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Abstract— We presenta general framework for designingopti-
mal transmit spectrafor symmetricbit-rate communicationservices
dominatedby crosstalk,in particular Digital SubscriberLine (DSL)
servicessuchasthe proposedHDSL2. Usingthe channel,noise,and
interference transfer functions, we set up and solve an optimiza-
tion problem to maximize the joint capacity of neighboring lines.
Joint signaling techniquesand optimal power distribution yield sig-
nificant gains in bit rates (or performance margins) over current
schemes.Furthermor e, by design,the spectra are spectrally com-
patible with existing neighboring services. The framework is quite
general — it doesnot depend on the exact choice of modulation
scheme,for example. It is also extremely simple and of low com-
putational complexity.

Keywords— Digital Subscriber Line (xDSL) systems,capacity,
multiuser interference.

I . INTRODUCTION

Digital subscriberline (DSL) modems,thenext gener-
ationof high-speedtelephoneline modems,exploit large
bandwidths( ��� MHz) toyieldhighbit rates( ��� Mbps).
ThevariousDSL services(xDSL in general)arecatego-
rizedaccordingto thebit ratesthey deliver:
ADSL— AsymmetricDSL— providesa high-speed(on
the order of � Mbps) downstream(from central office
to subscriber)channelanda low-speed(on the orderof����� kbps)upstream(from subscriberto thecentraloffice)
channelovereachtwistedpair.
VDSL— Veryhighbit-rateDSL— will provide a sym-
metric or asymmetrichigh-bit-rate(on the order of 	��
Mbps) channelover a single twistedpair lessthan 
 to� kft long.
HDSL2—High bit-rateDSL2 — will provide a sym-
metricbit–rateof ��� 	
��� Mbpsover a singletwistedpair
( � ��� kft long)without repeaters.

Telephone lines are packed closely together into
bindersin a cable. Crosstalk(near-end(NEXT) andfar-
end(FEXT)) resultsdueto theproximity of thelines(see
Figure1) andsignificantlylimits achievablebit-rates[1].

In this paper, we employ crosstalkavoidancebetween
same-servicelines in a binder, using orthogonalsignal-
ing techniquesto designoptimal transmitspectra. We
solve an optimizationproblemto maximizethe channel
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Fig. 1. NEXT andFEXT betweenneighboringlines in a binder. Tx’s
aretransmittersandRx’s arereceivers.

capacitygiven the channel,noise,andcrosstalkcharac-
teristics. By design,we maintainspectralcompatibility
with existingneighboringservices.Thisproblemwasfirst
solved in [2] for symmetric-bit-rateservicesfacingself-
NEXT (NEXT from same-servicelines)andwhite addi-
tive Gaussiannoise(AGN). Here,we solve the problem
in presenceof self-NEXT, self-FEXT, AGN, andinterfer-
encefrom otherservices.Optimizationcanalsobedone
underan additionalpeakfrequency-domainpower con-
straint [3]. The techniquesdevelopedhereare general
andcanbe appliedto any symmetric-bit-ratecommuni-
cationchannelwith appropriatecrosstalkcharacteristics.
In this paper, we targetsymmetric-bit-rateDSL services,
e.g.,HDSL2[4].

SectionII outlinesthe definitionsand notationused.
Details on obtaining optimal transmit spectraare pre-
sentedin SectionIII. We discusssimulationresultsin
SectionIV andpresentconclusionsin SectionV.

