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Abstract

Nonlinearitiesare oftenencounteredh the analysisandprocessingf real-worldsignals.In this paper
we introducetwo new structuredor nonlinearsignalprocessingThe new structuresimplify theanaly-
sis,design,andimplementatiorof nonlinearfilters andcanbe appliedto obtainmorereliableestimates
of higherorderstatistics.Both structuresarebasedon a two-stepdecompositiorconsistingof a linear
orthogonakignalexpansiorfollowedby scalampolynomialtransformationsf theresultingsignalcoefi-
cients.Most existing approacheto nonlinearsignalprocessingharacteriz¢he nonlinearityin thetime
domainor frequeny domain;in our framevork ary orthogonalsignalexpansioncanbe employed.In
fact,therearegoodreasongor characterizingionlinearityusingmoregenerakignalrepresentationigke
thewavelettransform.Waveletexpansionftenprovide very concisesignalrepresentatioandthereby
cansimplify subsequemonlinearanalysisandprocessingWaveletsalsoenablelocal nonlinearanaly-
sisandprocessingn bothtime andfrequeng, which canbe advantageous non-stationarnproblems.
Moreover, we shav thatthe waveletdomainofferssignificanttheoreticabdvantage®ver classicakime
or frequeny domainapproache® nonlinearsignalanalysisandprocessing.

*Thiswork wassupportedy theNationalScienceFoundationgrantno. MIP-9457438andthe Office of Naval Researchgrant
no.N00014-95-18849



1 Intr oduction

Nonlinearsignalcoupling,mixing, andinteractionplay animportantrdle in the analysisandprocessingf
signalsandimages.For instanceharmonicdistortionsandintermodulationgndicatenonlinearbehaior in
amplifiersandfaulty behaior in rotatingmachinery Nonlinearitiesalsoarisein speectandaudioprocess-
ing, imaging,andcommunicationsNonlinearsignalprocessingechniquesrecommonlyappliedin signal
detectionandestimationjmageenhancemerdndrestorationandfiltering.

In this paper we develop a new approacho nonlinearsignal processindasedon the nonlinearsignal
transformatie (NST) depictedin Figure1l. Here,a length+n signalvectorx is first expandedonto an

orthonormalsignalbasis{b,, ..., b,,} to producethe vectorof coeficients[3,, ..., 5,]". Thesesignal
coeficientsarethencombinedin nonlinearprocessinghodesn, which are simple n-th order polynomial
operationsto form the n-th order nonlinear coeficientsof the signal® = [6,,...,0x]". Concisely we

denotetheNST of Figurel by theoperatorF’, : x — 6.

The NST framevork encompassetwo new structures,eachcorrespondingo a differentchoicefor
the scalarprocessingiodesn in Figure 1. Productnodescomputedifferentn-fold productsof the signal
coeficientsateachnode:

n(Brs--esBrm) = BiBiy -+ Bin- (1)

Summingrodegaiselinearcombinationof the coeficientsto then-th power:

n(BrsesfBm) = (Z%ﬂj) - 2
7=1

(Although the outputsof the productand summingnodesare not equivalent, we will seethat they both
producesimilarNSTSs.)

We will prove thatan NST architecturewith (™*7~!) processingiodescangeneratell possiblen-th
order nonlinearinteractionsbetweenthe varioussignal componentswith the strengthsof theseinterac-
tionsreflectedn the nonlinearsignalcoeficientsd. Thereforethesecoeficientscanbe usedfor efficient
nonlinearfilter implementations;obuststatisticalestimationandnonlinearsignalanalysis.

TheNST framevork is flexible, becausét doesnotrely onaparticularchoiceof basis{b; }. Tradition-
ally, nonlinearsignalanalysishasbeencarriedout in the time or frequeny domains.For example,if the
{b;} arethecanonicalinit vectors pr deltabasis thenthecomponentsf 8 represent-th orderinteractions
betweendifferenttime lagsof the signalx (seeFigure2(a)). If the {b;} makeup the Fourier basis thené
representthe n-th orderfrequeny intermodulationgseeFigure2(b)). In this paperwe will emphasiz¢he
waveletbasis[6], whoseelementsarelocalizedin bothtime andfrequenyg. Wavelet-basedNSTsrepresent
thelocal n-th orderinteractionshetweersignalcomponentst differenttimesandfrequenciegseeFigure
2(c)). From a practicalperspectie, this can be advantageous$n problemsinvolving non-stationarydata,
suchasmachinerymonitoring[5] andimageprocessing19]. Fromatheoreticalperspectie, we will shov
thatthewaveletdomainprovidesanoptimalframevork for studyingnonlinearsignalsandsystems.

We will considerseveral applicationsof NSTsin this paper NSTsprovide an elegantstructurefor the
\olterra filter that simplifiesfilter analysis,design,and implementation. Applicationsof Volterrafilters
includesignaldetectionandestimation adaptve filtering, andsystemidentification[14, 24]. The outputof
a Volterrafilter appliedto a signalx consistsof a polynomialcombinationof the samplesof x. We will
shaw thatevery n-th orderVolterrafilter canberepresentetly simplelinearcombinationf thenonlinear



Figurel: NonlinearsignaltransformationNST) F,, : x — 6. Thefront endprocessingprojectionontothe basis
{b;}) is linear; the backendprocessingby n from (1) or (2)) is nonlinear
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Figure2: Comparisorof differentbases{b;} for nonlinearsignalprocessing.The choiceof basisemployedn the
linear front end of the NST of Figure 1 determinesn which domainwe represensignalinteractions. Considera
second-ordeNST, which generatesquaresﬁ]? andcross-productg; 3; of the signalcoeficients. We illustratetwo
basiselementd; andb; from threedifferentbasesin boththetime domainandthe frequenyg (squarednagnitude)
domain. In the deltabasis,eachb; is a unit pulse,so §; is simply a sampleof the signal. The correspondingNST
representsoupling betweerdifferenttime lags of the signal. In the Fourier basis,eachb; is a sinusoid,so 3; is a
Fourier coeficient of the signal. The correspondindNST representintermodulationbetweendifferentfrequencies.
In thewaveletbasiseactb; is localizedin bothtime andfrequeng simultaneouslyso@; measurethetime-frequeny
contentof thesignal. The correspondindNST representsouplingbetweerdifferentlocalizedwaveletatoms.



signalcoeficients®. NSTsarealsonaturallysuitedfor performinghigherorder statisticalsignalanalysis
[16]. For example,in thetime or frequeny domainsthenonlinearsignalcoeficients@ aresimply valuesof
a higherordermomentor higherorderspectrumThewaveletdomainprovidesanalternatie, andoptimal,
representatiofor higherorderstatisticalanalysis.

The paperis organizedasfollows. In Section2, we provide a brief introductionto the theoryof tensor
spaceswhicharecentralto the NST andits analysis.In Section3, shawv thatboththeproductandsumming
nodeNSTsprovide acompleterepresentationf all possiblen-th ordernonlinearsignalinteractionsUsing
thetheoryof tensornormsandGordon-Lavis spacesywe shawv in Sectiond thatwaveletbasesareoptimal
for NST signalanalysisand processing.Section5 appliesthe theoryto threenonlinearsignal processing
applications Section6 offersa discussiorandconclusions.

2 TensorSpaces

In this Section,we provide a brief introductionto the theory of tensorspaceswhich provide an elegant
and powerful framewvork for analyzingNSTs. The theory of tensorspaceswill be usedto establishthe
completenesef NSTsandto assesshe meritsof differentbasistransformations.

