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ABSTRACT

We describea generalizedscale-redundantvavelet transform
which approximates densesamplingof the continuouswavelet
transform(CWT) in both time andscale. The dyadicscalingre-

quirementof the usualwavelet transformis relaxed in favor of

an approximatescalingrelationshipwhich in the caseof a Gaus-
sianscalingfunctionis known to be asymptoticallyexactandir-

rational. This schemeyields an arbitrarily densesamplingof the
scaleaxisin thelimit. Similar behavior is obsenedfor otherscal-
ing functionswith no explicit analyticform. We investigatechar

acteristicof thefamily of Lagrangenterpolatindfilters (relatedto

the Daubechiegamily of compactly-supportedrthonormaivave-

lets),andfinally presen@pplicationf thetransformto denoising
andedgedetection.

1. INTRODUCTION

Thecontinuousvavelettransform(CWT) is usefulfor mary appli-

cationsin signalanalysis.Computerevaluationof the CWT, how-

ever, requiresan efficient discretizationof the transform,which

hasbeenthe subjectof muchresearchMostexisting fastapproxi-
mationtechniquesnvolve the useof a dyadicscalingrelationship
([1, 2], andothers),and/orrequirethat the scalingfunctionsand
waveletsusedhave a closed-formexpressior1, 2, 3]. We present
a novel approachwith an approximatescaling relationshipand
O(N) compleity perscale(O(N?) overall), which expandsthe

classof scalingfunctionsand waveletsavailablefor CWT-based
analysis.

First,we definethe CWT of afuncion f(¢) as
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wherea andb arecontinuousscalingandtranslationparameters,
respectiely, andy () isthereal-\aluedmothernwavelet. A wavelet
series(WS) is simply a samplingof the CWT definedsuchthat
WSy(g,k) = Wy f(27,k27) for j,k € Z, whereadmissible
waveletsy) arerestrictedto thosesatisfyinga dyadic scalingre-
lationship

Wy f(a,b) = {f,tbap) =

w(t) =D g(k)V26(2t — k), @)

k

whereg(k) arethe waveletfilter coeficientsand¢ is a scaling
functionwhich senesto allow accuratexpansionof a signalat a
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finite numberof scalesandto dilatethe waveletat dyadicscales.
It mustsatisfy

$(t) =Y h(k)V26(2t — k), @3)

whereh(k) arethescalingdfilter coeficients.

Mallat [4] derived a discreteorthogonafilter bankimplemen-
tationof the waveletserieswhichwe will referto hereasthedis-
cretewaveletetransform(DWT). The DWT approximates sam-
pling of the WS (and hencethe CWT), andis exact for certain
classe®f inputsignalsandsignaldiscretizatiormethodd5]. The
DWT canbe interpretedasan expansionin termsof discreteba-
sis sequencewhich approximatecontinuousbasisfunctions|[6].
Thebasissequencesorrespondo the overallimpulseresponsat
the outputof eachstageof the DWT filter bank. The DWT is not
invariantto time shifts of the input signal; the redundantvavelet
transform(RDWT), alsoknown asthe a trousalgorithm[7, 5] is a
shift-invariantextensionto the DWT which providesinteger sam-
pling of thetime axisatdyadicscales.

In this paperwe proposea generalizatiorof the RDWT which
approximategbut doesnot sample)a CWT. It is shift-invariant
andallows for variousscalesamplingdensitiesall of which will
be moredensehanthe dyadicscalesof the DWT or RDWT. The
formulationdiffersfrom classicaimultiresolutionanalysisMRA)
[8], in thatit doesnot requirea specificscalingrelationbetween
vector spaceqor stagesof a DWT), but still utilizes the idea of
nestedscalingspacesA multitudeof perfectreconstructioimple-
mentationsare possibleusing only finite impulseresponsdFIR)
filters. Applicationsto denoisingand edgedetectionwill be ex-
aminedwith resultsatleastcomparabldo existing wavelet-based
methods.

2. SCALE

For a continuousanalytic function, the conceptof scaleis clear;
every pointin therescaledunctionis definedby therelation

fanl) = =1 (F52). @
wherea andb arethecontinuousscalingandshift parametersand
thefactorof 1/+/a preseresthenormof f.

Thereis someambiguity however, whenconsideringdiscrete
signalsor sampledcontinuoussignals. Only a finite numberof
samplesare availableto represenall scalingsof the signal. The
finestscaleavailableis setby the samplingrate;to achieve afiner



scale onemustknow orassumanunderlyingcontinuougunction
andresamplet a higherrate. Likewise,to move to coarserscales
requiressomedecisionabouthow to combineinformationfrom
severalpixels. In practice,scaleis generallydefinedby the char
acteristicof the smoothingor scalingfunctionusedto producea
coarserscale. Thisis usuallya well-definedcontinuoudunction,
or in thecaseof wavelets,afunctionthatcanbedefinedy its self-
similarity over a dyadicgrid of scales.Then,insteadof rescaling
the signalfor eachlevel of analysis,one cansimply rescalethe
analyzingfunction; the effect is the sameasif a singleanalyzing
functionhadbeenappliedto differentscalewf the signal.

