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Abstiact—Many studieshave indicated the importance of
capturing scaling properties when modeling traffic loads;
however, the influence of long-rangedependencgLRD) and
marginal statistics still remainson unsure footing. In this
paper, we study thesetwo issueshy intr oducing a multiscale
traffic model and a novel multiscale approach to queuing
analysis. The multifractal wavelet model (MWM) is a mul-
tiplicati ve, wavelet-basedmodel that capturesthe positivity,
LRD, and “spikiness” of non-Gaussiantraffic. Using a bi-
nary tree,the model synthesizesan N-point data set with
only O(N) computations.

Leveraging the tree structure of the model, we derive a
multiscalequeuinganalysisthat providesa simple closedform
approximation to the tail queue probability, valid for any
given buffer size. The analysis is applicable not only to
the MWM but to tree-basedmodelsin general, including
fractional Gaussiannoise. Simulated queuing experiments
demonstrate the accuracy of the MWM for matching real
data tracesand the precisionof our theoretical queuing for-
mula. Thus, the MWM is useful not only for fast synthe-
sis of data for simulation purposesbut alsofor applications
requiring accurate queuing formulas such as call admission
control. Our resultsclearly indicate that the marginal distri-
bution of traffic at differ ent time-resolutionsaffectsqueuing
and that a Gaussianassumptioncan lead to over-optimistic
predictionsof tail queueprobability even when taking LRD
into account.

I. INTRODUCTION

Traffic modelsplay asignificantrdlein theanalysisandchar
acterizatiorof network traffic andnetwork performanceAccu-
rate modelscaptureimportantcharacteristicof traffic and en-
hanceour understandingf thesecomplicatedsignalsand sys-
temsby allowing usto studythe effect of variousmodelparam-
eterson network performancehroughbothanalysisandsimula-
tion.

Onekey propertyof modernnetwork traffic is the presence
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of long-range dependenc@_RD) which wasdemonstratedon-
vincingly in thelandmarkpaperof Lelandet.al.[1]. There mea-
surementsf traffic loadonanEthernetwereattributedto fractal

behaior or self-similarity, i.e., to the factthatthe data“looked
statisticallysimilar” (highly variable)on all time-scales.These
featuresare inadequatelydescribedby classicaltraffic models
suchasMarkov or Poissonmodels. In particulay the LRD of

datatraffic canleadto higherpaclet lossesthanthat predicted
by classicaueuinganalysiq1, 2].

Thesefindings were immediately followed by the devel-
opment of new fractal traffic models [3-5]. The most
broadly applied fractal model is the fractional Brownian mo-
tion (fBm), B(t), whosediscreteincrementprocessG (k) :=
B ((k + 1)A)—B (kA), calledfractionalGaussiamoise(fGn),
hasanautocorrelatiorof theform

2
g .
ra[k] = APk + 1M = 2k + |k - 12H) (1)

with A a constant. Gaussianityandthe strongscalingof fBm
enablerigorousanalyticalstudiesof queuingbehaior [6-10],
thusincreasinghe popularityof thefBm/fGn models.

ThoughfGn is anappropriatdraffic modelin somecaseg11,
12], it canonly modelreal-world traceswith therigid, restrictve
correlationstructure(1). Indeed,corvincing evidencehasbeen
producedestablishinghe importanceof short-termcorrelations
for buffering [13-15], and so-calledrelevant time scaleshave
beendiscorered[14,16,17].

Generalization®f fBm/fGn with a moreflexible correlation
structurethan (1) canbe synthesizedalmosteffortlessly using
the powerful decorrelatingcapability of the wavelettransform
[18-21]. There,independenGaussiarwaveletcoeficientswith
variancedecayingappropriatelywith scaleform the building
blocks for modelingboth the long and short-termcorrelations
of atargetdataset. Efficient O(N) algorithmsbasednthetree
structureof wavelet coeficientsare availableto synthesizeV-
point datasets[22,23]. We will termall suchmodelswavelet-
domainindependenGaussianWIG) models.

As aconsequencef their Gaussiamature thefBm/fGn/WIG
modelscan produceunrealisticsynthetictraffic tracesin cer
tain situations. In mary networking applicationsfor instance,
we are nowherenearthe Gaussiarimit, in particularon small
time scales.Indeed variousauthorshave obseredheary-tailed



maurginalsin traffic [24, p. 364],[25]. More practicallyspeaking,
whenthe standarddeviation of the dataapproachesr exceeds
themean,considerabl@ortionsof the fBm/fGn/WIG synthesis
arenegative (seeFigurel(a)and(b)).

Unlike the WIG model, the multifractal wavelet model
(MWM), basedon a multiplicative cascaden the wavelet do-
main, guarantees positive output[27]. In its simplestform,
the MWM is closelyrelatedto the wavelet-baseatonstruction
of fBm/fGn, having the sameshortlist of parametergmean,
variance,H). However, the MWM framework boaststhe flex-
ibility, if desired,to additionally matchthe short-termcorre-
lations like the WIG model. The superiorityof the MWM at
matchingthe qualitative visualappearancéseeFigurel(c)), the
marginals(seeFigure4(c)), andthe queuingbehaior (seeFig-
ure5) [27,28] suggestshatthe multiplicative MWM approach
is moreappropriatehanthe additive Gaussiarone.

