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ABSTRACT

In this paperwe introducea new family of smooth, symmetric
biorthogonalwavelet basis. The new waveletsare a generaliza-
tion of the Cohen,Daubechiesnd Feaueau(CDF) biorthogonal
wavelet systems. Smoothnesss controlledindependentlyin the
analysisandsynthesidankandis achievedby optimizationof the
discretefinite variation(DFV) measureecentlyintroducedfor or-
thogonalwaveletdesign.The DFV measuralispensesvith a mea-
sure of differentiability (for smoothnessyvhich requiresa large
numberof vanishingwavelet moments(e.g., Holder and Sobole
exponents)n favor of asmoothnesmeasurehatusesthefactthat
only afinite depthof thefilter banktreeis involvedin mostprac-
tical applications.Imagecompressiorexamplesapplyingthe new
filtersusingtheembeddeavaveletzerotred EZW) compressioml-
gorithmdueto Shapirosshavsthatthenew basisfunctionsperforms
betterwhencomparedo the classicalCDF 7/9 waveletbasis.

1. INTRODUCTION

Significantattention[1-7] hasbeengivento the potentialimpor

tanceof waveletsmoothnesgersugegularity (e.g.,vanishingvavele

moments)for wavelet basedimage compression. Although the
choiceof filter and hencethe associategropertiesof the corre-
spondingwavelet basisis sensitve to the compressioralgorithm
considerede.g.,the quantizatiorandbit allocationschemelome
form of smoothness deemedo be of importance This paperas-
sumeghe zerotreebasedcompressioralgorithmasfirst proposed
by Shapiro[8].

The paperpresentsa new classof biorthogonalwavelet ba-
sis (filters). The new classis basedon a generalizationof the
well known biorthogonalCohenDaubechiesind Feaueau(CDF)
waveletsystem[9—-11]. In particular we compareperformanceof
the new basisto theclassicalCDF 7/9 waveletbasis(seeFigure2)
successfullyappliedin anumberof zerotredbasedmagecompres-
sionalgorithms.The new designis basedn optimizinga measure
of smoothnesentheiteratedfilter banktreeandtakesin to account
thatonly afinite numberof filter bankstageglevels)areinvolvedin
ary application.Themeasurediscretefinite variation(DFV) [5,4]
is relatedthe Holder measuref smoothneséin thelimit) but does
not requirethat: (1) the waveletshave a minimal numberof van-
ishing momentgo achieve smoothnessf the functionsor (2) un-
derlying continuousbasisfunctionshave continuoushigherorder
derivatives. For a given support(e.g.,lengthfilters) the new mea-
suregivesriseto awholefamily of “smooth” orthogonal5, 4] and
biorthogonalvavelets.

1.1. Biorthogonal waveletsystems

Figure 1l shows a onelevel filter bankassociateavith a biorthogo-
nal wavelet expansion. By iteratingon the lowpassoutput (e.g.,
the ko branch)a multiscalewavelet expansioncan be obtained.
Associatedvith the analysidfilter ko andsynthesidilter g, arethe
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Figure1: Onelevel biorthogonatfilter bankfor implementingthe
biorthogonalwaveletanalysisandsynthesis.

scalingfunction¢(z) andthedual ¢(z) respectiely definedby

é(z) = \/fz ho(n)é(2z — n) Q)
6(z) = V2 go(n)p(2z — n). @)
+ Equationg1)and(2) corvergesto compactlysupportedasisfunc-
tionsif both
> ho(n) = V2 (3)
and
D go(n) =2 @)

aresatisfied Associatedvith thescalingfunction¢(z ) andits dual
¢(z) arethewaveletsy(z) andy(z) definedby

U(z) =V2)  hi(n)p(2z —n) (5)

U() =V2Y_ gi(n)é(2z — n). ©)

The systemis then saidto be biorthogonalif the following three
conditionsholds:

/le 6(2)8(z — K)dz = 8(k) (7a)
[ 6@t~ iz =0 (7b)
/Ra(z)zb(z — k)dz = 0. (7c)
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Equationg7a)(7c) areequivalentto thefollowing two conditions
onthescalingandwaveletfilters andtheir duals

>~ ho(n)go(n — 20) = (1) (8a)
> ho(n)gi(n—20) =0 (8b)
(8¢)

> go(m)hi(n—20) =0

Hence, using the conditionsin (8a)(8c) a nonlinearconstrained
optimizationproblemfor designingbiorthogonalwaveletscanbe
posedover the free filter parameters.Furthermore by imposing
thatthefiltersbesymmetriclinearphasesolutionscanbeobtained.
In fact,the CDF 7/9 waveletsystems thesolutionto this optimiza-
tion problemif all free parameterareusedfor settinga maximal

numberof momentof thewavelets(y andzZ) to zero.