In whatfollows, wewill notachieveanexactscalerelationship
betweerbasisunctions,asin thedyadicwaveletcase Insteadwe
will considediscretebasissequencewhich convergeto acontin-
uousfunctionasthe scalebecomesnfinitely large. Implemented
in afilter bank,theouputof eachiow-passstagecanbeconsidered
to be anappoximatelyscaledversionof that continuougunction,
with theapproximatiorbecomingnoreaccurateasthe numberof
iterationsincreases.

3. A SCALE-REDUNDANT TRANSFORM

The scale-redundandliscretewavelet transform (SRDWT) is a
completelyundecimatedilter bankimplementatiorwhich results
in a very fine (approximate)scalesampling. It is not to be con-
fusedwith the RDWT, which is often referredto as an undeci-
matedwavelettransform.Sincethe RDWT is a dyadictransform,
it mustinclude eitherdownsamplingor upsamplingin its imple-
mentation. Shensd5] describeswo equivalentimplementations
of the RDWT; oneinvolves averagingdecimatedWTs andthe
other(the a trousalgorithm)upsampleshefilters at eachstageof
thefilter bank. Figure 1 shavsthe generalform for the SRDWT,
which is simply a cascadedlter bankwith (potentially)different

scalindfilters ateachstage.
scaling
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coefficients
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Figurel: Generafilter bankfor the SRDWT.

Thesimplestimplementatiorof the SRDWVT in Figure 1 for a
givenscalingdfilter » wouldrequirehz, 41 = h andhz, = h(—n)
forn = 0,1,2... wherethe time-reversedversionof  yields
symmetricimpulseresponseat the outputof eacheven stage.ln
practice,however, a logarithmic samplingof scalesis often de-
sirableandmore computationallyfeasible.In this paper we will
investigatea schemewhich requires

hi = h, hy = h(—n), and h, = h®"") ()

for n = 3,4,5... wherek™ denotesthe filter with a Fourier
transformof | H(w)|™. The secondstageis time-reversedto pro-
duceasymmetrichasissequenceandeachremainindfilter is sim-
ply choserto matchthe overall impulseresponsef the systemat

the outputof the previous stage.Thus,the basissequencat each
scaleis the convolutionalsquareof the previousscales sequence.

We will now analyzethe characteristicef the SRDWVT when
h and g are chosento be membersof the Daubechiegamily of
compactly-supportedrthonormalwavelets[9]. We will usethe
notation D,,, for eachwavelet system,where 2n is the wave-
let/scalingfunctionfilter length (D2 is the well-known Haarsys-
tem). Relatedto the Daubechiegamily, and perhapsmore fun-
damentalarethe family of Lagrangea trousinterpolatingdfilters,
which arethe corvolutional squareof the Daubechiedilters [5].
The term “a trous” implies that the filter satisfiesf., = é(n)
within a constant. This propertyallows the filter to interpolate
an upsampledsequencavithout disturbingthe original valuesof
the sequencelt canbe shovn thata DWT which usesan atrous
scalingfilter exactly sampleghe CWT [5], a useful propertyfor
our purposesThescalingfunctionsassociatedvith the Lagrange
filtersin aDWT areknown asthe DeslauriersandDubuc limiting
functions[10] and,like the Daubechie$unctions have no explicit
analyticform.

Figure 2 shaws the limiting shapesf the discretebasisse-
guencesn ourschemeTheHaar(D2) casecorvemgesto a Gaus-
sianfunction, aresultwhich is fairly well-knowvn andwill be ex-
aminedin the next section. The D4 through D8 casescorvemge
to functionswhich areremarkablycloseto scaledversionsof the
Deslauriersand Dubuc limiting functions,oneof which is shavn
asthe dasheccurve overlayingthe D4 SRDWT scalingfunction.
This suggestshatthe basissequencein our schemeareconverg-
ing rapidly to anaccuratescalerelationship.The Deslauriersand
Dubuclimiting functionsareproducedy exactdyadicscalingsof
the original Lagrangsfilter, sinceit interpolatestself perfectlyat
eachstageof a DWT filter bank.

D2 (Gaussian) D4 and Deslauriers/Dubuc

Figure2: Scalingfunctionsapproximatedy the SRDNT. D4 is
comparedo the DeslaurierandDubuc limiting function.

