Low Rank Estimation of Higher Order Statistics

Thomas F. Andréf, Robert D. Nowak*, Member, IEEE, Barry D. Van Veen?, Member, IEEE,

HDepartment of Electrical and Computer Engineering
University of Wisconsin-Madison
1415 Engineering Drive, Madison, WI 53706 USA

* Department of Electrical & Computer Engineering
Rice University, Houston, TX 77005 USA

EDICS SP3.2

Abstract — Low rank estimators for higher order statistics are considered in this paper. Rank reduction
methods offer a general principle for trading estimator bias for reduced estimator variance. The bias-variance
tradeoff is analyzed for low rank estimators of higher order statistics using a tensor product formulation for the
moments and cumulants. In general the low rank estimators have a larger bias and smaller variance than the
corresponding full rank estimator. Often a tremendous reduction in variance is obtained in exchange for a slight
increase in bias. This makes the low rank estimators extremely useful for signal processing algorithms based on
sample estimates of the higher order statistics. The low rank estimators also offer considerable reductions in the
computational complexity of such algorithms. The design of subspaces to optimize the tradeoffs between bias,
variance, and computation is discussed and a noisy input, noisy output system identification problem is used to

ilustrate the results.

I. INTRODUCTION

Cumulants have received significant attention recently in the signal processing community because
of their insensitivity to Gaussian noise. The third and higher order cumulants of a Gaussian random
variable are zero, so cumulants offer a mechanism for designing algorithms that are not affected by
Gaussian signals. Examples of applications include system identification [2, 3], signal reconstruction
[15, 16], detection and parameter estimation [6, 7], bearing estimation [19, 11], blur identification [17],
geophysics [13], and acoustics [20]. However, in general, very large data records are required to obtain
accurate estimates of cumulants and the computational burden of cumulant based algorithms is often

severe. These difficulties have limited the practical application of cumulant based methods.
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In this paper we discuss the application of rank reduction and subspace methods to higher order
statistics based algorithms. Rank reduction methods have been applied extensively to signal processing
problems based on second order statistics and provide a general principle for trading increased estimator
bias for lower estimator variance [4]. While this is a general principle, the details of its application vary
since each problem brings its own definitions for bias and variance. Here we focus on low rank estimators
for higher order statistics. The variance of the low rank estimator can be considerably less than the
variance of the corresponding full rank estimator. However, the cost of this reduced variability is an
estimator bias associated with the component of the true higher order statistic that does not lie in the
subspace corresponding to the low rank estimator. Hence, we trade bias for reduced variance in the
estimated statistics. This is advantageous when the variance is the dominant effect, which occurs with
short data records and low signal to noise ratio. Furthermore, by performing the signal processing in
the subspace associated with the low rank estimator we attain significant reductions in computational
burden.

We begin by developing a matrix framework for moments and cumulants that is based on the tensor
or Kronecker product. The algebra of tensor products offers an elegant and mathematically tractable
framework for treating the transformations associated with subspaces and low rank estimators. After
developing low rank estimators using linear transformations, we address the bias-variance tradeoff. The
variance of low rank estimators is compared to that of conventional moment and cumulant estimators.
When the data consists of a weak non-Gaussian signal in additive Gaussian noise, we show that the

n't order moment estimator to that of the full rank (rank

ratio of the variance of the low rank (rank Q)
M) estimator is (9(%) Hence, the reduction in variance can be quite large. Next, we discuss several
strategies for choosing the subspace based on prior information about the signal characteristics. The
goal of subspace design is to optimize the tradeoff between bias, variance, and computation. Lastly,

these results are applied to the noisy input, noisy output, linear system identification problem studied

by Giannakis and Dantawate [2].

II. VECTOR AND MATRIX REPRESENTATION OF MOMENTS AND CUMULANTS

Boldface upper and lower case symbols are used to represent matrix and vector quantities, re-

k‘th

spectively. Superscript 7" denotes transposition. The notation z(k) represents the value in the
zero mean, real valued, stationary time series . Define the M-dimensional random vector x =

[2(0) 2(1) ... (M — 1)]T. Wherever necessary we assume that all required moments exist and are



finite. In general, we assume E|z(k)|?" < .

We adopt a time series notation for simplicity. The extension of our results to array processing and
other applications is particularly straightforward using the vector and matrix representation.

The Kronecker (tensor) product is used extensively in this paper. The Kronecker product of matrices
(or vectors) A and B is denoted as A @ B. Define the n-fold Kronecker product of x as x(*) =

X ®X...® x. Properties of the Kronecker product are explored in depth in [1].
—_——
n times

A. Vector and matriz representalion for higher order moments
The second order moments of z(k) and x are written :
Cov(z,l)= mag(l) =E{a(k) 2(k+1)},
Cov(x)= My, =EBE{xax'}. (1)
We define a vector version of M x using the Vec operator [1]:
m; = Vec(M, ) = E{x?}. (2)

The vector and matrix representations for higher moments are generalizations of the second order case.

The n*h order moments of z are written :
My (i, lo, oo o) = BE{a(k) e(k+ 1) a(k+ 1) .. .a(k+ 1,-1) ). (3)

In matrix and vector notation we have :

M,x = E{x""Y @ x'},

m,, = Vec(M,,)=E{x"}. (4)
In certain cases, it is more convenient to use the matrix form rather than the vector form and vice-versa.
This is the reason for introducing both forms here.
B. Veclor and malriz representation for higher order cumulants

The second and third order cumulants are equal to the second and third order moments. The fourth

order cumulant is expressed in terms of the fourth and second order moments as

canllilols) = Bla(k) ok + L) a(k + 1) o(k + 1)}
“B{a(k) o(k + 1)} B{a(k + 1) o(k + 1)}
“B{a(k) o(k + 1)} - B{a(k + 13) 2(k + 1)}
(k) 2(k + 15)} - Efa(k+ 1) a(k + 1)}, (5)



n* order cumulants of z can be defined in terms of the joint moments of z up to order n. The following

proposition establishes matrix and vector representations for the fourth order cumulant.

