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Abstract

Wavelet-domairhiddenMarkov modelshave provento
be usefultoolsfor statisticalsignaland image processing
ThehiddenMarkov tree(HMT) modelcapturesthekey fea-
turesof thejoint statisticsof thewaveletcoeficientsof real-
world data. Onepotentialdrawbad to theHMT framevork
is the needfor computationallyexpensiveiterative train-
ing (usingthe EM algorithm, for example). In this paper
we useimage structue not yet recaynizedby the HMT to
showthattheHMT parametes of real-world,grayscalem-
ages havea certain form. This leadsto a descriptionof
the HMT modelwith just nine meta-paametes (indepen-
dent of the size of the image and the numberof wavelet
scales). We also observethat thesenine meta-paametes
are similar for manyimages. Thisleadsto a universaHMT
(uUHMT) modelfor grayscaleimages. Algorithmsusingthe
uHMT require no training of anykind. While simple a se-
ries of image estimation/denoisingxperimentsshowthat
the uHMT retainsnearly all of the key structues modeled
by the full HMT. Basedon the uHMT model,we developa
shift-invariant waveletdenoisingschemethat outperforms
all algorithmsin thecurrentliterature.

1. Intr oduction

Statisticalimage processingproblems,suchas estima-
tion, detectionandclassificationyely on knowledgeof the
joint probability densityfunction (pdf), f(x), of theimage
x. Since f(x) is usuallynot known or is too comple to
specify exactly, modelsthat accuratelyapproximatef (x)
arecritical to imageprocessinglgorithms.

Therehave beenseveralapproacheto modelingthelo-
caljoint statisticsof imagepixelsin thespatialdomain,the
Markov randomfield model[4] beingthe mostprevalent.
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However, spatial-domaimrmodelsarelimited in their ability
to describdarge-scaldehaior. Markov randomfield mod-
elscanbeimprovedby incorporatingalargerneighborhood
of pixels,but this rapidly increasesheir compleity.

Transform-domaimodelsarebasecn theideathatof-
tena linear, invertible transformwill “restructure”the im-
age,leaving transformcoeficientswhosestructureis sim-
pler to model. Real-world imagesare well characterized
by their singularity (edgeandridge) structure.Thewavelet
transformcaptureghis singularitystructure andprovidesa
naturaland powerful domainfor imagemodeling[6]. We
aim, thereforeto modelthe joint pdf of the waveletcoefi-
cientsw of animage,anddesignwavelet-domairprocess-
ing algorithmsbasecn this modelof f(w).

2.Ilmagesin the WaveletDomain

The wavelet transformis an atomic decompositiorof
an imagewith basisfunctionsthat are shifted and dilated
versionsof an oscillatingmotherwavelet[6]. The primary
propertiesof wavelettransformamake wavelet-domairsta-
tisticalimageprocessingttractve[6, 8]:

P1. Locality: Each wavelet coeficient representshe
image contentlocalizedin spatiallocation and fre-

queng.

P2. Multir esolution: The wavelet transformrepresents
theimageata nestedsetof scales.

P3. Edge Detection: Waveletsact aslocal edgedetec-
tors. Theedgesn theimagearerepresentedly large
waveletcoeficientsatthecorrespondingpatialloca-
tions.

P4. Decorrelation: The wavelet coeficients of real-
world imagesendto beapproximatelydecorrelated.

P5. Energy Compaction: The wavelet transformsof
real-world imagestendto be sparse.A wavelet co-



efficientis large only if edgesarepresentwithin the
supportof thewavelet.

PropertiesP1 and P2 leadto a naturalarrangemenof
the wavelet coeficientsin a quadtreestructurewith three
subbandsepresentinghe horizontal, vertical, and diago-
nal edgesn theimage(seeFig. 1). The Compactiorprop-
erty (P5) follows from the fact that the edgesconstitute
only avery smallportionof atypicalimage;consequently
we cancloselyapproximateanimageby just a few (large)
wavelet coeficients. Furthermorethe Decorrelatiorprop-
erty (P4) indicatesthatthe dependenciebetweenwavelet
coeficientsare predominantlylocal. The primary proper
tiesgive wavelettransformssignificantstructure whichwe
codify in thefollowing secondanproperties

S1. NonGaussianity: The wavelet coeficients have
pealy, heavy-tailedmarginal distributions.

