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Abstract—Many studieshave indicated the importance of
capturing scaling properties when modeling traffic loads;
however, the influenceof long-rangedependence(LRD) and
marginal statistics still remainson unsure footing. In this
paper, we study thesetwo issuesby intr oducinga multiscale
traffic model and a novel multiscale approach to queuing
analysis. The multifractal wavelet model (MWM) is a mul-
tiplicati ve,wavelet-basedmodel that capturesthe positivity,
LRD, and “spikiness” of non-Gaussiantraffic. Using a bi-
nary tr ee, the model synthesizesan

�
-point data set with

only ��� ���
computations.

Leveraging the tr ee structur e of the model, we derive a
multiscalequeuinganalysisthat providesa simpleclosedform
approximation to the tail queue probability, valid for any
given buffer size. The analysis is applicable not only to
the MWM but to tr ee-basedmodels in general, including
fractional Gaussiannoise. Simulated queuing experiments
demonstrate the accuracy of the MWM for matching real
data tracesand the precisionof our theoretical queuing for-
mula. Thus, the MWM is useful not only for fast synthe-
sisof data for simulation purposesbut also for applications
requiring accuratequeuing formulas suchascall admission
control. Our resultsclearly indicate that the marginal distri-
bution of traffic at differ ent time-resolutionsaffectsqueuing
and that a Gaussianassumptioncan lead to over-optimistic
predictionsof tail queueprobability even when taking LRD
into account.

I . INTRODUCTION

Traffic modelsplayasignificantrôle in theanalysisandchar-
acterizationof network traffic andnetwork performance.Accu-
ratemodelscaptureimportantcharacteristicsof traffic anden-
hanceour understandingof thesecomplicatedsignalsandsys-
temsby allowing usto studytheeffect of variousmodelparam-
etersonnetwork performancethroughbothanalysisandsimula-
tion.

Onekey propertyof modernnetwork traffic is the presence
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of long-rangedependence(LRD) which wasdemonstratedcon-
vincingly in thelandmarkpaperof Lelandet.al. [1]. There,mea-
surementsof traffic loadonanEthernetwereattributedto fractal
behavior or self-similarity, i.e., to the fact that thedata“looked
statisticallysimilar” (highly variable)on all time-scales.These
featuresare inadequatelydescribedby classicaltraffic models
suchasMarkov or Poissonmodels. In particular, the LRD of
datatraffic canleadto higherpacket lossesthanthat predicted
by classicalqueuinganalysis[1,2].

These findings were immediately followed by the devel-
opment of new fractal traffic models [3–5]. The most
broadly applied fractal model is the fractional Brownian mo-
tion (fBm), 	
��� � , whosediscreteincrementprocess
���� �����	���������� ������� 	���� ���

, calledfractionalGaussiannoise(fGn),
hasanautocorrelationof theform� �"! �$# �&%(')�* � * ',+ � * ����� * '-+ � ) * � * ',+ � * � � � * ',+ �

(1)

with
�

a constant.Gaussianityandthe strongscalingof fBm
enablerigorousanalyticalstudiesof queuingbehavior [6–10],
thusincreasingthepopularityof thefBm/fGn models.

ThoughfGn is anappropriatetraffic modelin somecases[11,
12], it canonly modelreal-world traceswith therigid, restrictive
correlationstructure(1). Indeed,convincing evidencehasbeen
producedestablishingtheimportanceof short-termcorrelations
for buffering [13–15], and so-calledrelevant time scaleshave
beendiscovered[14,16,17].

Generalizationsof fBm/fGn with a moreflexible correlation
structurethan (1) canbe synthesizedalmosteffortlesslyusing
the powerful decorrelatingcapabilityof the wavelettransform
[18–21]. There,independentGaussianwaveletcoefficientswith
variancedecayingappropriatelywith scaleform the building
blocks for modelingboth the long andshort-termcorrelations
of a targetdataset.Efficient ��� �.�

algorithmsbasedon thetree
structureof wavelet coefficientsareavailableto synthesize

�
-

point datasets[22,23]. We will termall suchmodelswavelet-
domainindependentGaussian(WIG) models.

As aconsequenceof theirGaussiannature,thefBm/fGn/WIG
modelscan produceunrealisticsynthetictraffic tracesin cer-
tain situations. In many networking applications,for instance,
we arenowherenearthe Gaussianlimit, in particularon small
time scales.Indeed,variousauthorshave observedheavy-tailed



marginalsin traffic [24,p.364],[25]. Morepracticallyspeaking,
whenthe standarddeviation of the dataapproachesor exceeds
themean,considerableportionsof thefBm/fGn/WIG synthesis
arenegative(seeFigure1(a)and(b)).

Unlike the WIG model, the multifractal wavelet model
(MWM), basedon a multiplicative cascadein the wavelet do-
main, guaranteesa positive output [27]. In its simplestform,
the MWM is closely relatedto the wavelet-basedconstruction
of fBm/fGn, having the sameshort list of parameters(mean,
variance,/ ). However, the MWM framework boaststhe flex-
ibility , if desired,to additionally match the short-termcorre-
lations like the WIG model. The superiorityof the MWM at
matchingthequalitativevisualappearance(seeFigure1(c)), the
marginals(seeFigure4(c)), andthequeuingbehavior (seeFig-
ure5) [27,28] suggeststhat themultiplicative MWM approach
is moreappropriatethantheadditiveGaussianone.