I I . DEFINITIONS AND NOTATION

Therearetwo typesof crosstalk(seeFigure1):
Near-endcrosstalk(NEXT): Interferencebetweenneigh-
boringlinesthatariseswhensignalsaretransmittedin op-
positedirections.If theneighboringlinescarrythesame
typeof service,thentheinterferenceis calledself-NEXT;
otherwise,it is calledasdifferent-service(DS)NEXT.
Far-endcrosstalk(FEXT): Interferencebetweenneigh-
boringlinesthatariseswhensignalsaretransmittedin the
samedirection. If the neighboringlines carry the same
typeof service,thentheinterferenceis calledself-FEXT;
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Fig. 2. Magnitude-squaredtransferfunctionof thechannel(CSA loop

6), ��� self-NEXTinterferers,and ��� self-FEXTinterferers.

otherwise,it is calledasdifferent-service(DS)FEXT.
Thetermself-interferencerefersto thecombinedself-

NEXT andself-FEXT. ChannelnoiseismodeledasAGN.
Figure2 illustratesthe channel,self-NEXT, andself-

FEXTtransferfunctions,denotedby ���! #"%$ , ��&' #"%$ , and��() #"%$ , respectively. We assumethat thechannelcanbe
characterizedasalineartime-invariantsystem.Wedivide
the transmissionbandwidth* of thechannelinto K nar-
row frequency bins;eachof width + Hz andassumethat
the channel,noiseandthe crosstalkcharacteristicsvary
slowly enoughwith frequency that they canbe approxi-
matedasconstantovereachbin.

We usethe following notationfor thechanneltransfer
functionof line , [5]- � �  ."%$ - /1032 ��465 7 if

- "98:"�7 -<;>= /@?� otherwise? (1)

self-NEXTtransferfunction[6]- ��&A ."%$ - / 0 2>B 4C5 7 if
- "D8E"�7 -<;F= / ?� otherwise? (2)

andself-FEXTtransferfunction[6]- ��() #"%$ - /10 2>G 465 7 if
- "98E" 7 -<; = / ?� otherwise� (3)

Here "�7 arethecenterfrequencies(seeFigure2) of the H
binswith index IKJML � ? ���N� ? HEO . Weconsiderrealsignals
with symmetricfrequency responses.Thus, we denote
quantitiesonly over thenon-negativefrequency region.

Similarly, DS-NEXT is denotedby PKQ%&@ ."%$ , DS-
FEXT by PKQ%() #"%$ , and AGN by RAS� #"%$ . We sum the
DS-NEXT, DS-FEXT, andAGN to getthetotalGaussian
noiseasRT #"%$VU 0 R'S
 #"%$XWTP9Q%&' #"%$YWTP9Q%() ."%$ � (4)

xDSL modemstransmitin two directionsonthesameline
via a � –Z line hybrid circuit. We denotethe upstream
anddownstreamtransmitpowerspectraldensities(PSDs)
by Q\[] ."%$ and Q_^� #"%$ , respectively. Similarly, `a[b #"%$ and`a^� ."%$ denotethePSDsin frequency bin I . An EqualPSD
(EQPSD)signalingschemein frequency bin I is onefor
which `�[c #"%$ 0 `d^� #"%$fe0 � for all " in the bin. (that is,
bothupstreamanddownstreamtransmissionsoccupy the
band

- "98E"�7 -<; = / in thesameway). A FrequencyDivi-
sionSignaling(FDS)schemein frequency bin I is onefor
which `a[c #"%$ 0 � when `d^� #"%$ge0 � for all " in thebin and
vice versa(that is, bothtransmissionsoccupy orthogonal
frequency bandswithin

- "98:"�7 -<;>= / .)

I I I . OPTIMAL TRANSMIT SPECTRA

A. Absenceof self-interference

In the absenceof self-NEXT and self-FEXT, the in-
terferencecombinationconsistsexclusively of different
serviceinterferers(suchasHDSL, T1, ADSL, etc.) and
AGN. This interferencecanbe lumpedtogetherwith the
AGN [7] asin 4 to obtaintheoptimalpower distribution
in eachdirectionof transmissionby the classicalwater-
filling solution[8].

B. Presenceof self-interference

When present, self-NEXT and self-FEXT severely
limit theachievablebit ratesin symmetric-bit-ratexDSL
services.In this scenario,we assumeself-NEXT domi-
natesself-FEXT andself-FEXT is small (seeFigure2).
This is the caseof interestfor HDSL2. However, self-
FEXT still factorsinto our designin a significantway.
This is a new, non-trivial extensionof thework of [2].

