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ABSTRACT

We describea generalizedscale-redundantwavelet transform
which approximatesa densesamplingof the continuouswavelet
transform(CWT) in both time andscale. The dyadicscalingre-
quirementof the usualwavelet transformis relaxed in favor of
an approximatescalingrelationshipwhich in the caseof a Gaus-
sianscalingfunction is known to be asymptoticallyexact andir-
rational. This schemeyieldsanarbitrarily densesamplingof the
scaleaxisin thelimit. Similar behavior is observedfor otherscal-
ing functionswith no explicit analyticform. We investigatechar-
acteristicsof thefamily of Lagrangeinterpolatingfilters(relatedto
theDaubechiesfamily of compactly-supportedorthonormalwave-
lets),andfinally presentapplicationsof thetransformto denoising
andedgedetection.

1. INTRODUCTION

Thecontinuouswavelettransform(CWT) isusefulfor many appli-
cationsin signalanalysis.Computerevaluationof theCWT, how-
ever, requiresan efficient discretizationof the transform,which
hasbeenthesubjectof muchresearch.Mostexisting fastapproxi-
mationtechniquesinvolve theuseof a dyadicscalingrelationship
([1, 2], andothers),and/orrequirethat the scalingfunctionsand
waveletsusedhaveaclosed-formexpression[1, 2, 3]. Wepresent
a novel approachwith an approximatescaling relationshipand�������

complexity perscale(
�������	�

overall), which expandsthe
classof scalingfunctionsandwaveletsavailablefor CWT-based
analysis.

First,wedefinetheCWT of a funcion 
 ����� as
�� 
 ������������� 
 ����� � !#"�� $% & � &('*)+ )
�-, �/.0��21 
 ������34��� (1)

where
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and
�

arecontinuousscalingandtranslationparameters,
respectively,and
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is thereal-valuedmotherwavelet.A wavelet

series(WS) is simply a samplingof the CWT definedsuchthat
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, whereadmissible
wavelets

�
are restrictedto thosesatisfyinga dyadicscalingre-

lationship �G�������IHKJ*L���=K��M @	N���@	�/.?=K�O�
(2)

where
LK��=��

are the waveletfilter coefficientsand
N

is a scaling
functionwhichservesto allow accurateexpansionof a signalat a
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finite numberof scales,andto dilatethewaveletat dyadicscales.
It mustsatisfy N�������� H JQP ��=�� M @RN���@	�/.0=��O�

(3)

where
P ��=K�

arethescalingfilter coefficients.
Mallat [4] derivedadiscreteorthogonalfilter bankimplemen-

tationof thewaveletseries,whichwewill referto hereasthedis-
cretewaveletetransform(DWT). TheDWT approximatesa sam-
pling of the WS (and hencethe CWT), and is exact for certain
classesof inputsignalsandsignaldiscretizationmethods[5]. The
DWT canbe interpretedasan expansionin termsof discreteba-
sis sequences which approximatecontinuousbasisfunctions[6].
Thebasissequencescorrespondto theoverall impulseresponseat
theoutputof eachstageof theDWT filter bank. TheDWT is not
invariantto time shiftsof the input signal;the redundantwavelet
transform(RDWT), alsoknown astheà trousalgorithm[7, 5] is a
shift-invariantextensionto theDWT whichprovidesintegersam-
pling of thetimeaxisatdyadicscales.

In thispaper, weproposeageneralizationof theRDWT which
approximates(but doesnot sample)a CWT. It is shift-invariant
andallows for variousscalesamplingdensities,all of which will
bemoredensethanthedyadicscalesof theDWT or RDWT. The
formulationdiffersfrom classicalmultiresolutionanalysis(MRA)
[8], in that it doesnot requirea specificscalingrelationbetween
vectorspaces(or stagesof a DWT), but still utilizes the ideaof
nestedscalingspaces.A multitudeof perfectreconstructionimple-
mentationsarepossibleusingonly finite impulseresponse(FIR)
filters. Applicationsto denoisingandedgedetectionwill be ex-
amined,with resultsat leastcomparableto existingwavelet-based
methods.

