +(p—2)am—1 )
p—1

This selectionfor A is baseduponNewton’s methodto minimize
e. Therestof thealgorithmfollows Karlovitz approachHowever,
sincel is fixed,thereis noneedto performthelinearsearchor its



bestvalue.SinceKahngs methods basediponNewton’s method,
it corvergesquadraticallyto the optimal solution. Kahngproved
thathismethodcorvergesfor all case®f A andfor ary problem.It

canbe seenthatKahngs methodis a particularcaseof Karlovitz

algorithm, with A as definedin (8). Newton-raphsorbasedal-

gorithmsare not warranteedo converge to the optimal solution
unlessthey are somavhat closeto the solutionsincethey require
to know andinvert the Hessiammatrix of the minimizedfunction,
which mustbe positive definite[1]. However, their quadraticcon-
vergencemakesthemanappealingption.

Burrus, Barretoand Selesnickl4, 2, 3] developeda method
(which from now on will be referredto as BBS) that combines
the powerful quadraticconvergenceof Newton methodswith the
robust initial corvergenceof the basicIRLS method,thus over-
comingtheinitial sensitvity of Newton-basedlgorithmsandthe
slow linearcornvergenceof Lawson-basednethods.To accelerate
initial corvergencetheirmethodfor minimizing the p-th power of
theerrorusesinitially p = K * 2, whereK is a conergencepa-
rameterdefinedby 1 < K < 2. At thenext iteration,p increases
its value by a factorof K, to p = K2 % p. Thisis doneat each
iteration,soto satisfy

Pm = min(pdes, Kpm—1) (10)

The implementatiorof eachiterationfollows Karlovitz's method
usingthe particularselectiornof p givenby (10).

4. ADAPTIVE ALGORITHM

Much of the performanceof a methodis baseduponwhetherit
canreacha globalminimafor a certainerrormeasureln the case
of the methodsdescribedabore, both corvergencerate and sta-
bility play animportantrole in the method$ performance.Both
Karlovitz and RUL methodsare supposedo converge linearly,
while Kahngs andBurrus’ methodscorverge quadraticallysince
they bothusea Newton-baseddditive updateof theweights.

Barretoshaved in [2] that the modified versionof Kahngs
method(or BBS) typically convergesfasterthanthe RUL algo-
rithm. However, this approactpresentsomeparticularproblems
thataredependentiponthetransitionbandwidth3. For somepar
ticular valuesof 3, the BBS methodwill resultin an ill-posed
weight matrix that causeshe L, error to increasedramatically
after a few iterations. Two factscanbe derived from Figure 1:
for this particularbandwidththe errorincreasedlightly afterthe
fifth andeleventhiterations,andincreaseddramaticallyafter the
sisteenthAlso, it is worthto noticethataftersuchincreasetheer-
ror startedto decreaseuadraticallyandthat, at a certainpoint, it
flattenedthusreachinghecomputationalimits of thecomputer).

The effectsof differentvaluesof K were studiedto find out
if arelationshipbetweenK andthe errorincreasecould be deter
mined. Figure 2 shaws the L, errorfor differentvaluesof 8 and
for K = 1.7. It canbeseerthatsomeparticularbandwidthsause
thealgorithmto producea very large error.

The conclusiongderived abore suggesthe possibility to use
anadaptve algorithmthatchangeghe valueof K sothatthe er-
ror alwaysdecreasesThis ideawasimplementedoy calculating
temporarynew weight andfilter coeficient vectorsthat will not
becomeheupdatedrersionsunlesstheir resultingerroris smaller
thanthe previousone. If thisis notthe casethealgorithm”tries”
two valuesof K, namely

Ki=Kx(1-A)andKg =K*(1+A) (11
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(whereA is anupdatingvariable).Theresultingerrorsfor eachat-

temptarecalculatedand K is updatedaccordingo thevaluethat

producedhe smallesterror. The errorof thisnewv K is compared
to the error of the nonupdatedveightsandcoeficients,andif the

nev K producesa smallererror, thensuchvectorsare updated;
otherwiseanotherupdateof K is performed. The algorithmcan
besummarizeasfollows,

1. Find the unweightedapproximatiors = C~' A4 anduse
po =K -2,wherel < K < 2.

2. lteratively solve (7) and(9) using
_ 1
v

Ak

andfind theresultingerrore;, for the k-th iteration.
3. fer > er_1,

e Calculate(11).

e Selectthe smallestof ek, andek, to compareit
with e, until a valueis found that resultsin a de-
creasingerror

The algorithmdescribedabore changeshe value of K that
causeghe algorithmto producea large error. K is updatedas
mary timesasnecessarwithoutchanginghevaluesof theweights,
thefilter coeficientsor the variableerror power p. If anoptimal
valueof K exists,thealgorithmwill find it andcontinuewith this
new valueuntil anothemupdatein K becomesecessaryThis al-
gorithmwasimplementedor several combinationsof K andg;
for all caseghe new algorithmcorvergedfasterthanthe BBS al-
gorithm (ohbviously unlessthevaluesof K andg aresuchthatthe
errorneverincreasesn this casethe new algorithmworksexactly
assuchmethod).Theresultsareshavn in Figure3.afor the spec-
ificationsfrom Figure1l. Whereaasingthe BBS methodfor this
particularcaseresultsin a large error after the sixteenthiteration,
theadaptve methodcorvergedbeforeteniterations.

Figure3.billustratesthechangeof K periterationin theadap-
tive method,using an updatefactorof A = 0.1. The L, error
stopsdecreasingfter the fifth iteration (wherethe BBS method
introducesthe large error); however, the adaptve algorithm ad-
juststhevalueof K sothatthe L, errorcontinuesiecreasingThe
algorithm decreasedhe initial value of K from 1.75to its final
value of 1.4175(at the expenseof only one additionaliteration
with K = 1.575).

5. CONCLUSIONS

A descriptionof the L,, FIR filter designproblemwaspresented.
Theuseof iterative reweightedeastsquaresnethodgo solve this
problemwasillustratedand an overview of differentapproaches
wascovered. Both RUL andKahngs methodsmprove the basic
IRLS performancewith certainacceleratiotechniqueshowever
thesemethodsarenotrobustenougtsincethey areeithersensitve
to the startingconditions(Kahng)or they have slow linearcorver-
gence(RUL).

The BBS methodis a fast-conergent algorithm. However,
its sensitvenesgo thetransitionbandwidthrequiresamorerobust
method.An adaptve algorithmwasintroducedasa solutionto this
problem.The nev methodexhibits the sameconvergenceproper
tiesasthe BBS algorithmfor mostfilters, but is ableto adjustits
parameterso avoid the occasionablramaticerror increasesthus
makingit arobustalternatve for designingL, linearphasdilters.
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