Themaincontributionof thispaperis anovelmultiscalequeu-
ing analysis.For aninfinite-lengthbuffer with constantlink ca-
pacity 0 , thequeuelength(assumingthequeuewasemptysome
time in thepast)is givenby1 ��2-3546 �87 6 � � 0 �:9 (2)

where 7 6 is thetotal traffic thatenteredthequeuein thepast �
instants.In otherwords,thequeuesize(2) is a supremumfunc-
tion of thetraffic arrivalsaggregatedatmultipletime-scales.For
the WIG andMWM models,aggregatesat dyadic time scales
(i.e., 7 6 for � � )<; 9>=@?BA A C

) havesimpleexpressions,andare
relatedtoeachotherby independentinnovations.Weexploit this
factto deriveanapproximationto thetail queueprobability. The
resultingmultiscalequeuingformula,whichwecall MSQ��D � ,E is valid for any givenqueuelength D ,E closelyapproximatesthe tail queueprobability as experi-

mentsverify,E requiresstatisticsof traffic atonly afew dyadictime-scales,E is easy-to-use,andE clearlydemonstratestheimportanceof matchingmultiscale
marginals(especiallythe tail of the marginal) in addition
to thevarianceat differenttime-scales(i.e., thecorrelation
structure),for accuratepredictionsof queuingbehavior.

As a consequence,the MWM becomesviable for applications
requiring modelswith accuratequeuingformulassuchas call
admissioncontrol.

After introducingwaveletsandexplainingtheWIG modelin
SectionII, we describetheMWM anddemonstrateits superior-
ity over theWIG in capturingthemarginalsof traffic in Section
III. After experimentallyproving the importanceof the non-
Gaussiannatureof traffic on queuing,we introducethe novel
multiscalequeuinganalysis,which we apply to the WIG and
MWM in SectionIV. We provide empirical evidencefor the
accuracy of our theoreticalqueuingformulasin SectionIV, use
our queuingformulasto explain why marginalsandLRD affect
queuingin SectionV andconcludein SectionVI.

I I . CLASSICAL WAVELET MODELS FOR LRD PROCESSES

A. Long-rangedependence

Considera discrete-time,wide-sensestationaryrandompro-
cess FHG�I 9 � ? J�J K

with auto-covariancefunction �HL�! �$# �MONQP �RG I 9 G IRS>T � . A changein time scalecanbe representedby
forming theaggregateprocessG�U ;WVI , which is obtainedby aver-
agingG I overnon-overlappingblocksof length

=
andreplacing

eachblockby its meanG U ;WVI � G I ;YXZ; S>[ ��\]\H\��^G I ;= _ (3)

Denotethe auto-covarianceof G U ;WVI by � U ;`VL ! �$# . The processG is said to exhibit LRD if its auto-covariancedecaysslowly
enoughto render acbTed X b � Lf! �$# infinite [29]. Equivalently,= � U ;`VL ! g #
h i as

= h i , andthepowerspectrumj L ��k �
is singularnear k � g .

One example of an LRD processis fGn (1), whoseLRD
is capturedby the Hurst parameter/ (larger / l stronger
correlationor LRD). To estimate/ by the variance-timeplot
method,we fit a straight line throughthe plot of an estimate
of m Non var�RG U ;WV �

againstm Npn = . More reliableestimatorsof /
have beendevised[30], in particularanunbiasedonebasedon
wavelets[31,32].

B. Wavelettransform

The discretewavelet transformprovidesa multiscalesignal
representationof aone-dimensionalrandomsignal q���� � in terms
of shiftedanddilatedversionsof a prototypebandpasswavelet
function rs�R� � andshiftedversionsof a lowpassscalingfunctiont �R� � [33,34]. For specialchoicesof the wavelet and scaling
functions,theatomsr>u-v Tw��� �`�x� ) u,y ' rfz ) u � � �5{ 9 t u,v Tw�R� �W��� ) u,y ' t z ) u � � �|{ 9 (4)} 9 � ? JxJ

, form an orthonormalbasis,andwe have the signal
representation[34]q��R� �~��� T����]� v T t �O� v T �R� � � b�u-d � � � T�� u,v T r u,v T �R� � _ (5)

Herethe wavelet coefficients � u,v T andthe scalingcoefficients� u,v T aregivenby

� u-v T ����� q���� � r>u-v T���� ��� � 9 � u,v T ���c� q��R� � t u-v T5�R� ��� �:_ (6)

Without lossof generality, wewill assume�p� � g .
In thisrepresentation,� indexesthespatiallocationof analysis

and
}

indexesthescaleor resolutionof thewaveletanalysis—
larger

}
correspondsto higherresolutionand

} � g indicatesthe
coarsestscaleor lowestresolutionof analysis. In practice,we
work with a sampledor finite-resolutionrepresentationof q��R� � ,
replacingthe semi-infinitesumin (5) with a sumover a finite
numberof scalesg�� } ��� � � 9 � ?BA A C

.



(a) LBL-TCP-3 data (b) WIG synthesis (c) MWM synthesis
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Fig. 1. Modelingburstytraffic data:Bytes-per-time arrival processfor (a) wide-areaTCPtraffic at theLawrenceBerkeley Laboratory(traceLBL-TCP-3) [26], (b)
onerealizationof thestate-of-the-artwavelet-domainindependentGaussian(WIG) model[22], and(c) onerealizationof themultifractalwaveletmodel(MWM)
synthesis.TheMWM tracecloselyresemblestherealdata,while theWIG tracedoesnot.

In this paper, we restrictour attentionto thesimplestwavelet
system,that of Haar. The Haarscalingandwavelet functions
aregivenby (seeFigure2(a))t �R� ���&� � 9 g�� �����g 9 else � rs�R� ������ � � 9 g�� ���c��� )� � 9 �Q� ) � �`���g 9 else.

(7)
Since

t u-v Tw��� � is a rectangularfunction, the Haarscalingcoeffi-
cients� u,v T (6) representthelocal meanvaluesof thesignalin the
time intervals ! � )�X u 9 �����c� � )wX u # andthusform a discrete-time
approximationof q��R� � at resolution

}
. By design,thesupports

of the
t u-v Tw��� � arenestedwithin eachother. Thismakesit natural

to usea binary tree(seeFigure2(b)) to displaytherelationship
betweenthecoefficients � u,v T . Nodesat lower horizontallevels
in the tree correspondto representationsof the signal at finer
resolutions.