2.1 Finite-dimensionaltensorspaces

First,somenotationfor IR™ (wewill dealexclusively with real-\aluedsignalsin thispaper).All vectorswill
beassumedo becolumnsandwill bedenotedisingboldlowercaséetters;for example,v = [vy, . . .,vm]T.
Bold uppercaséetterswill denotematrices Definetheinnerproduct(u, v) 2 uly.

Givena collectionof m-dimensionalreal-valuedvectors{vy, ..., v,}, with vy = [vq 4, .. .,vmk]T,
the n-fold tensoror Kroneder product[3, 26] r = @’_, v, producesa vectorcomposedf all possible
n-fold productsof the elementdn {vy,...,v,}. We canalsointerpretthe tensorr asan amorphous:-
dimensionakrraywith elementsr;, ;. = v;, 1 v, ». Then-fold tensorproductof the vectorv with
itself is denotedby v(*) andcontainsall n-fold productsof theelementsn v.

The spanof all n-th ordertensorgyenerateshe n-th ordertensorspace?™ (IR™) [26]. For example,if
n = 2,then

L
T} (R™) £ {Zuj@wj: uj,vje|Rm,Lz1}. (3)
7=1
Practicallyspeaking™(IR™) is simply thespaceR™" .
A tensorr € T"(IR™) is symmetrid26] if for every setof indices{i, . . ., 7,,} andfor every permuta-
tion {w(1),...,w(n)} fromtheset of permutation®f {1,...,n} we have
Tityin = Tig(1)seosiuo(n) ° (4)

Any tensorr € T"(IR™) canbe symmetrizedy averagingover all possiblepermutationsf theindeces,
forming 1
S(T) é E Z Tiw(l)v---viw(n)' (5)
we
Thesubspacef 7" (IR™) containingall n-th ordertensorssatisfying(4) is termedthen-th ordersymmetric
tensorspaceS™(IR™). The dimensionof S™(IR™) is (™*%~!), the numberof n-selectionsfrom an m
elementet. Throughouthe sequelwe will setN = (m+7-1).
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2.2 Continuous-timetensor spaces

In practice we work with thefinite-dimensionatensorspacesssociatedvith finite duration,discrete-time
signals.However, in orderto assesghe meritsof varioussignalbasegFourierversuswvavelet,for example)

it is usefulto considetthesituationin continuous-timéinfinite-dimensionalyignalspacesWe will seethat

herethe wavelet basisoffers a significantadvantageover the Fourier basis.Hence we mayinfer thatthese
advantagegarryover into high sampleratediscrete-timesignalspaces.

We now considerthe constructiorof continuous-timeensorspacesLet X' beasignalspace.Then-th
ordertensorspacel™(X') is the spacegeneratedy the spanof all n-fold tensorproductsof signalsin X’
[7]. For example,if n = 2, then

i=1

L
TZ(X)é {Z$]®y]x]7y]€X7L21} (6)

If z,y € A areone-dimensiondlunctionsof a parameter, thenz ® y is canonicallyidentifiedwith the
two-dimensionafunctionz(t1,t2) = z(¢1) y(t2).

In orderrigorouslystudycontinuous-timeensorspaceswe mustequip7™ (X') with atensornorm[7].
First,we assumehatthespacet is itself equippedvith anorm— for example,X’ = L, (IR). Thenormon
X caninduceanormon7™(X’) in anumberof ways. Focusingon L, spacesconsiderthe natural tensor
normA,, whichis generatedby thestandarane-dimensional,, norm. We equipthealgebraidensorspace
L,(R)® L,(IR) with A, andlet L, (IR) ®a, L, (IR) denotethe completionof this space Roughlyspeaking,
A, is atensomormthatactslike the standardwo-dimensional, norm. In fact, the normedtensorspace
L,(R)®a, L,(IR) isisometricto the spaceof p-integrabletwo-dimensionafunctionsL, (IR x IR). We will
rejoin continuous-timeensorspacesn Sectiond, wherewe studythe performancef tensorwaveletbases
from anapproximation-theoretiperspectie.

3 CompleteNSTs

In this section,we showv thatthe transformationF,, : x — @, picturedin Figurel, providesa complete
representationf all possiblen-th ordernonlinearsignalinteractions More preciselyevery n-th ordermul-
tilinear functionalof the sampleof thesignalx is expressibleasa linearfunctionalof the nonlinearsignal
coeficients 8. Practicalimplicationsof completenesarethatan »n-th order NST is capableof realizing
every possiblen-th orderVolterrafilter of x andcancaptureall possibler-th ordersignalinteractionmec-
essaryto computehigherorderstatisticalquantitiessuchasthe momentsaandcumulantof x. We focusour
attentionprimarily on sampledfinite durationsignals.Usingthetheoryof finite-dimensionalensorspaces,
we equatehe completenessf the NSTsto a spanningconditionin atensorspace.

3.1 Criterion for completeness

Definition 1 LetF;, : x — 6 befixed. If for everysignalx € R™ andtensor. € 7" (IR™) there existsa
collectionof realnumbers{a; }_,, N = ("+7-1), sud that

> Pirooin Tiy Ty, = > Ok, ()
k=1

1<i1<...<ip<m

thenthetransformaton F), is a completen-th order NST.
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In words,acompleteNST canrepresengvery n-th ordermultilinearfunctionalof the signalsamplesising
alinearfunctionalof the nonlinearsignalcoeficientsé.

Usingthe theoryof tensorspacesthe completenespropertyis easilydescribed.Note that the tensor
x(") containsevery productof theform

Ti T, 1<%y, 00yt <M. (8)

In tensorialnotation,we canrewrite the multilinearfunctionon theleft sideof (7) astheinnerproduct

> Piy i @iy -2, = <h7X(n)> . 9

1<i1 <. <in<m

Furthermoresincex(™) is asymmetrictensor we canassumevithoutlossof generalitythath € S™(IR™).
We now shaw thatboththe productnodeandsummingnodeNSTsarecomplete.

3.2 Product nodetransformation

TheproductnodeNST is computedasfollows. Thecoeficientsg,, . . ., £, of theorthogonakxpansiorare
simply theinner productsof thebasisvectors{b;, . .., b,, } with the signalvectorx; thatis, 3; = (b;, x).
Thecoeficients@ outputatthe secondnonlinearstagearegivenby all n-fold productsof the {3, }7., (see
(1)). Theoutputof the productnodeNST £, is thus

{630ss = {Bi, B, 1 1< i< < <m}. (10)

Tensorproductssimplify the descriptionof the productnodeNST. First notethat productsof the form
Bi, - -+ B4, in (10) canbe expressedusingstandardensormproductidentities[3], as

ﬁil T ﬁln = <b21 ) X> e <bin7x> = <®b2] ) X(n)> : (11)
7=1
Next, sincetheorderingof thei,, ..., i, doesnotaffectthe productvalue,we cansymmetrizg11)

Bi, - Bi, = <5 (é)b) x<n>>. (12)
7=1

Now considetthe collectionof symmetrictensors

{S(ébij):lgilg...gingm}. (13)
7=1

Applying eachof thesetensorsto the signaltensorx (™) produceshe {6, }1_, definedin (10). Hence the
Iinearcombinationszz1 oy, 0, of Definition 1 is givenby

1<i1<..<in<m

> Qi i <5 (é bij) ; X(n)> ; (14)
i=1



wherewe have useda multi-indexing schemeon the {«;.} for notationalcorvenience. Comparingthis
expressiorto (7) and(9), we maketheidentification

h = > Qiyoin S (é{) bij) . (15)
7=1

1<i1<.<in<m

It follows from (15) andDefinition 1 thatthe productnodeNST is completeif thefollowing condition
is satisfied:

Span{S(@bij) 1< <...<i, < m} = S"(R™). (16)
7=1
Thisis in factthecase.