2. SCALE

For a continuousanalytic function, the conceptof scaleis clear;
everypoint in therescaledfunctionis definedby therelation
 � � !O��S8��� $M �T
 , S�.0��U1 �

(4)

where
�

and
�

arethecontinuousscalingandshift parameters,and
thefactorof $BV M �

preservesthenormof 
 .
Thereis someambiguity, however, whenconsideringdiscrete

signalsor sampledcontinuoussignals. Only a finite numberof
samplesareavailableto representall scalingsof the signal. The
finestscaleavailableis setby thesamplingrate;to achieveafiner



scale,onemustknow orassumeanunderlyingcontinuousfunction
andresampleat a higherrate.Likewise,to move to coarserscales
requiressomedecisionabouthow to combineinformation from
severalpixels. In practice,scaleis generallydefinedby thechar-
acteristicsof thesmoothing,or scalingfunctionusedto producea
coarserscale.This is usuallya well-definedcontinuousfunction,
or in thecaseof wavelets,a functionthatcanbedefinedby its self-
similarity over a dyadicgrid of scales.Then,insteadof rescaling
the signal for eachlevel of analysis,one cansimply rescalethe
analyzingfunction; theeffect is thesameasif a singleanalyzing
functionhadbeenappliedto differentscalesof thesignal.

In whatfollows,wewill notachieveanexactscalerelationship
betweenbasisfunctions,asin thedyadicwaveletcase.Instead,we
will considerdiscretebasissequenceswhichconvergeto acontin-
uousfunctionasthescalebecomesinfinitely large. Implemented
in afilter bank,theouputof eachlow-passstagecanbeconsidered
to beanappoximatelyscaledversionof thatcontinuousfunction,
with theapproximationbecomingmoreaccurateasthenumberof
iterationsincreases.

3. A SCALE-REDUNDANT TRANSFORM

The scale-redundantdiscretewavelet transform(SRDWT) is a
completelyundecimatedfilter bankimplementationwhich results
in a very fine (approximate)scalesampling. It is not to be con-
fusedwith the RDWT, which is often referredto as an undeci-
matedwavelettransform.SincetheRDWT is adyadictransform,
it must includeeitherdownsamplingor upsamplingin its imple-
mentation.Shensa[5] describestwo equivalentimplementations
of the RDWT; one involvesaveragingdecimatedDWTs andthe
other(theà trousalgorithm)upsamplesthefilters at eachstageof
thefilter bank. Figure1 shows thegeneralform for theSRDWT,
which is simply a cascadedfilter bankwith (potentially)different
scalingfilters ateachstage.
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Figure1: Generalfilter bankfor theSRDWT.

Thesimplestimplementationof theSRDWT in Figure 1 for a
givenscalingfilter

P
wouldrequire

P �^]<_a` � P
and

P �^] � P ��.cb8�
for

b7�ed4� $ �^@5f#f#f wherethe time-reversedversionof
P

yields
symmetricimpulseresponsesat theoutputof eachevenstage.In
practice,however, a logarithmicsamplingof scalesis often de-
sirableandmorecomputationallyfeasible.In this paper, we will
investigateaschemewhich requiresP ` � P � P � � P ��.cb8�O��g hKi P ] � Paj �#kRl4mOn

(5)

for
bI�po4��qr�^s5f#f#f

where
P j ]Rn

denotesthe filter with a Fourier
transformof

& t ��uT� & ]
. Thesecondstageis time-reversedto pro-

duceasymmetricbasissequence,andeachremainingfilter is sim-
ply chosento matchtheoverall impulseresponseof thesystemat

theoutputof thepreviousstage.Thus,thebasissequenceat each
scaleis theconvolutionalsquareof thepreviousscale’ssequence.