TheHaarwavelet transformof a signalcanbecomputedre-
cursively starting from its finest-scalescalingcoefficients via
[34] � u X [ev T � )�X [-y ' � � u-v ' T � � u-v ' TeS>[ �:9� u X [:v T � )�X [-y ' � � u-v ' T � � u-v ' TeS>[ � _ (8)

Thiscorrespondsto moving up thebinarytreeandstoringin the
Haarwaveletcoefficients � u,v T thedetail informationlost while
goingfrom fine to coarseresolutions(seeFigure2(b)).

TheinverseHaarwavelettransformis computedvia� u-v ' T � )�X [-y ' � � u X [:v T�� � u X [:v T �O9� u,v ' TeS�[ � )�X [-y ' � � u X [:v T � � u X [:v T � (9)

andis equivalentto moving down thescalingcoefficient treeto
finer representationsof thesignal(Figure2(b)). It is easilyseen
that the forwardandinverseHaarwavelet transformsof an

�
-

pointsignalcanbecomputedin ��� ���
operations,using(8) and

(9) respectively.
We introducea new processq U � V ! �$# , a discrete-timeapproxi-

mationto q���� � definedbyq U � V ! �$# ����� U TeS>[ V ']¡p¢T ' ¡p¢ q��R� � d�:_ (10)

For notationalsimplicity, wewill assumethat q��R� � liveson ! g 9 �]#
andthat q U � V ! �$# is a length-

) � discrete-timesignal.Thus,there
is only onescalingcoefficient � � v � in (5), thatis, asingletreeof
scalingcoefficients.(A moregeneralcasewith multiple scaling
coefficientsatthecoarsestscaleis treatedin [27].) Wewill focus
onmodelingthefinest-scalescalingcoefficients:q U � V ! �w# � ) X � y ' � � v T 9 � � g 9 � 9 _]_]_ 9 ) � � �p_ (11)

C. Wavelet-domainindependentGaussian(WIG)model

Waveletsserve asanapproximateKarhunen-Lòeveor decor-
relating transformfor fBm [18], fGn, and more generalLRD
signals[23]. Hence,thedifficult taskof modelingthesehighly
correlatedsignalsin thetimedomainreducesto a simpleoneof
modelingthemapproximatelyby anuncorrelatedprocessin the
waveletdomain.

The WIG model synthesizesa Gaussianprocesscapturing
boththelongandshort-termcorrelations,by generatingthepar-
entnode� � v � of thescalingcoefficienttreeasaGaussianrandom
variableandby generatingthe wavelet coefficientsasindepen-
dent(uncorrelated),zero-meanGaussianrandomvariablesiden-
tically distributedwithin scaleaccordingto � u,v T¤£ � � g 9 % 'u �:9
with %('u the required wavelet-coefficient varianceat scale

}
[18–22]. For example,a power-law decayfor the %('u ’s leadsto
approximatewaveletsynthesisof fBm or fGn [18,20]. Scaling
coefficientsat finer scaleson the treearethenrecursively com-
putedthrough(9) until thefinestscalescalingcoefficients � � v Tandhencethe requiredsignal qfU � VWIG

! �$# areobtained.The result
is a fast ��� ���

algorithmfor generatinga length-
�

signal,char-
acterizedby approximatelym Non ' � ���

(thenumberof timescales)
parameters(seeFigure2(c)).

The WIG is an additivemodel, becausewe canexpressthe
signal q U � VWIG

! �$# directly as a sum of independentrandomvari-
ables. First, we needsomenotation. Eachshift � at scale �
hasa uniquebinaryrepresentation� � a � X [¥ d � ��¦¥ ) � X [ X ¥ where
each��¦¥ ? F g 9 � K . Letting � � � � and � ¥ X [ � � ¥ div

)
we have� ¥ � ) \ � ¥ X [p�f��¦¥ X [ � a ¥ X [u-d � ��¦u ) ¥ X [ X u . Theshifts � ¥ correspond
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Fig. 2. TheWIG model: (a) ScaledandshiftedHaarscalingandwavelet functions ¬ ­-® ¯<° ±�² and ³o­-® ¯Q°´±�² . (b) Binary treeof scalingcoefficients(local meanvalues
of the signal). Nodesat eachhorizontallevel in the treeprovidesa piecewise constantrepresentationof the signalwith lower levels correspondingto finer
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within scaleaccordingto ÂY­-® ¯�ÃBÄÅ°ÇÆ ÈÊÉ º­ ² .

to theancestorsof � at scaleË andsowecanwriteq U � VWIG
! �$# � ) X �¤Ì � � v ��� � X [� ¥ d � � � � � T:ÍÎ ) ¥ y ' � ¥ v T Î¹Ï _ (12)

This resultcanbederivedby iteratively applying(9).
TheWIG modelis Gaussianbyconstruction,butnetwork traf-

fic signals(suchas loadsand interarrival times)canbe highly
“spiky” and non-Gaussian(recall from Figure 1). We seeka
more accuratemarginal characterizationfor thesespiky, non-
negative LRD processes,yet wish to retain the decorrelating
propertiesof waveletsandthesimplicity of theWIG model.

I I I . MULTIFRACTAL WAVELET MODEL

A. Haar wavelettransformandpositivesignals

In orderto modelnon-negativesignalsusingtheHaarwavelet
transform,wemustconstrainthescalingandwaveletcoefficient
valuesto ensurethat q���� � in (5) is non-negative.While cumber-
somefor a generalwaveletsystem,[ theseconditionsaresimple
for theHaarsystem.