S2. Persistency: Large/smallvaluesof wavelet coefi-
cientstend to propagatethroughthe scalesof the
quadtrees.

NonGaussianityfollows immediatelyfrom Enegy Com-
paction(P5). Persisteng follows from the EdgeDetection
(P3) andMultiresolution(P2) properties.

In generalthewaveletcoeficientsw areindexedby two
integers: onefor the scale(dilation), andonefor the shift.
In this paperwewill adoptanabstracindexing systemand
useonly oneinteger whosevaluerangesrom 1 to N2 for
anN x N image.

3. Hidden Mark ov TreeModels

Thesecondarpropertieof wavelettransformgiverise
to joint waveletstatisticshataresuccinctlycapturedoy the
wavelet-domairhidden Markov tree (HMT) mode] intro-
ducedby Crouseet al. (see[3] for a moredetaileddiscus-
sion).

The HMT modelsthe nonGaussiamamginal pdf f(w;)
(S) asa Gaussiammixture whosecomponentarelabeled
by a hiddenstateS; € S,L. The S; dictatefrom which
of the two componentsn the mixture modelw; is dravn,
andthuscharacterizéin the statisticakensejhemagnitude
of w;. StateS corresponddo a zero-meanjow-variance
Gaussianyhile stateL correspondso a zero-meanhigh-
varianceGaussianlf we let
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denotethe Gaussiampdf, thenwe canwrite
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with o > o2. Themawginal pdf f(w;) is the corvex com-
binationof the conditionaldensities

Fwi) = pg(wi;0,08,;) + prg(wi; 0,07,),  (4)

with p$ = 1 — pt. Thep? andpl canbeinterpretedasthe
probabilitythatw; is smallor large (in thestatisticalsense),
respectiely.

Thepersistencef waveletcoeficientmagnitudescross
scale (S2 is modeledby linking the hidden statesin
a Markov tree. The resulting dependeng graph has a
guadtregopologythatmirrorsthe quadtred¢opologyof the
wavelet coeficients,seeFig. 1(b). Eachsubbands repre-
sentedwith its own quadtreethisassumethatthesubbands
arestatisticallyindependent.

Eachparent-child state-to-statéink hasa correspond-
ing transitionmatrix that quantifiesstatisticallythe degree
of persistencef large/smallcoeficients:

(5)
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with p$=7t =1 — p$~S andpt =S = 1 — pt—L.

Denotethe parameterseededo specifya HMT model
by the vector®. Membersof ® arethe mixture variances
for eachstate,os; and o ;, the transition probabilities
p; S andpt~t, andamassfunctionfor the hiddenstateof
therootnode pl. Theseparametersanbefit to agivenset
of training datausingthe Expectation-MaximizatiofEM)
algorithm[3]. The training yields an approximatemaxi-
mumlik elihoodestimateof themodelparametergiventhe
training data, yielding a good approximationof the joint
densityfunction f(w) of the wavelet coeficientsandthus
f(z).

In general,the HMT modelfor an N x N imagehas
approximatelydn parametersyith n := N2. In someap-
plications,this large numberof parametersould make the
HMT modelcumbersomeTo accuratelyspecifydn param-
etersfor ann-pixelimagerequiressignificanta priori infor-
mationabouttheimage. If this informationis unavailable,
we run therisk of overfitting the model. Crouseet al. [3]
reduceshe total numberof HMT parameterdo approxi-
mately4L, with L the numberof wavelet scaleq(typically
4-10), by tying within scale. While a significantreduc-
tion, a large quantity of a priori imageinformationis still
requiredto specifythe parametersvithout over-fitting. In
the next section,we will take advantageof additionalim-
agestructureto reducethe numberof parameterg takesto
specifytheHMT evenfurther.

4.Reduced-Rrameter HMT Image Models

By designthe HMT modelcaptureghe main statistical
featureofimagedn thewaveletdomain.In thissectionwe
shav thatthe HMT parametershemselesareof a certain
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Figure 1. (a) Quadtreenrganizationof the wavelet coef-
ficients. The four childrenwavelet coeficientsdivide the
spatiallocalizationof the parentcoeficient. (b) 2-D HMT
model.Eachblacknodeis awaveletcoeficient; eachwhite
nodeis the correspondingpiddenstate.Links representle-
pendenciebetweerstates.

form; aform motivatedby imagestructurenotyetincorpo-
ratedinto the HMT model. This form is specifiedby nine
meta-paametes, leadingto a simpler reduced-parameter
model.