Theorem1 [26] Let {b;}”_, bea basis(orthonormalbasis)for R™. Thenthe N = (™+7~!) symmetric
tensorg13) form a basis(orthonormalbasis)for 5™ (IR™).

Thus,the productnodestructureaffordsacompleteNST, provided {b; } ", is abasisfor IR™.

3.3 Summingnodetransformation

Recallthatthe summingnodenonlinearitieq2) raiselinear combinationof the {3y, . . ., 3,, } to then-th
power. For the k-th outputd;,, we canwrite

n

Oy = (Zamﬂj) = (Zag‘,ﬂbg&X)) y k=1, N (17)
7=1 J=1

We caninterpret(17) asweightingthe connectionbetweenthe j-th basiselementandthe k-th summing
nodewith thegaina; . (seeFigurel).

We canalsowrite (17) as

O = <Z a;rb;, X> = (fr,x)", (18)
7=1

with -
f. = > ainb;, k=1,...,N (19)

7=1
alinearcombinationof the original basisvectors.Equivalently, by stackingthe basis(column)vectorsinto

thematrixB = [by, ..., b,,] anddefininga; = [a; 4, . . .,amk]T, we canwrite

f; = Bay, k=1,...,N. (20)

If the basisvectors{b;} areviewedasfunctionswith a single“bump” (for example,the deltabasisin the
time domain,the Fourierbasisin thefrequeng domain,or thewaveletbasisin eitherdomain— seeFigure
2), thenthe vectors{f;} will be functionswith multiple “bumps: In this alternatve representatiorthe
summingnodeNST providesan extremely simple structurefor generatingarbitrary n-th ordernonlinear
signalinteractions As we seefrom Figure3, this representationonsistf two decoupledubsystems:
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Figure 3: Filter bank realizationof the summingnode NST. By combiningthe basisvectorsas in (19), we can
decompose@n arbitrarysummingnodeNST into a parallelcascadef a redundansetof linearfilters {f, }_,, each
followedby a simplemonomialnonlinearity(-)" .

1. anovercompletesetof N = (™+7~1) linearfilters {f;. }}'_, thatcontrol boththe systemdynamics
andcomponentnixing, followedby

2. asetof trivial monomialnonlinearitieq-)™.

In Sections.2,wewill applythis powerfulrepresentationf thesummingnodeNST to theVolterrafilter im-
plementatiorproblem.Thefilter bankrepresentationot only leadsto a simpleandeffective representation
for thecomputatiorof afilter output,but alsoprovidesinsightinto the dynamicsof thefilter.

We now shaw thatthe summingnodeNST is complete.Using tensorialnotation,we canwrite (18) as
0, = <f,£”), x(”)>. Following Definition 1, the linear combinationS "2, o, 6, = S°2, oy, <f,£”), x(”)> .
Comparinghis expressiorto (9), we maketheidentification

N
h = > o £, (21)
k=1
andit followsthatthis NST is completeif
n N n m
Span{f,g >}k:1 = S™(R™). (22)

We will provide three different constructiondor completesummingnode NSTs. The first is valid for
arbitrarynonlinearordern. (For the proof, seeAppendixA.)

Theorem?2 Fixp € R, |p| # 1, p # 0. Sety, = p",r = 0,...,n. Formthecollectionof N = (m+7-1)
length+n vectors{a }1_, accodingto

{ak}Z:l = {[7117"'771m]T : Zl] =-n, l] € {077n}} . (23)
7=1

Then,with {a; }2_, employedn (17) or (20), the condition(22) holds, and the correspondingsumming
nodeNSTis complete

N
This constructiongenerates classof filters {f,ﬁ”)}k_l sufficiently rich for their tensorproductsto
generateall possiblen-th orderinteractionsof the basisvectors. While the definition of the combination
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vectors{a,}1_, in (23) is a notationalnightmare,their structureis actually quite simple. Consideran
examplewith m = 3, n = 2, andp = 2. Sincen = 2, themulti-index /; cantakethe values{0, 1,2},
with correspondingy;, values{1,2,4}. The{/;}"., in eacha; vectormustsumto n = 2, sotheentries
in eachay, will consistof all 1sexceptfor eitherthe singlevalue4 or a pair of 2s. Therearen = (3) = 6
combination®f 3-vectorswith thesenonzerocoeficients:

a; =011, a;=[1417, as=[114"
as=[221]T, a;=[212]T, ag=[122]".

Thesecoeficientscanbeinterpreteceitheras18 weightse; 5, to beemployedn (17) andFigurel or asthe
combinationfactorsin (20) thatgeneratesix differentfilters for usein Figure 3. In eithercase a complete
NST results.In Section5, we considera cubicexamplewith n = 3.

SinceTheorem?2 generates; vectorswith no zeroentries,eachfy, filter will have m “bumps’ Larger
valuesof the p parameterhowever, leadto a simple interpretationof the {f;}. For example,choosing
p = 10inthem = 3, n = 2 constructioraboreyields

ay=[100 1 117,  a;=[1100 1], a3=[11 100]7
a,=[10 10 117,  as;=[10 1 10]", ag=[1 10 10]7.

Thus, the f; channelin Figure 3 will createa quadraticinteractionbetweenthe signalcomponentdying
primarily in the by direction,while the f, channelwill createa quadratidnteractionbetweensignalcom-
ponentdying primarily the b; andb, directions. This reasoningcannotbe carriedon ad infinitum, since
in thelimit asp — oo, a numericallyill-conditionedsystemresults. It could alsobe temptingto simply
subtractl from eachweightvectorabore; however, this destroysanimportantsymmetryconditionusedto
prove Theoren?.

For quadraticsummingnodeNSTs(n = 2), we have a very simplealternative constructiorthatclearly
revealsthe underlyingdynamicalinteraction.In this constructioneachfilter f;, equalseithera singlebasis
vector or a combinationtwo basisvectors,and the squaredoutput of eachfilter generatesll necessary
couplingbetweerdifferentbasiselementsThefollowing resultis provedin AppendixB.

Theorem 3 Setn = 2 andformthecollectionof N = (™) length+n vectors{a; }1'_, accodingto
{ap}ie, = {[71, o)t ) <2, v €40, 1}}- (24)
i=1

(Eadh a, is anm-vectorwith entriesof 1 or 0, andead hasat most2 non-zeo entries.)Thenwith {a; }_,
employedn (17)or (20), thecondition(22) holds,andthe correspondingecond-ader summingnodeNST
is complete

To completeour studyof the summingnodeNST, we provide a directconstructiorof a completesetof
filters {f; }1_, thatbypassethechoiceof basis{b,}. Interestinglyrandomlygeneratinghefilters {f,} 1,
produces completesummingnodeNST. For the proof, seeAppendixC.

Theorem4 Let{f;}}_, bea collectionof N = (™+7~1} independenandidenticallydistributedobserva-
tionsfroman IR™—valuedprobability density Then,with probability one,(22) holdsandthe corresponding
summingnodeNSTis complete



Finally, notethatthe above constructiongor thefilters {f; }2'_, do not dependon the signallengthma.
Hence theseconstructionganbeextendedio separableontinuous-tinespaces.