We will now analyzethecharacteristicsof theSRDWT whenP
and

L
arechosento be membersof the Daubechiesfamily of

compactly-supportedorthonormalwavelets[9]. We will usethe
notation v �^] for eachwavelet system,where

@	b
is the wave-

let/scalingfunctionfilter length( v @
is thewell-known Haarsys-

tem). Relatedto the Daubechiesfamily, andperhapsmore fun-
damental,arethe family of Lagrangèa trousinterpolatingfilters,
which arethe convolutionalsquareof the Daubechiesfilters [5].
The term “ à trous” implies that the filter satisfies 
 �^] �xw(��b8�
within a constant. This propertyallows the filter to interpolate
an upsampledsequencewithout disturbingthe original valuesof
thesequence.It canbeshown thata DWT which usesan à trous
scalingfilter exactly samplestheCWT [5], a usefulpropertyfor
our purposes.Thescalingfunctionsassociatedwith theLagrange
filters in a DWT areknown astheDeslauriersandDubuc limiting
functions[10] and,like theDaubechiesfunctions,havenoexplicit
analyticform.

Figure 2 shows the limiting shapesof the discretebasisse-
quencesin ourscheme.TheHaar( v @

) caseconvergesto a Gaus-
sianfunction,a resultwhich is fairly well-known andwill be ex-
aminedin the next section. The v q

through v�y casesconverge
to functionswhich areremarkablycloseto scaledversionsof the
DeslauriersandDubuc limiting functions,oneof which is shown
asthedashedcurve overlayingthe v q

SRDWT scalingfunction.
Thissuggeststhatthebasissequencesin ourschemeareconverg-
ing rapidly to anaccuratescalerelationship.TheDeslauriersand
Dubuclimiting functionsareproducedby exactdyadicscalingsof
theoriginal Lagrangefilter, sinceit interpolatesitself perfectlyat
eachstageof aDWT filter bank.

D4 and Deslauriers/DubucD2 (Gaussian)

D6 D8

Figure2: Scalingfunctionsapproximatedby theSRDWT. v q
is

comparedto theDeslauriersandDubuc limiting function.

3.1. Scaling Behavior

The Daubechiesfilters exhibit an interestingscaling behavior
when appliedto the SRDWT with the methodin (5). Figure 3



shows the RDWT scalingfilter frequency responseson the left
for D2, D4, and D6 at the outputsof the first threefilter bank
stages.Thesamefilters appliedto theSRDWT for severalstages
are shown on the right. The bold responsesroughly matchthe
threestagesof theRDWT in cutoff frequency. The v @

SRDWT
appearsto containtwo stagesfor everyRDWT stage,the v q

four
stages,andsoon. This scalingbehavior wasalsoobservedon the
time axis,suggestingthatthescalingrelationsatisfiedin thelimit
is of theformN A _a` � J ������� H4JQP A ��=K��@ + A#z �#{ N A � J ��@ + A�z { �a.?=��O�

(6)

where | is theevenlengthof thecorrespondingDaubechiesfilter.
Theamplitudescalingbehavior doesnotconvergeasrapidlyasthe
time axis scaling,so the SRDWT mustbe re-normalizedat each
stage. The effect on computationalcomplexity is not significant
sinceboth the filter coefficientsandnormalizationconstantscan
bepre-calculatedandstored.
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Figure3: Frequency responsesof first threestagesof RDWT and
correspondingSRDWT stages.

3.2. Inversion

The RDWT (andSRDWT) allow greatfreedomin the designof
analysisandsynthesisfilters, which is often not fully exploited.
For a given setof analysisfilters, thereis an infinite numberof
possiblesynthesisfilters,whichcanbedesignedto optimizesome
criterionsuchasregularityor smoothness.

For simplicity, wehaveconstrainedthesynthesisscalingfilters
to beidenticalto theiranalysiscounterparts.Thesynthesiswavelet

filtersarethengivenby solvingthefrequency-domainequationt ��uT���t ��uT�a������uT�9�����uT��� $ � (7)

where
�t

and
��

arethefrequency responsesof thesynthesisscal-
ing andwaveletfilters.

Theresultingfilters areall FIR, but getvery longafterseveral
stages.Due to thesmall scalingfactors,however, thesignificant
portion of the filter grows quite slowly so they canbe truncated
with very little error.

