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Abstract

Nonlinearitiesareoftenencounteredin theanalysisandprocessingof real-worldsignals.In this paper,
weintroducetwo new structuresfor nonlinearsignalprocessing.Thenew structuressimplify theanaly-
sis,design,andimplementationof nonlinearfilters andcanbeappliedto obtainmorereliableestimates
of higher-orderstatistics.Both structuresarebasedon a two-stepdecompositionconsistingof a linear
orthogonalsignalexpansionfollowedby scalarpolynomialtransformationsof theresultingsignalcoeffi-
cients.Mostexisting approachesto nonlinearsignalprocessingcharacterizethenonlinearityin thetime
domainor frequency domain;in our framework any orthogonalsignalexpansioncanbeemployed.In
fact,therearegoodreasonsfor characterizingnonlinearityusingmoregeneralsignalrepresentationslike
thewavelettransform.Waveletexpansionsoftenprovideveryconcisesignalrepresentationandthereby
cansimplify subsequentnonlinearanalysisandprocessing.Waveletsalsoenablelocal nonlinearanaly-
sisandprocessingin both time andfrequency, which canbeadvantageousin non-stationaryproblems.
Moreover, weshow thatthewaveletdomainofferssignificanttheoreticaladvantagesover classicaltime
or frequency domainapproachesto nonlinearsignalanalysisandprocessing.
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1 Intr oduction

Nonlinearsignalcoupling,mixing, andinteractionplay animportantrôle in theanalysisandprocessingof
signalsandimages.For instance,harmonicdistortionsandintermodulationsindicatenonlinearbehavior in
amplifiersandfaulty behavior in rotatingmachinery. Nonlinearitiesalsoarisein speechandaudioprocess-
ing, imaging,andcommunications.Nonlinearsignalprocessingtechniquesarecommonlyappliedin signal
detectionandestimation,imageenhancementandrestoration,andfiltering.

In this paper, we developa new approachto nonlinearsignalprocessingbasedon thenonlinearsignal
transformation (NST) depictedin Figure1. Here, a length-� signalvector � is first expandedonto an
orthonormalsignalbasis �	��

�
���
��������� to producethe vectorof coefficients ����
����
�
����������� . Thesesignal
coefficientsarethencombinedin nonlinearprocessingnodes , which aresimple ! -th orderpolynomial
operations,to form the ! -th order nonlinearcoefficientsof the signal "$#%�'&(

�
�
������&*)+� � . Concisely, we
denotetheNST of Figure1 by theoperator,.-0/1�3245" .

The NST framework encompassestwo new structures,eachcorrespondingto a different choicefor
the scalarprocessingnodes in Figure1. Productnodescomputedifferent ! -fold productsof the signal
coefficientsateachnode:  768� 
 �
�
������� �:9 #;��<�=���<?>A@
@�@B��<DCE� (1)

Summingnodesraiselinearcombinationsof thecoefficientsto the ! -th power:

 �6��.
F�
���
������� 9 # GH �IJ�K 
EL J � J�MN - � (2)

(Although the outputsof the productandsummingnodesarenot equivalent,we will seethat they both
producesimilarNSTs.)

We will prove thatanNST architecturewith 6 �PO -RQ 
- 9 processingnodescangenerateall possible! -th
order nonlinearinteractionsbetweenthe varioussignal components,with the strengthsof theseinterac-
tionsreflectedin thenonlinearsignalcoefficients " . Therefore,thesecoefficientscanbeusedfor efficient
nonlinearfilter implementations,robuststatisticalestimation,andnonlinearsignalanalysis.

TheNSTframework is flexible, becauseit doesnot rely onaparticularchoiceof basis�	� J � . Tradition-
ally, nonlinearsignalanalysishasbeencarriedout in the time or frequency domains.For example,if the�	� J � arethecanonicalunit vectors,or deltabasis,thenthecomponentsof " represent! -th orderinteractions
betweendifferenttime lagsof thesignal � (seeFigure2(a)). If the �	� J � makeup theFourierbasis,then "
representsthe ! -th orderfrequency intermodulations(seeFigure2(b)). In thispaper, wewill emphasizethe
waveletbasis[6], whoseelementsarelocalizedin bothtime andfrequency. Wavelet-basedNSTsrepresent
the local ! -th orderinteractionsbetweensignalcomponentsat differenttimesand frequencies(seeFigure
2(c)). From a practicalperspective, this canbe advantageousin problemsinvolving non-stationarydata,
suchasmachinerymonitoring[5] andimageprocessing[19]. Fromatheoreticalperspective,we will show
thatthewaveletdomainprovidesanoptimalframework for studyingnonlinearsignalsandsystems.

We will considerseveralapplicationsof NSTsin this paper. NSTsprovide anelegantstructurefor the
Volterra filter that simplifies filter analysis,design,and implementation.Applicationsof Volterrafilters
includesignaldetectionandestimation,adaptivefiltering, andsystemidentification[14, 24]. Theoutputof
a Volterrafilter appliedto a signal � consistsof a polynomialcombinationof the samplesof � . We will
show thatevery ! -th orderVolterrafilter canberepresentedby simplelinearcombinationsof thenonlinear
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Figure1: Nonlinearsignaltransformation(NST) SUT3VXWZY[]\ . Thefront endprocessing(projectiononto thebasis^�_E`�a
) is linear;thebackendprocessing(by b from (1) or (2)) is nonlinear.
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Figure2: Comparisonof differentbaseŝ
c_E`Fa

for nonlinearsignalprocessing.Thechoiceof basisemployedin the
linear front endof the NST of Figure1 determinesin which domainwe representsignal interactions.Considera
second-orderNST, which generatessquaresd�e` andcross-productsdRf�d ` of thesignalcoefficients. We illustratetwo
basiselements

_ f and
_ `

from threedifferentbases,in boththetime domainandthefrequency (squaredmagnitude)
domain. In the deltabasis,each

_ `
is a unit pulse,so d ` is simply a sampleof thesignal. ThecorrespondingNST

representscouplingbetweendifferenttime lagsof the signal. In the Fourier basis,each
_ `

is a sinusoid,so d ` is a
Fouriercoefficient of thesignal. ThecorrespondingNST representsintermodulationsbetweendifferentfrequencies.
In thewaveletbasis,each

_E`
is localizedin bothtimeandfrequency simultaneously, so d ` measuresthetime-frequency

contentof thesignal.ThecorrespondingNSTrepresentscouplingbetweendifferentlocalizedwaveletatoms.
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signalcoefficients " . NSTsarealsonaturallysuitedfor performinghigher-orderstatisticalsignalanalysis
[16]. For example,in thetimeor frequency domains,thenonlinearsignalcoefficients " aresimplyvaluesof
a higher-ordermomentor higher-orderspectrum.Thewaveletdomainprovidesanalternative,andoptimal,
representationfor higher-orderstatisticalanalysis.

Thepaperis organizedasfollows. In Section2, we provide a brief introductionto thetheoryof tensor
spaces,whicharecentralto theNSTandits analysis.In Section3, show thatboththeproductandsumming
nodeNSTsprovideacompleterepresentationof all possible! -th ordernonlinearsignalinteractions.Using
thetheoryof tensornormsandGordon-Lewis spaces,we show in Section4 thatwaveletbasesareoptimal
for NST signalanalysisandprocessing.Section5 appliesthe theoryto threenonlinearsignalprocessing
applications.Section6 offersa discussionandconclusions.

2 TensorSpaces

In this Section,we provide a brief introductionto the theoryof tensorspaces,which provide an elegant
andpowerful framework for analyzingNSTs. The theoryof tensorspaceswill be usedto establishthe
completenessof NSTsandto assessthemeritsof differentbasistransformations.

2.1 Finite-dimensional tensorspaces

First,somenotationfor IR
�

(wewill dealexclusivelywith real-valuedsignalsin thispaper).All vectorswill
beassumedto becolumnsandwill bedenotedusingboldlowercaseletters;for example,gh#i�'jR
F�
���
���cj
��� � .
Bold uppercaseletterswill denotematrices.Definetheinnerproduct k�lm��gmnpo#qlr��g .

Givena collectionof � -dimensional,real-valuedvectors �
gA
F�
���
����g - � , with gtsu#%�'jR
�v s1���
�
����j��:v s�� � ,
the ! -fold tensoror Kronecker product[3, 26] w$#yx -JzK 
 g J producesa vectorcomposedof all possible! -fold productsof the elementsin ��gA
����
������g - � . We canalsointerpretthe tensor w asan amorphous! -
dimensionalarraywith elements{ <�= v�|�|�| v < C}#~j <�= v�
.@
@�@�j < C1v - . The ! -fold tensorproductof thevector g with
itself is denotedby g�� -	� andcontainsall ! -fold productsof theelementsin g .