Furthermorewe have found that mary real-world im-
ageshave similar HMT meta-parameter®y fixing oneset
of parameterscalledthe univeisal HMT (UHMT), we can
take astrictly Bayesiarapproacho theestimatiorproblem,
andeliminatethe needfor trainingaltogether

4.1 Tertiary Propertiesof the Wavelet Coefficients

The wavelet transformsof real-world images exhibit
strongstatisticalpropertiesn additionto the primary (P1-
P5) andthe secondary(S1,S2 properties. The following
arerelatedto the statisticalself-similarity of imagesacross
scale:

T1. Exponential decayacrossscale: The magnitude®f
the waveletcoeficientsof real-world imagestendto
decayexponentiallyacrossscale.

T2. Stronger persistenceat finer scales: The persis-
tenceof large/smallwavelet coeficient magnitudes
becomestrongenatfinerscales.

The exponentialdecay property (T1) stemsfrom the
overall smoothnessf images. Roughly speaking.a typi-
cal real-world imageconsistsof smoothregions separated
by afinite numberof discontinuitiesThisresultsin al/f-
typespectrabehaior, whichleadsto theexponentiadecay
of thewaveletcoeficientsacrossscale[6].

We canobtainintuition behindproperty T2 by consid-
ering the simple yet powerful imagemodel of Cohenand
D’Ales [1]. They modelanimageaspiecavisesmoothwith
afinite numberof discontinuitiesConsiderl 1-D slicefrom
suchanimage. Clearlyit is alsopiecavise smoothwith a
finite number(say M) of discontinuities.

Sincethere are a finite numberof discontinuitiesand
the spatialresolutionof the wavelet coeficientsbecomes
finer asj increasegP2), thereis somej.;; suchthatfor
all j > j.is, eachwavelet basisfunction hasat mostone
discontinuityinsideits spatialsupport. We call this condi-
tion isolation of the edges Given no a priori information
aboutthe locationsof the discontinuitiesthe fact that the
spatialresolutionsof the wavelet coeficientsbecomefiner
exponentiallyimpliesthatthe probabilitythatevery edgeis
isolatedgoesto 1 exponentially

By P4, for fine scalesuchthatj > j..it therewill beon
the orderof M wavelet coeficientsthat are“large” when
comparedto other coeficients at the samescale(exactly
M if we areusingthe Haarwavelet). Eachof theselarge
coeficientswill alsohave alarge child, sincethe children
waveletbasisfunctionssimply divide up the spatialsupport
of the parent. Eachof the small coeficients’ childrenwill
have smallchildren,sincethereis nochanceor ary of them
to encounteanedge.

In 2-D, the situationis similar exceptthat insteadof a
discontinuitiesat points,we now have discontinuitiesalong
curves.At j.is, all waveletbasisfunctionsthathave spatial
supportintersectinghis curve will be“large’ Again,each
of thesecoeficientswill alsohave at leastonelarge child,
while the smallcoeficientswill spavn only smallchildren.

4.2 The HMT Meta-Parameters

Basednthetertiarypropertieof thewavelettransforms
of real-world images,we canspecifythe HMT modelpa-
rametersn termsof nine meta-parameterd.he coeficient
decayandthe changein coeficient persistenceare easily
modeledby imposing structureon how the mixture vari-
ancesandstatetransitionprobabilitieschangeacrossscale.
Becausdhe tertiary propertiesare commonto mary real-
world images,the resultingmodel describegshe common
overall behaior of real-world imagesin the wavelet do-
main.

We can easily model the exponentialdecayof wavelet
coeficients(T1) throughthemixturevarianceof theHMT
model. Sincethe HMT mixture variancesharacterizehe
magnitude®f the waveletcoeficients,we will requirethat
they decayexponentiallyacrossscale:

Ug;j = 00527ja57 (6)
oty = Cn270. )

To ha\/eaS < o—L for all scalesyerequireas > a,. The
resultis an HMT for imageswith 1/ f power spectra.