3.4 Relating the product and summing node structur es

It shouldbe notedthatthe summingnodetransformatioris differentfrom the productnodetransformation.
While both transformationsare complete,underthe conditionsstatedpreviously in this Section,the non-
linearsignalcoeficients@ are,in general differentfor the two structures However, the coeficientsof the
two structurescan be relatedby a simplelinear transformation.Form FT = [fl(”), cen, ](\?)} andlet P

beamatrixwhosecolumnsarethe N = (™+7-1) tensors{S( i1 bij) 1< <. <, < m} The
summingnodenonlinearsignalcoeficientsaregivenby

Osum = FX(n)7 (25)
while the productnodecoeficientsaregivenby
Oproa = Px™. (26)

Sincebothof theserepresentationsrecompletethereexist matricesF’ andP’ satisfyingx(®) = F/ 0, =
P’ 8,,.q4. Thus,thevectorsb,,,, andé,,.q arerelatedby

0prod - PFlesum7 (27)
Oum = FP' 0,04 (28)

One adwantageof the productnodestructureis that it producesan orthogonaltransformationin the
symmetrictensorspacewhereaghe summingnodetransformatioris never orthogonal While the product
nodestructuremay provide a moreefficientrepresentatiorthe summingnodestructurenasa muchsimpler
andeleggantimplementatiorin termsof a redundanfilter bank. In Section5, we will seethatthisis useful
in certainproblems.

4 NSTsin the WaveletDomain

The previous Sectionhasshavn that completeNSTs can be derived from ary orthonormalsignal basis
B = {b;}".,. For example,B maybeadelta,Fourier, or waveletbasis[6]. In orderto assesshe merits
of differentNST baseswe will investigatetheir behaior in continuous-timdinfinite-dimensionalkignal
spacesWe will shaw thatthe waveletbasisoffers significantadvantage®ver the classicakignalbasedor
nonlinearsignalprocessing.Hence,we may infer that theseadvantage<arry over into high samplerate
discrete-timesignalspaces.

4.1 The wavelettransform

Thewavelettransformis anatomicdecompositiorthatrepresenta real-\aluedcontinuous-timesignalz (¢)
in termsof shiftedanddilatedversionsof a prototypebandpassvaveletfunction(¢) andlowpassscaling
function¢(t) [6, 15). For specialkchoicesof thewaveletandscalingfunction,theatoms

bik(t) £ 2_j/2'¢(2‘jt—k), jkez, j<.J (29)
oult) 2 2P o(271 k) (30)
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form anorthonormabasis,andwe have the signalrepresentatiof6, 15]

7
z(t) = > updgp(t) + D> D wir (), (31)
p

j=—0c0 k

with w;x = [x(t);1(t) dt anduy = [ z(t) ¢ (t) dt. The waveletcoeficients {w;} and scaling
coeficients{u;} comprisethe wavelettransform. For a wavelet centeredat time zeroandfrequeny fo,
w;  measureshe contentof the signalaroundthe time 2’k andfrequeny 27/ f, (equivalently, scalej).
Wavelet transformsof sampledsignalscan be computedextremely efficiently using multiratefilter bank
structureg6, 15].

Recently it hasbeenshavn that noiseremoval, compressionand signal recozery methodsbasedon
wavelet coeficient shrinkageor wavelet seriestruncationenjoy asymptoticminimax performancecharac-
teristicsand,morewer, do notintroduceexcessve artifactsin the signalreconstructiof9]. The explanation
for this exceptionalperformancdiesin thefactthatwaveletbasesareunconditionalbasedor mary signal
spaces.

A basis{z; } for aBanachspaceY’ is unconditionalf thereexistsa constant” < oo suchthat

L L

Yoacz|| < ClY gz, (32)

=1 X =1 X
for every finite setof coeficients{ay, ..., ar} andevery setof multipliers{ey, ..., ez} of +1. It follows
thatwe canprocessvery z = >, ¢;z; € A accordingo

=3 (mic)z, |mi| <1 (33)
andboundthenormof the processedignalby

[Zllx < Cllellx (34)

The unconditionahatureof the waveletbasisis crucialto wavelet-domaimprocessingbecausét guar
anteedhatthe normof the processedignalwill not“blow up” whenwaveletcoeficientsarediscardecbr
reducedn magnitude.Becausehe waveletbasisis anunconditionabasisfor mary signalspacesinclud-
ing the L,,, Sobole, BoundedVariation,Besw, andTriebel spaceg15], this guarantedoldsundera wide
variety of differentsignalnorms. (The sameguarantealoesnot hold for the Fourier basis,for example.)
Obviously, this resulthassignificantimplicationsfor signalprocessing.

The attractive propertiesof the continuous-timavavelet basiscarry over to high-dimensionasampled
signalspacesiswell. Eventhoughall basedor finite-dimensionasignalspacesreunconditionalincluding
Fourierandwaveletbasesandall finite-dimensionahormsareequivalent,the constantshatrelatedifferent
finite-dimensionahormsareextremelydependenbn the dimension.Theseconstantgan,in generalgrov
in an unwieldy manneraswe move to higherand higher samplerates(dimensions). The fact that the
underlyinginfinite-dimensionabasisis unconditionalimits how largetheconstantgrow andconsequently
guaranteeshat practical, finite-dimensionalwavelet domainprocessingalgorithmswill be well behaed
underawide variety of performanceneasuregall finite-dimensional, norms,1 < p < oo, for example).

As mentionedabore, waveletsform unconditionabasedor adiversevarietyof signalspacesHowever,
for NSTs, tensorspacesarethe naturalframewvork to consider Hence,we wish to establisithe uncondi-
tionality of tensorproductwaveletbases.Usingthe theoryof tensornormsanda resultfrom the theoryof
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Gordon-Lavis spaceswe will shawv thatthe tensorproductof an unconditionalbasisis againan uncon-
ditional basisfor a tensorspaceequippedwith anappropriatel,, norm. This resultprovesthat the tensor
productof a waveletbasisis an unconditionalbasisfor mary tensorspaceof interest. Hence,wavelet-
based\'STsinherit the remarkablepropertiesassociateavith waveletdomainprocessing.To the authors’
knowledge thisis anew result.

It shouldbe notedthat the tensorwavelet basisis quite differentfrom the multidimensionalwavelet
basisobtainedvia multiresolutionanalysig[6, 13, 15]. To illustratethe differencesconsiderthe casefor
functionsz (¢, t,) of two dimensionsGivena one-dimensionalaveletbasis{ ¢ () }x U {1 1(t) } <1k,
the two-dimensionatensorwaveletbasisconsistf productsof all possiblepairsof waveletsandscaling
functions:

Bienor = ({82600 1 U5 (1)}jee) © ({0002 1k U{W54(82)} i) (35)

= {bsk (t1) Gy (E2) o ko U( U {%51.0 (1) G, (tz)}kl,krz)

n<Jd

U ( U {¢J,k1 (tl) ¢j27k2 (tQ)}kIJQ) U ( U {¢j17k1 (tl) ¢j27k2 (tQ)}kl,kQ) . (36)
72<d 1,02 5d

Thetensotbasiscontainsfor example,elementsneasuringoarsescale(low frequeng) informationin one
directionandfine scale(high frequeng) informationin the other To computethetensorwaveletexpansion
of amultidimensionafunction,we simply operateon eachaxisseparatelyisinga one-dimensionalavelet
transform.Neumanrandvon Sachshave shovn thattensorwaveletbasesarenaturalfor multidimensional
signalestimatiorapplicationsn signalspace$aving differing degreesof smoothnesm differentdirections
[17]. In contrast,a multiresolutionwavelet basisconsistsof productsof all possiblepairsof waveletand
scalingfunctionsat the samescale:

Bioutti = {07k, (t1) Gk, (E2) Yy ks
U (U {5k (1) ik (B2), Bk (1) Viky (t2)y iy (1) ik (t2) g, gy - (B7)

i<J

In Figure4 we illustratethe differencedetweerthesebasegraphically

4.2 Unconditional basedfor L, tensor spaces

Let {z;} beabasisfor L,(T), with T C R. It follows from the classicalresultof GelbaumandGil de
Lamadrid[12] thatthe tensorbasis{z; @ z;} is a basisfor the tensorspaceL,(T) ®a, L,(T), with A,
the naturalnorm. However, this doesnot guarantedhat the tensorproductof an unconditionalbasisis
an unconditionalbasisfor the tensorspace. We now shaw that this is indeedthe case. (We will work
only with second-ordetensorspacedor notationalcorveniencethe extensionto n-th ordertensorspaces
L,(T) ®a, -+~ ®a, L,(T) is straightforward.)