Proposition 1:

e The fourth order cumulant matrix of x, C4 «, is given by :
Cyx = E{x® @ xT} + Ty - B{x?} @ B{x ® xT}, (6)

where T'p; is the sum of three M3 x M3 permutation matrices and depends only on M, the size
of x.

e The fourth order cumulant vector of x, ¢4 «, is given by :
cap = B{xW} 4+ Ty - B{x?)} @ B{x®}, (7)

where IIy; is the sum of three M* x M?* permutation matrices and depends only on M, the size

of x.

O
The proof of the proposition and the definition of matrices Ily; and I'ps are given in Appendix A.

Proposition 1 relates the fourth order cumulant to the moment matrices and vectors as :

C4,x

M4,x + T - myx ® M?,xa

cyx = Myx+ Iy -mox @ myy. (8)

Similar representations can be derived for fifth and higher order cumulants. These derivations are not
presented here due to space constraints and the limited applicability of such high order cumulants in
signal processing. Throughout the paper we often leave the moment or cumulant order arbitrary with
the understanding that we are only interested in the second through fourth order cases. Vector and
matrix representations for the moments and cumulants of complex valued random data can also be
derived, but are not given here.

Note that the matrix and vector statistics defined above have a very large number of elements. For

example, ¢, x has M™ elements. If M = 20, then c4x has 160,000 elements. Due to the inherent

n—|—M—1) _ (ntM-1)!

symmetry of the Kronecker product, the number of unique elements in ¢, x is ( n = M=)

This number still grows extremely rapidly with dimension. Hence, for M = 20 there are 8,855 unique
elements in c4 x. The large dimensionality associated with higher order statistics presents computational

difficulties and is strong motivation for the subspace methods described in this paper.



The strength of the matrix and vector moment and cumulant representations given here is analytic
tractability. The powerful properties of Kronecker products are available for manipulating and analysing
the higher order statistics. Alternate definitions for moment and cumulant matrices are given in [2, 11].
These are chosen specifically for the problem at hand and may be reconstructed from slices or subsets

of the more general definitions given here.

C. Linear transformations

Proposition 2: Let A bea @ X M (Q < M) deterministic matrix. Define the zero mean, real valued

random variable z as the product of A and x :

z=A x. (9)
Then the following holds :
my; = A(n) my x,
Mn,z = A(n_l) my x AT7
Cnz = A(n Cn,x>
C.. = AUV C,, AT (10)
O

The proof is given in Appendix B. It is possible to write these equations because of the properties of

the tensor product.

D. Sample Estimators of Moments and Cumulants

In practice moments and cumulants are often unknown and must be estimated from data. The matrix

and vector representations simplify identification of sample estimators.

1. Moment Estimators

Let x1,x9...,x5 beindependent identically distributed observed random vectors. A sample estimate
of my, x is
L g~ ()
o~ n
m, x = VZXZ . (11)
=1

It is easy to verify that m,, x is an unbiased estimator of m,, x. The matrix sample estimate li\/In’X is

defined analogously.



2. Cumulant Estimators

A natural estimator of the fourth order cumulant is obtained by replacing the expected values in (8)

by the corresponding sample averages :

13 (4 1 & 1 &
Gx = oox + - (7 ox) e (5 o). (12)
=1 =1 7=1

However, we find that this estimator is biased for finite N. Taking the expected value and performing
some algebra gives

N-1
myx ®myx + —

E{E4,x} = myx+ 1L - (T N m4,x)7

1
= cC4xt+ VHM S(myx —myx @ myy). (13)

The bias is O(N~1) and thus the estimator is asymptotically unbiased. An unbiased estimator is easily

derived using the vector notation. Specifically let :

-~

1 1
Cix = I

( 1
N N -1

N
mepmndt VED DE RN (14)

1,5=1

N
=1
It is easily verified that E{€} } = c4x.

E. Subspace Notation and Algebra

Let T be an M x @ (@ < M) matrix whose () orthonormal columns span an () dimensional approx-
imation subspace Y C RM. Define the zero-mean real-valued random variable z as the coordinates of
xinl :

z="T" x. (15)

z is termed the subspace data, since it is the representation of x in the subspace 4. The goal is to use
z in the higher order signal processing algorithm of interest instead of x. The subspace moments and

cumulants are defined as :

m,, = E{z(”)}7
M,., = E{z(”_l) ® ZT},
ca, = BE{zW} 4TIy E{z)} 0 E{z?},
Cyp = E{z® 02"} +To E{z?} 0 E{z02"). (16)
It is useful for analysis and algorithm development to express the subspace data, z, in the original full

dimensional space. This is accomplished by projecting x onto the subspace . Let P = T T' be a



projection matrix onto ¢ and define X :
x=P.-x=T-z. (17)

The moments and cumulants of X : m, %, M, %, ¢, %, C,x, are all defined analogously to (16). We
refer to X as low rank data and its statistics as low rank moments or cumulants to distinguish it from
the subspace data and statistics associated with z.