We will modelthe changein the degreeof coeficient
magnitudepersisteng by consideringheway thatthe state
transitionprobabilitieschangeacrossscale.

Again, considera 1-D signal consistingof smoothre-
gions having M jump discontinuities. The isolation of



edgesat fine scalescontrolsthe persisteng and novelty
probabilitiesandhencetheform of thetransitionmatrix)in

theHMT. If eachof the M edgesn the1-D sliceis isolated
thenthereis no opportunityfor a novel large coeficient to

comefrom a small parent;the only way a coeficient can
belargeis if its parentis large. Thus,p>~" — 0 exponen-
tially asj — oo. In otherwords,p3—% — 1, sinceoncea
wavelet basisfunction lies over a smoothregion, all of its

childrenalsolie overthatsmoothregion. If abasisfunction
lies over an edge,oneandonly oneof its childrenwill lie

overtheedge.Thisis anexactstatemenfor the Haarbasis
functions,and a closeapproximationfor longerwavelets.
Therefore,the large wavelet coeficient givesrise to one
largeandonesmallwaveletcoeficientandpl ' — 3. For

amorein-depthanalysisse€[7]

The edgeisolationprobability goingto 1 exponentially
meanshat the asymptoticvaluesfor persisteng and nov-
elty parametersare also approachedxponentially This
givesa statetransitionmatrix (see(5)) specifiedby four pa-
rameters:

— —s]
A= } Css2

5— CLL2 g

Cssgf'rsj
S 8
% + CL 2~ (8)

Theonly parametem the HMT notyetaccountedor is
the probability massfunction on the hiddenstatevalue of
theroot coeficients(justonenumberin ourcasepL-O, since
the hiddenstatecanonly take two differentvales). Taking
this parameteasis, we candescribehe HMT modelwith
justninemeta-parameters:
®; = {055, ay, CUS; CUUIYSa M, CSS; CLL;p% }

4.3 A “universal” HMT: The uHMT

The HMT meta-parametersot only give us a sim-
pler descriptionof the HMT model, but we have also ob-
senedthatthey take verysimilarvaluesor mary grayscale,
photograph-lileimages.We trainedHMT modelsfor a set
of normalizedmagesandexaminedtheir parametersThe
varianceand persistencalecayswere measuredy fitting
a line to the log of the variancevs. scalefor eachstate.
The decayswerevery similar for all of theimages. Since
theimageswerenormalizedtherangeoverwhich thevari-
anceglecayedvassimilaraswell. Theseobsenationslead
usto believe thata specific,“universal”’ setof HMT meta-
parametersanreasonablgharacteriz@hotograph-lileim-
ages. We call the HMT with this set of parameterghe
UHMT model.

The universalmeta-paramete@regivenby: as = 3.1,
aL = 2.25, Co's = 211, Ccn_ = 211, Ys = 1, I = 0.4,
Css = 22'3, CLL = 20'5, andp(L) = 1/2.

The simplicity of the uUHMT model also allows us to
apply it in situationswherethe cost of a standardHMT
would be prohibitive. For instance we have developeda
fastO(n log n) shift-invariantestimationrschemddiscussed

below in Section5.2) basedon the uUHMT parametershat
deliversstate-of-the-anperformancgseeFig. 3).

5. Applications to Image Denoising
5.1 BayesianEstimation usingthe HMT

To demonstrat¢he effectivenesof the uHMT for mod-
eling an images wavelet coeficients, we estimatean im-
agesubmegedin additve white Gaussiamoise.Translated
into thewaveletdomain the problemis asfollows:

giveny = w + n, estimatew, (9)

wheren is a Gaussiarandomfield whosecomponentsre
independenandidentically distributedwith zeromeanand
known variances?.

Sinceweareviewing w asarealizationof arandonfield
whosegjoint pdfis modeledy theHMT, wetake aBayesian
approacho the estimationproblem. The conditionalden-
sity f(y|w) is givenby the problem;it is anindependent,
Gaussiamandomnfield with meanw. UsingtheHMT model
for f(w), we cansolve the Bayesequatiorfor the posterior
F(wly).