Our goal is to maximizethe upstreamcapacity( hi[ )
and the downstreamcapacity( hj^ ) given an averageto-
tal power constraintof kml\npo andtheequalcapacitycon-
straint hi[ 0 hj^ .

Considerthecaseof two neighboringlinescarryingthe
sameservice.Line � upstreamcapacityis hi[ andline Z
downstreamcapacityis h ^ . UndertheGaussianchannel
assumption,wecanwrite thesecapacities(in bps)ash [ 0 qsrutv�wyx{za| 5 v<}�x{za|�~�������y� /_� � W- ���! #"%$ - / Q [  ."%$R� ."%$YW - � &  ."%$ - / Q ^  #"%$XW - � (  ."%$ - / Q [  #"%$d�Y� " ? (5)

andh ^ 0 qsrutv w x{za| 5 v } x{za|�~��� ���y� /_� � W- ���! ."%$ - / Q_^� #"%$R� ."%$YW - ��&A ."%$ - / Q [  #"%$YW - ��(! ."%$ - / Q ^  #"%$ � � " � (6)



Thesupremumis takenoverall possibleQ_[c ."%$ and Q_^� ."%$
satisfying Q [  #"%$V��� ? Q ^  #"%$V�����%" ?
andtheaveragepowerconstraintsfor thetwo directionsZ ~T�� Q [  #"%$ � " ; kml\npo ? Z ~T�� Q ^  #"%$ � " ; kml\npo � (7)

We can solve for the capacities hi[ and hj^ using
“water–filling” if we imposethe restrictionof EQPSD,
that is Q\[c #"%$ 0 Q_^� ."%$��Y" . However, this giveslow ca-
pacities. Therefore,we employ FDS ( Q_[] ."%$ orthogonal
to Q_^y #"%$ ) in spectralregionswhereself-NEXT is large
enoughto limit our capacityandEQPSDin the remain-
ing spectrum.Thisgivesmuchimprovedperformance.

To easeouranalysis,wedividethechannelinto H bins
of equalbandwidth+ (seeFigure2) andcontinueourde-
signandanalysison thesinglefrequency bin I assuming
thesubchannelfrequency responses(1)–(3). For easeof
notation,in thissectionset��U 0 ��4C5 7 ? B U 0 B 465 7 ? G U 0 G 4C5 7 in (1)–(3)? (8)

andlet R�U 0 R� #"y7
$ denotethetotal noisePSDin bin I .
Let `�[b ."%$ denotethePSDin bin I of line � upstreamdi-
rectionand `a^y #"%$ denotethePSDin bin I of line Z down-
streamdirection(for capacitypurposeswe will consider
the bin I demodulatedto baseband).Denotethe corre-
spondingcapacitiesof bin I by � [ and � ^ .

We desire a signaling schemethat includes FDS,
EQPSD,and all combinationsin betweenin eachbin.
Therefore,wedividebin I in half andset` [  ."%$ 0��� ��� /����= if � ; " ; = / ? � 8 � $ /p� �= if

= / ��" ; + ?� otherwise,
(9)

` ^  #"%$ 0��� �  � 8 � $ /p� �= if � ; " ; = / ?� /�� �= if
= / ��" ; + ?� otherwise� (10)

Here k�� is theaveragepower over thebandwidth+ in
bin I and � � 	 ; � ; � . Thefactor � controlsthepower
distribution in the bin. When � 0 � � 	 , `a[c #"%$ 0 `d^� ."%$�%">J � � ? +�  (EQPSDsignaling); when � 0 � , `a[] ."%$
and `d^y #"%$ are disjoint (FDS signaling). Thesetwo ex-
tremetransmitspectraalongwith otherpossiblespectra
(for differentvaluesof � ) areillustratedin Figure3.