Sincethe Haar scalingcoefficients � u-v T representthe local
meanvaluesof thesignalat differentscalesandshifts,they are
non-negativeif andonly if thesignalitself is non-negative,that
is, q��R� ��Ð g�Ñ � u-v T Ð g 9ÓÒ } 9 � . Combining(9) with the
constraint� u-v T Ð g , weobtaintheconditionq��R� �WÐ g�Ñ * � u,v T * � � u,v T 9 Ò } 9 �¸_ (13)

B. MWMmodel

The positivity constraint(13) inspiresa very simple multi-
scale,multiplicative signal model for positive processes. In
the multifractal waveletmodel (MWM) [27] we computethe
waveletcoefficientsrecursively by� u-v T ��Ô u-v T � u-v T 9 (14)· The conditionsare straightforward also for certain biorthogonalwavelet
systems.

wherethe
Ô u,v T ’sareindependentrandomvariablessupportedon

theinterval ! � � 9 �O# .
The MWM synthesizesa datatracein a mannersimilar to

theWIG. After generatingthecoarsestscalescalingcoefficient� � v � andthemultipliers
Ô u-v T , theMWM generatesscalingcoef-

ficientsat finer scalesof thescalingcoefficient treerecursively
using(9) and(14),thatis (seeFigure3(a))� u-v ' T � )�X [-y ' �Õ��� Ô u-S>[:v T � � u X [:v T 9� u,v ' TeS�[ � )�X [-y ' �Õ� �ÖÔ u-S>[:v T � � u X [:v T 9 (15)

until thefinestscalehasbeenreached.
TheMWM is a multiplicativemodel, becausewecanexpress

thesignal q U � VMWM
! �$# directlyasaproduct(or cascade)of indepen-

dentrandommultipliers �>× Ô u-v T . Usingthenotationintroduced
in SectionII-C, wehaveq U � VMWM

! �$# � ) X � � � v � � X [Ø¥ d �ÚÙ ����� � � � TeÍÎ Ô ¥ v T ÎÊÛ 9
(16)

whichshouldbecomparedwith (12).
As a particularconsequenceof themultiplicative structureof

(16), theprocessq U � V ! �$# will bepositive,LRD (seeSectionIII-
C below), andhave a “spiky” appearance.This matteris better
explainedin the framework of multifractals, which arebeyond
thescopeof thispaper(see[27,28]).

It is easilyshown that the total costfor computing
�

MWM
signalsamplesis ��� ���

. In fact, synthesisof a traceof length) [�Ü datapointstakesjust secondsof workstationcputime. See
[35] for a similar modelto theMWM usedasanintensityprior
for wavelet-basedimageestimation.

We choosethemultipliers
Ô u-v T to besymmetricabout0 and

identicallydistributedwithin scale;it is easilyshown that these
two conditionsarenecessaryfor the q U � VMWM processto be first-
orderstationary[27]. Dueto its flexible shape,compactsupport
andtractabilityto closed-formcalculations,we choosethesym-
metricbetadistribution[36], 'ÞÝ X [:v [Q�àß�u 9 ß5u � (seeFigure3(b))forº Wedenoteabetarandomvariablewith support á â<È8ã�ä by åQæ ® ç
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the
Ô u,v T ’s, with ß�u thebetaparameterat scale

}
. In our simula-

tion experimentswechooseø� � v �"£ Ý � v ù �àß X [ 9 ß X [ � (17)

with ú Ð g .

C. Correlationmatching

Combining(14) and the fact that the varianceof a random
variable

Ô £ Ý X [:v [Q��ß 9 ß � is givenby var! Ô # � ����� ) ß���� � , we
obtain

var� � u X [:v T �
var� � u-v T � � )

var ! Ô u X [ev T�#
var ! Ô u-v T #"����� var ! Ô u X [ev T # � � ) ß�u����ß5u X [���� _

(18)
Thus, the parametersß u control the wavelet-domainenergy of
thesignalonall scales,hencealsothevarianceonall timescales
andin particulartheLRD parameter/ . Giventrainingdata,we
set the ß u ’s usingestimatesof the varianceof the trace’s Haar
waveletcoefficientsat differentscalesusing(18). With onepa-
rameterperwaveletscale,theMWM hasapproximatelym Npn ' �
parametersfor a traceof length

�
. Thesecouldbereducedto,

say, matchonly the variancedecay, i.e., only the LRD param-
eter / . SeeTable I for a comparisonof the WIG andMWM
properties.

To completethemodeling,wemustchoosetheparametersß � ,ß X [ , and ú of themodel.Since� ) ß � ��� � var� � � v � ���ûA ü ! � '� v � # 9 (19)

we calculateßý� from estimatesof
A ü ! � '� v � # andvar� � � v � � . The

parametersß X [ and ú of � � v � are chosenusing estimatesofA ü � � � v � � andvar� � � v � � .þ
In general,any otherdistribution with positive supportcanbeusedfor µ|ÿ ® ÿ .

Even thoughit bounds� ����� á �Hä to a maximumvalueof � , we choosethe å -
distribution to facilitateapproximationsin thequeuinganalysisof theMWM in
SectionIV-F.

TABLE I

Comparisonof thetree-basedWIG andMWM models.For approximatinga

signalwith astrict fGn covariancestructureasin (1), boththeWIG andMWM

requireonly threeparameters(mean,variance,and � ).

WIG MWM
Building Independent Independent
blocks waveletcoeffs. multipliers

Marginals Gaussian Asymp.Lognormal
LRD matched matched
Bursts Monofractal Multifractal

Parameters
) ��m Npn ' � ) �^m Non ' �

Synthesis ��� �.� ��� �.�
D. MatchingburstinessandLRD: WIGvs.MWM

To test the capability of both the WIG and MWM models,
weusetwo realdatatraces:

	
theLBL-TCP-3traceof Lawrence

Berkeley Laboratory(1994) [26] and the BC-pAug89traceof
Bellcore(1989)[1]. To modelthedata,we useestimatesof the
var� � u � at the ��
 finestdyadicscales,wherethereis sufficient
datato obtaingoodestimates.

Figure 1(c) demonstratesthat the MWM producespositive
“spiky” dataakinto therealtraffic, contraryto theWIG model.�
Also, themarginalsof theMWM tracesmatchthatof theLBL-
TCP-3 tracemuch better than the WIG (seeFigure 4). This
seemssurprisingsincewe use all the MWM’ s parametersto
matchonly thecorrelationstructurejust liketheWIG. Thesupe-
riority of theMWM indicatesthatboth its multiplicative struc-
ture and the choiceof Ý -distributions for the multipliers, are
naturalfor modelingthesedatasets. However, the MWM can
exactly matchhigher-ordermomentsof training databy using
multiplierswith moreparametersthanthe Ý -distribution. By de-
sign,both theWIG andMWM modelsmatchthesecond-order
correlationstructure(seeFigure4(d)).