To obtainthe model parametersCrouseet al. takesan
empirical Bayesianapproach[3]. The HMT parameters
usedto modelf(w|®) arefirst estimatedrom theobsened
noisy datay andthen“plugged-in”to the Bayesequation
(afteraccountingor thenoise).

For the Bayesestimatoy we calculatethe conditional
meanof theposteriorf (w]y, ®) usingthe pointwisetrans-
formation

2

~ g ;'
w; = Elw;|y, ®] = Xq:p(& =qly, O)ﬁyi

(10)
to obtainthe minimum mean-squarestimate(MMSE) of
w. Resultsusingthe empirical BayesianHMT estimator
summarizedor imagedn [7], arecompetitivein bothvisual
qualityandPSNRto redundantvaveletshrinkage.

With the uUHMT parametersye have a prior on w and
the estimationproblemcan be approachedrom a purely
BayesiarstandpointSincewe have eliminatedraining,the
estimatioralgorithmis truly O(n) andtakesonly afew sec-
ondsto run on aworkstation.

Theresults givenin [7], arealmostidenticalto themore
complicatedempirical BayesHMT approach,suggesting
thatwe havelostalmostnothingby totally eliminatingtrain-

ing.

5.2 Shift-Invariant Estimation

Image estimatesobtainedusing an orthogonalwavelet
transformfrequentlyexhibit visual artifacts,usuallyin the
form of ringing aroundedges.Theseartifactscanbe com-
battedby averagingogetherestimates®btainedrom all dif-
ferentshifts of theimage[2]. Theresultingshift-invariant
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Figure 2. 1-Dillustration of the wavelettreeat oneshift
(shift 6) in relationto thetreesat othershifts. Notethatthe
treesoverlap— the samecoeficient appearsn morethan
onetree. Thereare N log NV uniquecoeficientsover all of
theshiftsof thelength4V signal.

estimatds givenby
Z = Average(S_i,—m (D (Sk,m(¥))))o<k,m<n—1 (11)

whereSg m (y) = y(s — k,t —m) is the2-D (circular)shift

operatorandD denoteghe estimator(10). Implementing
(11) directly would have computationatomplexity O(n?)

andwould thusbeinfeasiblefor large images. To stream-
line the algorithm,we mustexploit the redundancies the
waveletrepresentationbetweendifferentshifts of the im-

age.

In the wavelet domain, eachshift of the image cor
respondgo a differenttree of wavelet coeficients. The
wavelet coeficient treesfor different shifts overlap, with
commoncoeficientsoccupying entiresubtreegseel-D ex-
amplein Fig. 2). Averagingestimatedor differentshifts
amountsto averagingthe p(S; = q|y, ®) for eachtreein
whichw; appearsandthenusingtheresultin (10) (we as-
sumethat ® is the samefor eachshift of theimage). The
way in whichthewaveletcoeficienttreesof differentshifts
overlapallowsanO(n logn) shift-invariantdenoisingalgo-
rithm [7]. Theresults(shovn in Fig. 3(d) andsummarized
in [7]) indicatethatthis denoisingalgorithmdefineghenew
state-of-the-artin general,we gaina 1-1.5dB gain over
thresholdingwith theredundantvavelettransform(2, 5].

6. Conclusions

HiddenMarkov Treescapturethe primaryaspect®f im-
agestructurein thewaveletdomain.In this paperwe have
shavn that additionalimagestructurecan be exploited by
constrainingthe HMT parametergo have a certainform.
As aresult,an HMT modelfor real-world imagescanbe
describedvith 9 meta-parameters.

A setof “universal’parameterarisesnaturallyfrom the
form of the meta-parametersThesenine numberscom-
pletely specifya modelfor a large classof real-world im-
ages,eliminating ary needfor training in the estimation
algorithm without compromisingdenoisingperformance.
Having the modelfully specifiedfacilitatesthe implemen-
tationof a shift-invariantestimationalgorithmwhich offers
state-of-the-anperformance.

Figure 3. (a)Original256 x 256 “Boats”image;(b) Noisy
boatsimage,with o,, = 0.1, PSNR=20dBBoatsimage
denoisedusing (c) redundanthard-thresholdingisingem-
pirical bestthreshold5], PSNR=26.3dB(d) shift-invariant
UHMT estimatorPSNR=27.4dB.
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