Themaincontributionof this paperis anovel multiscalequeu-
ing analysis.For aninfinite-lengthbuffer with constantink ca-
pacityc, thequeudength(assuminghe queuewasemptysome
timein the past)is givenby

Q = sup(K, —rc), (@)

whereK, is thetotal traffic thatenteredhe queuein the pastr

instants.In otherwords,the queuesize(2) is a supremunfunc-

tion of thetraffic arrivalsaggreyatedat multiple time-scalesFor

the WIG and MWM models,aggreyatesat dyadictime scales
(i.e., K, forr = 2™, m € IN) have simpleexpressionsandare
relatedto eachotherby independeninnovations.We exploit this

factto derive anapproximatiorto thetail queueprobability. The
resultingmultiscalequeuingformula,whichwe call MSQ(b),

« isvalid for ary givenqueudengthb,

« closely approximateghe tail queueprobability as experi-
mentsverify,

« requiresstatisticoof traffic atonly afew dyadictime-scales,

o is easy-to-useand

« clearlydemonstratetheimportanceof matchingmultiscale
maurginals (especiallythe tail of the maminal) in addition
to thevarianceat differenttime-scaledi.e., the correlation
structure)for accuratepredictionsof queuingbehavior.

As a consequencehe MWM becomesyiable for applications
requiring modelswith accuratequeuingformulassuchas call
admissiorcontrol.

After introducingwaveletsandexplainingthe WIG modelin
Sectionll, we describehe MWM anddemonstratés superior
ity overthe WIG in capturingthe mamginalsof traffic in Section
Ill. After experimentallyproving the importanceof the non-
Gaussiamatureof traffic on queuing,we introducethe novel
multiscalequeuinganalysis,which we apply to the WIG and
MWM in SectionlV. We provide empirical evidencefor the
accurag of our theoreticalqueuingformulasin SectionlV, use
our queuingformulasto explain why mamginalsandLRD affect
queuingin SectionV andconcluden SectionVI.

Il. CLASSICAL WAVELET MODELS FOR LRD PROCESSES
A. Long-range dependence

Considera discrete-timewide-sensestationaryrandompro-
cess{X;, t € Z} with auto-cowariancefunction rx[k] =
cov(Xy, Xi1r). A changein time scalecanbe representethy
forming theaggregateprocesth(m), whichis obtainedby aver-
agingX; overnon-overlappingolocksof lengthm andreplacing
eachblock by its mean

Xtm—m—‘,—l + -+ Xtm

x{m™ = -

3)

Denotethe auto-cwarianceof Xt(m) by r§;”> [k]. The process
X is saidto exhibit LRD if its auto-cavariancedecaysslowly
enoughto render) ;> _ rx[k] infinite [29]. Equivalently,

m rg(m) [0] - ocoasm — oo, andthepowerspectrumSx (f)
is singularnearf = 0.

One example of an LRD processis fGn (1), whose LRD
is capturedby the Hurst parameterH (larger H = stronger
correlationor LRD). To estimateH by the variance-timeplot
method,we fit a straightline throughthe plot of an estimate
of log var(X (™)) againsfiogm. More reliableestimatorsof H
have beendevised[30], in particularan unbiasednebasedon
wavelets[31,32].

B. Wavelettransform

The discretewavelet transformprovides a multiscalesignal
representationf aone-dimensionakindomsignalC(t) in terms
of shiftedanddilatedversionsof a prototypebandpassvavelet
functione(t) andshiftedversionsof alowpassscalingfunction
¢(t) [33,34]. For specialchoicesof the wavelet and scaling
functions theatoms

Pik(t) =22 (2t — k), ¢ji(t) =272 ¢(27t — k), (4)

j,k € Z, form an orthonormalbasis,and we have the signal
representatiof84]

c(t) = ZUJo,k B0,k (t) + Z ZW‘,k Yik().  (5)
k

i=Jo k

Herethe wavelet coeficients W; ;, andthe scalingcoeficients
Uj,x aregivenby

Wik = / C(t) ¥j(t) dt, Ujp == / C(t) ¢;k(t)dt. (6)

Withoutlossof generalitywe will assume/, = 0.

In thisrepresentatiork indexesthespatiallocationof analysis
andj indexesthe scaleor resolutionof the waveletanalysis—
largerj correspond$o higherresolutionandj = 0 indicateghe
coarsesscaleor lowestresolutionof analysis. In practice,we
work with a sampledor finite-resolutiorrepresentatioof C(t),
replacingthe semi-infinitesumin (5) with a sumover a finite
numberof scale) < j <n -1, n € IN.
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Fig. 1. Modelingburstytraffic data: Bytes-pettime arrival procesdor (a) wide-areal CPtraffic atthe LawrenceBerkeley Laboratory(traceLBL-TCP-3)[26], (b)
onerealizationof the state-of-the-anvavelet-domairindependenGaussiaffWIG) model[22], and(c) onerealizationof the multifractalwaveletmodel(MWM)
synthesisThe MWM tracecloselyresemblesherealdata,while the WIG tracedoesnot.