3.3. An Edge Detection Application

Firstwewill considerthe v @
casewhich,accordingto Bernoulli’s

theorem,convergesto aGaussianenvelopegivenby

N�������� $M @<� M � V @�� +c�m ,�� l4�K��m� ����m 1 m (8)

for a length
�D� $ scalingsequence,assuminga unity sampling

rate.Theintermediatebasissequencesarecoefficientsof B-splines
of increasingorder[11].

TheGaussiankernelhasbeenproven to be optimal for some
applicationsin thefieldsof scale-spacetheoryandedgedetection
[12, 13]. Berknerhasimplementeda fast scale-redundanttrans-
form [14] for edgedetectionwhich uses

P ] � v @
for all stages.

Wehaveadoptedthesamenamefor our generalizedapplication.
Using our logarithmicscalesamplingschemeof (5) andthe

Gaussianfunction(8),weobservethatthescaleparameter
�

in the
CWT is equivalentto thefactor

M � V @ in (8). In ourscheme,
�

is
doubledateverystage,sothescalingfactor(asymptotically)given
by (6) is

M @
, insteadof theusualfactorof two.

3.4. A Denoising Example

In this example,we show promisingresultsfrom the useof the
SRDWT in Donoho’s denoisingscheme[15]. Earlier work has
shownasignificantimprovementin denoisingperformanceby us-
ing theRDWT insteadof theDWT [16]. This improvementsug-
gestedthat a more redundanttransformmight yield further im-
provements.

We comparedthe performanceof the D4 SRDWT using a
hard-thresholdingschemewith D4,D6,andD8RDWTsalsousing
hard-thresholding.Figure4showsarealizationwheretheSRDWT
comparesfavorablywith thebest(in meansquarederror)RDWT
result.1 Figure5 shows meansquaredandmaximumerrorsaver-
agedover 40 realizationswith about10 dB signal to noiseratio
(SNR). The thresholdswere the only parameteroptimizedhere;
theintent is only to illustratethepotentialof theSRDWT for de-
noisingapplications.

4. CONCLUSION

Many of theconstraintsassociatedwith theDWT arerequiredto
ensureanorthogonalbasisfor signalanalysis.Wehaveshownhere
that the dyadic scalingrelationship,while convenientfor exact
scalingof discretesignals,canalsobe approximatedeffectively.
Theframework of theSRDWT allowsgreatflexibility in designing

1Test signal was generatedby Donoho’s MATLAB routine Make-
Signal from hissoftwarepackageWaveLab.
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Figure4: Denoisingcomparisonfor “Doppler” signalwith opti-
mal thresholdsdeterminedexperimentally. RDWT usesa full de-
compositionwith hard-thresholding;SRDWT uses16 stageswith
hard-thresholding.
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Figure5: Comparisonof RMSE and maximumerror for 10 dB
Dopplersignal,averagedover40 realizations.

approximatewaveletalgorithms.For thecaseof theLagrangein-
terpolatingfilters,we haveextendedthescalingrelationshipfrom@#A

to
@BA�z {

withoututilizing thedyadicscalingequation.

5. ACKNOWLEDGMENTS

The authorsthankKathrin Berknerfor valuablediscussionsand
insightintocontinuouswavelettransformsandthescale-redundant
transform.

6. REFERENCES

[1] M. Vrhel, C. Lee, andM. Unser, “Fastcontinuouswavelet
transform,” in IEEE Proc. Int. Conf. Acoust.,Speech,Signal
Processing, (Detroit,MI), pp.1165–1168,1995.

[2] O. Rioul andP. Duhamel,“Fastalgorithmsfor discreteand
continuouswavelet transforms,” IEEE Trans. Inform. The-
ory, vol. 38,pp.569–586,Mar. 1992.

[3] M. Unser, A. Aldroubi, andS. J. Schiff, “Fastimplementa-
tion of thecontinuouswavelettransformwith integerscales,”
IEEETrans.SignalProcessing, vol. 42,pp.3519–3523,Dec.
1994.

[4] S. Mallat, “A theory for multiscalesignal decomposition:
The wavelet representation,” IEEE Trans.Pattern Analysis
andMachineIntelligence, vol. 11,no.7, pp.674–693,1989.

[5] M. J.Shensa,“The discretewavelettransform:Weddingthe
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