IV. MULTISCALE QUEUING ANALYSIS

Queuing analysis is fundamentalto network engineering.
Buffer dimensioningin routersand call admissioncontrol are
but two of the many crucial areasin networking researchthat
rely on anaccuratecharacterizationof the queuingbehavior of
datatraffic.

The discovery of LRD in traffic has createda challenging
new areaof researchin queuingtheory. Analytical studieshave
proven that an infinite-lengthbuffer with constantservicerate

�
The tracescontaintraffic generatedby closed-loopflow control algorithms

(e.g.,thetransmissioncontrolprotocol(TCP)).Suchtraffic is dependentonnet-
work parameterssuchaslink capacities.Thus,using“open-loop”modelssuch
astheMWM to modelTCPtraffic for network designpurposes(e.g.,settinglink
capacities)can producemisleadingresults[37]. Open-loopmodelsare more
appropriatefor traffic independentof the network (e.g., streamingvideo) and
possiblyfor closed-looptraffic in applicationsotherthannetwork design.


Additive modelssuchastheWIG cannotpossessmultifractalpropertiessim-
ilar to the MWM [27]. In order for an additive model to exhibit multifractal
behavior thevariancesof thewaveletcoefficientswouldhave to dependnotonly
onscalebut alsoon location.
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Fig. 4. Histogramsof thebytes-per-timesprocessfor (a) wide-areaTCPtraffic at theLawrenceBerkeley Laboratory(traceLBL-TCP-3) [26], (b) onerealizationof
theWIG model,and(c) onerealizationof theMWM synthesis.Notethelargeprobabilitymassovernegative valuesfor theWIG model.(d) Variance-timeplots
of therealdatatrace(LBL-TCP-3),andsyntheticWIG andMWM datatraces.

fed with traffic loadsfrom fGn-basedmodelshasa tail queue
distribution thatdecaysasymptoticallylike aWeibullian law

P! 1�� D,#������ 4 � ��� D ' X ',+ � _ (20)

Here,
�

is a positiveconstantthatdependson theservicerateof
thequeue[7,8]. Clearly, (20) revealsthat the decayof the tail
queuedistribution for fGn with / � ��� ) is muchslower than
theexponentialdecaypredictedby short-rangedependent(SRD)
classicalmodels[2] which correspondto thecase/ � ��� ) . In
spite of this result, thereis still an ongoingdiscussionon the
effectof LRD onqueuing,with researchersarguingbothfor and
againstits importance[14–17,38,39].

The impact of multiscale marginals on queuing has been
demonstratedexperimentallyin [28]. To betterunderstandhow
marginals affect queuing,we develop a novel queuinganaly-
sis which is particularly adaptedto multiscalerepresentations
of signalsandprocesses.More precisely, exploiting the inher-
entbinarytreestructureof theHaarscalingcoefficientsof both
theWIG andthe MWM traffic models,we derive approximate
formulasfor their tail queueprobability. Ourqueuingformulas:

1. areapplicableto tree-based/multiresolutionmodelssuchas
theadditiveWIG andmultiplicativeMWM,

2. arevalid for any queuesize,unlike(20)whichis anasymp-
totic result,

3. capturemore complicatedcorrelationstructuresthan the
mereasymptoticLRD exponent/ , and

4. incorporatethe entiredistribution of the dataat multiple
timeresolutionsandnotonly thesecond-orderstatistics.

A. Analyticqueuingfor tree-basedmultiscalemodels

In thissection,wedevelopanew multiscaleapproachto queu-
ing analysis. We derive an approximateformula for the tail
queueprobability of tree-basedmultiscalemodelssuchas the
WIG andMWM. �

Considera discretetime randomprocess� ¥ 9 Ë ? J�J
, thetraf-

fic load,which we think of asenteringan infinite buffer single
serverqueuewith constantlink capacity0 . Let

1 ¥ representthe
queuesizeat time instant Ë . Denoteby 7 6 theaggregatetraffic

�
A similaranalysismaybepossiblefor modelsnotbasedontrees,but with an

explicit relationshipbetweendataatdifferenttimescales.

arriving betweentime instants
� � ��� and g , thatis,7 6 ��� ��¥ d X 6 S>[ � ¥ _ (21)

In the sequel,we refer to 7 6 asrepresentingthe dataat time-
scale� . Set 7�� � g . UsingLindley’s equation[40], it is easily
shown that1 � ����� � ! 1 X 6 � 7 6 � � 0 9 7 6 X [ � � � � � � 0 9 \]\]\ 9 7��O#�_ (22)

Since
1 X 6 Ð g for all � , wemusthave1 � Ð�2-3546��!  " ��7 6 � � 0 � _ (23)

Denotingby
� � thelastinstantthatthequeuewasemptybefore

time instantg (weset
� � � g if

1 � � g ), weobtain1 � � 7 I � �Õ0 � 2�3|46#�!  " ��7 6 � � 0 � _ (24)

Thusif thequeuewasemptyatsometime in thepast,then1 � �&2-3546��!  " ��7 6 � � 0 � _ (25)

In the remainderwe will studyexclusively
1 I at � � g , and

write
1 �x� 1 � for easeof notation.