Thespanof all ! -th ordertensorsgeneratesthe ! -th ordertensorspace� - 6 IR � 9 [26]. For example,if!}#�� , then ���X6 IR � 9�o# �� �}�IJzK 
 l J�� g J /�l J ��g J�� IR
� �������U� �� � (3)

Practicallyspeaking,� - 6 IR � 9 is simply thespaceIR � C .
A tensorw � � - 6 IR � 9 is symmetric[26] if for every setof indices �	�z
����
�
���c� - � andfor every permuta-

tion �F�76�� 9 �
�
�F�����76B! 9 � from theset � of permutationsof ���X���
������!�� we have{ <�= v�|�|�|�v <DC #�{ <?�1� =D� v�|�|�| v < �1� C � � (4)

Any tensorw � � - 6 IR� 9 canbesymmetrizedby averagingover all possiblepermutationsof the indeces,
forming ¡ 6Bw 9 o# �!t¢ I£¥¤	¦ { <?�1� =D� v�|�|�|�v < �1� C � � (5)

Thesubspaceof � - 6 IR� 9 containingall ! -th ordertensorssatisfying(4) is termedthe ! -th ordersymmetric
tensorspace§ - 6 IR� 9 . The dimensionof § - 6 IR � 9 is 6 �PO -XQ 
- 9 , the numberof ! -selectionsfrom an �
elementset.Throughoutthesequel,wewill set ¨©#ª6 �+O -XQ 
- 9 .
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2.2 Continuous-timetensorspaces

In practice,wework with thefinite-dimensionaltensorspacesassociatedwith finite duration,discrete-time
signals.However, in orderto assessthemeritsof varioussignalbases(Fourierversuswavelet,for example)
it is usefulto considerthesituationin continuous-time(infinite-dimensional)signalspaces.Wewill seethat
herethewaveletbasisoffersa significantadvantageover theFourierbasis.Hence,we mayinfer that these
advantagescarryover into highsampleratediscrete-timesignalspaces.

We now considertheconstructionof continuous-timetensorspaces.Let « bea signalspace.The ! -th
ordertensorspace� - 6B« 9 is thespacegeneratedby thespanof all ! -fold tensorproductsof signalsin «
[7]. For example,if !}#�� , then

���16B« 9 o# �� � �IJzK 
­¬ J ��® J / ¬ J � ® J � «¯�����°� � �� � (6)

If ¬ � ®±� « areone-dimensionalfunctionsof a parameter² , then ¬ �³® is canonicallyidentifiedwith the
two-dimensionalfunction ´�6�² 
 ��² � 9 # ¬ 6�² 
�9 ® 6�² � 9 .

In orderrigorouslystudycontinuous-timetensorspaces,we mustequip � - 6B« 9 with a tensornorm [7].
First,weassumethatthespace« is itself equippedwith anorm— for example,«µ#��·¶­6 IR 9 . Thenormon« caninducea normon � - 6B« 9 in a numberof ways.Focusingon �·¶ spaces,considerthenatural tensor
norm ¸ ¶ , whichis generatedby thestandardone-dimensional� ¶ norm.Weequipthealgebraictensorspace�·¶­6 IR 9 � �m¶R6 IR 9 with ¸¹¶ andlet �·¶­6 IR 9 ��º¼» �·¶­6 IR 9 denotethecompletionof thisspace.Roughlyspeaking,¸¹¶ is a tensornormthatactslike thestandardtwo-dimensional�·¶ norm. In fact, thenormedtensorspace�·¶­6 IR 9 ��º½» �·¶­6 IR 9 is isometricto thespaceof ¾ -integrabletwo-dimensionalfunctions�·¶­6 IR ¿ IR 9 . Wewill
rejoin continuous-timetensorspacesin Section4, wherewe studytheperformanceof tensorwaveletbases
from anapproximation-theoreticperspective.

3 CompleteNSTs

In this section,we show that the transformation, - /A��24 " , picturedin Figure1, providesa complete
representationof all possible! -th ordernonlinearsignalinteractions.Moreprecisely, every ! -th ordermul-
tilinear functionalof thesamplesof thesignal � is expressibleasa linearfunctionalof thenonlinearsignal
coefficients " . Practicalimplicationsof completenessarethat an ! -th orderNST is capableof realizing
every possible! -th orderVolterrafilter of � andcancaptureall possible! -th ordersignalinteractionsnec-
essaryto computehigher-orderstatisticalquantitiessuchasthemomentsandcumulantsof � . Wefocusour
attentionprimarily onsampled,finite durationsignals.Usingthetheoryof finite-dimensionaltensorspaces,
weequatethecompletenessof theNSTsto a spanningconditionin a tensorspace.

3.1 Criterion for completeness

Definition 1 Let , - /À�Á24Â" befixed. If for everysignal � � IR � andtensor Ã � � - 6 IR� 9 there existsa
collectionof realnumbers�	Ä s � ) s K 
 , ¨©#ª6 �+O -RQ 
- 9 , such thatI
�Å <�= År|�|�|�Å < C1ÅE� Ã <�= v�|�|�| v <DC ¬ <�= @
@�@ ¬ <DC # -Is K 
 Äts·&
sÀ� (7)

thenthetransformation , - is a complete ! -th order NST.
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In words,a completeNSTcanrepresentevery ! -th ordermultilinearfunctionalof thesignalsamplesusing
a linearfunctionalof thenonlinearsignalcoefficients " .

Using the theoryof tensorspaces,the completenesspropertyis easilydescribed.Note that the tensor� � -	� containseveryproductof theform

¬ <�= @
@�@ ¬ <DC � ��ÆÇ�z

�
���
����� - ÆÇ�Z� (8)

In tensorialnotation,wecanrewrite themultilinearfunctionon theleft sideof (7) astheinnerproductI
�Å <�= Å½|�|�|�Å < CRÅE� Ã <�= v�|�|�|�v <DC ¬ <�= @�@
@ ¬ <DC #ÉÈÀÊm��� � -1�ÌË � (9)

Furthermore,since�A� -	� is a symmetrictensor, we canassumewithout lossof generalitythat Ê � § - 6 IR � 9 .
We now show thatboththeproductnodeandsummingnodeNSTsarecomplete.

3.2 Product nodetransformation

TheproductnodeNSTis computedasfollows. Thecoefficients��

�
�
�������U� of theorthogonalexpansionare
simply theinnerproductsof thebasisvectors�	��
����
����������� with thesignalvector � ; that is, � J #ªkÍ� J ���tn .
Thecoefficients " outputat thesecond,nonlinearstagearegivenby all ! -fold productsof the �
� J � �J�K 
 (see
(1)). Theoutputof theproductnodeNST , - is thus�	&�s1� ) s K 
 #Î�F� <�= @�@
@Ì� < Cq/���ÆÇ��
:Æ����
�ÀÆÇ� - Æ��¯�P� (10)

Tensorproductssimplify thedescriptionof theproductnodeNST. First notethatproductsof the form� <�= @
@�@B� < C in (10) canbeexpressed,usingstandardtensorproductidentities[3], as� <�= @�@
@B� < C$#ÉkB� <�= ���tnU@
@�@�kB� < CU���·n}#ÐÏ -ÑJ�K 
 � <ÓÒ ��� � -	�ÌÔ � (11)

Next, sincetheorderingof the � 
 �
�
�������Õ- doesnot affect theproductvalue,we cansymmetrize(11)

� <�= @
@�@Í� < C$#ÉÏ ¡ GH -ÑJzK 
 � <ÓÒ MN �½� � -	��Ô � (12)

Now considerthecollectionof symmetrictensors

�� � ¡ GH -ÑJzK 
 � <'Ò MN /Ö��ÆÇ�z
�Æ°�
�
�ÀÆÇ� - ÆÇ� � �� � (13)

Applying eachof thesetensorsto thesignaltensor� � -	� producesthe �	& s � ) s K 
 definedin (10). Hence,the
linearcombination× ) s K 
 Ä·s·&
s of Definition1 is givenbyI
�Å <�= Å½|�|�|�Å < C(Å­� Ä <�= v�|�|�| v <DC3Ï ¡ GH -ÑJzK 
 � <ÓÒ MN �½� � -	��Ô � (14)
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wherewe have useda multi-indexing schemeon the �	Ä·s1� for notationalconvenience. Comparingthis
expressionto (7) and(9), wemaketheidentification

ÊØ# I
�Å <�= Å½|�|�|�Å < CRÅE� Ä <�= v�|�|�| v <DC ¡ GH -ÑJzK 
 � <ÓÒ MN � (15)

It follows from (15) andDefinition 1 that theproductnodeNST is completeif thefollowing condition
is satisfied:

Span �� � ¡ GH -ÑJ�K 
 � <'Ò MN /Ù��ÆÇ�z
�Æ°�
�
�ÀÆÇ� - ÆÇ� � �� #�§ - 6 IR � 9 � (16)

This is in fact thecase.

Theorem 1 [26] Let �	� J � �JzK 
 bea basis(orthonormalbasis)for IR
�

. Thenthe ¨Ú#Û6 �+O -XQ 
- 9 symmetric
tensors(13) form a basis(orthonormalbasis)for § - 6 IR� 9 .
Thus,theproductnodestructureaffordsacompleteNST, provided �	� J � �JzK 
 is a basisfor IR

�
.

3.3 Summingnodetransformation

Recallthat thesummingnodenonlinearities(2) raiselinearcombinationsof the �
�.