In this paper we restrictour attentionto the simplestwavelet
system,that of Haar. The Haarscalingandwavelet functions
aregivenby (seeFigure2(a))

1, 0<t<1/2
o) =1 o 95Ty = 1, 12<t<1
0, else
0, else.
(7

Sinceg, « (t) is a rectangulafunction, the Haarscalingcoefi-
cientsU; 1 (6) representhelocal mearvaluesof thesignalin the
timeintenals[k2~7, (k + 1)277] andthusform a discrete-time
approximatiorof C'(t) atresolutionj. By design,the supports
of the¢; 1 (t) arenestedwithin eachother This makesit natural
to usea binarytree(seeFigure2(b)) to displaythe relationship
betweerthe coeficientsU; ;. Nodesat lower horizontallevels
in the tree correspondo representationsf the signal at finer
resolutions.

The Haarwavelettransformof a signalcanbe computedre-
cursiely starting from its finest-scalescaling coeficients via
[34]

Ui—ixg = 27Y2(Ujar + Ujort1), ®)
Wi—1. 27V2(Uj ok — Uj241)-

This correspond$o moving up thebinarytreeandstoringin the

HaarwaveletcoeficientsW; ;, thedetailinformationlost while

goingfrom fineto coarseesolutiongseeFigure2(b)).
TheinverseHaarwavelettransformis computedvia

no

Uj 2k
Uj 2k+1

P2(Uj—1x + Wizin),

9
272 (U1 ke — Wit ) ®)

andis equialentto moving down the scalingcoeficienttreeto
finer representationsf the signal(Figure2(b)). It is easilyseen
thatthe forward andinverseHaarwavelettransformsof an V-
pointsignalcanbecomputedn O (V) operationsusing(8) and
(9) respectiely.

We introducea new procesC (™ [k], adiscrete-timeapproxi-
mationto C(¢) definedby

(k+1)2="
C™Ik] := / +120(t)dt. (10)
k

2—n

For notationalsimplicity, wewill assumehatC'(¢) liveson|[0, 1]
andthatC(™[k] is alength2" discrete-timesignal. Thus,there
is only onescalingcoeficientUg o in (5), thatis, a singletreeof
scalingcoeficients. (A moregenerakasewith multiple scaling
coeficientsatthecoarsesscaleis treatedn [27].) We will focus
onmodelingthefinest-scalescalingcoeficients:

CMk = 27"2U,x, k=0,1,...,2" —1. (11)

C. Wavelet-domainndependenGaussianWIG) model

Waveletssene asan approximateKarhunen-L@ve or decor
relating transformfor fBm [18], fGn, and more generalLRD
signals[23]. Hence,thedifficult taskof modelingthesehighly
correlatecsignalsin thetime domainreducego a simpleoneof
modelingthemapproximatelyby anuncorrelategrocessn the
waveletdomain.

The WIG model synthesizesa Gaussianprocesscapturing
boththelong andshort-termcorrelationspy generatinghe par
entnodel o of thescalingcoeficienttreeasaGaussiamandom
variableand by generatinghe wavelet coeficientsasindepen-
dent(uncorrelated)zero-mearGaussiamandomvariablesden-
tically distributedwithin scaleaccordingto W, . ~ N(0, a‘j),
with af. the required wavelet-coeficient varianceat scale j
[18-22]. For example,a power-law decayfor the a]?’s leadsto
approximatevavelet synthesiof fBm or fGn [18,20]. Scaling
coeficientsat finer scaleson the treearethenrecursvely com-
putedthrough(9) until the finestscalescalingcoeficientsU, 4,

andhencethe requiredsignal C1) [k] are obtained. The result
is afastO(N) algorithmfor generating length<V signal,char
acterizedby approximatelyfog, (V) (thenumberof time scales)
parameter¢seeFigure2(c)).

The WIG is an additive mode| becauseve can expressthe

signal c&v.’g [k] directly asa sum of independentandomvari-
ables. First, we needsomenotation. Eachshift k£ at scalen
hasa uniquebinaryrepresentatiok = Z?:’Ol ki2n—1=i where

eachk; € {0,1}. Lettingk, = k andk;_1 = k; div 2 we have
ki=2ki_1+k. Z;;B kj2¢-1-3. Theshiftsk; correspond
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Fig.2. TheWIG model: (a) ScaledandshiftedHaarscalingandwaveletfunctionsg; 1. (t) andi; (t). (b) Binary treeof scalingcoeficients (local meanvalues
of the signal). Nodesat eachhorizontallevel in the tree provides a pieceavise constantrepresentatiomf the signalwith lower levels correspondingo finer
resolutions.(c) Recursie schemedor calculatingthe HaarscalingcoeficientsU; 11 o andU; 41 2x+1 atscalej + 1 assumsanddifferencegnormalizedby

1/+/2) of the scalingandwavelet coeficientsU .k andW; . atscalej. For the WIG model,theW; ;.’s aremutually independenandidentically distributed

within scaleaccordingto W i, ~ N(O, 0]2.).

to theancestorsf k atscalei andsowe canwrite
n—1
ClWK] =2 (UO,O + Z(_1)ki21/2w,-,ki> .12
=0

Thisresultcanbederivedby iteratively applying(9).