B.1 OptimalSpectrum:Onefrequency bin

If wedefinetheachievablerateas¡�¢  #` [  #"%$ ? ` ^  #"%$s$ 0~ =� �{��� /�£ � W `a[] ."%$¤�RFW�` ^  ."%$ B WT` [  #"%$ Gf¥ � " ? (11)
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Fig.3. Upstreamanddownstreamtransmitspectrain asinglefrequency
bin ( ®°¯f±a² ³µ´ EQPSDsignalingand ®°¯·¶9´ FDSsignaling).

then ¸º¹'» ¼¾½�¿À�Á ÂºÃ%ÄÅÃYÆÅÇ�È�É#Ê ¹ É#Ë%Ì�ÍÎÊdÏ�É.Ë%ÌsÌ ½�ÐuÑ¸ Ï » ¼¾½
¿ÀNÁ ÂNÃbÄÒÃ%Æ ÇgÈ�É.Ê Ï É.Ë%Ì�Í�Ê ¹ É#Ë%ÌpÌ�Ó (12)

Due to the power complementarityof Ê ¹ É.Ë%Ì and Ê Ï É#Ë%Ì ,
the channel capacities

¸ ¹
and

¸ Ï are equal. There-
fore, we will only considertheupstreamcapacity̧

¹
ex-

pression. Further, we will use the shorthandÇ�È forÇgÈ)É.Ê ¹ É#Ë%ÌºÍ�Ê Ï É#Ë%ÌpÌ in the remainderof this section. LetÔ »ÖÕ�×�ØÙ¾Ú denotethe signal-to-noiseratio (SNR) in the
bin.

SubstitutingthePSDs(9) and(10) into (11) andusing
(12),weobtain¸ ¹ » ¼¾½
¿ÀNÁ ÂNÃbÄÒÃ%ÆÜÛ ÝßÞáà�âyã Õ�äæåèç é Ôjêåèç É å)ë é Ì Ôiì ç é Ôjífîç à�âyã Õ ä åèç É å)ë é Ì Ôjêåèç é Ôiì ç É å)ë é Ì Ôjíïîáð Ó (13)

Notefrom (12)and(13) thattheexpressionafterthe

¼¾½
¿
in (13) is theachievablerate ÇgÈ . Differentiatingthe ÇgÈ
expressionin (13)with respectto

é
yieldsñ Ç�Èñ é » Ô É Ý é ë�å ÌVò Ý É ì ë í Ì ç Ô É ì Õ ë í Õ Ìë ê É å_ç Ôjí Ìôó
õ!Í (14)

with õ�ö�÷�ø éEù É#÷ÒÍ å ó .
Settingthis derivative to zerogivesus the singlesta-

tionarypoint
é » ÷uÓ ú . Theachievablerate Ç È is mono-

tonic in the interval
é3ù É#÷ÒÓûúÅÍ å ó . If the value

é » ÷ÒÓûú
correspondsto a maximum,thenit is optimal to perform
EQPSDsignalingin this bin. If thevalue

é » ÷ÒÓûú corre-
spondsto a minimum,thenthemaximumis achievedby
the value

é » å
, meaningit is optimal to performFDS

signalingin thisbin. Noothervaluesof
é

are anoptimal
option. We canwrite testconditionsto determinethesig-
nalingnature(FDSor EQPSD)in a givenbin by solving
(14):

If
ì Õ ë í Õ ë êµíýü ÷uÍ then



þ 0 Z�k��RM+ ÿ�� ����������	� � 8EZÒ B 8 G $B / 8 G / 8:� G ? (15)

If B / 8 G / 8 � G � � ? thenþ 0 Z�k �RM+ ÿ�� ����������	� � 8EZÒ B 8 G $B / 8 G / 8:� G � (16)

Note: In each bin theoptimalspectra exclusivelyemploy
EQPSDor FDSsignaling;thatis, � 0 � � 	 or � only. FDS
schemeis a specialcaseof the moregeneralorthogonal
signalingconcept.However, of all orthogonalsignaling
schemes,FDSsignalinggivesthebestresultsin termsof
spectral compatibilityunderanaveragepowerconstraint
andhenceis usedhere(seeproof in [9]).