The moments and cumulants of x are now related to the moments and cumulants of z and X. Let
G, x denote either the cumulant matrix C,, x or moment matrix M, x and g, x the corresponding

cumulant or moment vector. Application of Proposition 2 yields the following :

e The vector moments or cumulants of x, z and X are related by :

Bnz = T(n) *8n,x>
Brnx = T(n) *8n,zs
- p® - (18)

e The matrix moments or cumulants of x, z and X are related by :

T

Gn,z = T(n_l) . Gn,x . T7
Gn,i{ = T(n_l) . Gn,z : TT7
= P V.G, P. (19)

III. MoTIivaTIONS FOR Low RANK ESTIMATION IN HIGHER ORDER SIGNAL PROCESSING

There are several advantages to implementing a signal processing algorithm in terms of subspace
data, z, rather than the full space data x. Perhaps the most obvious advantage is a tremendous
n+Q—1

n )

reduction in computational complexity. There are ( unique statistics in m,, x, but only (

n+]\n4—1)
unique statistics in m,, ,. The ratio of unique subspace to full space statistics is approximately (%)”
If % = 0.1 and n = 4 then the subspace offers a factor of 10,000 fewer unique statistics. The exact
computational savings associated with a signal processing algorithm dependent on how the algorithm
utilizes the higher order statistics.

A second very significant advantage of subspace processing is the reduction in variance associated

with estimating the much smaller dimensioned subspace moment or cumulant matrices from finite

data records. Reduction in the variability of the moment or cumulant estimates results in reduced



variance of the signal processing algorithm. The reductions in variance and computation are obtained
at the expense of a bias. The low rank or subspace moment or cumulant estimates are biased because
information is discarded when the data is mapped into the subspace. The impact of both bias and
variance on the signal processing algorithm depends on the specific algorithm employed. Thus, subspace
processing leads to a tradeoff between bias and variance. As in the second order case [4], each problem
brings its own manifestation of bias and variance effects. Ideally, the subspace is chosen to optimize the
tradeoff between bias, variance, and computation for each signal processing algorithm. In this paper
we take a more general view and address the bias and variance effects on the estimators of higher order
statistics themselves. This provides motivation for the subspace philosophy and a starting point for
analysis of these effects in specific algorithms.

In this section we compare the variance of the low rank and full rank moment estimators. The third
order cumulant is equal to the third order moment for zero-mean signals. The fourth order cumulant is a
function of both the fourth and second order moments and the variance calculation for the fourth order
cumulant estimator is complicated because of this. However, understanding the variance reduction
associated with the moment estimators that are used in the fourth order cumulant estimators provides
insight into the performance of the cumulant estimators as well.

Evaluation of the bias and variance associated with subspace processing is performed by comparing
the unbiased estimate m,, x to the corresponding low rank estimate P m,, x. The mean of P m,, x
is P(®) m,, x. Hence, the subspace estimate is biased if m,, x does not lie in the space spanned by the
columns of P("), This is a fairly restrictive condition. However it is often possible to choose P a priori
so that the bias is insignificant, that is, so that P m,, x is very close to m, x. The advantage of
using P m,, x over m,, x is that the low rank estimator has lower variance. Methods for choosing the
subspace to minimize this bias are discussed in the following section. Here we derive expressions for
the bias and the variance, demonstrating the reduced variance of the low rank estimator.

Begin with the mean squared error (MSE) of the low rank estimator P(")mi,,
| mx = PO P 2 (B (mix - PO (my - PO (20)
The MSE is expressed as the sum of a squared bias term and variance term as follows.

s = POm [P = [ mpx - PO + PUYE{m, ) - PMmx )%

= [l mux = POE{@) P+ | POm, - POBmL P (21)



since

tr(E{(m, x — POVE{m,  )(PPE{m, .} — P™@m,)'}) = 0.

The first term in (21), || m,x — P E{m, x} ||, is the squared bias of the estimator. The norm here
simply becomes the Euclidean norm because m,, x — P(”)E{/rﬁmx} is deterministic. The sample moment

estimator m,, x is unbiased so we have
Bias?(P("m, ) =|| m,x — P™m, , ||2. (22)
The variance of the estimator is the second term of (21),
var(P™m,, ) =|| PO m, , — PO m, , ||, (23)
Assuming m,, x is given by the sample estimate formed from iid data vectors, (23) simplifies to :

var(PUVE,, ) = %(E{(XT P )™} —m?, P™ m, ). (24)

n,X

In the full rank case, P = I and we have

1

BT )™} - ml ). (25)

var(m, x) =

Further comparison of full space and subspace variances requires specification of the statistics of x.
We now examine a common special case in which x = s + w. Here s is a zero-mean signal with
non-zero n'! moment and w is a zero-mean Gaussian process that is independent of the signal. The
third order and fourth order cumulant are insensitive to the Gaussian noise and thus may be used to
separate the signal s from noise w. However, the variance of the sample estimators is dependent on w,
a fact that may prevent separation of signal and noise in practice.
Assume the subspace U is well chosen so that the signal lies in the subspace spanned by the columns

of P, that is P s = s. At high signal to noise ratio, the second and higher moments of the signal s

dominate those of w and we have:

var(P(W M, x) ~ —(E{(s" Ps)W} —ml P m,y),

1

N
1

= {7 )M} - ml, ). (26)

Hence, the low rank and full rank moment estimates have equivalent variance at high SNR. At low

SNR the moments of the noise dominate those of the signal and we have:

var(P™) @, ) ~ %(E{(WT Pw)™} —m?, P m,u), (27)



th

where m,, v is the n*" order moment vector of the noise w (i.e., m, w = E{W(”)}). Now consider the

ratio
var(P("m,, 4) N E{(w'Pw)"} — mngP(n)mmw

~

var(my, x) E{(w'w)*} — m{ ym; w

(28)

The quantities E{(wIPw)"} and E{(w!w)"} involve the 20t moment of w. rng’WP(”)mn’W and

T th th

m; ., m, y involve the square of the n*"* order moment of w. For a Gaussian random vector, the 2n
,

th order moment!. From this, it follows that

order moment is much larger than the square of the n
E{(wTPw)"} > 1rn7:f7WP(”)mn’w7 E{(wTw)"} > miwmmw and we have
Var(P(”)/rﬁmx) ~ E{(WTPW)”}
var(m,x)  BE{(wlw)"}

(29)

Under the assumption that w is a zero-mean Gaussian noise, E{(WTPW)(”)} is computed using the
following result.