���
�
��������� to the ! -th
power. For the Ü -th output &�s , wecanwrite

&�sµo# GH �IJ�K 
 L J v s�� J MN - # GH �IJzK 
 L J v s�kÍ� J ���·n MN - � ÜÝ#i�R�
�
������¨¯� (17)

We caninterpret(17) asweightingthe connectionbetweenthe Þ -th basiselementandthe Ü -th summing
nodewith thegain L J v s (seeFigure1).

We canalsowrite (17) as & s #ÉÏ �IJ�K 
EL < v s ��<E�E� Ô - #Ék�ß s ���tn - � (18)

with ß�s o# �IJzK 
�L < v st� < � ÜÝ#i�R�
�
������¨ (19)

a linearcombinationof theoriginalbasisvectors.Equivalently, by stackingthebasis(column)vectorsinto
thematrix ài#i�'��
����
����������� anddefining á�sâ#i� L 
�v sR�
�
����� L �:v sc� � , wecanwriteß�s�#ãàäá�sÀ� ÜÝ#i�X���
������¨¯� (20)

If thebasisvectors �	��<Í� areviewedasfunctionswith a single“bump” (for example,thedeltabasisin the
timedomain,theFourierbasisin thefrequency domain,or thewaveletbasisin eitherdomain— seeFigure
2), thenthe vectors �
ß�s1� will be functionswith multiple “bumps.” In this alternative representation,the
summingnodeNST providesan extremelysimplestructurefor generatingarbitrary ! -th ordernonlinear
signalinteractions.As we seefrom Figure3, this representationconsistsof two decoupledsubsystems:
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Figure 3: Filter bank realizationof the summingnodeNST. By combiningthe basisvectorsas in (19), we can
decomposeanarbitrarysummingnodeNST into a parallelcascadeof a redundantsetof linearfilters

^�åÍæ1acçæ�èUé
, each

followedby a simplemonomialnonlinearity êÌë ì T .
1. anovercompletesetof ¨Â#56 �+O -RQ 
- 9 linear filters �
ß�sR� ) s K 
 that control both the systemdynamics

andcomponentmixing, followedby

2. asetof trivial monomialnonlinearities6�@ 9 - .
In Section5.2,wewill applythispowerful representationof thesummingnodeNSTto theVolterrafilter im-
plementationproblem.Thefilter bankrepresentationnot only leadsto asimpleandeffective representation
for thecomputationof a filter output,but alsoprovidesinsightinto thedynamicsof thefilter.

We now show that thesummingnodeNST is complete.Usingtensorialnotation,we canwrite (18) as&
s0# È ß � -	�s ���A� -	� Ë . Following Definition 1, the linearcombination× ) s K 
 Ä·s·&
s}#~× )s K 
 Ä·s È ß � -	�s ���A� -	� Ë �
Comparingthisexpressionto (9), we maketheidentificationÊØ# )Is K 
 Ä s ß � -	�s � (21)

andit followsthatthisNST is completeif

SpaníEß � -	�s;î )s K 
 #Â§ - 6 IR� 9 � (22)

We will provide threedifferent constructionsfor completesummingnodeNSTs. The first is valid for
arbitrarynonlinearorder ! . (For theproof,seeAppendixA.)

Theorem 2 Fix ï � IR, ð ï.ð½ñ#~� , ïòñ#ió . Set ô�õâ#qï õ , öÖ#ióE���
������! . Form thecollectionof ¨%#~6 �PO -RQ 
- 9
length-� vectors�
á�sR� ) s K 
 according to

�
á�s(� - s K 
 # �� � ��ôE÷ = ���
�
����ô­÷Óø�� � / �IJzK 
Eù J #�!·� ù J7� �	óE�
���
����!�� � �� � (23)

Then,with �
á�sR� ) s K 
 employedin (17) or (20), the condition(22) holds,and the correspondingsumming
nodeNSTis complete.

This constructiongeneratesa classof filters íEß � -1�s5î )s K 
 sufficiently rich for their tensorproductsto
generateall possible! -th orderinteractionsof the basisvectors.While the definition of the combination

7



vectors �
á�s(� ) s K 
 in (23) is a notationalnightmare,their structureis actuallyquite simple. Consideran
examplewith �ã#Ûú , !Ç#©� , and ïò#Û� . Since !Ç#©� , the multi-index ù J cantakethe values �	óE���X���­� ,
with correspondingô ÷ Ò values ���R���E��ûE� . The � ù J � �J�K 
 in eachá s vectormustsumto !ä#ü� , so theentries
in eachá�s will consistof all 1sexceptfor eitherthesinglevalue4 or a pair of 2s. Thereare !Z#Û6þý� 9 #iÿ
combinationsof ú -vectorswith thesenonzerocoefficients:á½
P#i� ûÙ���c� � � á � #i�D�AûÝ��� � � á � # �D�:�+û1� �á ý #i�Ó�:�Ö�c� � � á��:#i�'���:�	� � � á���# �D������� � �
Thesecoefficientscanbeinterpretedeitheras � � weightsL J v s to beemployedin (17)andFigure1 or asthe
combinationfactorsin (20) thatgeneratesix differentfilters for usein Figure3. In eithercase,a complete
NSTresults.In Section5, weconsidera cubicexamplewith !}#�ú .

SinceTheorem2 generatesá�s vectorswith no zeroentries,eachß�s filter will have � “bumps.” Larger
valuesof the ï parameter, however, lead to a simple interpretationof the �
ß�s(� . For example,choosingï # �
ó in the �ü#�ú , !0#�� constructionaboveyieldsá 
 #i�D��óXó³���c� � � á � #i�8���
óXó³�c���·� á � #i�D������óXó�� �á ý #i�D��ó³�
ó³�c� � � á��:#i�8�
óÇ���
ó����·� á���#i�D����ó³�
ó�� � �
Thus, the ß�
 channelin Figure3 will createa quadraticinteractionbetweenthe signalcomponentslying
primarily in the � 
 direction,while the ß ý channelwill createa quadraticinteractionbetweensignalcom-
ponentslying primarily the ��
 and � � directions.This reasoningcannotbecarriedon ad infinitum, since
in the limit as ïÁ4 � , a numericallyill-conditionedsystemresults. It couldalsobe temptingto simply
subtract1 from eachweightvectorabove; however, this destroysanimportantsymmetryconditionusedto
prove Theorem2.

For quadraticsummingnodeNSTs( !¯# � ), we have a very simplealternativeconstructionthatclearly
revealstheunderlyingdynamicalinteraction.In this construction,eachfilter ß�s equalseithera singlebasis
vector or a combinationtwo basisvectors,and the squaredoutputof eachfilter generatesall necessary
couplingbetweendifferentbasiselements.Thefollowing resultis provedin AppendixB.

Theorem 3 Set !}#�� andformthecollectionof ¨©#ª6 �+O.
� 9 length-� vectors�
á�sR� ) s K 
 according to�
á�sR� ) s K 
 # � � ô�
F�
���
����ôÀ��� � / �I < K 
 ô < ÆÇ�¥�}ô < � �	óE���1�
	 � (24)

(Each á s is an � -vectorwith entriesof � or ó , andeach hasat most� non-zeroentries.)Then,with ��á s � ) s K 

employedin (17)or (20), thecondition(22)holds,andthecorrespondingsecond-ordersummingnodeNST
is complete.

To completeourstudyof thesummingnodeNST, weprovidea directconstructionof a completesetof
filters �
ß�s(� ) s K 
 thatbypassesthechoiceof basis�	� < � . Interestingly, randomlygeneratingthefilters ��ß�s1� ) s K 

producesa completesummingnodeNST. For theproof,seeAppendixC.

Theorem 4 Let �
ß�s(� ) s K 
 bea collectionof ¨©#ª6 �PO -RQ 
- 9 independentandidenticallydistributedobserva-
tionsfroman IR

�
–valuedprobabilitydensity. Then,with probabilityone,(22)holdsandthecorresponding

summingnodeNSTis complete.
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Finally, notethat theabove constructionsfor thefilters �
ß�s1� ) s K 
 do not dependon thesignallength � .
Hence,theseconstructionscanbeextendedto separablecontinuous-timespaces.

3.4 Relating the product and summingnodestructur es

It shouldbenotedthatthesummingnodetransformationis differentfrom theproductnodetransformation.
While both transformationsarecomplete,underthe conditionsstatedpreviously in this Section,the non-
linearsignalcoefficients " are,in general,differentfor thetwo structures.However, thecoefficientsof the
two structurescanbe relatedby a simplelinear transformation.Form �+�$#
�?ß � -	�
 �
�
������ß � -1�)�� andlet ���
bea matrixwhosecolumnsarethe ¨©#ª6 �+O -RQ 
- 9 tensorsí ¡�� x -JzK 
 ��<'Ò��3/Ù�¹ÆÇ� 
 Æ����
�XÆÇ�Õ-uÆÇ� î . The
summingnodenonlinearsignalcoefficientsaregivenby"������]#���� � -1� � (25)

while theproductnodecoefficientsaregivenby"���������#���� � -	� � (26)

Sincebothof theserepresentationsarecomplete,thereexist matrices�! and �" satisfying� � -1� ##�! F"�������#�$ F"�������� . Thus,thevectors"��%��� and "����%��� arerelatedby"�������� # �&�  "������â� (27)"��%��� # �'�  "��������X� (28)

One advantageof the productnodestructureis that it producesan orthogonaltransformationin the
symmetrictensorspace,whereasthesummingnodetransformationis never orthogonal.While theproduct
nodestructuremayprovideamoreefficientrepresentation,thesummingnodestructurehasa muchsimpler
andelegantimplementationin termsof a redundantfilter bank. In Section5, we will seethat this is useful
in certainproblems.