Note that (25) providesa direct link betweenqueuesize
1

and the aggregateof the traffic arrival process7 6 at multiple
timescales� . This andthe fact that treebasedmodelsprovide
explicit andsimpleformulasof 7 6 for dyadictime scales(i.e.,� � )<;

), arekey to ouranalyticalqueuingformula.To thisend,
we make thefollowing threeassumptionswhich we will justify
later:

A1. Dyadictimescalesarerepresentativeof all timescales.
A2. Largearrivalsatdyadictimescalesare‘nearly’ indepen-

dent.
A3. Thetail queueprobabilityof treebasedmodelsat thelast

instant
) � � � arerepresentativeof theempiricaltail queue

probabilityof thefitteddata.
In short,weclaimthatthefollowing approximationis valid:

P! 1 ��D,#%$ P! 2-354; �'& � v)()()( v � * �87 ',+ � 0 ) ; � �ûDe#�
P! �87 ' + � 0 ) ; � ��D 9�=@? F g 9 \]\H\ 9 � K #

$
;Ø¥ d � P! 7 ',+ ��D½� 0 ) ; #Ê_
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Fig. 5. Queuingperformanceof realdatatracesandsyntheticWIG andMWM traces:In (a),we observe thattheMWM synthesismatchesthequeuingbehavior of

theLBL-TCP-3 dataclosely, while in (b) theWIG synthesisdoesnot. In (c) and(d), we observe a similar behavior with theBC-pAug89data.Wealsoobserve
thatthemultiscalequeue(MSQ) is acloseapproximationto theempiricalqueuingbehavior for bothsynthetictraffic loads(bothWIG andMWM) andthatit is a
closerthanthecritical dyadictimescalequeue(CDTSQ).In all experimentsin thispaper, confidenceintervalsplottedcorrespondto aconfidencelevel of -/.#0 .

This leadsusto thefollowing queuingapproximationwhich we
call themultiscalequeue(MSQ):

MSQ�8D ���x� � �21 �¥ d � P! 7 ' ¢Q¡ Î �ûD½� 0 ) � X ¥ #Ê_ (26)

Note that multiscalemarginals enterinto (26) andnot just the
correlationstructure(or variance-timeplot) of theprocess.

Beforegoing into a moredetailedargumentsupportingthis
approximationweinvite thereaderto inspectFigures(5) and(6)
for convincingnumericalsimulationswhich indicatethat

P! 13� D,#�$ MSQ�8D � _ (27)

B. Restrictionto dyadicscales(A1)

To justify A1, westudythequantity
154

, whichis obtainedby
restrictingthesupremumin (25)to timescaleswhichappearnat-
urally in amultiscalerepresentation,i.e., thedyadictimescales:1 4 �x� 2�3|4; �'& � v)()()( v � * ��7 ',+ � 0 ) ; � _ (28)

Thefirst approximationof ouranalysisreadsthenas

A1
�

P! 1�� D,#6$ P! 1 4 � D,#Ê_ (29)

Clearly,
1 4 � 1

andP! 17� D,# Ð
P! 1 4 � D,# . We justify A1

usingthenotionof a critical timescale(CTS)[14,16,17]. The
CTSis definedas�98 � arg

2-3546��!  " P! 7 6 � 0 � � De# (30)

andthecritical time-scalequeue(CTSQ)as

CTSQ��D �W���
P! 7 6/: � 0 �98 � D,#�_ (31)

It hasbeenshown thatCTSQ��D � $ P! 1�� D,# [14,16,17].
Similarly, we introducenow the critical dyadic time-scale

(CDTS)as � 84 �
arg

2�3|4; �'& � v)()()( v � *P! 7 ',+ � 0 ) ;;� De# (32)

andthecritical dyadictime-scalequeue(CDTSQ)as

CDTSQ�8D �`���
P! 7 6 :< � 0 �984 � D,#Ê_ (33)
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Fig. 6. Justificationof theMSQ We compareanalyticalqueuingformulas(see

text) andempiricalqueuingbehavior of WIG (a andc) andMWM (b and
d) traceswith an fGn correlationstructureasin (1). In all cases,themean,
standarddeviation andlink capacitywere = , = , and ¾�Æ unitsrespectively. In
the caseof WIG with (1), explicit formulasfor the CTSQexist [16]. The
CDTSQandCTSQarealmostidenticalindicatingthatdyadicscalesalone
cancapturequeuingbehavior. Themultiscalequeue(MSQ)givesagoodap-
proximationto theempiricalqueuingbehavior andis acloserapproximation
thantheCDTSQ.

Obviously, CDTSQ��D � � P! 154>� D,# � P! 1?� D,# .
With the following two points we arguethat an estimateof

queuelength distribution using critical time scalesdoes not
changemuch if we take into accountonly the distributions at
dyadictime scales(CDTSQ)insteadof all time scales(CTSQ).
Theargumentsareasfollows:

1. Dyadictime scalesform only a smallsubsetof
A A C

andso,
(25) and(28) couldbevery different. However, our queu-
ing experimentscombinedwith the analyticalexpressions
for CDTSQ(andCTSQin thecaseof WIG whereexplicit
formulasareavailable[16]) demonstrateconvincingly that
dyadic time scalesare indeedrepresentative for all time
scales(seeFigure6).

2. The CDTS takesonly time scalesup to
) � into account.

However, this is valid if for agivenqueuesize D andagiven
queuesizedistributionthebound� is chosenlargeenough.
Wewill commentfurtheronthedependenceof theMSQon� in a forthcomingpaper[41].

Finally, note that the CDTSQis a computationallyefficient
substitutefor theCTSQsinceit requiresstatisticsat only a few
dyadictime-scales.

C. Approximateindependenceof large arrivals on dyadictime
scales(A2)

In ourqueuinganalysis,weset

@ ¥ ��� F 7 ' ¢<¡ Î ��D � 0 ) � X ¥ K _ (34)

Since
@BA¥ ��� F 7 ' ¢Q¡ Î � D��õ0 ) � X ¥ K correspondsto largevalues

of 7 ' ¢Q¡ Î , wereferto the
@ A¥ ’saslargearrival events.

From(28)weseethat

P! 1C4>� D,# � � �
P! 154 �ûDe# � � �

P! D �¥ d � @ ¥ #Ê_ (35)

Thus,theMSQ(26)wouldequalP! 154 # exactly if theevents
@ ¥

wereindependent.However, the
@ ¥ ’sarehighly probableevents

with P! @ ¥ #E$&� . More precisely, mostof thenumbersP! @ ¥ # are
nearlyindistinguishablefrom � . Thus,

MSQ�8D � $ P! 1 4 � D,# (36)

which is confirmedby our numericalexperiments.This implies
that the events

@ ¥ ’s (and equivalently the large arrival events@ A¥ ’s)are“nearly” independent.
A morerigorouscomparisonof MSQ�8D � andP! 1 4 � De# can

beobtainedusingthefollowing Lemmawhich is provenin [41].