Firstwe statearesultdueto Pisier[23]. Let Y and Z be Banachspacesvith unconditionabases{y; }
and{z;} respectiely. Let « beanormonthetensorspacey @ Z suchthatgivenary two linearoperators
U:Y— YandV : Z — Z,thetensorproductl/ @ V' is aboundedinearoperatoron) ® Z equipped
with norme. If thisconditionholds,thena is calleda uniformnorm Let ) ®,, Z denotethecompletionof
Y ® Z with respecto «.

11



(a) (b)

Figure4: Graphicaldepictionof the elementof the two-dimensionamultiresolutionandtensorwaveletbases.The
aspectratios of the tiles correspondoughly to the size of the “regions of support”of the basiselements.(a) The
multiresolutionwaveletbasisconsistonly of productof pairsof waveletsandscalingfunctionsfrom thesamescale;
henceall tiles have the sameaspectatio. (b) The tensorwaveletbasisconsistof productsof pairsof waveletsand
scalingfunctionsfrom all possiblescaleshencemary differentaspectatiosresult. (Strictly speakingthesemosaics
illustratethe organizatiorof thecoeficients obtaineduponexpandingontothesebasesNeverthelessthereis adirect
correspondencbetweenthe size of a coeficient tile andthe size of the region of supportof the associatedasis

elements:Basisfunctionsbroadin onedirectionresultin fewer expansioncoeficientsin thatdirectionandhencea
narravertile.)

Theorem5 [23] Let{y;} and{z;} beunconditionalbasedor the Banat spacesy and Z, respectively
Leta beauniformnormfor thetensorspace) @, Z. Then{y; ® z; } is anunconditionabasisfor Y @, Z
if andonlyif Y ®, Z isa Gordon-Levis (GL) space

Beforewe canapplythisresultto L, (T) ®a, L,(T), wemustensurghat A, is auniformtensomown.
To this end,we employaresultdueto Beckner

Theorem6 [2] LetU ® V bea linear mappingfrom [L,(T) @a, L,(T)] to [L,(T) @a, Lp(T)]. If
1<g<p<oothen|Ua V] =[U||V]

It remainsonly to verify that Z,,(T) ®a, L,(T) is aGL space.For our purposest sufiicesto notethe
following [8]:

L,(T xT)isaGL spacefor 1 < p < oo. (38)

It followsthat L, (T) ®a, L,(T) isalsoaGL space Combiningtheseresults we have shovn thefollowing:

Theorem7 Let{z;} beanunconditionabasisfor L,(T), 1 < p < co. Then{z; ® z;} isanunconditional
basisfor L,(T) ®a, L,(T).

We have excludedthe casep = 1, sinceL;(T) doesnot admit unconditionalbaseq15]. However,
morecanbe saidfor the subspacef L, (T) having unconditionalwavelet expansions— the Hardy space
H,(T). It follows easilyfrom Theorem? thatthe tensorproductof an unconditionalbasisfor H;(T) is
anunconditionabasisfor the productspaceH (T x T). This factis well-known [15]. (Also, recallthat
H,(T) = L,(T), 1 < p < o). Therearemary othertensorspacef interest,includingtensorspaces
constructedrom Sobole, Besw, andTriebel spacesOngoingwork is aimedat assessinghe performance
of tensorwaveletbasesn suchspaces.

12



5 Applications

In thissectionwe studythreeapplication®f NSTs.WefirstinvestigateNST-basedestimatiorof correlation
functionsusing the productnodearchitectureand the wavelet basis. Wavelet domainrepresentationsf
higherordercorrelationscan be muchmore efficient than Fourier or time domainrepresentationsln the
secondapplication,we demonstrat¢hat the summingnodeNST is capableof realizingarbitraryVolterra
filters. Finally, we examinethe potentialof truncatedvaveletexpansiongor nonlinearsystemidentification.

5.1 Correlation analysis

The productnodeNST is well-suitedfor correlationand higherorderstatisticalanalysis. The n-th order
correlationof arandomvectorx aregivenby E{x(”)} [1]. If x is zero-meanthenthesecond-ordecorrela-

tion E[x@)] is simply a vectorizedversionof the covariancematrix of x, while the third-ordercorrelation
E[x(?’)] is avectorizedversionof thethird-ordercumulantof x.

It is often advantageouso studythe higherordersignal correlationsn domainsotherthantime. For
example, the n-th order spectrumresultsfrom applying the Fourier transform,denotedby F, to x and
computingE[(Fx)(”)} . Then-th orderspectrummeasures-fold correlationdbetweerdifferentsinusoidal
component®f thesignal.

If W denotesthe wavelet transform,then E{(Wx)(”)} representshe n-th order correlationsin the
waveletdomain. Becausavaveletsbettermatchmary real-worldsignals,waveletdomainrepresentations
of higherordercorrelationcanbemuchmoreefficient— concentratinghe dominantcorrelationsn fewer
coeficients— thanFourier or time domainrepresentationsrhis claim is supportedy the fact thattensor
productsof wavelet basesprovide unconditionalbasesfor a wide variety of tensorspacegas shavn in
Sectiord.2).

Now let usexaminethe productnodeNST. Let B denotethe orthonormabasisusedin thefirst stageof
the structure. The output@ of the productnodetransformatiorof a randomvectorx producesll possible
n-th orderinteractionsof this vectorin the B domain. If follows thatthe expectedvalueof the nonlinear
signalcoeficients@ produceghe n-th ordercorrelationsof the processx in the B domain. In fact, E[6]
containsevery uniquecorrelationin E{(Bx)(“)} .

Now supposewne aregiven M > 1 independenandidentically distributed (iid) vector obsenations
x1,...,Xp. We wish to estimatethe n-th ordercorrelationsof the underlyingprocess.We canestimate
thesecorrelationgn the B domainby computingthe productnodeNST of eachobseration £, : x; — 6
andthenaveragingtheresultingnonlinearsignalcoeficients. We estimateE[0] by ﬁ ij‘il 0;.

We have appliedthis techniqueo the problemof acousticemissiorsignalprocessingwhichis compli-
catedby the complex emissionpatternggeneratedby irregularitiesin the acousticmedium. Suchproblems
arise,for example,in laseroptoacousticomographyfor cancerdiagnostics.Correlationanalysesanaid
in illuminating the natureof optoacoustidrregularitiesin humanorgans,suchasthe breast[21]. In the
following experiment,M = 20 independenacousticemissiortrials wereperformedn the samemedium.
Emissiondatafor thetrialsis plottedin Figure5.