Theorem 1: For w ~ N(0,3),

n—1 ri—1
E{(WPWT)TL} = Z (Tvb"l_l)g(n—l—rl) Z [(77""12_1)9(7“1—1—7"2) e ] 2 G(P7 E,TL),
r1=0 ro=0

where
gy = 2Pk r({P B}, £ =10,1,2,...
O
Theorem 1 is a direct application of Theorem 3.2b.2 in [12]. Combining Theorem 1 and (29) we have
the following result.
Theorem 2: If w ~ N(0,X), at low SNRs

var(P("m,, ) _G(P,X,n)
var(m,x)  G(I,Z,n)’

(30)

O

Notice that the reduction in variance is proportional to the g defined in Theorem 1. The g(;) in
the numerator depend on the projection matrix and noise statistics through the term tr({PE}k‘H) =
tr({PIP}*1). Let AJ, [ = 1,2,...,Q denote the @ non zero eigenvalues of PXP ordered so that

/\fZ/\fz...Z/\SZO. We have

(PSP = 3O (31)
=1

!For example, if n = 3 the third order moment is zero whereas the sixth moment is non-zero. If n = 4, the Sth order

moment is more than 10 times the square of the 4th order moment.

10



The g(x) involved in the denominator of the variance ratio in Theorem 2 are dependent on tr( oA+,
Letting A;, I = 1,2,... M be the M eigenvalues of 3 ordered so that Ay > Ay > ... > Apy > 0. We have

M

(2R = SR (32)

=1
There are only ) eigenvalues in the g(;) associated with the numerator and we know /\fj < A; since P is
a projection. Hence, the numerator of (30) is guaranteed to be less than or equal to the denominator.
Therefore the variance of the low rank estimator is less than or equal to the variance of the full rank
estimator. The exact reduction in variance depends on the relative noise power in the subspace.
Examination of the special case where w ~ N(0,c?I) provides further insight. In this case, w! Pw
is a chi-squared random variable with ) degrees of freedom. The n-th order moment of a XZ) random

variable is given by

2 T(% 4 n)

fin =2 27@ (33)

I'(%)

Using this fact, the result of Theorem 2 simplifies as follows.
Theorem 3: If w ~ N(0,1I), at low SNR
var(PWil, ) T(E)I(4 +n)
Var(/rﬁmx) F(%)F(% n n)v
. Q(Q+2)(Q+2(n_1)) (Q)n
M(M+2)---(M+2(n—-1)) M

O

Theorem 3 shows that in the case of white Gaussian noise at low SNR, the variance reduction
obtained using the low rank moment estimator is (9(%) The sample cumulant estimator and low
rank sample cumulant estimator are formed from the sample moment and low rank sample moment
estimators respectively. Hence, similar reductions in variance are achieved by the low rank sample

cumulant estimator.

IV. SuBsPACE DESIGN

The goal of subspace design is determining the transformation T to optimize the tradeofl between bias,
variance, and computation. Since all three of these factors depend on the signal processing algorithm of
interest, the best results are obtained by developing design procedures for specific algorithms. However,
often very good results are obtained by generic design methods such as those discussed in this section.

The methods described here attempt to minimize the bias of the subspace moment or cumulant using

11



the smallest possible subspace dimension. This approach is based on the observation that variance and
computation tend to increase with dimension.
A. Prior signal information

Prior information about the signal can often be used to design a subspace that results in small bias.

The general idea here is to find a T and corresponding projection matrix P such that
P s = s with probability one (34)
where s is the signal of interest. If this is satisfied, then

n
my,x = P( ) my, x

Chx = P(n) Cn,x (35)

and we obtain zero bias. In practice zero bias may not be necessary and we seek an approximate
solution to (34).

For example, if the signal of interest is known to be contained within a frequency band ©Q C [—0.5,0.5],
then we choose a T whose columns span this frequency band. This is accomplished by choosing T to

minimize the mean squared error on the band
mTin/Q 1d(f)= T T7 d(f) |2 df subject to TT T = I (36)
where d(f) = [1 e77 27 =747/ .. .= 20N=1)7/1H  This problem can be written
mTi‘n tr(TT K T) (37)

where K = [, d(f) d(f)7 df. The solution is to set T equal to the eigenvectors of K associated
with significant eigenvalues. The number of significant eigenvalues of K is proportional to the time
bandwidth product [18]. Note that (34) holds approximately if the insignificant eigenvalues are near
zZero.

If the signal’s spectral characteristics are known, then we may weight the mean squared error by the

signal power spectrum, S(f), to obtain a more efficient subspace. In this case we solve
mTi‘n tr(TT R T) (38)

where R = [, S(f)d(f) d(f)7df. Again T is set to the eigenvectors of R corresponding to significant

eigenvalues. Signals with strongly colored spectra generally have fewer significant eigenvalues.