Lemma: Assumethat theevents
@ ¥ areof theform

@ ¥ � FQj ¥ �D ¥ K , where j ¥ � G��Y� _H_]_���G ¥ X [ for � � Ë � � and whereG�� 9 \H\]\ 9 G � are independent,otherwisearbitrary randomvari-
ables.Thenfor � � Ë � �

P ! @ ¥ * @ ¥ X [ 9 \H\]\ 9,@ � # Ð P ! @ ¥ #�_
GiventheLemmaandusing(28)wehave

P! 1 4 � D,# � � �
P! 1 4 ��D,# � � �

P! D �¥ d � @ ¥ #� � �
P! @ � # �Ø¥ d>[ P! @ ¥ * @ ¥ X [ 9 \]\H\ 9,@ � #� � � �Ø¥ d � P! @ ¥ # �f�

MSQ�8D � _ (37)

We concludethat the MSQ is a conservative approximation
of the dyadic queuetail probability. Moreover, P! 1F� D,# Ð
P! 154>� D,# ��GIHKJ ��D � .
D. Stationarityassumption(A3)

Performingan exact queuinganalysisof tree-basedmodels
suchastheWIG andMWM at anarbitrarytime instantis very
complicatedand will producedistributions of the queuesize
which are non-stationaryand vary with time. For an illustra-
tion, notethatin Figure2(b) theneighboringnodes� u-S ' v 	 T and� u-S ' v 	 TeS>[ sharea parentnode � u-S�[ev ' T at scale

} �c� while the
nodes� u-S ' v 	 T:S>[ and � u-S ' v 	 TeS ' donot.

Thequeuinganalysisat thelastinstant
) � � � of a tree-based

model,on the otherhand,is simple. Indeed,the Haarscaling
coefficientson the branchlinking � � v � and � � v ' ¢ X [ (the right
edgeof thetreeof Figure2(b))arerelatedto thequantities7 'L+
in (21)by 7 ' ¢<¡ Î � ) X ¥ y ' � ¥ v ' Î X [ 9 for Ë � g 9 _H_]_ 9 � 9 (38)

anda queuinganalysisis feasible.Choosingthisparticulartime
instantasthepointof analysisis our third assumptionwhichcan
beformulatedin termsof thearriving traffic � ¥ as

A3: � ¥ � q ! ) � � ���^Ë�# 9 Ë � g 9]� � 9 _]_H_ 9]� ) � ���p_



Assumingstationarityof the data,a tree-basedmodelwill pro-
ducethesamestatisticsnomatterwhereits right mostbranchis
placed.This justifiesA3.

E. Multiscalequeuinganalysis(MSQ)of theWIG

For theWIG, onchoosingG ¥ ��� � � � v � if Ë � g� ) ¥ y ' � ¥ v ' Î X [ otherwise
(39)

weobtainfrom (38)7 ' ¢<¡ Î � ) X ¥ ¥ X [�u-d � Gfu � ) X ¥ j ¥ _ (40)

Now onsetting D ¥ � D ) ¥ � 0 ) � 9 (41)

weobservethattheWIG satisfiestheconditionsof theLemma.
Sincefor the WIG 7 ' ¢<¡ Î is Gaussian,the probability P! @ ¥ #

canbecomputedfrom a Gaussiancumulativedistribution [36].

F. Multiscalequeuinganalysis(MSQ)of theMWM

Denoting
Ô u-v 'LM X [ by

Ô u , (38) reducesto7 ' ¢Q¡ Î � � � v � ¥ X [Øu-d � �Õ� �ÖÔ u � � ) _ (42)

Theevent
@ ¥ is thus

@ ¥ � F � � v � ¥ X [Øu-d � �Õ� �ÖÔ u � ��D ) ¥ �^0 ) � K (43)� �� � m Npn � � � v � � � ¥ X [�u-d � m Npn �Õ� �ÖÔ u � ��m Non �8D ) ¥ � 0 ) � � N OP _
By setting G ¥ �x�&� m Non � � � v � � if Ë � gm Non ��� �~Ô ¥ � otherwise

(44)

and D ¥ �x� m Non ��D ) ¥ � 0 ) � �:9 (45)

weseethattheLemmaappliesto theMWM.
For theMWM, obtainingP! @ ¥ # is notasstraightforwardasfor

theWIG. Recallfrom SectionIII-B that� � v �Y£ Ý � v ù ��ß X [ 9 ß X [ �O9 (46)

and ��� �~Ô u � � ) £ Ý � v [ �àß u 9 ß u � _ (47)

Thus,(42)impliesthat 7 ' ¢Q¡ Î is theproductof ËQ� � independentÝ randomvariables. Using Fan’s approximation[36,42], we
approximatethe distribution of 7 ' ¢<¡ Î by a betalaw supported
on ! g 9 úc# asfollows7 ' ¢<¡ ÎRQ$ Ý � v ù �TS ¥ 9LU ¥ � _ (48)

TheparametersS ¥ and
U ¥ aregivenby

S ¥ � jÓ�WV � j ' � X [ ��j � V �O9 U ¥ � S ¥ �Õ� � j � �pj 9 (49)

wherej � )wX ¥
and

V � ¥ X [Øu-d X [ ��ß u ��� �) � ) ß�u���� � _ (50)

Thisapproximationmatchesthemeanandvarianceof theac-
tual distribution of 7 ' ¢Q¡ Î exactly, andcloselyapproximatesthe
first � g moments[42]. We thususethecumulative distribution
of the Ý � v ù �XS ¥ 9,U ¥ � randomvariableto calculateP! @ ¥ # [36].