TheWIG modelis Gaussiaty constructionbut network traf-
fic signals(suchasloadsandinterarrival times) canbe highly
“spiky” and non-Gaussiarfrecall from Figure 1). We seeka
more accuratemaiginal characterizatiorfor thesespiky, non-
negative LRD processesyet wish to retain the decorrelating
propertieof waveletsandthe simplicity of the WIG model.

I11. MULTIFRACTAL WAVELET MODEL
A. Haar waveletiransformand positivesignals

In orderto modelnon-negjative signalsusingtheHaarwavelet
transformwe mustconstrairthe scalingandwaveletcoeficient
valuesto ensurehatC(t) in (5) is non-n@ative. While cumber
somefor agenerawaveletsystem!, theseconditionsaresimple
for theHaarsystem.

Sincethe Haar scaling coeficients U; ;. representhe local
meanvaluesof the signalat differentscalesandshifts, they are
non-ngjativeif andonly if the signalitself is non-ngyative, that
is,C(t) > 0 & Ujr > 0, ¥ j,k. Combining(9) with the
constraint; ,, > 0, we obtainthe condition
v, k.

C(t) >0 & |Wj,k| < Uj7k, (13)

B. MWM model

The positvity constraint(13) inspiresa very simple multi-
scale, multiplicative signal model for positive processes. In
the multifractal waveletmodel (MWM) [27] we computethe
waveletcoeficientsrecursvely by

Wik

=ArUjpr, (14)

1The conditions are straightforvard also for certain biorthogonalwavelet
systems.

wherethe 4; ;,’sareindependentandomvariablessupportedn
theinterval [—1, 1].

The MWM synthesizes datatracein a mannersimilar to
the WIG. After generatinghe coarsesscalescalingcoeficient
Up,0 andthemultipliers 4; ;, the MWM generatescalingcoef-
ficientsat finer scalesof the scalingcoeficient treerecursvely
using(9) and(14),thatis (seeFigure3(a))

Ujor = 2721+ Ajy10) Uj—r i,

. 15
= 27121 = Ajpa0) Ujmr (19)

Uj 2k+1
until thefinestscalehasbeenreached.

TheMWM is a multiplicativemode] becausave canexpress
thesignalC&@Z,, [k] directly asa product(or cascadedf indepen-
dentrandommultipliers1 & A; . Usingthenotationintroduced
in Sectionll-C, we have

n—1
Clwlk] = 2" Uno T [1+ (—1) Ai, ],
1=0
which shouldbe comparedvith (12).

As a particularconsequencef the multiplicative structureof
(16),the procesC (™ [k] will be positive, LRD (seeSectionlll-
C below), andhave a “spiky” appearanceThis matteris better
explainedin the framewnork of multifractals which are beyond
thescopeof this paper(seg[27,28]).

It is easilyshavn thatthetotal costfor computinghv MWM
signalsampless O(N). In fact, synthesisof a traceof length
218 datapointstakesjust secondf workstationcputime. See
[35] for a similar modelto the MWM usedasanintensityprior
for wavelet-basedmageestimation.

We choosethe multipliers A; , to be symmetricaboutO and
identically distributedwithin scale;it is easilyshovn thatthese
two conditionsare necessaryor the C“(W"VRA procesgo be first-
orderstationary[27]. Dueto its flexible shapecompacisupport
andtractabilityto closed-formcalculationsywe choosethe sym-
metricbetadistribution[36],2 8_1.,1 (p;, p;) (seeFigure3(b))for

(16)

2We denotea betarandomvariablewith supporta, b] by 8.5
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Fig. 3. The MWM model: (a) Constructionof multifractal wavelet model
(MWM): At scalej, generatahe multiplier A;;, ~ B_1,1(pj,p;), and
thenform thewaveletcoeficientastheproductW; i, = A; 1 U; . At scale
7 + 1, form the scalingcoeficientsin thesamemannerasthe WIG modelin
Figure2(c).

(b) Probability densityfunction of a 8_1,1(p, p) randomvariableA. For
p = 0.2, B_1,1(p,p) resembles binomial distritution, andforp = 1 it
hasauniformdensity Forp > 1 thedensityis closeto atruncatedsaussian
densitywith increasingesemblancasp increases.

the 4; ;’s, with p; the betaparametentscalej. In our simula-
tion experimentsve choosé

Uo,o ~ Po,m(P—1,P-1) (17)

with M > 0.

C. Correlationmatding

Combining (14) and the fact that the varianceof a random
variableA ~ 8_1 1(p,p) is givenby vaf4] = 1/(2p + 1), we
obtain

var(Wi_1 x) 2var[A;_1 ] _ 2pj+1
var(W; )  var[A;x] (1+var[4;_1k]) pj—1+ 1(-18)

Thus, the parameterg; control the wavelet-domainenegy of
thesignalonall scaleshencealsothevarianceonall time scales
andin particularthe LRD paramete. Giventrainingdata,we
setthe p;'s using estimatesf the varianceof the traces Haar
waveletcoeficientsat differentscalesusing(18). With onepa-
rametemperwaveletscale the MWM hasapproximateljlog, N
parameter$or a traceof length N. Thesecouldbereducedo,
say matchonly the variancedecay i.e., only the LRD param-
eter H. SeeTablel for a comparisorof the WIG and MWM
properties.