12



B. Prior Cumulant or Moment Information

If the cumulant or moment of the signal is known, we may choose the subspace to minimize the bias
for a given dimension. Again, let G, x denote either the cumulant matrix C,, x or moment matrix M, x

and g, x the corresponding cumulant or moment vector. The squared bias is given by

I gnx =P gux |13, (39)

which is equivalently written as
| Gox = POV G PIE (40)
where || - ||3. is the Frobenius matrix norm. Finding P to directly minimize the bias is difficult because

the problem is non-linear and non-convex. The following theorem presents a near optimal solution for
minimizing bias.

Theorem 4 : Gy, x has the singular value decomposition
G.x = UZVT (41)

Let oy > ... > om > 0, denote the singular values of G, x and vq,...,v,, denote associated or-
thonormal right singular vectors. Let T be the matrix whose columns are the ¢ right singular vectors
Vi,...,vg and let Py be the rank ) orthogonal projection matrix Py = TT!. If Pg is the set of all

orthogonal projection matrices with rank < @), then

M M
> of < min [ gux ~ PUgus [3< ] gux — (Pr)Wgax 5< n 3 of (42)
i=Q4+1 €7 i=Q+1
or, in equivalently in matrix notation,
M M
S 07 < uin || G~ PUIG P < G — (P Gy [h< 0 Y o?
i=Q+1 €Fa i=Q+1

th

Proof : G, x has the same symmetries as the n*" order symmetric Voltera kernel matrix defined in
Theorem 2 of [10]. Hence, the proof given in [10] is directly applicable. O

The minimum squared bias associated with a low rank approximation to G, x is bounded below
Ef‘iQ_H o?. Hence, the low rank estimator ngn)gmx defined in this theorem has a bias that is within

a factor y/n of the minimum and is therefore near optimal. Unfortunately, the practical utility of this

result is limited by the requirement that the cumulant or the moment matrix be known.

13



V. APPLICATION TO LINEAR SYSTEM IDENTIFICATION

We use the system identification problem studied in [2] by Giannakis and Dandawate to illustrate
the results of this paper. Denote the impulse response of the unknown linear time-invariant system
by h. If {s(k)} is the input to the system, then the output at time k is v(k) = sih, where s, =
[s(k),...,s(k —m + 1)]T. We assume that the input is a stationary process and remove the explicit
reference to k& throughout the remainder of the section. Rather than observing the input s directly,
we assume that we observe a noisy version of s, denoted by x, that is contaminated by an additive,
zero-mean, Gaussian noise. We also assume that the observed output is contaminated by an additive,
zero-mean, Gaussian noise. If w; and w, represent the Gaussian input and output observation noises,

then the observed input and output, respectively, are

X=s+Ww,, (43)

Yy = s'h + w,. (44)

The scenario is depicted in Fig. 1. The goal is to estimate h given a set of iid observations of x and y.
The presence of the Gaussian noise introduces a bias into solutions based on second order statistics.
An asymptotically unbiased solution may be obtained using the sample third or higher order cumulants
[2], since the cumulants are insentitive to Gaussian noise.
Let h[i] denote the ith element of h. In [2], a third order cumulant based solution is found by solving

the matrix equation
M
E{yz(k+ 1) z(k+13)} = E h[i] E{z(k — ) a(k+ 1h) z(k + 12)}, (45)

for various indices /; and /3. These indices are chosen so that a square system of equations is obtained.
If the input signal has a symmetric distribution, then the fourth order cumulant must be used since

the third order cumulant is zero. In terms of fourth order cumulants and cross cumulants, [2] proposes

solving :
M
Cum{y,z(k+ L), z(k+12),z(k+13)} = Z h[¢] Cum{a(k — i), z(k+ 1), z(k+ 12),z(k + 13)}. (46)

for various values [y, I3 and [3.

We reformulate these problems using the matrix and vector representation as follows.

e Third order moment case : multiply both sides of (44) by x(?) and take expectations to obtain

P3yx = CS,x h. (47)

14



e Fourth order cumulant case : multiply both sides of (44) by x®) 4 Iy - m; x ® x and take an
expectation to obtain

Pa,yx + Iy - myx @ P2yx = C4,x h (48)

In both cases p,, yx = E{yx(*~D}. The key to expressions (47) and (48) is that in both cases application
of the appropriate quantity to the left hand side of (44) and taking expectations produces the desired

cumulant. For example, in (47) we compute

E{x@(sTh + w,)} E{x@sT}h + E{xPw,},

= E{x®sT}h,
since x and w, are independent and E{w,} = 0. Expanding E{x(?)sT}

E{(x®sT) = E{(s+w;)®s},

E{s@ +saw;+w;,®s+ WEQ))ST}a

E{S(Q)ST} = Csg,

where we have used the fact that w; is zero-mean and independent of s. Independence also implies that

C3x = C35 4+ C3w, and since w; is Gaussian C3w, = 0. Hence,
E{x@sT} = C3, = Cs4,

and (47) is verified. A similar expansion shows that (48) is valid, however it is a bit more tedious
because one needs to exploit the structure of the matrix ITy;.

If s lies in a subspace (i.e., s = Ps, w.p.1), then (44) is rewritten

y = s'Ph+ w,,

= sTTa + Wo, (49)

where a = TTh. In this case, we can only identify a, the component of h that lies in the subspace.
Subspace versions of (47) and (48) are obtained by replacing x with z = T?x and h with a. The low
rank estimate of h is given by Ta. Since s lies in a subspace both C3x and Cy4 x are low rank.