4 NSTsin the WaveletDomain

The previous Sectionhasshown that completeNSTs can be derived from any orthonormalsignalbasisà~# �	� J � �JzK 
 . For example, à maybea delta,Fourier, or waveletbasis[6]. In orderto assessthemerits
of differentNST bases,we will investigatetheir behavior in continuous-time(infinite-dimensional)signal
spaces.We will show that thewaveletbasisofferssignificantadvantagesover theclassicalsignalbasesfor
nonlinearsignalprocessing.Hence,we may infer that theseadvantagescarry over into high samplerate
discrete-timesignalspaces.

4.1 The wavelet transform

Thewavelettransformis anatomicdecompositionthatrepresentsareal-valuedcontinuous-timesignal ¬ 6�² 9in termsof shiftedanddilatedversionsof a prototypebandpasswaveletfunction (�6�² 9 andlowpassscaling
function )A6�² 9 [6, 15]. For specialchoicesof thewaveletandscalingfunction,theatoms( J v s�6þ² 9 o# � Q J+* �,( � � Q J ².-òÜ/�Ù� Þ��cÜ � ZZ �½ÞuÆ10 (29)),2cv s�6þ² 9 o# � Q 2 * �,) � � Q 2 ²3-ÁÜ/� (30)
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form anorthonormalbasis,andwehave thesignalrepresentation[6, 15]

¬ 6�² 9 # I s54 s6),2cv sE6�² 987 2IJzK Q�9 I s5: J v s6( J v sÀ6�² 9 � (31)

with : J v sµo#<; ¬ 6þ² 9 ( J v s 6þ² 9�= ² and 4 sµo#<; ¬ 6�² 9 ) 2�v s 6�² 9�= ² . The waveletcoefficients � : J v s � and scaling
coefficients � 4 s(� comprisethe wavelet transform. For a wavelet centeredat time zeroandfrequency >@? ,: J v s measuresthe contentof the signalaroundthe time � J Ü andfrequency � Q J >@? (equivalently, scaleÞ ).
Wavelet transformsof sampledsignalscanbe computedextremelyefficiently usingmultiratefilter bank
structures[6, 15].

Recently, it hasbeenshown that noiseremoval, compression,andsignal recovery methodsbasedon
waveletcoefficient shrinkageor wavelet seriestruncationenjoyasymptoticminimaxperformancecharac-
teristicsand,moreover, donot introduceexcessiveartifactsin thesignalreconstruction[9]. Theexplanation
for this exceptionalperformancelies in thefact thatwaveletbasesareunconditionalbasesfor many signal
spaces.

A basis�	´ < � for aBanachspace« is unconditionalif thereexistsa constantACB1� suchthatDDDDD �I < K 
�E <GFc< ´ < DDDDD�H ÆIA DDDDD �I < K 
�E <GFc< ´ < DDDDD�H � (32)

for every finite setof coefficients � L 
 ���
�
��� L � � andevery setof multipliers � E 
 �
���
��� E � � of JÖ� . It follows
thatwecanprocessevery ¬ #�× < Fc< ´ < � « accordingtoK¬ # I < 6B� <LFc< 9 ´ < � ð � < ðÀÆ�� (33)

andboundthenormof theprocessedsignalbyM K¬ M H ÆNA M ¬ M H � (34)

Theunconditionalnatureof thewaveletbasisis crucialto wavelet-domainprocessing,becauseit guar-
anteesthat thenormof theprocessedsignalwill not “blow up” whenwaveletcoefficientsarediscardedor
reducedin magnitude.Becausethewaveletbasisis anunconditionalbasisfor many signalspaces,includ-
ing the �·¶ , Sobolev, BoundedVariation,Besov, andTriebelspaces[15], this guaranteeholdsundera wide
variety of differentsignalnorms. (Thesameguaranteedoesnot hold for the Fourier basis,for example.)
Obviously, this resulthassignificantimplicationsfor signalprocessing.

Theattractive propertiesof thecontinuous-timewaveletbasiscarryover to high-dimensionalsampled
signalspacesaswell. Eventhoughall basesfor finite-dimensionalsignalspacesareunconditional,including
Fourierandwaveletbases,andall finite-dimensionalnormsareequivalent,theconstantsthatrelatedifferent
finite-dimensionalnormsareextremelydependenton thedimension.Theseconstantscan,in general,grow
in an unwieldy manneras we move to higherand higher samplerates(dimensions). The fact that the
underlyinginfinite-dimensionalbasisis unconditionallimits how largetheconstantsgrow andconsequently
guaranteesthat practical,finite-dimensionalwavelet domainprocessingalgorithmswill be well behaved
underawidevarietyof performancemeasures(all finite-dimensionalù ¶ norms, �$Bò¾OB1� , for example).

As mentionedabove,waveletsform unconditionalbasesfor adiversevarietyof signalspaces.However,
for NSTs,tensorspacesarethe naturalframework to consider. Hence,we wish to establishthe uncondi-
tionality of tensorproductwaveletbases.Usingthe theoryof tensornormsanda resultfrom thetheoryof

10



Gordon-Lewis spaces,we will show that the tensorproductof an unconditionalbasisis againan uncon-
ditional basisfor a tensorspaceequippedwith anappropriate�m¶ norm. This resultprovesthat the tensor
productof a wavelet basisis an unconditionalbasisfor many tensorspacesof interest. Hence,wavelet-
basedNSTsinherit theremarkablepropertiesassociatedwith waveletdomainprocessing.To theauthors’
knowledge,this is anew result.

It shouldbe notedthat the tensorwavelet basisis quite different from the multidimensionalwavelet
basisobtainedvia multiresolutionanalysis[6, 13, 15]. To illustratethe differences,considerthe casefor
functions¬ 6�²�
F��² � 9 of two dimensions.Givena one-dimensionalwaveletbasis�P),2cv sE6�² 9 �	sRQ¯�P( J v s�6þ² 9 � J Å�2cv s ,
the two-dimensionaltensorwaveletbasisconsistsof productsof all possiblepairsof waveletsandscaling
functions:àTS�UWV����X� # � �P),2cv s�6þ²�
 9 �	sYQ¯�P( J v s�6�²�
 9 � J Å�2cv s � � � �P),2cv sÀ6�² � 9 �1sRQZ�L( J v sX6�² � 9 � J ÅZ2�v s � (35)

# �P) 2cv s =	6�² 
z9 ) 2cv s >�6�² � 9 � s = v s >[Q GH]\J = Å�2 �P( J = v s =	6�² 
z9 ) 2�v s >�6�² � 9 � s = v s > MN
Q GH]\J > Å�2 �P),2cv s = 6�²�
 9 ( J > v s > 6þ² � 9 �	s = v s > MN Q GH \J = v J > Å�2 �P( J = v s = 6þ²�
 9 ( J > v s > 6�² � 9 �1s = v s > MN � (36)

Thetensorbasiscontains,for example,elementsmeasuringcoarsescale(low frequency) informationin one
directionandfinescale(high frequency) informationin theother. To computethetensorwaveletexpansion
of amultidimensionalfunction,wesimplyoperateoneachaxisseparatelyusingaone-dimensionalwavelet
transform.Neumannandvon Sachshave shown thattensorwaveletbasesarenaturalfor multidimensional
signalestimationapplicationsin signalspaceshaving differingdegreesof smoothnessin differentdirections
[17]. In contrast,a multiresolutionwaveletbasisconsistsof productsof all possiblepairsof waveletand
scalingfunctionsat thesamescale:àT�3��^_S%`~# �P),2cv s = 6�²�
 9 )a2�v s > 6�² � 9 �	s = v s >Q \J Å�2 �b( J v s = 6�²�
 9 ) J v s > 6�² � 9 �[) J v s = 6�²�
 9 ( J v s > 6�² � 9 �[( J v s = 6�²�
 9 ( J v s > 6�² � 9 � s = v s > � (37)

In Figure4 we illustratethedifferencesbetweenthesebasesgraphically.

4.2 Unconditional basesfor cA¶ tensor spaces

Let �1´ < � be a basisfor �·¶­6 TT 9 , with TT d IR. It follows from the classicalresultof GelbaumandGil de
Lamadrid[12] that the tensorbasis �1´ < � ´ J � is a basisfor the tensorspace�·¶­6 TT 9 ��º » �m¶R6 TT 9 , with ¸¹¶
the naturalnorm. However, this doesnot guaranteethat the tensorproductof an unconditionalbasisis
an unconditionalbasisfor the tensorspace. We now show that this is indeedthe case. (We will work
only with second-ordertensorspacesfor notationalconvenience;theextensionto ! -th ordertensorspaces�·¶­6 TT 9 ��º¼» @�@
@ ��º¼» �m¶­6 TT 9 is straightforward.)