We computecdthe second-ordecorrelations(n = 2) of this datausing productnodeNSTs basedin
the time, frequeng, and wavelet domains. The Daubechies-Gvavelet basiswas usedin this study [6].
Histogramsof the correlationmagnitudesvere computedfor eachcaseand are shovn in Figure6. To
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(a) (b)

Figure5: Datafrom anacousticemissionexperiment. (a) Emissionfrom atypical trial. (b) Overlay of datafrom
twentytrials.
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Figure6: Histogramsf the second-ordefn = 2) correlationf the acousticemissiorsignalsfrom Figure5 in three
differentbasisrepresentations(a) Histogramof time-domaincorrelationmagnitude.entropyH = 6.44. (b) His-
togramof frequeng-domaincorrelationmagnitudegntropyH = 2.39. (c) Histogramof wavelet-domaircorrelation,
entropyH = 1.82. To betterillustrateboththe peakinessindrapid decayof the wavelet-domaircorrelation,we plot
only thefirst few binsof the histogramsn a logarithmicvertical scale.

quantitatvely assesshe efficiengy of thetime, frequeny, andwaveletdomainrepresentationshe entropy
of eachhistogramwascomputed.The wavelet-domairhistogramhasa muchlower entropythanthetime-
and frequeng-domain histogramswhich indicatesthat the wavelet-domainanalysisis more efficient at
representinghe second-ordecorrelationsof the acousticemissiondata. Hence this experimentcorrobo-
ratestheoreticalresultsshoving that unconditionabasesareoptimalfor signalcompression9]. Efficient
wavelet-basedepresentationsan provide morerobust andreliable estimate®f the higherorderstatistics
andcouldprovide betterinsightinto the complicatechon-stationargorrelationstructureof the data.

5.2 Volterra filtering

In this Sectionwe consideNolterrafilter realizationdasedntheNST. We shown thatacompleten-th order
NST is capableof realizingevery n-th orderVolterrafilter. In particular the summingnodetransformation
leadsto anelggantfilter bankrepresentation.

The outputof a homogeneous-th orderVolterrafilter appliedto a signalx = [z, ..., z,,]” is given

by [14]
y = > Ry ooin Ty Ty (39)

1<i1<...<ip<m

Thefilter outputy is simply ann-th ordermultilinear combinationof the samplesz,, . . ., z,,. The setof
weightsh is calledthe n-th order\olterra kernel Notethatwhile (39) computesonly a singleoutputvalue
given m input values,the extensionto online processingof infinite-lengthsignalsis straightforward.To
treattheinputsignalz;, we simply setx; = [z, . . -,wz_m+1]T, with m the memorylengthof thefilter. The
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fy )

Figure7: Volterrafilter realizationusinga summingnodeNST.

outputof (39) is theny;, anonlinearlyfilteredversionof z;.

Sinceis identicalto the multilinearfunctional (7) appearingn Definition 1, it follows that every n-th
orderVolterrafilter canbecomputedasalinearcombinatiorof thenonlinearsignalcoeficients@ = I, (x).
As shawvn in Section3, both the productnodeand summingnodestructuresare capableof computinga
completen-th ordersignaltransformation.The summingnodestructureis particularlyinterestingin this
application becauset allows usto represenevery n-th orderVolterrafilter usingthe simplefilter bankof
Figure7. Key to this schemads thatthe oveccompletdinear transformationratherthanthe nonlinearities,
managethe signal coupling prescribedby the overll \olterra filter. Therefore,this new representation
greatlysimplifiesthe analysis synthesisandimplementatiorof Volterrafilters

Volterrafilter realization®f thistypeareoftenreferredto asparallel-cascadeealizationd22]. Previous
work on parallel-cascaddesignshasrelied on complicatednumericaloptimizationsto constructkernel-
specificsetsof linearfilters andhencea separatgarallel-cascadstructurefor eachdistinct Volterrafilter
[4,22]. In contrastthesummingnodeNST canrepresenévery n-th orderVolterrafilter simply by adjusting
the outputweights{cay }1_,. Thelinearfilters {f; }1"_, of thesummingnodestructureremainthe samefor
every Volterrakernel.Hence thesummingnodestructurds auniversalstructure for homogeneougolterra
filtering. Nonhomogeneousolterrafilters canalsobe implementedwith the summingnodestructureby
following eachlinearfilter with ann-th degreepolynomialnonlinearityinsteadof the homogeneous-th
ordermonomial. Moreover, if the Volterrakernelh is low-rank, thenit canbe representeéxactly with a
smallersubse(r < m) of orthonormabasisvectorg20]. ThereforeJow-ranksystemsanbeimplemented
with afar smallerfilter bank?

Theweights{a;} correspondingo a specificVolterrafilter with kernelh canbe computedy solving
a systemof linear equations.Let h be a vectorizedversionof ~ orderedto correspondo the Kronecker
productin (9). Accordingto (21), the Volterrakernelgeneratedy the summingnodeNST is given by
sy akf,gn . Therefore to representhe Volterrafilter with kernelh we chosethe weights{«;} sothat

SN akf,gn) = h. Theproperweightsarereadilyobtainedby solvingthis systemof linearequations.

As anexample,considettheimplementatiorof a homogeneouthird-order(n = 3) Volterrafilter using
the summingnodeNST. Let B = {b;}".; beanorthonormalbasisfor IR™. For example,B could be
the delta, Fourier, or waveletbasis. We designthefiltersfy, ..., fy, N = (m§f2), for the summingnode

1The canonicalrepresentatiomnf the Volterrafilter (39) is of limited utility, dueto the inherentdifficulty in interpretingthe
multidimensionakernelh (particularlywhenn > 2).

2Usingthetensorproductbasisapproximationto thelow-rankkernel[20], we canrepresenthekernelexactly with afilter bank
consistingof ("1, 1) < N filters, with r < m therankof thekernelk. Thisis particularlyusefulif the kernelis known to satisfy
certainconstraintgfor example smoothnesandlimitedness).
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transformatiorusingthe constructiorof Theorem2. Referringto the Theoremwe takep = 2 andhence
vo = 1,71 = 2,72 = 4,73 = 8. Eachfilter f;,, k = 1,..., N, is alinearcombinationof the basisvectors:
f; = Bay, with a; avectorwith elementsn theset{1, 2, 4, 8}. Eacha;, consistof all 1sexceptfor either
asingle8, a2 pairedwith a4, orthree2s. Raisingtheoutputof eacHfilter to thethird powergeneratethird-
orderinteractionsbetweenthe differentdistinct componentf the input signalrepresentedy the basis
vectors.Takentogetherthesdfilters collaborateo generatall possiblehird-ordernonlinearinteractionof
thesignal.

Differenttypesof interactionsareproducedlependingdn the choiceof basis.The deltabasisproduces
interactionshetweendifferenttime samplesof the signal. The Fourier basisyields frequeng intermodu-
lations,whereaghe waveletbasisproducesnteractionshetweenvaveletatomslocalizedin bothtime and
frequeng. Thefactthatwavelettensorbasesareunconditionabasedor mary tensorspacesuggestshat
waveletsmayprovideamoreparsimoniousepresentatiofor Volterrafiltersthantime-or frequeng-domain
representations.

5.3 Nonlinear Systemldentification

Onecommonapplicationof Volterrafilters is nonlinearsystemidentification[11, 14, 20]. To illustratethe
useof thetensorwaveletbasisin this context, consideithefollowing problem.Assumethatwe obsene the
inputandoutputof anonlinearsystendefinedby the bilinearoperator

y(t) = //t1 y h(ty,t2) z(t —t1) z(t — to) dity dts. (40)

Thistypeof quadraticonlinearityarisesn theanalysiof audioloudspeakerdpr example[11]. Weassume
thatboththeinputandoutputsignalsaresampledyesultingin thefollowing discrete-time/olterrasystem

yk = 3 hijze_izi;. (41)
1,5=1
Thediscretizeckernelr; ; canbeestimatedrom theinputandoutputsamplesisingcorrelationtechniques.
However, in realapplicationnly afinite numberof samplesreavailableandoftenadditive noiseis present
in the obsenations.Consequentlythe kernelestimate®btainedrom shortdatarecordsarenoisy.