To completehemodeling,we mustchoosegheparametergg,
p—_1, andM of themodel.Since

(2po + )var(Wo,0) = E[Ug o], (19)
we calculatepy from estimatef IE[U§ ;] andvar(W,0). The
parameterg_, and M of Uy are chosenusing estimatesof
E(Ug,0) andvar(Ug o).

3In generalary otherdistribution with positive supportcanbe usedfor Up,o.
Even thoughit boundsC(™)[k] to a maximumvalue of M, we choosethe §-
distrikution to facilitateapproximationsn the queuinganalysisof the MWM in
SectionlV-F.

TABLE |
Comparisorof thetree-baseVIG andMWM models.For approximating
signalwith a strictfGn covariancestructureasin (1), boththe WIG andMWM
requireonly threeparametergmean,varianceandH ).

| | WIG | MWM |
Building Independent Independent
blocks waveletcoefs. multipliers
Marginals Gaussian | Asymp.Lognormal
LRD matched matched
Bursts Monofractal Multifractal
Parameters 2 + log, N 2 + logy N
Synthesis O(N) O(N)

D. MatchingburstinessandLRD: WIG vs.MWM

To testthe capability of both the WIG and MWM maodels,
we usetwo realdatatraces? the LBL-TCP-3traceof Lawrence
Berkeley Laboratory(1994)[26] andthe BC-pAug89trace of
Bellcore(1989)[1]. To modelthedata,we useestimate®f the
var(W;) atthe 15 finestdyadicscaleswherethereis sufiicient
datato obtaingoodestimates.

Figure 1(c) demonstrateshat the MWM producespositive
“spiky” dataakinto therealtraffic, contraryto the WIG model?
Also, the mamginalsof the MWM tracesmatchthatof the LBL-
TCP-3trace much betterthan the WIG (seeFigure 4). This
seemssurprisingsince we use all the MWM' s parametergo
matchonly thecorrelationstructurgustliketheWIG. Thesupe-
riority of the MWM indicatesthat both its multiplicative struc-
ture and the choice of g-distributions for the multipliers, are
naturalfor modelingthesedatasets. However, the MWM can
exactly matchhigherordermomentsof training databy using
multiplierswith moreparameterghanthe g-distribution. By de-
sign, boththe WIG andMWM modelsmatchthe second-order
correlationstructure(seeFigure4(d)).

IV. MULTISCALE QUEUING ANALYSIS

Queuing analysisis fundamentalto network engineering.
Buffer dimensioningin routersand call admissioncontrol are
but two of the mary crucial areasin networking researchthat
rely on anaccuratecharacterizatiorf the queuingbehaior of
datatraffic.

The discovery of LRD in traffic has createda challenging
new areaof researchin queuingtheory Analytical studieshave
proven that an infinite-lengthbuffer with constantservicerate

4The tracescontaintrafiic generatedy closed-loopflow control algorithms
(e.g.,thetransmissiortontrol protocol(TCP)). Suchtraffic is dependenon net-
work parametersuchaslink capacities.Thus,using“open-loop” modelssuch
astheMWM to modelTCPtraffic for network designpurposege.g.,settinglink
capacities)can producemisleadingresults[37]. Open-loopmodelsare more
appropriatefor traffic independenbdf the network (e.g., streamingvideo) and
possiblyfor closed-loograffic in applicationsotherthannetwork design.

5 Additive modelssuchasthe WIG cannotpossessultifractal propertiesim-
ilar to the MWM [27]. In orderfor an additve modelto exhibit multifractal
behaior thevarianceof thewaveletcoeficientswould have to depenchot only
onscalebut alsoonlocation.
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Fig. 4. Histogramf the bytes-pettimesprocesdor (a) wide-areal CPtraffic atthe LawrenceBerkeley Laboratory(traceL BL-TCP-3)[26], (b) onerealizationof
the WIG model,and(c) onerealizationof the MWM synthesisNotethe large probabilitymassover negative valuesfor the WIG model. (d) Variance-timeplots

of therealdatatrace(LBL-TCP-3), andsyntheticWIG andMWM datatraces.

fed with traffic loadsfrom fGn-basedmodelshasa tail queue
distribution thatdecaysasymptoticallylike a Weibullian law

P[Q > b] ~ exp(—db>~2H). (20)
Here,d is a positive constanthatdepend®n the servicerateof
the queug[7, 8]. Clearly, (20) revealsthatthe decayof the tail
queuedistribution for f{Gn with H > 1/2 is muchslower than
theexponentiadecaypredictedby short-rangelependen{SRD)
classicaimodels[2] which correspondo thecaseH = 1/2. In
spite of this result, thereis still an ongoingdiscussionon the
effectof LRD on queuingwith researcherarguingbothfor and
againsits importancg14-17,38,39].

The impact of multiscale maminals on queuing has been
demonstrateéxperimentallyin [28]. To betterunderstandhow
mauiginals affect queuing,we develop a novel queuinganaly-
siswhich is particularly adaptedto multiscalerepresentations
of signalsand processesMore precisely exploiting the inher
entbinarytreestructureof the Haarscalingcoeficientsof both
the WIG andthe MWM traffic models,we derive approximate
formulasfor their tail queueprobability. Our queuingformulas:

1. areapplicableto tree-based/multiresolutionodelssuchas
theadditve WIG andmultiplicative MWM,

2. arevalidfor ary queussize,unlike (20)whichis anasymp-
totic result,

3. capturemore complicatedcorrelationstructureshan the
mereasymptotid.RD exponentH, and

4. incorporatethe entire distribution of the dataat multiple
time resolutionsandnot only the second-ordestatistics.