First we statea resultdueto Pisier[23]. Let e and f beBanachspaceswith unconditionalbases� ® <Ì�
and �	´ < � respectively. Let Ä bea normon thetensorspacee � f suchthatgivenany two linearoperatorsg /�ei4�e and h©/�fü4
f , thetensorproduct

g � h is a boundedlinearoperatoron e � f equipped
with norm Ä . If thisconditionholds,then Ä is calledauniformnorm. Let e �$i f denotethecompletionofe � f with respectto Ä .
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(a) (b)

Figure4: Graphicaldepictionof theelementsof thetwo-dimensionalmultiresolutionandtensorwaveletbases.The
aspectratiosof the tiles correspondroughly to the sizeof the “regionsof support”of the basiselements.(a) The
multiresolutionwaveletbasisconsistsonly of productsof pairsof waveletsandscalingfunctionsfrom thesamescale;
henceall tiles have thesameaspectratio. (b) The tensorwaveletbasisconsistsof productsof pairsof waveletsand
scalingfunctionsfrom all possiblescales;hencemany differentaspectratiosresult.(Strictly speaking,thesemosaics
illustratetheorganizationof thecoefficientsobtaineduponexpandingontothesebases.Nevertheless,thereis adirect
correspondencebetweenthe sizeof a coefficient tile and the size of the region of supportof the associatedbasis
elements:Basisfunctionsbroadin onedirectionresultin fewer expansioncoefficientsin thatdirectionandhencea
narrower tile.)

Theorem 5 [23] Let � ® < � and �	´ < � beunconditionalbasesfor theBanach spacese and f , respectively.
Let Ä bea uniformnormfor thetensorspacee �$i f . Then � ® < � ´ J � is anunconditionalbasisfor e �$i f
if andonly if e �$i f is a Gordon-Lewis(GL) space.

Beforewecanapplythisresultto �·¶­6 TT 9 ��º¼» �m¶­6 TT 9 , wemustensurethat ¸¹¶ is auniformtensornown.
To thisend,weemploya resultdueto Beckner.

Theorem 6 [2] Let
g � h be a linear mappingfrom jD�Rk16 TT 9 � º3l �Yk	6 TT 9nm to j � ¶ 6 TT 9 � º½» � ¶ 6 TT 9nm . If��Æ1oÖÆò¾}Æp� , then

M g � h M # M g M'M h M .
It remainsonly to verify that �m¶R6 TT 9 ��º½» �·¶­6 TT 9 is a GL space.For our purposesit sufficesto notethe

following [8]: � ¶ 6 TT ¿ TT 9 is aGL space,for ��Æò¾3Æp�³� (38)

It followsthat �m¶­6 TT 9 ��º » �·¶­6 TT 9 is alsoaGL space.Combiningtheseresults,wehaveshownthefollowing:

Theorem 7 Let �	´ < � beanunconditionalbasisfor �m¶­6 TT 9 , �$B±¾qB1� . Then �1´ < � ´ J � is anunconditional
basisfor �·¶­6 TT 9 ��º½» �·¶­6 TT 9 .

We have excludedthe case¾$#ã� , since � 
 6 TT 9 doesnot admit unconditionalbases[15]. However,
morecanbesaidfor thesubspaceof ��
	6 TT 9 having unconditionalwaveletexpansions— the Hardyspacer 
	6 TT 9 . It follows easilyfrom Theorem7 that the tensorproductof an unconditionalbasisfor

r 
	6 TT 9 is
anunconditionalbasisfor the productspace

r 
*6 TT ¿ TT 9 . This fact is well-known [15]. (Also, recall thatr ¶­6 TT 9 # �m¶­6 TT 9 , �sBi¾tBu� ). Therearemany othertensorspacesof interest,including tensorspaces
constructedfrom Sobolev, Besov, andTriebelspaces.Ongoingwork is aimedat assessingtheperformance
of tensorwaveletbasesin suchspaces.
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5 Applications

In thissection,westudythreeapplicationsof NSTs.Wefirst investigateNST-basedestimationof correlation
functionsusing the productnodearchitectureand the wavelet basis. Wavelet domainrepresentationsof
higher-ordercorrelationscanbemuchmoreefficient thanFourier or time domainrepresentations.In the
secondapplication,we demonstratethat the summingnodeNST is capableof realizingarbitraryVolterra
filters.Finally, weexaminethepotentialof truncatedwaveletexpansionsfor nonlinearsystemidentification.

5.1 Correlation analysis

The productnodeNST is well-suitedfor correlationandhigher-orderstatisticalanalysis.The ! -th order
correlationof a randomvector � aregivenby E � � � -1� � [1]. If � is zero-mean,thenthesecond-ordercorrela-

tion E �?� � � � � is simply a vectorizedversionof thecovariancematrix of � , while thethird-ordercorrelation

E �Ó� � � � � is avectorizedversionof thethird-ordercumulantof � .

It is often advantageousto studythe higher-ordersignalcorrelationsin domainsotherthantime. For
example, the ! -th order spectrumresultsfrom applying the Fourier transform,denotedby � , to � and
computingE �þ6v��� 9 � -	� � . The ! -th orderspectrummeasures! -fold correlationsbetweendifferentsinusoidal
componentsof thesignal.

If w denotesthe wavelet transform,then E �B6%wÛ� 9 � -1� � representsthe ! -th order correlationsin the
waveletdomain. Becausewaveletsbettermatchmany real-worldsignals,waveletdomainrepresentations
of higherordercorrelationscanbemuchmoreefficient— concentratingthedominantcorrelationsin fewer
coefficients— thanFourieror time domainrepresentations.This claim is supportedby thefact that tensor
productsof wavelet basesprovide unconditionalbasesfor a wide variety of tensorspaces(as shown in
Section4.2).

Now let usexaminetheproductnodeNST. Let à denotetheorthonormalbasisusedin thefirst stageof
thestructure.Theoutput " of theproductnodetransformationof a randomvector � producesall possible! -th orderinteractionsof this vectorin the à domain. If follows that the expectedvalueof thenonlinear
signalcoefficients " producesthe ! -th ordercorrelationsof the process� in the à domain. In fact, E ��"¥�
containseveryuniquecorrelationin E � 6ÕàÙ� 9 � -1� � .

Now supposewe aregiven x � � independentand identically distributed(iid) vectorobservations�A
F�
���
�����zy . We wish to estimatethe ! -th ordercorrelationsof the underlyingprocess.We canestimate
thesecorrelationsin the à domainby computingtheproductnodeNST of eachobservation , - /�� J 24ã" J
andthenaveragingtheresultingnonlinearsignalcoefficients.We estimateE �Ó"E� by 
y × yJ�K 
 " J �

We haveappliedthis techniqueto theproblemof acousticemissionsignalprocessing,which is compli-
catedby thecomplex emissionpatternsgeneratedby irregularitiesin theacousticmedium.Suchproblems
arise,for example,in laseroptoacoustictomographyfor cancerdiagnostics.Correlationanalysescanaid
in illuminating the natureof optoacousticirregularitiesin humanorgans,suchas the breast[21]. In the
following experiment,x #i�Ró independentacousticemissiontrials wereperformedin thesamemedium.
Emissiondatafor thetrials is plottedin Figure5.

We computedthe second-ordercorrelations( !q#Ú� ) of this datausingproductnodeNSTsbasedin
the time, frequency, and wavelet domains. The Daubechies-6wavelet basiswasusedin this study [6].
Histogramsof the correlationmagnitudeswerecomputedfor eachcaseandare shown in Figure6. To
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(a) (b)

Figure5: Datafrom anacousticemissionexperiment. (a) Emissionfrom a typical trial. (b) Overlayof datafrom
twentytrials.
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Figure6: Histogramsof thesecond-order( {&|~} ) correlationsof theacousticemissionsignalsfrom Figure5 in three
differentbasisrepresentations.(a) Histogramof time-domaincorrelationmagnitude,entropy ��|��G� �b� . (b) His-
togramof frequency-domaincorrelationmagnitude,entropy��|�}��_�b� . (c) Histogramof wavelet-domaincorrelation,
entropy�C|5�@� �@} . To betterillustrateboththepeakinessandrapiddecayof thewavelet-domaincorrelation,weplot
only thefirst few binsof thehistogramsona logarithmicverticalscale.

quantitatively assesstheefficiency of thetime, frequency, andwaveletdomainrepresentations,theentropy
of eachhistogramwascomputed.Thewavelet-domainhistogramhasa muchlower entropythanthetime-
and frequency-domainhistograms,which indicatesthat the wavelet-domainanalysisis more efficient at
representingthe second-ordercorrelationsof theacousticemissiondata. Hence,this experimentcorrobo-
ratestheoreticalresultsshowing thatunconditionalbasesareoptimal for signalcompression[9]. Efficient
wavelet-basedrepresentationscanprovide morerobustandreliableestimatesof thehigher-orderstatistics
andcouldprovidebetterinsightinto thecomplicatednon-stationarycorrelationstructureof thedata.