Noisecanberemored from a kernelestimateby processinghe estimatein the Fourier or waveletdo-
main. Becausehe Fourierandwaveletbasesften provide a conciserepresentatioof the kernel,in mary
casegheseparatiomf thetruekernelfrom thenoisecanbecarriedoutvery easilyin thesedomains.Specif-
ically, thenoisein a“raw” kernelestimatecanbe remoredby truncatinga Fourier or waveletexpansionof
the estimate.In the following example,we will shav thatwavelet-domaimoiseremoval canoutperform
Fourierdomainprocessing.

To illustrate this point, we simulatethe identificationof the nonlinearsystem(41) with the quadratic
kernelh depictedin Figure8(a). This kernelwasobtainedfrom actualmeasurementsn an audioloud-
speakefll]. In our simulation,we treatthis kernelasan“unknown” modelwe wish to identify. Usingan
iid zero-meanunit-varianceGaussiannput sequence to “probe” the systemwe computedhe outputsy
accordingto (41) (with no additive obsenationnoise). In total, we generated000 input andoutputmea-
surementsand, from thesetwo sequenceddentifiedthe kernelusingthe following correlationestimator

Notethat
2hi i+ 35 bk 1=7
E[YX; X;] = 2k (42)
2h; i ],
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Letting s; ; denotethe sampleaverageestimateof E[Y X; X;], we have the following estimatorfor the
Volterrakernef

1(o. . _ _1 .
Ei,j _ i (SM m42 Dk Sk,k) ) @ = ] (43)
5 8i7j7 1 % ]

While the simple correlationestimator(43) corvergesto the true kernel,with only a finite numberof
datatheresultingestimatds typically very noisy dueto the variability of the samplecorrelationestimator
aboutthetruecorrelationvalues.A simplenoiseremorval proceduras basednexpandingthis“raw” kernel
estimaten an orthonormabasisandthendiscardingthe smalltermsof this expansion(which presumably
correspondo noiseand not signal). Let {51} denotethe coeficients of the raw estimate. in the basis

@(pansion.Thenthecoeficients{gl} of thetruncatedserieskernelestimate: canbeexpressedn termsof
a hardthresholdappliedto the coefients{@l}

b, |o]>7
7 = (44)
0, |o]<n

with 7 thethresholdevel. Marny choicesfor the thresholdvaluearepossible;usuallyr is choserbasedn
someestimateof thenoiselevel in thedata. Thebetterthebasis‘matchesthetruekernel themoreefficient
this procedurewill be at noiseremoval. In our experiment,we expandedthe raw estimatein the wavelet
andFouriertensorbasesandthendiscardedhetermsin the expansionsvhosecoeficient magnitudedell
below thethresholdvaluer = /2 Tog(m?) o, with o thestandardieviation of thenoiseandm? = 1024 the
dimensiorof thediscretizedernel. Thisthresholdchoiceis suggestedh [10] asa probabilisticupperbound
onthenoiselevel. In practice o mustbe estimatedrom theraw kernelestimateh. However, sincewe had
accesdo the true kernelin this simulation,we computeds directly from the differencebetweenthe true
kernelandtheraw estimate Figure8(c) and(d) shav the estimateshatresultfrom hardthresholdingn the
waveletdomainand Fourierdomain,respectiely. Wavelet-basedruncationprovidesa muchbetterkernel
estimatethanboththe original raw estimate(b) andthe truncatedrourier expansionestimate(d). In fact,
the Fourierbasednethodoversmoothghe estimateandresultsin aworsemean-squared-errgMSE) than
that of the original raw estimate.While simple, this simulationdemonstratethe utility of wavelet-based
representationfor theanalysisof real-worldnonlinearsystems.

6 Conclusions

In this paper we have developedtwo new structuresfor computingn-th order NSTs. The productand
summingnodeNSTs,while simple,canrepresenall n-th ordernonlinearsignalinteractions Both transfor
mationshave anelegantinterpretatiorin termsof tensorspacesTheproductnodeNST yieldsanorthogonal
transformatiorin thetensorspaceappropriatdor estimationproblems.The summingnodeNST resultsin
a redundanfilter bank structurenaturalboth for analyzingandinterpretingnonlinearinteractionsandfor
designingefficient implementations Not only doesthe summingnodearchitecturesuggesnew, efficient

3The estimatorh is derived asfollows. Letu; i = E[Y X7]. Settingui i = 2 hii + Y, hx s andre-arrangingives2h; ; =
pii — ), hxx. Summingover i produce ) hii = ). pii —m ), hxx andhence iz > pii = ), hii. A simple
substitutiorthenyieldsh; ; = (u“ — m+r2 Z‘“ Hk,k) /2. Theestimato@w‘ is obtainedy substitutinghesamplecross-moments
s;,i for thetruemomentsu; ;. Theestimatorh; ;, ¢ # 7, is obtainedn asimilarfashion.
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Figure8: Nonlinearsystemidentificationusingtensorbases.Estimatef the quadraticVolterrakernelof anaudio
loudspeakepbtainedusing thresholdingin a tensorbasisexpansion. (a) True kernelh [11]. (b) Rav estimateh

obtainedusing(43), MSE=0.20. (c) Estimateh obtainedthrougha truncatedDaubechies-8vavelet expansionof h,

MSE=0.15. (d) Estimateh obtainedthroughtruncated:ourierexpansionofﬁ, MSE=0.40. The wavelet estimator
providesa morefaithful estimateghanthe Fourierestimatorwhich oversmooths.
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algorithmsfor nonlinearprocessingit alsodecouplesheprocessingnto lineardynamicsandstaticnonlin-
earities. Hence this new frameawvork for nonlinearanalysisand processingnay provide new insightsinto
theinnerworkingsof nonlinearsystems.

NSTsarenotconstrainedo afixedchoiceof basis.However, we have shavn thatwaveletbasegprovide
anoptimalframevork for NSTsin the sensehatwavelettensorbasesareunconditionafor mary important
tensorspacesBecauséhewaveletbasisprovidesa moreconciserepresentationf mary real-worldsignals,
morerobustestimate®f higherorderstatisticaguantitiesandVolterrakerelscanbeobtainedvia thewavelet
representatioascomparedo time- or frequeng-domainapproaches.

Finally, we have focusedon theclassical, tensorspacesn our theoreticabnalysisof wavelet-domain
nonlinearprocessingHowever, new resultsin thestatisticaliteraturesuggesthatmoregenerakpacesuch
asBesw and Triebel spacesare extremelyusefulfor characterizingeal-worldsignals[9]. Therefore,an
importantavenuefor future work will beto extendthe resultsof this paperto thesemoregeneralsettings,
possiblyusingthe resultsof [25]. Anotherissuecurrentlyunderinvestigationis the relationshipbetween
polynomial-basegrocessinghigherorderstatistics Volterrafilters) andotherimportanttypesof nonlinear
processinghat usesigmoidal (neuralnetworks) threshold(wavelet shrinkage)[9], or weightedhighpass
nonlinearitied19]. We believe thatthe resultsof this papercouldsene asa link betweentheseimportant
areaf nonlinearsignalprocessing.

