
Shift-Invariant DenoisingusingWavelet-DomainHidden Mark ov Trees

JustinK. Romberg, HyeokhoChoiandRichardG. Baraniuk
�

RiceUniversity
Dept.of ElectricalandComputerEngineering

Houston,TX 77251–1892,USA
jrom@rice.edu,choi@ece.rice.edu,richb@rice.edu

Web: www.dsp.rice.edu

Abstract

Wavelet-domainhiddenMarkov modelshaveprovento
beusefultools for statisticalsignaland image processing.
ThehiddenMarkov tree(HMT) modelcapturesthekey fea-
turesof thejoint statisticsof thewaveletcoefficientsof real-
world data.Onepotentialdrawback to theHMT framework
is the needfor computationallyexpensiveiterative train-
ing (usingthe EM algorithm, for example). In this paper,
we useimage structure not yet recognizedby the HMT to
showthattheHMT parametersof real-world,grayscaleim-
ages havea certain form. This leadsto a descriptionof
the HMT modelwith just nine meta-parameters (indepen-
dent of the sizeof the image and the numberof wavelet
scales).We also observethat thesenine meta-parameters
aresimilar for manyimages.Thisleadsto a universalHMT
(uHMT) modelfor grayscaleimages.Algorithmsusingthe
uHMT require no training of anykind. Whilesimple, a se-
ries of image estimation/denoisingexperimentsshowthat
the uHMT retainsnearly all of the key structuresmodeled
by the full HMT. Basedon theuHMT model,wedevelopa
shift-invariant waveletdenoisingschemethat outperforms
all algorithmsin thecurrentliterature.

1. Intr oduction
Statisticalimageprocessingproblems,suchas estima-

tion, detection,andclassification,rely on knowledgeof the
joint probabilitydensityfunction(pdf),

�������
, of theimage�

. Since
�������

is usuallynot known or is too complex to
specify exactly, modelsthat accuratelyapproximate

�������
arecritical to imageprocessingalgorithms.

Therehave beenseveralapproachesto modelingthelo-
cal joint statisticsof imagepixelsin thespatialdomain,the
Markov randomfield model [4] being the mostprevalent.	
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However, spatial-domainmodelsarelimited in their ability
to describelarge-scalebehavior. Markov randomfieldmod-
elscanbeimprovedby incorporatingalargerneighborhood
of pixels,but this rapidly increasestheir complexity.

Transform-domainmodelsarebasedon theideathatof-
ten a linear, invertible transformwill “restructure”the im-
age,leaving transformcoefficientswhosestructureis sim-
pler to model. Real-world imagesare well characterized
by their singularity(edgeandridge)structure.Thewavelet
transformcapturesthissingularitystructure,andprovidesa
naturalandpowerful domainfor imagemodeling[6]. We
aim, therefore,to modelthejoint pdf of thewaveletcoeffi-
cients 
 of an image,anddesignwavelet-domainprocess-
ing algorithmsbasedon thismodelof

���
w
�
.

2. Imagesin the WaveletDomain
The wavelet transformis an atomic decompositionof

an imagewith basisfunctionsthat areshiftedanddilated
versionsof anoscillatingmotherwavelet [6]. Theprimary
propertiesof wavelettransformsmakewavelet-domainsta-
tistical imageprocessingattractive [6, 8]:

P1. Locality: Each wavelet coefficient representsthe
imagecontentlocalizedin spatial location and fre-
quency.

P2. Multir esolution: The wavelet transformrepresents
theimageata nestedsetof scales.

P3. Edge Detection: Waveletsact as local edgedetec-
tors.Theedgesin theimagearerepresentedby large
waveletcoefficientsat thecorrespondingspatialloca-
tions.

P4. Decorrelation: The wavelet coefficients of real-
world imagestendto beapproximatelydecorrelated.