5.2 Volterra filtering

In thisSection,weconsiderVolterrafilter realizationsbasedontheNST. Weshow thatacomplete! -th order
NST is capableof realizingevery ! -th orderVolterrafilter. In particular, thesummingnodetransformation
leadsto anelegantfilter bankrepresentation.

Theoutputof a homogeneous! -th orderVolterrafilter appliedto a signal ��#~� ¬ 
F�
�
����� ¬ ��� � is given
by [14] ® # I
�Å <�= Å½|�|�|�Å < C ÅE� ÃE<�= v�|�|�| v < C ¬ <�=.@
@�@ ¬ <DCU� (39)

Thefilter output ® is simply an ! -th ordermultilinearcombinationof thesamples¬ 

���
����� ¬ � . Thesetof
weightsÃ is calledthe ! -th orderVolterra kernel. Notethatwhile (39)computesonly a singleoutputvalue
given � input values,the extensionto online processingof infinite-lengthsignalsis straightforward.To
treattheinputsignal ¬ ÷ , wesimplyset � ÷ #i� ¬ ÷ �
���
��� ¬ ÷ Q �+O.
 ��� , with � thememorylengthof thefilter. The
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Figure7: Volterrafilter realizationusingasummingnodeNST.

outputof (39) is then ® ÷ , a nonlinearlyfilteredversionof ¬ ÷ .
Sinceis identicalto the multilinear functional(7) appearingin Definition 1, it follows thatevery ! -th

orderVolterrafilter canbecomputedasa linearcombinationof thenonlinearsignalcoefficients "}#�, - 6þ� 9 .
As shown in Section3, both the productnodeandsummingnodestructuresarecapableof computinga
complete! -th ordersignaltransformation.The summingnodestructureis particularlyinterestingin this
application,becauseit allowsusto representevery ! -th orderVolterrafilter usingthesimplefilter bankof
Figure7. Key to this schemeis that theovercompletelinear transformation, ratherthanthenonlinearities,
managethe signal couplingprescribedby the overall Volterra filter. Therefore,this new representation
greatlysimplifiestheanalysis,synthesis,andimplementationof Volterrafilters.1

Volterrafilter realizationsof thistypeareoftenreferredtoasparallel-cascaderealizations[22]. Previous
work on parallel-cascadedesignshasrelied on complicatednumericaloptimizationsto constructkernel-
specificsetsof linearfilters andhencea separateparallel-cascadestructurefor eachdistinctVolterrafilter
[4, 22]. In contrast,thesummingnodeNSTcanrepresentevery ! -th orderVolterrafilter simplyby adjusting
theoutputweights �	ÄtsR� ) s K 
 . Thelinearfilters �
ß�s(� ) s K 
 of thesummingnodestructureremainthesamefor
everyVolterrakernel.Hence,thesummingnodestructureis auniversalstructurefor homogeneousVolterra
filtering. NonhomogeneousVolterrafilters canalsobe implementedwith the summingnodestructureby
following eachlinearfilter with an ! -th degreepolynomialnonlinearityinsteadof thehomogeneous! -th
ordermonomial. Moreover, if theVolterrakernel Ã is low-rank,thenit canbe representedexactly with a
smallersubset( ö�BÇ� ) of orthonormalbasisvectors[20]. Therefore,low-ranksystemscanbeimplemented
with a far smallerfilter bank.2

Theweights �	Ä·s1� correspondingto a specificVolterrafilter with kernel Ã canbecomputedby solving
a systemof linear equations.Let Ê be a vectorizedversionof Ã orderedto correspondto the Kronecker
productin (9). Accordingto (21), the Volterrakernelgeneratedby the summingnodeNST is given by× ) s K 
 Ä·sFß � -1�s . Therefore,to representthe Volterrafilter with kernel Ê we chosethe weights �	Ä·s1� so that× ) s K 
 Ä·sFß � -1�s #qÊ . Theproperweightsarereadilyobtainedby solvingthissystemof linearequations.

As anexample,considertheimplementationof a homogeneousthird-order( !}#�ú ) Volterrafilter using
the summingnodeNST. Let à5#Ú�1� J � �JzK 
 be an orthonormalbasisfor IR � . For example, à could be

the delta,Fourier, or wavelet basis. We designthe filters ß�

���
�
����ßÍ) , ¨Â#Ú6 �PO �� 9 , for the summingnode

1The canonicalrepresentationof the Volterrafilter (39) is of limited utility, dueto the inherentdifficulty in interpretingthe
multidimensionalkernel � (particularlywhen �$��� ).

2Usingthetensorproductbasisapproximationto thelow-rankkernel[20], wecanrepresentthekernelexactlywith afilter bank
consistingof � C��G�W� =���,��� filters,with � ��� therankof thekernel � . This is particularlyusefulif thekernelis known to satisfy
certainconstraints(for example,smoothness,bandlimitedness).
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transformationusingthe constructionof Theorem2. Referringto theTheorem,we take ï3#ü� andhenceô/?7#ü�X��ô�
+#i�E��ô � #qû���ô � # � . Eachfilter ß�s , Ü}#ü�X���
�
���c¨ , is a linearcombinationof thebasisvectors:ß s #qàÙá s , with á s a vectorwith elementsin theset ���X���¥��û�� � � . Eachá s consistsof all 1sexceptfor either
asingle

�
, a2 pairedwith a4, or three2s.Raisingtheoutputof eachfilter to thethird powergeneratesthird-

order interactionsbetweenthe differentdistinct componentsof the input signalrepresentedby the basis
vectors.Takentogether, thesefilterscollaborateto generateall possiblethird-ordernonlinearinteractionsof
thesignal.

Dif ferenttypesof interactionsareproduceddependingon thechoiceof basis.Thedeltabasisproduces
interactionsbetweendifferenttime samplesof the signal. The Fourier basisyields frequency intermodu-
lations,whereasthewaveletbasisproducesinteractionsbetweenwaveletatomslocalizedin both time and
frequency. Thefact thatwavelettensorbasesareunconditionalbasesfor many tensorspacessuggeststhat
waveletsmayprovideamoreparsimoniousrepresentationfor Volterrafiltersthantime-or frequency-domain
representations.

5.3 Nonlinear SystemIdentification

Onecommonapplicationof Volterrafilters is nonlinearsystemidentification[11, 14, 20]. To illustratethe
useof thetensorwaveletbasisin thiscontext, considerthefollowing problem.Assumethatweobserve the
inputandoutputof anonlinearsystemdefinedby thebilinearoperator® 6�² 9 #<�,�L� = v � > Ã·6�²�

��² � 9 ¬ 6�²z-Z²�
 9 ¬ 6�²z-ò² � 9�= ²�
 = ² � � (40)

Thistypeof quadraticnonlinearityarisesin theanalysisof audioloudspeakers,for example[11]. Weassume
thatboththeinputandoutputsignalsaresampled,resultingin thefollowing discrete-timeVolterrasystem® s # �I< v JzK 
 Ã¥< v J ¬ s QE< ¬ s Q J � (41)

Thediscretizedkernel ÃE< v J canbeestimatedfrom theinputandoutputsamplesusingcorrelationtechniques.
However, in realapplicationsonlyafinite numberof samplesareavailableandoftenadditivenoiseis present
in theobservations.Consequently, thekernelestimatesobtainedfrom shortdatarecordsarenoisy.

Noisecanberemoved from a kernelestimateby processingtheestimatein theFourieror waveletdo-
main. BecausetheFourierandwaveletbasesoftenprovide a conciserepresentationof thekernel,in many
casestheseparationof thetruekernelfrom thenoisecanbecarriedoutveryeasilyin thesedomains.Specif-
ically, thenoisein a “raw” kernelestimatecanberemovedby truncatinga Fourieror waveletexpansionof
the estimate.In the following example,we will show thatwavelet-domainnoiseremoval canoutperform
Fourier-domainprocessing.