We now compare the performance of the full rank and low rank third order cumulant estimators for
the system identification of the 20-tap FIR filter shown in Fig. 2. The input signal s is generated by
passing a zero-mean, non-symmetric, i.i.d. random process through a lowpass Butterworth filter whose

frequency response is picture in Fig. 3. The cutofl frequency of this filter is .15 on the normalized
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frequency band [-.5, .5]. The distribution of the underlying i.i.d. process is P(z = 1) = 0.1 and
P(z = —3) = 0.9. The observed input signal x is obtained by adding Gaussian white noise to s. We
consider two scenarios. First, we consider a N = 500 data vector estimate with the SNR in x set at
0dB. Second, the same problem is repeated with N = 10,000 data vectors with the SNR = —5dB. In
both cases, the measured output y is obtained by adding Gaussian white noise to h’s and the SNR in
y is 0dB. Fifty independent trials of both scenarios are employed to evaluate the estimator statistics.

Because the input process is lowpass, a signal subspace is naturally defined. We examine both
subspace design methods described in section IV. First, the near optimal signal subspace is computed
from the true input cumulant using the method of Section IV-B. Fig. 4 depicts the singular values of
Css. Low rank cumulant estimators of rank 2, 4, and 8 are designed using the right singular vectors
of Cz . These estimators are referred to as cumulant based (CB) low rank estimators. The low rank
estimators are biased since rankCs ¢ > 8.

The second method designs the subspace assuming that the signal s is lowpass using the method of
section IV-A with © = [-0.05,0.05], & = [-0.10,0.10], and © = [-0.20,0.20] resulting in three low
rank cumulant estimators of rank 2, 4, and 8, respectively. We shall refer to these estimators as lowpass
(LP) low rank estimators.

Table I and Table II give the estimated bias squared, variance, and MSE for the various cumulant
estimators for n = 500, SNR= 0dB and N = 10,000, SNR= —5dB cases, respectively. All quantities
are normalized by the squared norm of the true input cumulant. Theoretically, the bias of the full rank
cumulant estimator is zero. The small non-zero values in tables reflect an error associated with using
a finite number of trials in the simulation. In all cases, the estimated squared biases are also very close
to the corresponding theoretical values. For example, referring to Table I, the true squared bias of the
LP rank 2 estimator is 0.7180 and the true squared bias of the CB rank 4 estimator is 0.1532.

The tradeoff between bias and variance is evident in both Tables I and II. As expected, the variance
increases and the bias decreases with increasing estimator rank. The rank 8 cumulant estimators have
the best performance in the MSE sense and, of the two rank 8 estimators, the CB estimator performs
slightly better. The SNR of 0dB is between the high and low SNR cases discussed in Section III. Hence,
in that case, we do not expect the degree of improvement in variance predicted at low SNR by our
theoretical analysis in Section III. Notice that the reduction in variance, from full rank to low rank
estimators, is more dramatic in the —5dB case.

Using each cumulant estimator above, estimates of the system impulse response are derived according
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estimator || Bias Squared | Variance | MSE
full rank 0.0081 0.5733 | 0.5815
LP rank 8 0.0139 0.3081 | 0.3221
CB rank 8 0.0038 0.3150 | 0.3188
LP rank 4 0.1758 0.1963 | 0.3721
CB rank 4 0.1550 0.1961 | 0.3511
LP rank 2 0.7182 0.0690 | 0.7872
CB rank 2 0.6285 0.0749 | 0.7034

Table I. Performance of full rank and low rank estimators of the third order cumulant: N = 500,

SNR= 0dB.

estimator || Bias Squared | Variance | MSE
full rank 0.0038 0.1902 | 0.1940
LP rank 8 0.0129 0.0459 | 0.0589
CB rank 8 0.0018 0.0463 | 0.0481
LP rank 4 0.1789 0.0195 | 0.1984
CB rank 4 0.1603 0.0199 | 0.1802
LP rank 2 0.7128 0.0059 | 0.7188
CB rank 2 0.6337 0.0066 | 0.6403

Table II. Performance of full rank and low rank estimators of the third order cumulant: N = 10,000,

SNR= —5dB.
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estimator || Bias Squared | Variance | MSE
full rank 0.1640 2.3753 | 2.5392
LP rank 8 0.2211 1.1457 | 1.3668
CB rank 8 0.2181 1.1234 | 1.3414
LP rank 4 0.1895 0.1541 | 0.3436
CB rank 4 0.1126 0.1467 | 0.2593
LP rank 2 1.1764 0.0263 | 1.2028
CB rank 2 1.1260 0.0286 | 1.1546

Table III. Performance of full rank and low rank estimates of the system impulse response: N = 500,

SNR= 0dB.

to (47) by replacing the expected values by their respective sample average estimates. Tables III and IV
summarize the statistical performance of the system impulse response estimates in the cases N = 500,
SNR= 0dB and N = 10,000, SNR= —5dB, respectively. All quantities are normalized by the squared
norm of the impulse response vector h. The bias, variance, and MSE for each system estimator is
referenced according to the underlying cumulant estimator. The estimator variance decreases with
decreasing rank of the corresponding cumulant. The estimator based on rank 2 cumulant estimates has
the smallest variance and the largest bias; again demonstrating the trade-off between bias and variance.
The best estimators, in the MSE sense, are those based on the rank 4 low rank cumulant estimates.
Of these two, the estimator using the CB low rank cumulant estimate provides the best performance
in terms of both bias and variance. Note that best impulse response estimator does not correspond to
the best low rank cumulant estimator. This observation supports the point we made previously about
obtaining the best performance by designing low rank estimators for the specific problem of interest.
To further demonstrate the dramatic improvement obtained using the low rank rather than full rank
cumulant estimators for this application consider Fig. 5. Fig. 5 depicts the results of a representative
trial of the system identification experiment (N = 500, SNR= 0dB). The true impulse response is the
solid curve, the full rank cumulant estimator produces the impulse response estimate depicted by the
dash-dot curve, and the rank 4 cumulant estimator produces the estimate represented by the dash-dash

curve.
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estimator || Bias Squared | Variance | MSE
full rank 0.0316 0.5877 | 0.6193
LP rank 8 0.0597 0.2502 | 0.3098
CB rank 8 0.0385 0.2118 | 0.2503
LP rank 4 0.1279 0.0117 | 0.1396
CB rank 4 0.0353 0.0115 | 0.0467
LP rank 2 1.0237 0.0001 | 1.0238
CB rank 2 1.0751 0.0015 | 1.0766

Table IV. Performance of full rank and low rank estimates of the system impulse response: N = 10,000,

SNR= —5dB.