P5. Energy Compaction: The wavelet transformsof
real-world imagestendto be sparse.A wavelet co-



efficient is largeonly if edgesarepresentwithin the
supportof thewavelet.

PropertiesP1 andP2 lead to a naturalarrangementof
the wavelet coefficients in a quadtreestructurewith three
subbandsrepresentingthe horizontal,vertical, anddiago-
nal edgesin theimage(seeFig. 1). TheCompactionprop-
erty (P5) follows from the fact that the edgesconstitute
only a very smallportionof a typical image;consequently,
we cancloselyapproximatean imageby just a few (large)
waveletcoefficients. Furthermore,theDecorrelationprop-
erty (P4) indicatesthat the dependenciesbetweenwavelet
coefficientsarepredominantlylocal. The primary proper-
tiesgivewavelettransformssignificantstructure,whichwe
codify in thefollowing secondaryproperties:

S1. NonGaussianity: The wavelet coefficients have
peaky, heavy-tailedmarginaldistributions.

S2. Persistency: Large/smallvaluesof wavelet coeffi-
cients tend to propagatethrough the scalesof the
quadtrees.

NonGaussianityfollows immediatelyfrom Energy Com-
paction(P5). Persistency follows from theEdgeDetection
(P3) andMultiresolution(P2) properties.

In general,thewaveletcoefficients
 areindexedby two
integers:onefor thescale(dilation), andonefor theshift.
In thispaper, wewill adoptanabstractindexing systemand
useonly oneintegerwhosevaluerangesfrom 1 to �
� for
an ����� image.

3. Hidden Mark ov TreeModels
Thesecondarypropertiesof wavelettransformsgiverise

to joint waveletstatisticsthataresuccinctlycapturedby the
wavelet-domainhiddenMarkov tree (HMT) model, intro-
ducedby Crouseet al. (see[3] for a moredetaileddiscus-
sion).

TheHMT modelsthenonGaussianmarginal pdf
���������

(S1) asa Gaussianmixturewhosecomponentsarelabeled
by a hiddenstate � ���������

. The � � dictatefrom which
of the two componentsin the mixture model

���
is drawn,

andthuscharacterize(in thestatisticalsense)themagnitude
of
� �

. State
�

correspondsto a zero-mean,low-variance
Gaussian,while state

�
correspondsto a zero-mean,high-

varianceGaussian.If we let� �� "!$#%�$& � �('*) +, -/. &103254 687 �� 7 #"� �- & � 9 (1)

denotetheGaussianpdf, thenwecanwrite�������;: � �<)=�>�?'@) � �����$!$A>�;& �B3C � �3� (2)�������D: � �E)F�G�?'@) � �����$!$A>�;& �H C � � (3)

with
& �HJI & �B . Themarginal pdf

���������
is theconvex com-

binationof theconditionaldensities����� � ��)LK B� � ��� � !;A>�;& �B3C � �"M
K H� � ��� � !;A>�$& �H C � �N� (4)

with
K B� ) + 7 K H� . The

K B�
and

K H�
canbeinterpretedasthe

probabilitythat
���

is smallor large(in thestatisticalsense),
respectively.

Thepersistenceof waveletcoefficientmagnitudesacross
scale (S2) is modeled by linking the hidden states in
a Markov tree. The resulting dependency graph has a
quadtreetopologythatmirrorsthequadtreetopologyof the
waveletcoefficients,seeFig. 1(b). Eachsubbandis repre-
sentedwith its ownquadtree;thisassumesthatthesubbands
arestatisticallyindependent.