To illustratethis point, we simulatethe identificationof the nonlinearsystem(41) with the quadratic
kernel Ã depictedin Figure8(a). This kernelwasobtainedfrom actualmeasurementson an audioloud-
speaker[11]. In our simulation,we treatthis kernelasan“unknown” modelwe wish to identify. Usingan
iid zero-mean,unit-varianceGaussianinput sequence� to “probe” thesystem,we computedtheoutputs®
accordingto (41) (with no additive observationnoise). In total, we generated�XóXóXó input andoutputmea-
surementsand, from thesetwo sequences,identifiedthe kernelusingthe following correlationestimator.
Notethat

E �_�T  <   J �Ý# � ��Ã < v < 7 × s ÃUsFv sÀ� �.#�Þ��Ã < v J � �+ñ#�ÞÀ� (42)
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Letting ¡ < v J denotethe sampleaverageestimateof E �_�&  <   J � , we have the following estimatorfor the
Volterrakernel3 ¢ Ã < v J # �� � 
� � ¡ < v < - 
�PO � × s ¡
s*v sb��� �.#�Þ
� ¡ < v J � �+ñ#�ÞÀ� (43)

While the simplecorrelationestimator(43) convergesto the true kernel,with only a finite numberof
datatheresultingestimateis typically very noisydueto thevariability of thesamplecorrelationestimator
aboutthetruecorrelationvalues.A simplenoiseremoval procedureis basedonexpandingthis“raw” kernel
estimatein anorthonormalbasisandthendiscardingthesmall termsof this expansion(which presumably
correspondto noiseandnot signal). Let í ¢&
÷ î denotethe coefficientsof the raw estimate

¢ Ã in the basis

expansion.Thenthecoefficients í K&
÷ î of thetruncatedserieskernelestimate
K Ã canbeexpressedin termsof

a hardthresholdappliedto thecoeffients í ¢& ÷ îK& ÷ # �£� £�
¢&
÷Ì� ¤¤¤

¢&�÷�¤¤¤ �Ç{óE� ¤¤¤
¢& ÷�¤¤¤ BÇ{E� (44)

with { thethresholdlevel. Many choicesfor thethresholdvaluearepossible;usually { is chosenbasedon
someestimateof thenoiselevel in thedata.Thebetterthebasis“matches”thetruekernel,themoreefficient
this procedurewill beat noiseremoval. In our experiment,we expandedthe raw estimatein the wavelet
andFourier tensorbasesandthendiscardedthetermsin theexpansionswhosecoefficient magnitudesfell
below thethresholdvalue {Ö#¦¥ ��§©¨Gª½6B� � 9�« , with « thestandarddeviationof thenoiseand � � # �
óX�1û the
dimensionof thediscretizedkernel.Thisthresholdchoiceis suggestedin [10] asaprobabilisticupperbound
on thenoiselevel. In practice,« mustbeestimatedfrom theraw kernelestimate

¢ Ã . However, sincewehad
accessto the true kernelin this simulation,we computed« directly from the differencebetweenthe true
kernelandtheraw estimate.Figure8(c)and(d) show theestimatesthatresultfrom hardthresholdingin the
waveletdomainandFourierdomain,respectively. Wavelet-basedtruncationprovidesa muchbetterkernel
estimatethanboththe original raw estimate(b) andthe truncatedFourier expansionestimate(d). In fact,
theFourier-basedmethodoversmoothstheestimateandresultsin a worsemean-squared-error(MSE) than
that of the original raw estimate.While simple,this simulationdemonstratesthe utility of wavelet-based
representationsfor theanalysisof real-worldnonlinearsystems.

6 Conclusions

In this paper, we have developedtwo new structuresfor computing ! -th order NSTs. The productand
summingnodeNSTs,while simple,canrepresentall ! -th ordernonlinearsignalinteractions.Bothtransfor-
mationshaveanelegantinterpretationin termsof tensorspaces.TheproductnodeNSTyieldsanorthogonal
transformationin thetensorspaceappropriatefor estimationproblems.ThesummingnodeNST resultsin
a redundantfilter bankstructurenaturalboth for analyzingandinterpretingnonlinearinteractionsandfor
designingefficient implementations.Not only doesthe summingnodearchitecturesuggestnew, efficient

3Theestimator

¢ � is derivedasfollows. Let ¬®­©¯ ­,°²±Y³_´.µ >­X¶ . Setting ¬®­·¯ ­�°²�¸�G­©¯ ­G¹ ×�º � º ¯ º andre-arranginggives �X�G­©¯ ­�°¬®­·¯ ­Z» × º � º ¯ º . Summingover ¼ produces� × ­ �G­©¯ ­3° × ­ ¬®­©¯ ­�» � × º � º ¯ º andhence
=ø,� > × ­ ¬®­©¯ ­3° × ­ �½­·¯ ­ . A simple

substitutionthenyields � ­·¯ ­ °¿¾%¬ ­©¯ ­ » =ø,� > ×~º ¬ º ¯ º�À�Á � . Theestimator

¢ � ­©¯ ­ is obtainedby substitutingthesamplecross-momentsÂ ­·¯ ­ for thetruemoments¬®­·¯ ­ . Theestimator

¢ �G­·¯ Ò , ¼aÃ°ÅÄ , is obtainedin asimilar fashion.
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(a) (b)

(c) (d)

Figure8: Nonlinearsystemidentificationusingtensorbases.Estimatesof thequadraticVolterrakernelof anaudio
loudspeakerobtainedusing thresholdingin a tensorbasisexpansion. (a) True kernel Æ [11]. (b) Raw estimate

¢ Æ
obtainedusing(43), MSE=0.20.(c) EstimateÇ È obtainedthrougha truncatedDaubechies-8wavelet expansionof É È ,
MSE=0.15. (d) EstimateÇ È obtainedthroughtruncatedFourier expansionof É È , MSE=0.40. The wavelet estimator
providesa morefaithful estimatethantheFourierestimator, whichoversmooths.
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algorithmsfor nonlinearprocessing,it alsodecouplestheprocessinginto lineardynamicsandstaticnonlin-
earities.Hence,this new framework for nonlinearanalysisandprocessingmay provide new insightsinto
theinnerworkingsof nonlinearsystems.

NSTsarenotconstrainedto afixedchoiceof basis.However, wehaveshown thatwaveletbasesprovide
anoptimalframework for NSTsin thesensethatwavelettensorbasesareunconditionalfor many important
tensorspaces.Becausethewaveletbasisprovidesamoreconciserepresentationof many real-worldsignals,
morerobustestimatesof higher-orderstatisticalquantitiesandVolterrakerelscanbeobtainedvia thewavelet
representationascomparedto time- or frequency-domainapproaches.

Finally, wehave focusedontheclassicalÊ6Ë tensorspacesin our theoreticalanalysisof wavelet-domain
nonlinearprocessing.However, new resultsin thestatisticalliteraturesuggestthatmoregeneralspacessuch
asBesov andTriebel spacesareextremelyusefulfor characterizingreal-worldsignals[9]. Therefore,an
importantavenuefor futurework will be to extendtheresultsof this paperto thesemoregeneralsettings,
possiblyusingthe resultsof [25]. Anotherissuecurrentlyunderinvestigationis the relationshipbetween
polynomial-basedprocessing(higher-orderstatistics,Volterrafilters)andotherimportanttypesof nonlinear
processingthat usesigmoidal(neuralnetworks),threshold(wavelet shrinkage)[9], or weightedhighpass
nonlinearities[19]. We believe that theresultsof this papercouldserve asa link betweentheseimportant
areasof nonlinearsignalprocessing.

A Proof of Theorem2

To prove theTheorem,wemustshow thattheset ÌbÍÏÎ½ÐbÑÎ�ÒzÓ generatedby (20)and(23)satisfies(22). Thatis,

we mustshow that the tensorsÔ/ÍGÕ©ÖP×ÎÙØ spanthesymmetrictensorspaceÚ Ö,Û IRÜÞÝ . Recallthateachfilter ÍnÎ
hastheform ÍÏÎ¿ß Üàá Ò¸Ó
â ánã Î3ä á½å (45)

with æ�Î$ß¦ç â Ó ã Î åbè@èbèéå â Ü ã ÎXê�ë . Now consider

Í�ÕìÖL×Î ß íî Üàá Ò¸Ó
â ánã ÎPä áðïñ Õ©ÖP×ß àÓXò
ó%ônò,õ_õ_õ_ò�ó·ö�ò Ü â ó%ô ã ÎR÷@÷b÷ â ó ö ã Î3ä¸ó%ôùøú÷b÷b÷�ø¿äzó ö è (46)

With û denotingthesetof permutationsof theset Ì®ü å@èbè@èÏå�ý Ð , wecanwriteÍGÕ©ÖP×Î ß àÓéò�ó%ônòaõ_õ_õ_ò�óþö�ò Ü â ó%ô ã Î.÷b÷@÷ â ó ö ã Î�ÿ à����� ä¸ó���� ô	� ø#÷b÷@÷ðø¿ä¸ó
��� ö � � è (47)

Accordingto Theorem2.6 in [26], thecollectionof tensors� à�
��� ä ó
��� ô	� ø5÷@÷b÷�ø1ä ó���� ö ��� ü���� Ó �#÷@÷b÷���� Ö ����� (48)

is a basisfor Ú Ö Û IR Ü Ý . Let Ì��@Î@ÐbÑÎðÒ¸Ó , ��ß Û Ü�� Ö�� ÓÖ Ý , denotethesebasisvectors,andset �²ß�ç �½Ó å@èbèbèXå � Ö ê ë .
Then,from (47),we canwrite Í ÕìÖL×Î ß!�#"zÎ å (49)
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with "zÎ an �%$�ü columnvectorcontainingall degree-ý monomialsin the â Ó ã Î åbè@èbèéå â Ü ã Î coefficients.Next,
define & ß '©Í Õ©ÖP×Ó å@èbè@èéå Í ÕìÖL×Ö)( ß*�,+ å (50)

with + ß ç
"6Ó åbè@èbènå " Ö ê . + is an ý $ ý matrix and, since � is a basisfor Ú Ö Û IR Ü Ý , it follows that

SpanÔ Í ÕìÖL×ÎÙØ ÑÎ�Ò¸Ó ß#Ú Ö Û IR Ü Ý if andonly if + is invertible.