A Proofof Theorem?2

To prove the Theoremwe mustshaw thattheset{f, }1'_, generatedby (20) and(23) satisfieg22). Thatis,

we mustshav thatthetensors{f,gn)} spanthe symmetrictensorspaceS” (IR™). Recallthateachfilter f;,
hastheform

f, = > ajxby, (45)
7=1
with ag = [ay g, - - -, k] . Now consider
- (n)
57 = | Y ajub;
7=1
= Z Qi v, kb @ @by (46)

1<i1 <. <in<m

With © denotingthe setof permutation®f theset{1, ..., n}, we canwrite

flgn) — E ail,k"'ain,k ( Z biu(l) ® ®b2w(n)) . (47)

1< <. <t <m we

Accordingto Theorem2.6in [26], the collectionof tensors

weN
is abasisfor S™(IR™). Let {s;}~_,, N = (™*+7~1), denotethesebasisvectors,andsetS = [sy, .. .,s,]”.

Then,from (47),we canwrite
£ = Suy, (49)
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with u; anV x 1 columnvectorcontainingall degrees monomialdn thea, g, . . ., a., » coeficients.Next,
define
F=[f" .. . " =sU, (50)
with U = [uy,...,u,]. U is ann x n matrix and, sinceS is a basisfor S"(IR™), it follows that
N
Span{f,ﬁ”)}k_1 = S™(IR™) if andonly if U is invertible.

Theremaindeof the proof shavsthattheinvertibility of U is guaranteedf the Vandermondenatrix

11 1
I % - 7

V=, . (51)
I vy Yn

is invertible.

First,weshow thatU = Q7 V(™) Q, with Q afull rankmatrix definedasfollows. Considetheweights

ai k- .-, a, k. Formavectorof productsof theseweightsusingthe Kroneckemproduct:
1 1 1
ay k a2k U, |
612 a2 a2
qr = Lk | ® 2k | @ ® mk | . (52)
a?,k a?,k anm,k

Notethatevery monomialin uy, isincludedin thevectorq;. DefinethematrixQ asthemapQ? : qi — uy.
NotethatQ is full rankanddoesnotdependn .

Now considerV (™), the m-fold tensorproductof the Vandermondematrix V. Eachrow of V(™)
correspondso a particularmonomialform (alﬁk x aﬁjgk for example).Eachcolumnof V(™) corresponds
to aparticularsetof weights([y,, - . ., v1,,]” = ax from (23),for example).Now considerQ” V(™) Q. The
actionof Q7 ontheleft extractsthe rows of V(™) correspondingo degreen monomials.Applying Q on
theright extractsthecolumnsof V(™) correspondingo thespecificweightsin the N vectorsdefinedn (23).
ThereforelU = Q7V (™ Q. Thespecialconstructiorof thevectors{a; }2"_, in (23) shouldnow beclear:
Thevaluesay, = [y, ...,7,,]" correspondo the powersin oneof themonomiaISalf’k . af;jk andhence
by applyingQ to bothsidesof V(™) we selectthe n-th ordermonomialswith the valuescorrespondingo
theweightsin thevectors{a; }1_,.

We now claimthattaking~, = p",r = 0,...,n, |p| # 1, p # 0,in (51)impliesthat U is invertible.
Note thatwith this choice'V is real-symmetri@ndinvertible. It follows that V(") is alsoreal-symmetric
andinvertible. Therefore sinceQ hasfull rank, U = QTV(™)Q is alsoreal-symmetri@andinvertible?
This completeghe proof. O

4If U is notinvertible, thenthereexists a vectorx suchthatx” Ux = 0. Thisimpliesthe existenceof y = Qx suchthat
yTVUy = 0 andhenceV "™ hasazeroeigervalue contradictingheassumptiotthat V™ is invertible.
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B Proofof Theorem3
We mustshONthatSpan{f,EQ)}jj_1 = S?(IR™). Following the proof of Theorem2, we have

£2) = su, (53)
with u; anN x 1 columnvectorcontainingall degree2 monomialdn theelement®f a;, = [a1 k, . . ., amk]T
and

[fl(?), , .,f}v?)} — SU, (54)

N
with U = [uy, ..., un]. It fonowsthatSpan{f,g?)}k_1 = S2(IR™) if andonlyif U is invertible.

To shaw that U—! existsin this case et ustakea closerlook at the columnsof U. Recallthateach
columnof U is denotedy u;, andis generatedy computingall cross-productbetweertheelement®f a;,
(Eachay, is anm-vectorwith entriesof 1 or 0, andeachhasat most2 non-zeroentries).Consideffirst the
columnsuy thatcorrespondo a; vectorswith asinglenon-zercentry Thesecolumnsalsocontainasingle
non-zeroentry. For example,if a; , = 1 anda;; = 0 ( # 7), thenu; hasasinglenon-zeroentryin the
positioncorrespondingo the monomialafﬁk = 1. Thereareatotal of m suchcolumns,eachwith asingle
1 in auniquelocationcorrespondingo suchanproduct.Clearly, thesecolumnsarelinearly independenof
oneanotheraseachhasa singlenon-zeroentryin a differentlocation. Now considerthe columnsuy, that
correspondo a;, vectorswith atwo non-zercentries.If a;, » = 1, a;, x = 1, anda; = 0 (j # 71, 72), then
the columnu; hasnon-zeroentriesin the location correspondinghe cross-product;;, , a;, . Note that
sinceno othera; (I # k) will have non-zerovaluesin boththe; and:; position,thecorresponding; will
bezeroin theassociatedross-produciocation. Thereforeall u; arelinearlyindependentThis completes
the proof. O

One might wonderwhetherthis constructionusing binary weightscan be extendedto higherorders
n > 2. Unfortunately the answeris negative. As we move to higherorders,we requiremorediversityin
theweightsusedto form thelinearfilters {f; }. Hence we requirea morecomplicatecconstructiorsuchas
thatof Theoren?.

C Proofof Theorem4

Recallthatthe summingnodedecompositioris completeif andonly if for everyh € S™(IR™) thereexist
{ax}2_, suchthat

N
h= Y af. (55)
k=1

Here, h is symmetricand hencecontainsrepeatecelements.Also, vectorssuchasfé”) containrepeated

products. To avoid suchredundanciesjefinethe vectorsh and {fé”)} from which repeatecelementsn

theoriginal vectorsh and{fé”)} have beendiscardedFor example,if » = 2 andf;, = [fi, f»]”, thenboth

f1f. andf, fi occurin f,§2). In thiscasd‘f) = [f%, fif2, fAT. In generalfor nonlinearordern andsignal

lengthm, the vectorsh and{f,&”)} eachcontainexactly N = (™*7~1) elements.With this notationin
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place,(55) canberewritten as

N
b=t (56)
k=1

To guaranteethat the summingnode structurecan representevery h € S™(IR™), we must have that
— N
span{fén)} =RV,
k=1
To determinea setof spanningvectors,considerthe following agument. Supposehatwe randomly
choosehevectors{f;} asindependentealizationdrom a commonprobability distribution. Furthermore,

assumehat this distribution hasa density (thatis, the distribution is absolutelycontinuouswith respect
N

to Lebesguemeasureon IR™). Then Span{fé“)} = R" with probability one. This follows from
k=1
the following resultregardingthe invertibility of the n-th ordermomentmatrix of an IR™—valuedrandom

vectors.

— —T

Lemmal [18] Iffisan IRm—valuedrandomvectorhavingadensitythenE[f(n) f(n) ] isinvertible

To seehow this resultrelatesto theproblemathand,letf‘ = [fl(”), e, ](V”)} andnotethatthe matrix

FFT canbeviewedasthe samplen-th ordermomentmatrix of thedensityfor {fx}2_,. Theoreml implies
thatthe samplemomentmatrix FF7 is invertible with probability oneif the numberof sampless greater

— N
thanN (seeRemark5.2in [18]). Thisin turnimpliesthatF is full rankandthatSpan{f,i”)} =RN.O
k=1
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