EachparentO child state-to-statelink hasa correspond-
ing transitionmatrix that quantifiesstatisticallythe degree
of persistenceof large/smallcoefficients:P � '@)RQ K BNSTB� K BNS H�K H STB� K H S H� U (5)

with
K BNS H� ) + 7 K BDSVB�

and
K H STB� ) + 7 K H S H�

.
Denotetheparametersneededto specifya HMT model

by thevector W . Membersof W arethemixturevariances
for eachstate,

& B�X � and
& H X � , the transition probabilitiesK BNSTB�

and
K H S H�

, andamassfunctionfor thehiddenstateof
therootnode,

K HY . Theseparameterscanbefit to a givenset
of trainingdatausingtheExpectation-Maximization(EM)
algorithm [3]. The training yields an approximatemaxi-
mumlikelihoodestimateof themodelparametersgiventhe
training data,yielding a good approximationof the joint
densityfunction

��� 
 � of thewaveletcoefficientsandthus�����%�
.

In general,the HMT model for an �Z�[� imagehas
approximately\G] parameters,with ] '@) �
� . In someap-
plications,this largenumberof parameterscouldmake the
HMT modelcumbersome.To accuratelyspecify \^] param-
etersfor an ] -pixel imagerequiressignificantapriori infor-
mationaboutthe image. If this informationis unavailable,
we run the risk of over-fitting themodel. Crouseet al. [3]
reducesthe total numberof HMT parametersto approxi-
mately \^_ , with _ thenumberof waveletscales(typically
4–10), by tying within scale. While a significant reduc-
tion, a large quantityof a priori imageinformationis still
requiredto specifythe parameterswithout over-fitting. In
the next section,we will take advantageof additionalim-
agestructureto reducethenumberof parametersit takesto
specifytheHMT evenfurther.

4. Reduced-Parameter HMT ImageModels
By design,theHMT modelcapturesthemainstatistical

featuresof imagesin thewaveletdomain.In thissection,we
show that theHMT parametersthemselvesareof a certain
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Figure 1. (a) Quadtreeorganizationof thewaveletcoef-
ficients. The four childrenwavelet coefficientsdivide the
spatiallocalizationof theparentcoefficient. (b) 2-D HMT
model.Eachblacknodeis awaveletcoefficient;eachwhite
nodeis thecorrespondinghiddenstate.Links representde-
pendenciesbetweenstates.

form; a form motivatedby imagestructurenotyet incorpo-
ratedinto the HMT model. This form is specifiedby nine
meta-parameters, leadingto a simpler, reduced-parameter
model.

Furthermore,we have found that many real-world im-
ageshavesimilarHMT meta-parameters.By fixing oneset
of parameters,calledthe universal HMT (uHMT), we can
takeastrictly Bayesianapproachto theestimationproblem,
andeliminatetheneedfor trainingaltogether.

4.1. Tertiary Propertiesof the WaveletCoefficients
The wavelet transformsof real-world imagesexhibit

strongstatisticalpropertiesin additionto theprimary(P1–
P5) and the secondary(S1,S2) properties. The following
arerelatedto thestatisticalself-similarityof imagesacross
scale:

T1. Exponential decayacrossscale:Themagnitudesof
thewaveletcoefficientsof real-world imagestendto
decayexponentiallyacrossscale.

T2. Stronger persistenceat finer scales: The persis-
tenceof large/smallwavelet coefficient magnitudes
becomesstrongerat finerscales.

The exponentialdecayproperty (T1) stemsfrom the
overall smoothnessof images. Roughlyspeaking,a typi-
cal real-world imageconsistsof smoothregionsseparated
by a finite numberof discontinuities.This resultsin a +/` � -
typespectralbehavior, whichleadsto theexponentialdecay
of thewaveletcoefficientsacrossscale[6].

We canobtain intuition behindpropertyT2 by consid-
ering the simpleyet powerful imagemodelof Cohenand
D’Ales [1]. They modelanimageaspiecewisesmoothwith
afinitenumberof discontinuities.Considera1-D slicefrom
suchan image. Clearly it is alsopiecewisesmoothwith a
finite number(say a ) of discontinuities.