Theremainderof theproofshowsthattheinvertibility of + is guaranteedif theVandermondematrix

- ß .////0
ü ü ÷b÷@÷ üü 132 ÷b÷@÷%1 Ö...

... ÷b÷@÷ ...ü41 Ö2 ÷b÷@÷51 ÖÖ
6 77778 (51)

is invertible.

First,weshow that +uß:9 ë - Õ Ü × 9 , with 9 afull rankmatrixdefinedasfollows. Considertheweightsâ Ó ã Î å@èbèbèXå æ Ü ã Î . Form a vectorof productsof theseweightsusingtheKroneckerproduct:

; Î¿ß .//////0
üâ Ó ã Îâ=< Ó ã Î...â Ö Ó ã Î

6 7777778 ø .//////0
üâ < ã Îâ3<< ã Î...â Ö < ã Î

6 7777778 ø5÷b÷@÷ðø .//////0
üâ Ü ã Îâ3<Ü ã Î...â ÖÜ ã Î

6 7777778 è (52)

Notethateverymonomialin "ùÎ is includedin thevector ; Î . Definethematrix 9 asthemap 9 ë � ; Î?>@A"zÎ .
Notethat 9 is full rankanddoesnotdependon B .

Now consider
- Õ Ü × , the � -fold tensorproductof the Vandermondematrix

-
. Eachrow of

- Õ Ü ×
correspondsto a particularmonomialform ( â3C ôÓ ã Î ÷@÷b÷ â C DÜ ã Î , for example).Eachcolumnof

- Õ Ü × corresponds

to aparticularsetof weights( çE1 C ô åbè@èbèéå 1 C D ê ë ß5æ�Î from (23),for example).Now consider9 ë - Õ Ü × 9 . The
actionof 9 ë on theleft extractstherows of

- Õ Ü × correspondingto degree-ý monomials.Applying 9 on
therightextractsthecolumnsof

- Õ Ü × correspondingto thespecificweightsin the � vectorsdefinedin (23).
Therefore,+�ßF9 ë - Õ Ü × 9 . Thespecialconstructionof thevectorsÌbæ�ÎLÐbÑÎ�Ò¸Ó in (23) shouldnow beclear:
Thevaluesæ Î ß¦çE1 C ô å@èbè@èéå 1 C D ê ë correspondto thepowersin oneof themonomialsâ C ôÓ ã Î ÷@÷b÷ â CGDÜ ã Î , andhence

by applying 9 to bothsidesof
- Õ Ü × we selectthe ý -th ordermonomialswith thevaluescorrespondingto

theweightsin thevectorsÌbæ Î ÐbÑ Î�Ò¸Ó .
We now claim that taking 13H$ßFI H , J�ßLK åbè@èbèéå�ý , M INMPOß]ü , IQOßRK , in (51) impliesthat + is invertible.

Note thatwith this choice
-

is real-symmetricandinvertible. It follows that
- Õ Ü × is alsoreal-symmetric

andinvertible. Therefore,since 9 hasfull rank, +ÙßS9 ë - Õ Ü × 9 is alsoreal-symmetricandinvertible.4

Thiscompletestheproof. T
4If U is not invertible, thenthereexistsa vector V suchthat V3W=U?VYX[Z . This implies the existenceof \YX�]^V suchthat\ W�_ � D � \`XaZ andhence_ � D �

hasazeroeigenvalue,contradictingtheassumptionthat _ � D �
is invertible.
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B Proof of Theorem3

We mustshow thatSpanÔ Í Õ < ×Î�Ø ÑÎ�Ò¸Ó ß#Ú < Û IR Ü Ý è Following theproofof Theorem2, wehaveÍ�Õ < ×Î ß!�P"ùÎ å (53)

with "zÎ an �b$ ü columnvectorcontainingall degreec monomialsin theelementsof æ�ÎÞß¦ç â Ó ã Î åbè@èbèéå â Ü ã Î�ê�ëand '©Í Õ < ×Ó åbè@èbèéå Í Õ < ×Ñ ( ßd�,+ å (54)

with + ß¦ç
"6Ó åbèbè@èéå " Ñ ê . It followsthatSpanÔ Í Õ < ×Î Ø Ñ Î�Ò¸Ó ß#Ú < Û IRÜ Ý if andonly if + is invertible.

To show that + � Ó exists in this case,let us takea closerlook at the columnsof + . Recall that each
columnof + is denotedby "ùÎ andis generatedby computingall cross-productsbetweentheelementsof æ�Î
(Each æ�Î is an � -vectorwith entriesof ü or K , andeachhasat most c non-zeroentries).Considerfirst the
columns"zÎ thatcorrespondto æ�Î vectorswith asinglenon-zeroentry. Thesecolumnsalsocontainasingle
non-zeroentry. For example,if â ó ã Î ß ü and â ánã Î ß%K ( ��Oß:e ), then " Î hasa singlenon-zeroentry in the
positioncorrespondingto themonomial â <ó ã Î ßuü . Therearea total of � suchcolumns,eachwith a singleü in a uniquelocationcorrespondingto suchanproduct.Clearly, thesecolumnsarelinearly independentof
oneanother, aseachhasa singlenon-zeroentry in a differentlocation.Now considerthecolumns "ùÎ that
correspondto æ�Î vectorswith a two non-zeroentries.If â ó%ô ã ÎÞß¦ü , â ó
f ã ÎÞß¦ü , and â áÏã ÎÞßgK Û ehOßg�+Ó å � < ), then
the column "ùÎ hasnon-zeroentriesin the locationcorrespondingthe cross-productâ ó%ô ã Î â ó
f ã Î . Note that
sincenoother æ C ( i^Oß:B ) will have non-zerovaluesin boththe � Ó and � < position,thecorresponding" C will
bezeroin theassociatedcross-productlocation.Therefore,all "zÎ arelinearly independent.This completes
theproof. T

Onemight wonderwhetherthis constructionusingbinary weightscan be extendedto higherordersý�j c . Unfortunately, theansweris negative. As we move to higherorders,we requiremorediversity in
theweightsusedto form thelinearfilters ÌbÍÏÎ½Ð . Hence,we requirea morecomplicatedconstructionsuchas
thatof Theorem2.

C Proof of Theorem4

Recallthat thesummingnodedecompositionis completeif andonly if for every kQl�Ú ÖaÛ IRÜ Ý thereexistÌ�m6ÎLÐ Ñ Î�Ò¸Ó suchthat k ß ÑàÎðÒ¸Ó m6Î¸Í Õ©ÖP×Î è (55)

Here, k is symmetricandhencecontainsrepeatedelements.Also, vectorssuchas ÍGÕ©ÖP×Î containrepeated

products.To avoid suchredundancies,definethe vectors Çk and n^oÍGÕ©ÖP×ÎAp from which repeatedelementsin

theoriginal vectorsk and Ô Í Õ©ÖP×Î Ø havebeendiscarded.For example,if ý ß:c and ÍnÎ ß�ç q�Ó å q < ê ë , thenbothq�Órq < and q < q�Ó occurin Í Õ < ×Î . In thiscaseoÍ Õ < ×Î ß ç q <Ó å q�Órq < å q << ê ë . In general,for nonlinearorder ý andsignal

length � , the vectors Çk and nsoÍ Õ©ÖP×Î p eachcontainexactly ��ß Û Ü�� Öt� ÓÖ Ý elements.With this notationin
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place,(55)canberewritten as Çk ß ÑàÎðÒ¸Ó m ÎuoÍ Õ©ÖP×Î è (56)

To guaranteethat the summingnode structurecan representevery kvl�Ú ÖaÛ IR Ü Ý , we must have that

Spann oÍGÕ©ÖP×Î p Ñ Î�Ò¸Ó ß IR Ñ .

To determinea setof spanningvectors,considerthe following argument. Supposethat we randomly
choosethevectors Ì@ÍÏÎLÐ asindependentrealizationsfrom a commonprobabilitydistribution. Furthermore,
assumethat this distribution hasa density(that is, the distribution is absolutelycontinuouswith respect

to Lebesguemeasureon IR Ü ). Then Spann oÍ�ÕìÖL×Î p Ñ ÎðÒ¸Ó ß IR Ñ with probability one. This follows from

the following resultregardingthe invertibility of the ý -th ordermomentmatrix of an IR Ü –valuedrandom
vectors.

Lemma 1 [18] If Í is an IRÜ –valuedrandomvectorhavinga density, thenE w oÍ Õ©ÖP×,oÍ Õ©ÖP× ëyx is invertible.

To seehow this resultrelatesto theproblemat hand,let Ç& ßz' ÍGÕ©ÖP×Ó åbè@èbèéå ÍGÕ©ÖP×Ñ ( , andnotethatthematrixÇ& Ç& ë canbeviewedasthesampleý -th ordermomentmatrixof thedensityfor ÌbÍnÎLÐ Ñ Î�Ò¸Ó . Theorem1 implies
that thesamplemomentmatrix Ç& Ç& ë is invertiblewith probabilityoneif thenumberof samplesis greater

than � (seeRemark5.2in [18]). This in turn impliesthat Ç& is full rankandthatSpann oÍ�ÕìÖL×Î p Ñ Î�Ò¸Ó ß IR Ñ . T
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