A. Analyticqueuingfor tree-basednultiscalemodels

In thissectionwe developanew multiscaleapproachio queu-
ing analysis. We derive an approximateformula for the tail
queueprobability of tree-basednultiscalemodelssuchasthe
WIG andMWM. ¢

Considera discretetime randomprocess;, i € Z, thetraf-
fic load, which we think of asenteringaninfinite buffer single
sener queuewith constantink capacityc. Let @; representhe
queuesizeattime instanti. Denoteby K, theaggreyatetraffic

6 A similar analysismaybepossiblefor modelsnotbasecdn trees but with an
explicit relationshipbetweerdataat differenttime scales.

arriving betweertime instants—r + 1 ando, thatis,

0
K, := Z L;.

i=—r+1

(21)

In the sequel,we referto K,. asrepresentinghe dataat time-
scaler. SetK, = 0. UsingLindley’'s equation40], it is easily
shavn that

Qo=max[Q _,+ K, —r¢, K, 1 —(r—1)c,---,Ko]. (22)
Since@ _, > 0 for all r, we musthave

Qo > sup (K, —rc).
r€IN
Denotingby —t thelastinstantthatthe queuewasemptybefore
timeinstant0 (we set—t = 0 if Q¢ = 0), we obtain
Qo = K¢ —tc < sup (K, —re).
reIN
Thusif thequeuewasemptyatsometime in the past,then

Qo = sup (K, — rc).
rcIN

(23)

(24)

(25)

In theremaindemve will studyexclusively Q; at¢t = 0, and
write  := o for easeof notation.

Note that (25) providesa direct link betweenqueuesize @
andthe aggreyate of the traffic arrival processk, at multiple
timescalesr. This andthefactthattreebasedmodelsprovide
explicit andsimpleformulasof K, for dyadictime scaleqi.e.,
r = 2™), arekey to our analyticalqueuingformula. To thisend,
we malke the following threeassumptionsvhich we will justify
later:

Al. Dyadictime scalesarerepresentatie of all time scales.

A2. Largearrivalsatdyadictime scalesare'nearly’ indepen-
dent.

A3. Thetail queueprobabilityof treebasednodelsatthelast
instant2™ — 1 arerepresentatie of theempiricaltail queue
probability of thefitted data.

In short,we claim thatthe following approximatioris valid:

PlQ < b] P (Kam — c2™) < b]

~
~

sup
me{0,-,n}

P[(Kzm —c2™) < b, m € {0,---,n}]

Q

[T PiKem < b+ 2™
=0
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Fig. 5. Queuingperformancef realdatatracesandsyntheticWIG andMWM traces:In (a), we obsere thatthe MWM synthesisnatcheghe queuingbehaior of
the LBL-TCP-3 dataclosely while in (b) the WIG synthesigloesnot. In (c) and(d), we obsere a similar behaior with the BC-pAug89data. We alsoobsere
thatthemultiscalequeug(MSQ) is a closeapproximatiorto theempiricalqueuingbehaior for bothsynthetictraffic loads(bothWIG andMWM) andthatit is a
closerthanthecritical dyadictime scalequeug(CDTSQ).In all experimentsn this papey confidencentenals plottedcorrespondo a confidencdevel of 95%.

This leadsusto thefollowing queuingapproximatiorwhich we
call themultiscalequeug(MSQ):

MSQ(b) =1 — [[7g P[Kan—i < b+ c2" 1. (26)

Note that multiscalemarginals enterinto (26) and not just the
correlationstructure(or variance-timeplot) of the process.

Before going into a more detailedargumentsupportingthis
approximatiorwe invite thereadeto inspectFigures(5) and(6)
for corvincing numericalsimulationswhich indicatethat

| PlQ > 8] ~ MSQ(). | 27)

B. Restrictionto dyadicscaleg(Al)

Tojustify Al, we studythequantity@ p, whichis obtainecby
restrictingthesupremunin (25)totime scaleshichappeanat-
urally in amultiscalerepresentation,e., thedyadictime scales

Q@b =

sup
me€{0,-+,n}

(Kam — ¢2™). (28)

Thefirst approximatiorof our analysiseadshenas
Al:  PQ>b=PQp>b. (29)

Clearly Qp < Q andP[Q > b] > P[Qp > b]. We justify Al
usingthe notion of a critical timescale(CTS)[14,16,17]. The
CTSis definedas

r* = amg sup P[K, — cr > b] (30)
reIN
andthecritical time-scalequeug(CTSQ)as
CTSQb) := P[K,« —er* > b). (31)

It hasbeenshavn thatCTSQ(b) = P[Q > b] [14,16,17].
Similarly, we introducenow the critical dyadic time-scale
(CDTS)as

rp=ang sup P[Kom — 2™ > ] (32)
mG{O,---,n}
andthecritical dyadictime-scaleqgueug(CDTSQ)as
CDTSQb) := P[K,sx —crp > b]. (33)
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Fig. 6. Justificationof the MSQ We compareanalyticalqueuingformulas(see
text) and empiricalqueuingbehaior of WIG (a andc) and MWM (b and
d) traceswith anfGn correlationstructureasin (1). In all casesthe mean,
standardleviation andlink capacitywere7, 7, and10 unitsrespectiely. In
the caseof WIG with (1), explicit formulasfor the CTSQexist [16]. The
CDTSQandCTSQarealmostidenticalindicatingthat dyadicscalesalone
cancapturequeuingbehaior. ThemultiscalequeugMSQ)givesagoodap-
proximationto theempiricalqueuingbehaior andis a closerapproximation
thanthe CDTSQ.