Since there are a finite numberof discontinuitiesand
the spatialresolutionof the wavelet coefficientsbecomes
finer as b increases(P2), thereis somebdcfe�g h suchthat for
all bjikbdcfe�g h , eachwavelet basisfunction hasat mostone
discontinuityinsideits spatialsupport.We call this condi-
tion isolation of the edges. Given no a priori information
aboutthe locationsof the discontinuities,the fact that the
spatialresolutionsof thewaveletcoefficientsbecomefiner
exponentiallyimpliesthattheprobabilitythateveryedgeis
isolatedgoesto + exponentially.

By P4, for finescalessuchthat bmlnbdcfe�g h therewill beon
the orderof a wavelet coefficientsthat are“large” when
comparedto other coefficients at the samescale(exactlya if we areusingthe Haarwavelet). Eachof theselarge
coefficientswill alsohave a largechild, sincethe children
waveletbasisfunctionssimplydivideup thespatialsupport
of theparent.Eachof thesmall coefficients’ childrenwill
havesmallchildren,sincethereis nochancefor any of them
to encounteranedge.

In 2-D, the situationis similar except that insteadof a
discontinuitiesatpoints,wenow havediscontinuitiesalong
curves.At b cfe�g h , all waveletbasisfunctionsthathavespatial
supportintersectingthis curve will be“large.” Again,each
of thesecoefficientswill alsohave at leastonelargechild,
while thesmallcoefficientswill spawn only smallchildren.

4.2. The HMT Meta-Parameters
Basedonthetertiarypropertiesof thewavelettransforms

of real-world images,we canspecifythe HMT modelpa-
rametersin termsof ninemeta-parameters.Thecoefficient
decayand the changein coefficient persistenceareeasily
modeledby imposingstructureon how the mixture vari-
ancesandstatetransitionprobabilitieschangeacrossscale.
Becausethe tertiary propertiesarecommonto many real-
world images,the resultingmodel describesthe common
overall behavior of real-world imagesin the wavelet do-
main.

We caneasilymodel the exponentialdecayof wavelet
coefficients(T1) throughthemixturevariancesof theHMT
model. Sincethe HMT mixture variancescharacterizethe
magnitudesof thewaveletcoefficients,wewill requirethat
they decayexponentiallyacrossscale:& �BNC o ) p�q�r -ts o;u r �

(6)& �H C o ) p�qwv - s o;u vNx
(7)

To have
& �BNC oTy & �H C o for all scales,werequirez B ijz H . The

resultis anHMT for imageswith +/` � powerspectra.
We will model the changein the degreeof coefficient

magnitudepersistency by consideringthewaythatthestate
transitionprobabilitieschangeacrossscale.

Again, considera 1-D signal consistingof smoothre-
gions having a jump discontinuities. The isolation of
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edgesat fine scalescontrols the persistency and novelty
probabilities(andhencetheform of thetransitionmatrix) in
theHMT. If eachof the a edgesin the1-D sliceis isolated
thenthereis no opportunityfor a novel largecoefficient to
comefrom a small parent;the only way a coefficient can
belargeis if its parentis large. Thus,

K BNS Ho O A
exponen-

tially as b�O|{ . In otherwords,
K BNSTBo O + , sinceoncea

wavelet basisfunction lies over a smoothregion, all of its
childrenalsolie over thatsmoothregion. If abasisfunction
lies over anedge,oneandonly oneof its childrenwill lie
over theedge.This is anexactstatementfor theHaarbasis
functions,anda closeapproximationfor longerwavelets.
Therefore,the large wavelet coefficient gives rise to one
largeandonesmallwaveletcoefficientand

K H S Ho O~}� . For
amorein-depthanalysis,see[7]

The edgeisolationprobabilitygoing to + exponentially
meansthat the asymptoticvaluesfor persistency andnov-
elty parametersare also approachedexponentially. This
givesastatetransitionmatrix(see(5)) specifiedby four pa-
rameters:P o )RQ + 7 p BDB - s�� r o p BDB - s�� r o}� 7 p H;H - s�� v o }� M�p HDH - s�� v o U x (8)