V. MULTISCALE MARGINALS, LRD AND QUEUING

The impact of the non-Gaussiannatureof the real dataon
queuingis considerable,aswe demonstratein Figure5. There,
we observe that all tracesexhibit Weibullian tail queueproba-
bilities wheninput to aninfinite-lengthsingle-serverqueue(link
capacity Y gog bytes/unittime), which is typical for LRD traffic
(compare(20)). However, apartfrom thisasymptoticmatch,the
MWM is muchcloserto the queuingbehavior of the real data
traces.

TheMSQ usesnot just thevariance(or LRD) of thedata,but
its entiredistribution at multiple time scales.It is thusa tool fit
to assessthe influenceof marginalsandLRD on queuingand
hencethe differencein queuingbehavior of theGaussianWIG
andtheapproximatelylog-normalMWM models.

In particular, observe from (26) that the MSQ increasesas
thedistribution of dataat differentscalesbecomesmoreheavy-
tailed. Thus,a GaussianLRD processwill have a higherMSQ
thana GaussianSRDprocess.However, GaussianLRD models
cannotcapturethe tail distribution of non-Gaussianprocesses
andhencecanleadto optimisticpredictionsof queuingbehav-
ior. In this sense,the MSQ revealsthe limitationsof Gaussian
modeling.

VI . CONCLUSIONS

The importanceof capturingscalingpropertieswhenmodel-
ing traffic loadshasnow beenwell recognized[1, 27]. In our
work, we rely on multiscalemodelssuchastheGaussianWIG
andnon-GaussianMWM models.Both modelsarebuilt on bi-
narytrees,whichallow fast ��� ���

algorithmsfor synthesisof an���
point dataset. By matchingthe varianceof a given traffic

traceon all dyadicscales,both modelscapturethe correlation
structurewith only aboutm Npn � parameters.

Themaincontributionof this paperis ourmultiscalequeuing
(MSQ)approach,whichprovidesaclosedformqueuingformula
for tree-basedmodels.Unlike earlierwork on queuingof LRD
traffic [8,9], ourformulatakesinto accounttheentirecumulative
distributionof thetraffic atdifferenttimescalesandnotjust their
variances.

The implicationsaremanifold. First, the MSQ is applicable
to multiscalemodelssuchastheWIG andtheMWM. As acon-
sequence,theversatileMWM modelis now viablefor numerous
networkingapplications,includingcall admissioncontrol.



Secondandmostimportantly, the MSQ is to our knowledge
thefirst tool for assessingtheimpactof multiscalemarginalson
queuing.Earlierqueuingexperimentswith synthetictraffic pro-
ducedusingtheWIG andtheMWM havealreadysuggestedthat
marginalshaveaninfluenceon thequeuelengthdistributionsof
LRD traffic [28]. Confirmingthesefindingswith themarginal-
sensitive MSQ, we arenow ableto concludethat indeedmod-
eling heavy-tailedspiky datawith Gaussianmodelscanleadto
over-optimisticpredictionsof tail queueprobability.

Thirdly, sincetheMSQcapturesthequeuingbehavior of train-
ing datawhile usingstatisticsfrom just thedyadictime-scales,
weconcludethatdyadictime-scalesthoughfew in number, effi-
cientlycapturethequeuingbehavior of traffic.

Our futureresearchwill aimatmakingtheMWM practicable
for prediction.Theparametersof theMWM couldalsobeused
to capturetheeffect of differentprotocolson shapingdataflow.
In short,theuseof theMWM in real-timenetwork protocolsand
controlalgorithmsseemsverypromising.
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[31] P. Abry, P. Gonçalvés,andP. Flandrin,“Wavelets,spectrumanalysisand¾-¿/Z processes,” in Lecture Notesin Statistics: Waveletsand Statistics
(A. AntoniadisandG. Oppenheim,eds.),vol. 103,pp.15–29,1995.

[32] P. Abry, P. Flandrin,M. Taqqu,andD. Veitch,“Waveletsfor theanalysis,
estimationandsynthesisof scalingdata,” in Self-similarNetworkTraffic
andPerformanceEvaluation, Wiley, June1999.

[33] C. S. Burrus,R. A. Gopinath,andH. Guo, Introductionto Waveletsand
WaveletTransforms:A Primer. PrenticeHall, 1998.

[34] I. Daubechies,TenLecturesonWavelets. New York: SIAM, 1992.
[35] K. E. TimmermanandR. D. Nowak, “Multiscale Bayesianestimationof

Poissonintensities,” in Proc. 31stAsilomar Conf., (Pacific Grove, CA),
Nov. 1997.

[36] N. Johnson,S. Kotz, andN. Balakrishnan,ContinuousUnivariateDistri-
butions, vol. 1-2. New York: JohnWiley & Sons,1994.

[37] Y. Joo, V. Ribeiro, A. Feldmann,A. C. Gilbert, and W. Willinger,
“On the impact of variability on the buffer dynamicsin IP networks,”
Proc. of the 37th Annual Allerton Conferenceon Communication,Con-
trol, and Computing, Allerton, IL, Sept. 22-24 1999. Available at
www.dsp.rice.edu/publications.

[38] M. Paulekarand A. M. Makowski, “Tail probabilitiesfor a multiplexer
with self-similartraffic,” Proc.IEEE INFOCOM, pp.1452–1459,1996.

[39] B. V. Rao,K. R. Krishnan,andD. P. Heyman, “Performanceof Finite-
Buffer QueuesunderTraffic with Long-RangeDependence,” Proc. IEEE
GLOBECOM, vol. 1, pp.607–611,November1996.

[40] D. V. Lindley, “The theoryof queueswith a singleserver,” Proceedingsof
theCambridge PhilosophicalSociety, vol. 48,pp.277–289,1952.

[41] V. J.Ribeiro,R. Riedi,M. Crouse,andR. Baraniuk,“Multiscalemodeling
andqueuinganalysisof long-range-dependentnetwork traffic,” preprint,
1999.Availableatwww.dsp.rice.edu/publications.

[42] D.-Y. Fan,“The distribution of theproductof independentbetavariables,”
Commun.Statist.-TheoryMeth., vol. 20,no.12,pp.4043–4052,1991.