3.1. Scaling Behavior

The Daubechiesfilters exhibit an interesting scaling behavior
when appliedto the SRDWVT with the methodin (5). Figure 3



shavs the RDWT scalingfilter frequeng response®n the left
for D2, D4, and D6 at the outputsof the first threefilter bank
stages.The samefilters appliedto the SRDWT for severalstages
are showvn on the right. The bold responsesoughly matchthe
threestagesf the RDWT in cutoff frequeng. The D2 SRDNVT
appeardo containtwo stagegor every RDWT stagethe D4 four
stagesandsoon. This scalingbehavior wasalsoobsenedon the
time axis, suggestinghatthe scalingrelationsatisfiedin the limit
is of theform

Siark(t) =Y (k)27 g, k(27— k), (6)
k

whereL is theevenlengthof thecorrespondingaubechieéilter.

Theamplitudescalingbehaior doesnotcorvergeasrapidly asthe
time axis scaling,so the SRDNT mustbe re-normalizedat each
stage. The effect on computationatompleity is not significant
sinceboth the filter coeficientsand normalizationconstantsan
be pre-calculateé@ndstored.
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Figure3: Frequeny responsesf first threestagesof RDWT and
correspondingRDWT stages.

3.2. Inversion

The RDWT (and SRDWT) allow greatfreedomin the designof
analysisand synthesidilters, which is often not fully exploited.
For a given setof analysisfilters, thereis an infinite numberof
possiblesynthesidilters, which canbedesignedo optimizesome
criterionsuchasregularity or smoothness.

For simplicity, wehave constrainedhesynthesiscalindfilters
to beidenticalto theiranalysiscounterpartsThesynthesisvavelet

filters arethengivenby solvingthefrequeng-domainequation
H(w)H(w) + G(w)G(w) =1, @)

whereH and( arethefrequeny responsesf the synthesiscal-
ing andwaveletfilters.

Theresultindfilters areall FIR, but getvery long afterseveral
stages.Dueto the small scalingfactors,however, the significant
portion of the filter grows quite slowly so they canbe truncated
with very little error

3.3. An Edge Detection Application

Firstwe will considetthe D2 casewhich,accordingo Bernoulli's
theoremgcorvergesto a Gaussiarervelopegiven by

_1{ t=N/2 2
1 e 2 \/ﬁ/2
V27N /2

for alength N + 1 scalingsequenceassuminga unity sampling
rate. Theintermediatédasissequencearecoeficientsof B-splines
of increasingprder[11].

The Gaussiarkernelhasbeenprovento be optimalfor some
applicationdn the fields of scale-spactheoryandedgedetection
[12, 13]. Berknerhasimplementeda fast scale-redundarttans-
form [14] for edgedetectionwhich usesh,, = D2 for all stages.
We have adoptedhe samenamefor our generalizedpplication.

Using our logarithmicscalesamplingschemeof (5) andthe
Gaussiarfunction(8), we obsenrethatthescaleparametes in the
CWT is equialentto thefactory/N /2 in (8). In ourscheme is
doubledatevery stage sothescalingfactor(asymptotically)given
by (6) is /2, insteadof the usualfactorof two.

o(t) = ®

3.4. A Denoising Example

In this example,we showv promisingresultsfrom the useof the
SRDWT in Donohos denoisingscheme[15]. Earlier work has
shavn a significantimprovementin denoisingperformancéy us-
ing the RDWT insteadof the DWT [16]. Thisimprovementsug-
gestedthat a more redundantransformmight yield further im-
provements.

We comparedthe performanceof the D4 SRDNT using a
hard-thresholdingchemavith D4, D6, andD8 RDWTsalsousing
hard-thresholdingrigure4 shovsarealizationwherethe SRDVT
comparedavorablywith the best(in meansquarederror) RDWT
result! Figure5 shavs meansquarecandmaximumerrorsaver-
agedover 40 realizationswith about10 dB signalto noiseratio
(SNR). The thresholdswere the only parameteoptimizedhere;
theintentis only to illustratethe potentialof the SRDWT for de-
noisingapplications.

4. CONCLUSION

Many of the constraintsassociatedvith the DWT arerequiredto
ensureanorthogonabasisfor signalanalysis We have shavn here
that the dyadic scalingrelationship,while corvenientfor exact
scalingof discretesignals,can alsobe approximateceffectively.
Theframeawvork of the SRDWT allows greatflexibility in designing

1Test signal was generatecby Donohos MATLAB routine Make-
Si gnal from his softwarepackagéMavelab.
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Figure4: Denoisingcomparisorfor “Doppler” signalwith opti-
mal thresholdgleterminedxperimentally RDWT usesafull de-
compositionwith hard-thresholdingSRDNT usesl6 stageswith
hard-thresholding.
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Figure5: Comparisorof RMSE and maximumerror for 10 dB
Dopplersignal,averagedover 40 realizations.

approximatevaveletalgorithms.For the caseof the Lagrangein-
terpolatindfilters, we have extendedthe scalingrelationshipfrom
27 to 27/ without utilizing the dyadicscalingequation.
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