Theonly parameterin theHMT notyet accountedfor is
the probability massfunction on the hiddenstatevalueof
therootcoefficients(justonenumberin ourcase,

K Hof� , since
thehiddenstatecanonly take two differentvales).Taking
this parameterasis, we candescribetheHMT modelwith
justninemeta-parameters:W�g )�� z B � z H �;p�& B �Dp q v���� B ��� H �;p BDB �;p HDH ��K��o ��� .
4.3. A “uni versal” HMT: The uHMT

The HMT meta-parametersnot only give us a sim-
pler descriptionof the HMT model,but we have alsoob-
servedthatthey takeverysimilarvaluesfor many grayscale,
photograph-likeimages.We trainedHMT modelsfor a set
of normalizedimagesandexaminedtheir parameters.The
varianceand persistencedecaysweremeasuredby fitting
a line to the log of the variancevs. scalefor eachstate.
Thedecayswerevery similar for all of the images.Since
theimageswerenormalized,therangeoverwhich thevari-
ancesdecayedwassimilaraswell. Theseobservationslead
usto believe thata specific,“universal”setof HMT meta-
parameterscanreasonablycharacterizephotograph-likeim-
ages. We call the HMT with this set of parametersthe
uHMTmodel.

Theuniversalmeta-parametersaregivenby: z B )�� x + ,z H ) - x -G�
,
p q3r ) - }$} , p qdv ) - }$} , � B ) + , � H )�A x \ ,p BDB ) - ��� � , p HDH ) - Y � � , and

K HY ) +�` - .
The simplicity of the uHMT model also allows us to

apply it in situationswhere the cost of a standardHMT
would be prohibitive. For instance,we have developeda
fastO(]����G��] ) shift-invariantestimationscheme(discussed

below in Section5.2) basedon the uHMT parametersthat
deliversstate-of-the-artperformance(seeFig. 3).

5. Applications to ImageDenoising
5.1. BayesianEstimation using the HMT

To demonstratetheeffectivenessof theuHMT for mod-
eling an image’s wavelet coefficients,we estimatean im-
agesubmergedin additivewhiteGaussiannoise.Translated
into thewaveletdomain,theproblemis asfollows:

given � ) 
 M[�8� estimate 
 � (9)

where
�

is a Gaussianrandomfield whosecomponentsare
independentandidenticallydistributedwith zeromeanand
known variance

& �� .
Sinceweareviewing 
 asarealizationof arandomfield

whosejoint pdf is modeledby theHMT, wetakeaBayesian
approachto the estimationproblem. The conditionalden-
sity

��� � : 
 � is givenby the problem;it is an independent,
Gaussianrandomfieldwith mean
 . UsingtheHMT model
for
��� 
 � , wecansolvetheBayesequationfor theposterior��� 
 : � � .
To obtainthe modelparameters,Crouseet al. takesan

empirical Bayesianapproach[3]. The HMT parameters
usedto model

��� 
 : W � arefirst estimatedfrom theobserved
noisy data � andthen“plugged-in” to the Bayesequation
(afteraccountingfor thenoise).

For the Bayesestimator, we calculatethe conditional
meanof theposterior

��� 
 : � � W � usingthepointwisetrans-
formation�� � )¡ £¢ � � : � � W�¤ )¦¥^§jKE� � � )=¨>: � � W � & �§ C �& �� ML& �§ C �w© �

(10)
to obtain the minimum mean-squareestimate(MMSE) of
 . Resultsusingthe empiricalBayesianHMT estimator,
summarizedfor imagesin [7], arecompetitivein bothvisual
qualityandPSNRto redundantwaveletshrinkage.

With the uHMT parameters,we have a prior on 
 and
the estimationproblemcan be approachedfrom a purely
Bayesianstandpoint.Sincewehaveeliminatedtraining,the
estimationalgorithmis truly ª � ] � andtakesonly afew sec-
ondsto runona workstation.