1500

Obviously, CDTSQb) < P[Qp > b] < P[Q > b].

With the following two points we argue that an estimateof
queuelength distribution using critical time scalesdoes not
changemuchif we take into accountonly the distributions at
dyadictime scaleCDTSQ)insteadof all time scaleCTSQ).
Theamgumentsareasfollows:

1. Dyadictime scalesform only a smallsubsebf IN andso,
(25) and(28) could be very different. However, our queu-
ing experimentscombinedwith the analyticalexpressions
for CDTSQ(andCTSQin the caseof WIG whereexplicit
formulasareavailable[16]) demonstrateorvincingly that
dyadic time scalesare indeedrepresentatie for all time
scaleqseeFigure6).

2. The CDTStakesonly time scalesup to 2™ into account.
However, thisis valid if for agivenqueuesizeb andagiven
queusesizedistributiontheboundn is choserargeenough.
Wewill commenfurtheronthedependencef theMSQon
n in aforthcomingpaperf41].

Finally, note thatthe CDTSQis a computationallyefficient

substitutefor the CTSQsinceit requiresstatisticsat only a few
dyadictime-scales.

C. Appmoximateindependencef large arrivals on dyadictime
scaleqA2)

In our queuinganalysiswe set

E; := {Kgn-s <b+c2""}. (34)

SinceEs := {Kyn—i > b+ c2" ¢} correspondso largevalues
of Ky--i, wereferto the Ef’s aslarge arrival events
From(28) we seethat

PlQp >b=1-PQp <b] = 1-PNZ,E;]. (35)

Thus,theMSQ (26) would equalP[@ p] exactlyif theeventsE;
wereindependentHowever, the E;’s arehighly probablesvents
with P[E;] ~ 1. More precisely mostof the numbersP[E;] are
nearlyindistinguishablérom 1. Thus,

MSQ(b) ~ PlQp > ] (36)

whichis confirmedby our numericalexperiments.Thisimplies
that the events E;’s (and equivalently the large arrival events
E¢’s)are*nearly” independent.

A morerigorouscomparisorof MSQ(b) andP[@p > b] can
beobtainedusingthefollowing Lemmawhichis provenin [41].

Lemma: AssumehattheeventsE; areoftheform E; = {S; <
b}, whee S; = Xo+ ...+ X;_; for1l < i < n andwhee
Xo, -+, X, are independentotherwisearbitrary randomvari-
ables.Thenfor1 <i <n

PlE;|Ei-1,-- -, Eo] > P[E;].

GiventheLemmaandusing(28) we have
Pl@p >b = 1—-PQp<b = 1-PN,E]

1 — PE] [ PIE:|Eiy, - -, Eo]
i=1
< 1- f[ PE;] =: MSQ(b). (37)
i=0

We concludethat the MSQ is a conserative approximation
of the dyadic queuetail probability Moreover, PlQ > b] >

PlQp > b] < MSQ(d).

D. StationarityassumptiorfA3)

Performingan exact queuinganalysisof tree-basednodels
suchasthe WIG andMWM at anarbitrarytime instantis very
complicatedand will producedistributions of the queuesize
which are non-stationaryand vary with time. For anillustra-
tion, notethatin Figure2(b) the neighboringnodesU; 15 4 and
Uj+2,4k+1 ShareaparentnodeU;; ox atscalej + 1 while the
nodesU; 2 ak+1 andUj42 4542 donot.

Thequeuinganalysisatthelastinstant2™ — 1 of atree-based
model, on the otherhand,is simple. Indeed,the Haar scaling
coeficientson the branchlinking Up o and U, »2~_1 (theright
edgeof thetreeof Figure2(b)) arerelatedto the quantitiesKsm
in (21) by

Kon-i = 272U, 5y, fori=0,...,n, (38)

anda queuinganalysigs feasible.Choosingthis particulartime
instantasthe point of analysids ourthird assumptionwhich can
beformulatedin termsof thearriving traffic L; as

A3 L;=C[2"—1+i], i=0,-1,...,—2"+1.



Assumingstationarityof the data,a tree-basednodelwill pro-
ducethe samestatisticano matterwhereits right mostbranchis
placed.ThisjustifiesA3.
E. Multiscalequeuinganalysis(MSQ)of the WIG

For the WIG, on choosing

. J Uoo if i=0
Xii= { —2i/2W; 5., otherwise (39)
we obtainfrom (38)
i—1
Ky =27y X; =275, (40)
j=0
Now onsetting .
b; = b2" + 2™, (41)

we obsenre thatthe WIG satisfieghe conditionsof the Lemma.
Sincefor the WIG K,.-: is Gaussianthe probability P[E;]
canbecomputedrom a Gaussiartumulatize distribution [36].