B.2 OptimalSpectra:All frequency bins

Theabove analysisdealtwith only a singlefrequency
bin centeredaroundfrequency "y7 (seeFigure2). To ob-
tain thecompleteoptimalspectra,we applythe testcon-
ditions in (15) and(16) to eachfrequency bin in � � ? *°  .
A simpleiterative algorithmyieldsthecompleteoptimal
transmitspectra[9]:
1. Estimatewhich bins employ EQPSDsignaling and
FDSusing(15)and(16). We haveshown thatin ourcase
(low self-FEXT) we get an EQPSDregion to the left of
a switch-overbin 
�� /�
 andFDSregion to theright of it
[9]. Estimatetheswitch-overbin 
�� /�
 .
2. Performoptimalpowerdistributionwithin theEQPSD
regionusingwater-filling [8] andin theFDSregionusing
anotheroptimizationtechnique(optimizationin thepres-
enceof self-interference)[10].
3. Loopbetween1 and2 until convergenceis reached.

We have founda simpletestconditionthatcloselyap-
proximatesthe optimal switch-over bin 
�� /�
 [9]. This
approximationreducesthe above algorithmto a single,
computationallysimplestepof “water-filling”.

The resultingspectramay not have contiguouspower
allocationover frequency. However, we presentoptimal
waysof groupingbinsin [9] to yield contiguousupstream
anddownstreamspectra.

It is key to notethattheoptimaltransmitspectradonot
dictateany specificmodulationscheme,but rathersim-
ply describehow a modulationschemeshouldoptimally
distribute its power over frequency. Thus,optimalspec-
tra can be usedwith a numberof different modulation
schemes,including,but not limited to, DMT, CAP, QAM,
PAM, etc.

IV. SIMULATION RESULTS AND DISCUSSION

A. Examples

Figures4, 5, and6 illustratetheoptimaltransmitspec-
tra on CSA loop � for HDSL2 in the presenceof ���
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Fig. 4. Optimal transmitspectrafor HDSL2 on CSA loop � with � �
HDSL NEXT interferersandAGN of ������� dBm/Hz.Sincethereis
no self-interference,FDSis not required.Theupstreamanddown-
streamtransmissionsemploy thesamespectrum.
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Fig. 5. Optimal transmitspectrafor HDSL2 on CSA loop � with ���
T1 NEXT interferersandAGN of ������� dBm/Hz. Sincethereis
no self-interference,FDSis not required.Theupstreamanddown-
streamtransmissionsemploy thesamespectrum.

HDSL, Zy	 T1, and 
�� HDSL2 interferers,respectively.1

In the caseof differentserviceinterferers(HDSL and
T1 in Figures4 and5), theoptimalupstreamanddown-
streamspectraarethesame(EQPSDthroughout).In the
caseof HDSL2 interferers(Figure6), self-NEXTat high
frequenciesforcestheoptimalupstreamanddownstream
spectrato separatein frequency giving riseto anFDSre-
gion. As an addedbonus,no echocancellationwill be
requiredin thelargeFDSregion.

Notethattheoptimaltransmitspectravarysignificantly
with theinterferencecombination.