2. DISCRETE FINITE VARIATION

Let f: R — Randlet f(z;) fori =0,...,m — 1 bem equally
spacedsamplef f. Now definethefirst orderdiscretedifference
operatorD,, : R™ — R™~ ! as

Dmf(zi) = f(zi) — f(zica) 1<i<m 9)

thenthenth orderdiscretedifferenceoperatorD;;, : R™ — R™™"
is definedby

Do f(z:) = Z(—l)] (?) flzi;) n<i<m. (10)
3=0

A measuref smoothnesgelatedio bothboundedrariationaswell
asHolderin the limit), discretefinite variation is thendefinedas
follows:

Definition 1 (Discretefinite variation). Let J be the numberof
stageoftheiteratedfilter bankandlet ¢ 7 (z;), supportedn[0, N —
1], bethelength L. sequencef sample®f thescalingfunctionsuch
that0 =z < z1 < -+ < zr_1 =N —1withz; —z,_1 = Az
forallz =1..., L — 1. Thenthediscretefinite variation of order
n is definedas
Vi =| D767 (w) (1)
The above measureds easily generalizedo the biorthogonal
caseby applyingthe above definitionto both the analysisscaling

function ¢ aswell asthesynthesiscalingfunctiong. Usingthis, a
generalnonlinearconstrainedptimizationproblemis formulated
for whichthecostfunctionis alinearcombinatiorof theDFV mea-
suresof eachof thetwo scalingfunctions.

2.1. Designexample

Theclassof finite scalesmoothbiorthogonalvaveletsareobtained
by solvingthefollowing problem.

min [ D2o’e0] [prave] ][ 3] @2

ho,90
subjectto

a) Linearconstraintge.g.,(3) and(4))
b) Bi-linearconstraintge.g.,(8a)-(8c))

For given lengthsfilters a rangeof solutionscan be obtainedby
varying ¢ and the numberof vanishingmomentsdesiredof the
waveletsassociatedvith the analysiswaveletandit dualthe syn-
thesiswavelet.

In Figure3 we show aparticularsolutionof the 7/9waveletsys-
temoptimizedaccordingo (12) andrequiringthatboththeanalysis

andsynthesisvavelethave 2 vanishingmoments.For comparison
we have alsoincludedplotsof therootsfor the correspondindpw-
passfilters andit is interestingto notice aswasthe casefor the
orthogonalsolution[4, 5] thatthe optimal DFV solutionhaszeros
ontheunit circle in thestopband.

2.2. Image compressionexample

In Figure4 we show the face of the image“Barbara” compressed
30:1usingboththeCDF 7/9andtheoptimalDFV 7/9solution.The
compresseimageusingthe DFV 7/9 waveletsystemresultsin a
0.25dBimprovementin peaksignalto noiseratio (PSNR)overthe
CDF 7/9 wavelet system. We alsoinclude a ratedistortioncurve
for the sameimagecomparinghe two waveletsystems.

3. SUMMARY

Resultsof applyingthenew filters shav in Figure3 for imagecom-
pression(seeFigure 4) using the zerotreecompressiori8] algo-
rithm shows improvementsn PSNRcomparedo the well known
CDF 7/9 waveletsystem It is visually hardto choosewhich of the
two wavelet systemds the better(the differencein PSNRis only
0.25dBat 30:1 compressiondf thetwo compresse@magesandan
extensive study would be required. Furthermore computingrate
distortioncurveson 10 differentimagesindicatesthat the new fil-
ters achievesequalor betterPSNRfor compressiorratiosin the
rangeof 8:1to 80:1for grayscaleimages.
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Figure2: CDF (biorthogonal)7/9 waveletsystem.(a) Scalingfunction. (b) Waveletfunction. (c) Dual scalingfunction. (d) Dual wavelet
function. (e) Rootsof analysisscalindfilter. (f) Rootsof synthesiscalindfilter.
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Figure3: OptimalDFV (biorthogonal)7/9 waveletsystem.(a) Scalingfunction. (b) Waveletfunction. (c) Dual scalingfunction. (d) Dual
waveletfunction. (e) Rootsof analysisscalindfilter. (f) Rootsof synthesiscalindfilter.
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Figure4: (a) Original “Barbara’ (b) Ratedistortion. (c) 30:1 usingCDF 7/9 (PSNR= 27.58dB).(d) Error imagefor CDF 7/9 (e) 30:1
usingoptimalDFV 7/9 (PSNR= 27.84dB).(f) Errorimagefor optimalDFV 7/9.