F. Multiscalequeuinganalysis(MSQ)of the MWM
Denoting4; ,; _; by A;, (38) reducego

i—1

Ky =Ugo [J(1 - 4;)/2. (42)
7=0
TheeventE; is thus
1—1 ]
E; = {Uoo [J(1—A4)) <b2' +c2"} (43)
=0
i—1 )
= <log(Uoyo) + Z log(1 — A4;) < log(b2* + c2™)
j=0
By setting
._ [ 1og(Uo,) ifi=0
Xi = { log(1 — A;) otherwise (44)
and .
b; == log(b2! + ¢2™), (45)

we seethatthe Lemmaappliesto the MWM.
For theMWM, obtainingP[E;] is notasstraightforvardasfor
theWIG. Recallfrom Sectionlll-B that

Uo,o ~ Bo,m(P—1,P-1), (46)

and

(1—A4;)/2 ~ Bo,1(pj,pj)- (47)
Thus,(42)impliesthat K, —: istheproductof i + 1 independent
B randomvariables. Using Fan's approximation[36, 42], we
approximatethe distribution of K,.—: by a betalaw supported
on|[0, M] asfollows

d
Kon—i = Bo,m(di, ;). (48)

Theparameterd; ande; aregivenby

di:S(T_Sa)il(S_T)a ei:di(l_s)/sa (49)
whereS = 2—% and
(pi+1)
50
H 2(2p; +1)° (50)

This approximatiormatcheghe meanandvarianceof theac-
tual distribution of K,.—: exactly, andcloselyapproximateshe
first 10 momentg42]. We thususethe cumulative distribution
of the By, a(d;, e;) randomvariableto calculateP[E;] [36].

V. MULTISCALE MARGINALS, LRD AND QUEUING

The impact of the non-Gaussiamatureof the real dataon
queuingis considerableaswe demonstratén Figure5. There,
we obsene that all tracesexhibit Weibullian tail queueproba-
bilities wheninputto aninfinite-lengthsingle-sererqueug(link
capacity800 bytes/unittime), which is typical for LRD traffic
(comparg20)). However, apartfrom this asymptotianatch the
MWM is muchcloserto the queuingbehaior of the real data
traces.

TheMSQ usesnotjustthevariance(or LRD) of the data,but
its entiredistribution at multiple time scales.It is thusatool fit
to assesshe influenceof mamginalsand LRD on queuingand
hencethe differencein queuingbehaior of the GaussiarVIG
andthe approximateljfog-normalMWM models.

In particular obsene from (26) that the MSQ increasesas
thedistribution of dataat differentscaleshbecomesnoreheary-
tailed. Thus,a Gaussian.RD processwill have a higherMSQ
thana GaussiarSRD processHowever, Gaussia. RD models
cannotcapturethe tail distribution of non-Gaussiamprocesses
andhencecanleadto optimistic predictionsof queuingbeha-
ior. In this sensethe MSQ revealsthe limitations of Gaussian
modeling.

VI. CONCLUSIONS

The importanceof capturingscalingpropertiesvhenmodel-
ing traffic loadshasnow beenwell recognizedl, 27]. In our
work, we rely on multiscalemodelssuchasthe GaussianVIG
andnon-GaussiaMWM models. Both modelsarebuilt on bi-
narytreeswhichallow fastO (V) algorithmsfor synthesi®f an
N —point dataset. By matchingthe varianceof a given traffic
traceon all dyadicscales,both modelscapturethe correlation
structurewith only aboutlog N parameters.

Themaincontribution of this paperis our multiscalequeuing
(MSQ)approachwhich providesa closedform queuingformula
for tree-basednodels. Unlike earlierwork on queuingof LRD
traffic [8,9], ourformulatakesinto accountheentirecumulative
distribution of thetraffic atdifferenttime scalesandnotjusttheir
variances.

The implicationsaremanifold. First, the MSQ is applicable
to multiscalemodelssuchasthe WIG andthe MWM. As acon-
sequenceaheversatileMWM modelis now viablefor numerous
networking applicationsjncludingcall admissiorcontrol.



Secondand mostimportantly the MSQ is to our knowledge
thefirst tool for assessintheimpactof multiscalemarginalson
queuing.Earlierqueuingexperimentswith synthetictraffic pro-
ducedusingtheWIG andtheMWM have alreadysuggestethat
maiginalshave aninfluenceon the queudengthdistributionsof
LRD traffic [28]. Confirmingthesefindingswith the marginal-
sensitve MSQ, we arenow ableto concludethat indeedmod-
eling heavy-tailed spiky datawith Gaussiai€modelscanleadto
over-optimisticpredictionsof tail queueprobability.

Thirdly, sincetheMSQ captureshequeuingbehaior of train-
ing datawhile usingstatisticsfrom just the dyadictime-scales,
we concludethatdyadictime-scaleshoughfew in number effi-
ciently capturethe queuingbehaior of traffic.

Ourfutureresearctwill aimatmakingthe MWM practicable
for prediction. The parametersf the MWM couldalsobeused
to capturethe effect of differentprotocolson shapingdataflow.
In short,theuseof theMWM in real-timenetwork protocolsand
controlalgorithmsseemsrery promising.
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