Theresults,givenin [7], arealmostidenticalto themore
complicatedempirical BayesHMT approach,suggesting
thatwehavelostalmostnothingby totallyeliminatingtrain-
ing.

5.2. Shift-Invariant Estimation
Imageestimatesobtainedusing an orthogonalwavelet

transformfrequentlyexhibit visual artifacts,usuallyin the
form of ringing aroundedges.Theseartifactscanbecom-
battedbyaveragingtogetherestimatesobtainedfromall dif-
ferentshiftsof the image[2]. Theresultingshift-invariant

4



j0 + 1

j0 + 2

j0

0 5 17 6 4 3 2

Shift

Scale

Figure 2. 1-D illustrationof thewavelet treeat oneshift
(shift 6) in relationto thetreesat othershifts.Notethatthe
treesoverlap— thesamecoefficient appearsin morethan
onetree.Thereare «L¬@­w®�« uniquecoefficientsover all of
theshiftsof thelength-« signal.

estimateis givenby� 1)¡¯±° 0d²;³ � 0 ��´ s¶µ X s�· ��¸¹�º´ µ X · � © �$����� Y�»¶µ X ·¼»�½¼s } (11)

wheré µ X · � © ��) © ��¾ 7�¿ ��À 7ÂÁ � is the2-D (circular)shift
operatorand

¸
denotesthe estimator(10). Implementing

(11) directly would have computationalcomplexity ª � ]¶� �
andwould thusbe infeasiblefor large images.To stream-
line thealgorithm,we mustexploit theredundanciesin the
wavelet representationsbetweendifferentshiftsof the im-
age.

In the wavelet domain, eachshift of the image cor-
respondsto a different tree of wavelet coefficients. The
wavelet coefficient treesfor different shifts overlap, with
commoncoefficientsoccupyingentiresubtrees(see1-D ex-
amplein Fig. 2). Averagingestimatesfor differentshifts
amountsto averagingthe

KE� � ��)Ã¨>: � � W � for eachtreein
which

���
appears,andthenusingtheresultin (10) (we as-

sumethat W is thesamefor eachshift of the image). The
wayin whichthewaveletcoefficienttreesof differentshifts
overlapallowsan ª � ]����G�8] � shift-invariantdenoisingalgo-
rithm [7]. Theresults(shown in Fig. 3(d) andsummarized
in [7]) indicatethatthisdenoisingalgorithmdefinesthenew
state-of-the-art:in general,we gain a 1–1.5dB gain over
thresholdingwith theredundantwavelettransform[2, 5].

6. Conclusions
HiddenMarkov Treescapturetheprimaryaspectsof im-

agestructurein thewaveletdomain.In this paper, we have
shown that additionalimagestructurecanbe exploited by
constrainingthe HMT parametersto have a certainform.
As a result,an HMT model for real-world imagescanbe
describedwith 9 meta-parameters.

A setof “universal”parametersarisesnaturallyfrom the
form of the meta-parameters.Thesenine numberscom-
pletely specifya modelfor a large classof real-world im-
ages,eliminating any needfor training in the estimation
algorithm without compromisingdenoisingperformance.
Having the modelfully specifiedfacilitatesthe implemen-
tationof a shift-invariantestimationalgorithmwhichoffers
state-of-the-artperformance.

(a) (b)

(c) (d)

Figure 3. (a)Original ÄwÅdÆÈÇ�ÄdÅdÆ “Boats” image;(b)Noisy
boatsimage,with É5ÊjËÃÌGÍ@Î , PSNR=20dB.Boatsimage
denoisedusing(c) redundanthard-thresholdingusingem-
pirical bestthreshold[5], PSNR=26.3dB;(d) shift-invariant
uHMT estimator, PSNR=27.4dB.
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