B. Performancemargins

The amountof noise (in dB) a channelcan sustain
while maintaininga fixed bit rate and bit error rate is
known asthenoisemargin or performancemargin [14].�

SimulationDetails:
Bit ratefixedat �� ����� Mbps. Total averageinput power (one-sided)in
eachdirection !�"$#&%�' ���( )+* dBm.
DifferentserviceinterferencemodelsobtainedfromAnnex B of T1.413-
1995(from [5], the ADSL standard),with exceptionsasin [11]. Self-
NEXT interferencemodeledasa2-pieceUngermodel[6].
Marginscalculatedaccordingto [12].
OPTIStransmitspectraobtainedby tracking � dBm/Hzbelow theOP-
TIS PSDmasks[13]. OPTISperformancemargin figuresfrom [13].
AGN of ������� dBm/Hzaddedto theinterference.
DMT modulationscheme:
Samplingfrequency ,.-�' ������� kHz.
Bin width /0'1� kHz. Numberof bins 23'4��� � .
Startfrequency = � kHz. Bit errorrate= ���(5�6 .
SNRgap= �  * dB.Nocyclic prefix. No limitationonmaximumnumber
of bitspertone.
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Fig. 6. Optimalupstreamanddownstreamtransmitspectrafor HDSL2
on CSA loop � with ��� self-NEXT and ��� self-FEXT interferers.
EQPSDsignalingtakes placeto the left of switch-over frequency798�:<;

andFDSto the right. (Note that the placementof the FDS
regionsisnonunique.Herewechooseagroupingsuchthatupstream
anddownstreamtransmissionsuseequaltransmitpowersandresult
in equalperformancemargins.Othergroupingsarepossible;see[9]
for details.)

TABLE I

Uncodedperformancemargins(in dB) for HDSL2onCSA loop � :
OPTISvs.Optimal.OPTISfigureswereobtainedfrom [13]. Diff =

Differencebetweenworst-caseoptimalandworst-caseOPTIS.

Crosstalk OPTIS Optimal
source Up Dn Up Dn Diff

49HDSL 2.7 12.2 18.5 18.5 15.8
25T1 19.9 17.5 21.3 21.3 3.8
39self 2.1 9.0 18.3 18.3 16.2
24self+24T1 4.3 1.7 5.4 5.4 3.7

TableI liststheperformancemarginsof theoptimaltrans-
mit spectravs. thoseobtainedusing the OPTIS fixed
transmitspectra(ANSI T1E1.4committee’s standardfor
the HDSL2 service[13]) for CSA loop � . For different
serviceinterferers(HDSL andT1), only theNEXT pow-
erswereconsidered;for HDSL2, “self” comprisesboth
self-NEXT and self-FEXT. Equal performancemargins
were obtainedfor upstreamand downstreamtransmis-
sions. We canclearly seethat the optimal schemeout-
performsOPTISwith largegainsin all thecases.

V. CONCLUSIONS

In this paper, we have derived optimal transmitspec-
tra for symmetricbit-ratecommunicationchannelsdomi-
natedby crosstalk,in particularfor DSLs. We solvedan
optimizationproblemto jointly maximizethecapacityof
eachDSL line in a bindergiven the channel,noise,and
crosstalkcharacteristics.Thekey advantagesare:

1. Optimal transmitspectrayield large gainsin perfor-
mancemarginscomparedto fixed-maskschemes.These
gains can also be tradedfor increasedbit ratesor de-
creasedaveragetransmissionpower.
2. Optimalspectraarenotboundto any particularmodu-
lationscheme.
3. Near-optimaltransmitspectraareeasyto compute.
4. Equal performancemargins can be obtainedfor up-
streamanddownstreamdirections.
5. FDSregionsrequirenoechocancellation.
6. Transmitspectracanbeadaptedon-lineto changesin
line conditions(dueto temperaturevariations,etc.).
7. Optimalspectrayield boundsonmaximumachievable
bit rates.

Our schemerequiresa priori knowledgeof the char-
acteristicsof neighboringinterferingservices.Thesecan
eitherbeestimatedatstart-upor analyzedin aworst-case
mannerfor a particular line underconsideration. This
informationcould alsobe obtainedfrom a centraloffice
databasethatspecifiesthetypeof servicesin eachbinder
groupin thetelephonecable.
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