VI. SUMMARY

Rank reduction methods offer a general framework for trading bias for variance. Low rank estimators
for moments and cumulants are derived in this paper using a tensor product formulation. The algebra of
tensor products offers an elegant and mathematically tractable framework for addressing this problem.
We develop low rank estimators using linear transformations of the data and address the bias variance
tradeoff by comparing the variance of low rank and full rank estimators. The variance reduction attained
using low rank estimates can be quite dramatic at low SNR. Furthermore, the computational burden
associated with the low rank estimates is much less than the corresponding full rank case. Several
strategies for designing the subspace to optimize tradeoffs between bias, variance, and computation are
presented. These rely on partial prior knowledge of the signal. The benefits of low rank estimation are

illustrated using a system identification problem.

APPENDIX A

Proor oF PROPOSITION 1

Proposition 1:

e The fourth order cumulant matrix of x, C4 «, is given by :

Cix = B{x® @ x"} + Iy BE{x?} @ BE{x @ x"} (50)
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where T’y is the sum of three M3 x M3 permutation matrices and depends only on M, the size
of x.

e The fourth order cumulant vector of x, ¢4 «, is given by :
cax = E{(xW} + Iy E{x®} o E{x®)} (51)
where ITj; is the sum of three M* x M* permutation matrices and depends only on M, the size
of x.

Proof: We will prove the proposition for the matrix case; the vector case is proved in a similar
manner. Before proceeding, we introduce a non-standard indexing convention for the elements of the

cumulant matrices. The standard indexing convention for matrices is:

o C, x[k1, k3], represents the element in the k%h row, k’%h column, with by = 1... M"Y ky=1...M
The alternate indexing convention for C,, x follows naturally from the tensor product formulation:

o Cox(li,la,...1) =Cux[(li = 1) M™% + -+ 4 1,1, 1]

where ly,15,...,0, = 1,..., M. To see why this is a natural indexing convention, consider the nth order
moment matrix M, x(l1,l2, ..., 0n) = My x[(lh — 1) M™ 2 4+ .. (l,-1 — 1), 1] = E{x[l] x[l2] - - - x[l,]}.
The (I1,12,...,1,) element is the expected value of the product of the It" element of x with the /3¢
element of x, ..., with the [%* element of x. For simplicity, we refer to the (I; —1)M" 24 (I, —1)M" ™3 +
...+ 11 row of C,, x as the (1,12, ...,1,_1) row.

The 4th order cumulant is expressed as
cum(x[¢], x[5], x[k], x[1]) = E{x[z] x[5] x[k] x[[]} —E{x[i] x[5]} - E{x[k] x[{]}
—B{x[i] x[k]} - E{x[s] x[{]} — E{x[5] x[k]} - E{x[¢] x(53)
We will find a matrix I'ps so that

cum(x[¢], x[j], x[k], x[I]) = Cax(i,7,k,10),

E{x® @ xT}(i, 4, k, 1)+ (rME{x<2>} 2 E{x® XT}) (i, 7, k,1). (53)
Note that first term in (52) is

E{x[e] x[5] x[k] x[I]} = My x(7, 5, k,1).
This shows that the 4th order moments are properly ordered in Cy4x. The last three terms of equation

(52) are all found in the matrix E{x(®} @ E{x @ x*'} at different positions. The matrix I'y; produces

the pairing of second order moments needed to satisfy (53).
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Let T'p; be composed of three permutation matrices I'y a7, ' ar, and I's ps defined as follows.
o T'y 5 is equal to the (M?® x M?) identity matrix
e T'5 s places the (4, k,j)th row of BE{x(®} @ E{x © xT} in the (i, j, k)th Tow.
o I'; ps places the (4, %, i)th row of E{x(?} @ E{x @ x*} in the (4,7, k)th TOW.
We obtain a simple expression for I'y a7, I's ar, and I's s by using the notation introduced in [1]. The

g-vector which has a “1” in the ith position and zero elsewhere is called the unit vector and is denoted

. . T . ..
e%XI. The elementary (p X q) matriz Efjxq is defined as Efjxq < et e?ﬂ and has a “1” in the [i, 7]
position, L jth column, and zero everywhere else. Define the permutation matrices :
M
_ MxM MxM MxM
Loy =y, BEPYeEl M ap Y,
1,5,k=1
M
_ MxM MxM MxM
Lo =y, EXFYM e B M aoE M,
1,5,k=1
M
MxM MxM MxM
Ty =y, B oE Mo B M. (54)
t,5,k=1

These matrices are square M2 x M3 and have precisely a single “1” in each row and column. Now, let
Ty = —(Tim+Tonr + T ar). (55)
The matrix representation of the fourth order cumulant is then given by
Cix = E{x® @ xT} + Ty - E{x?} @ E{x © xT} (56)
To verify (56) consider:

Cux(i, ik, 1) = B{x® @ xT}, 5,k D)+ (Ta - B{x @ x} 0 B{x® xT})(1, 4, k1),
= B{x[i] x[j] x[k] x[I]} - (B{x @ x} @ B{x @ x" })(i, 4, k,])

M
—( >0 ERMe EPM o BIPM Blx @ x} @ B{x @ x" 1), 4, k1)

a,b,c=1
M
—( > ERMe B M o BN B{x o x} @ B{x @ x"})(i,4, k1),
a,b,c=1

= B{x[t] x[j] x[k] x[1]} — E{x[i] x[5]} - E{x[#] x[{]}
—(EXPM @ XM @ BV Bi{x @ x} @ E{x ® x"})(i, 4, k1)

—(Ef‘]-“M ® E%XM @ EMM Bix @ x} @ E{x ® xT})(i,4,k,1),
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= B{x[i] x[s] x[k] x[1]} — E{x[¢] x[s]} - E{x[k] x[(]}
—(E{E)"Mx @ ENMx} @ B{E " Mx @ xT}) (i, 4, k, 1)

—(E{EY " Mx @ ENMx} @ B{EY *Mx @ x"})(i, 4, k, 1)
Now use the fact that the I** element of EM*Mx is x[m], so
Cax(t,5,k,1) = E{x[d] x[7] x[k] x[1]} — E{x[d] x[5]} - E{x[k] x[I]}
—B{x[i] x[k]} - E{x[s] x[1]}
—B{x[j] x[k]} - B{x[e] x[1]},
= cum(x[il, %[, x[#], x[1).

The vector form for the 4th order cumulant is established by a similar argument and we only give

the result here for the sake of brevity.

cax = B{xW} + Iy - B{x®} 0 E{x?)} (57)
where:
Moy = —(IIy v + Iy + T3 00),
M
HI,M — Z E%XM ® E%XM ® E%XM ® E%XM, (58)
i,k d=1
M
Moy = Y, ENPMepeNMe Mo M, (59)
i\, kd=1
M
MxM MxM MxM MxM
My = Y, EYMeoEIMe B M e B M. (60)
i,k d=1

APPENDIX B

Proor or PROPOSITION 2

Proposition 2: Let A bea @ x M (@ < M) deterministic matrix. Define the zero-mean real-valued

random variable z as the product of A and x :
z=A x. (61)
Then the following holds :

)
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Mn,z = A(n_l) my x AT7
Cnz = A(n) Cn,x>
C,, = APV C,, AT

Proof: From [1], we know that if A is a () x M matrix and x an M-vector, then
(A x)" g (A x)T = Al (x(D @ xT) AT,

This implies
m,, = E{z™} = B{(A x)"} = A® E{x"} = A m,

and

M, , = E{z" VD @z} = A-D M, AT.

(65)

For the fourth order cumulant we need to do a little more work. Only the vector form is derived

here; the matrix form follows in a similar fashion. Note that
Ciyz = Myy+ HQ “My ,; & My g,
= AW m,+To AP A® my, ®m,y,

= AW® myx + Ilg - Al my x @ my x.

(66)

In order to show ¢4, = A(4)C47x, we must establish that IIg -AM® = AM . 1I,,. Recall that II; and

IIy depend only on the size of x and z, respectively, and that II; = —(II; y + II; ; + II3 ;) where

IT, j,II; 5, and Il ; are given in (58), (59), and (60). We claim that for ¢ = 1,2, 3:
I, o AW = AW LT,
We verify (67) for the case ¢ = 3. The other cases are established in a similar manner.

Q
I, o AW Z (EgXQ ® E?kXQ ® E%XQ ® EﬁXQ) . A(4),
1,4,k,=1

Q
= Y (B A)EYY A ETYA)e (EfF? - A),

1,5,k,1=1

We now show that (68) may be rewritten as

M
Oio-AW = Y (A-BM e A-E e A B ) oA B,

tu,v,w=1

= AW.II, .
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In order to do this, first write (see [1]) :

Q M

A = Y A-EGY
ot
Q M

AT = SN ALL]-ENC.
ot

Define é,, = 1 for a = b and 8,5 = 0 for @ # b. Use the properties in Table I and Table II of [1] to write

Q
S (XY A) 0 (EL - A) @ (ERY - A) o (B - A)
1,7,k,l=1
Q
= > E ZE‘”Q Al u] - EZM) ® EZEQXQ Al 0] ESXM)
1,7,k,l=1 u'=1u=1 v'=1v=1
Q M Q M
oY STEFC AN, -EZ M e (Y S EFC Al w] - ESM),
t=11t=1 w!'=1w=1
Q M M
= ZZEQX o, ZZEQX 0]+ ko)
',j,k,l 1 uw'=1u=1 v'=1v=1
ZZEQXM / Zt’ Z Z EQXM 7w] i 6lwl)7
=1t=1 w'=1w=1
Q M OxM M OxM
X . X
= > OB AL W)@ (Y ELT  Alk))
2,7,k (=1 u=1 v=1
M M M M
o> EZM Al ) e (3 EZM . Al w),

Q M
= Y3 Al Alko]-Ali 1] All w] - (BESM @ BEZM @ BZM @ BZ M),

1,7k, =1 u,v,w,t=1

M Q
= 3 EZM AL @ (BEYM . Alju) @ (BN - Alk, o) @ (BN - All,w]),

tu,v,w=1 ',j,k,l—l

M

t,u,v,w= 1 1=14'=1 j=135'=1
M 9o M M

(30 5 LM AT K] EXM) 5 (30 30 BN ATLI B,
k=1k'=1 =110'=1

M

= > (A-ETMe@ BT e (A-EMY) e (A-ERSM).

tu,v,w=1
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