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ABSTRACT

In this paperwe introducea new family of smooth,symmetric
biorthogonalwavelet basis. The new waveletsare a generaliza-
tion of theCohen,DaubechiesandFeauveau(CDF) biorthogonal
wavelet systems. Smoothnessis controlledindependentlyin the
analysisandsynthesisbankandis achievedby optimizationof the
discretefinite variation(DFV) measurerecentlyintroducedfor or-
thogonalwaveletdesign.TheDFV measuredispenseswith a mea-
sureof differentiability (for smoothness)which requiresa large
numberof vanishingwavelet moments(e.g.,Hölder andSobolev
exponents)in favor of asmoothnessmeasurethatusesthefact that
only a finite depthof thefilter banktreeis involved in mostprac-
tical applications.Imagecompressionexamplesapplyingthenew
filtersusingtheembeddedwaveletzerotree(EZW) compressional-
gorithmduetoShapiroshowsthatthenew basisfunctionsperforms
betterwhencomparedto theclassicalCDF7/9waveletbasis.

1. INTR ODUCTION

Significantattention[1–7] hasbeengiven to the potentialimpor-
tanceof waveletsmoothnessversusregularity(e.g.,vanishingwavelet
moments)for wavelet basedimage compression. Although the
choiceof filter and hencethe associatedpropertiesof the corre-
spondingwavelet basisis sensitive to the compressionalgorithm
considered(e.g.,thequantizationandbit allocationscheme)some
form of smoothnessis deemedto beof importance.This paperas-
sumesthe zerotreebasedcompressionalgorithmasfirst proposed
by Shapiro[8].

The paperpresentsa new classof biorthogonalwavelet ba-
sis (filters). The new classis basedon a generalizationof the
well known biorthogonalCohen,DaubechiesandFeauveau(CDF)
waveletsystem[9–11]. In particular, we compareperformanceof
thenew basisto theclassicalCDF 7/9waveletbasis(seeFigure2)
successfullyappliedin anumberof zerotreebasedimagecompres-
sionalgorithms.Thenew designis basedon optimizingameasure
of smoothnessontheiteratedfilter banktreeandtakesin to account
thatonlyafinitenumberof filter bankstages(levels)areinvolvedin
any application.Themeasure,discretefinite variation(DFV) [5,4]
is relatedtheHöldermeasureof smoothness(in thelimit) but does
not requirethat: (1) the waveletshave a minimal numberof van-
ishingmomentsto achieve smoothnessof the functionsor (2) un-
derlying continuousbasisfunctionshave continuoushigherorder
derivatives. For a givensupport(e.g.,lengthfilters) thenew mea-
suregivesriseto awholefamily of “smooth”orthogonal[5,4] and
biorthogonalwavelets.

1.1. Biorthogonal waveletsystems

Figure1 showsa onelevel filter bankassociatedwith a biorthogo-
nal wavelet expansion. By iteratingon the lowpassoutput (e.g.,
the ��� branch)a multiscalewavelet expansioncan be obtained.
Associatedwith theanalysisfilter � � andsynthesisfilter � � arethe�
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Figure1: Onelevel biorthogonalfilter bankfor implementingthe
biorthogonalwaveletanalysisandsynthesis.

scalingfunction �����! andthedual "�����! respectively definedby�����! $#&% �$'�( � � ��) *�+� � �-,.) (1)

"�����! /# % �/' ( � � ��)0 �"��� � �-,1) 32 (2)

Equations(1)and(2) convergesto compactlysupportedbasisfunc-
tionsif both ' ( � � ��) 4# % � (3)

and ' ( �5����) 4# % � (4)

aresatisfied.Associatedwith thescalingfunction �����! andits dual"�����! arethewavelets67���! and "68���9 definedby67���! /# % � ' ( �0����) *��� � �-,:) (5)

"6;���! /#&% �4' ( ������) <"�0� � �=,:)0 32 (6)

The systemis thensaid to be biorthogonalif the following three
conditionsholds: > ? �����! "�����-,:@� � �=#BAC��@� (7a)> ? �����! C"67���-,:@� � �=#&D (7b)> ? "�0���9 *68���=,:@� � �=#&D�2 (7c)
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Equations(7a)-(7c) areequivalentto thefollowing two conditions
on thescalingandwaveletfilters andtheirduals' ( ���C��) ����E��)=, �GF  4#&AH� F  (8a)' ( � � ��) �� � ��)=, �GF  4#ID (8b)'�( �5�G��)0 *��5��)=, �GF  4#ID (8c)

Hence,using the conditionsin (8a)-(8c) a nonlinearconstrained
optimizationproblemfor designingbiorthogonalwaveletscanbe
posedover the free filter parameters.Furthermore,by imposing
thatthefiltersbesymmetric,linearphasesolutionscanbeobtained.
In fact,theCDF7/9waveletsystemis thesolutionto thisoptimiza-
tion problemif all free parametersareusedfor settinga maximal
numberof momentsof thewavelets( 6 and "6 ) to zero.

2. DISCRETE FINITE VARIATION

Let JLKEMONPM andlet J����!QR for S/#TDVU52�2�2UXWY,IZ be W equally
spacedsamplesof J . Now definethefirst orderdiscretedifference
operator[=\TK�M \ N]M \ � � as[=\^J���� Q  4#TJ���� Q  /,:J+��� Q � �  _Za`bSdceW (9)

thenthe ) th orderdiscretedifferenceoperator[ (\ KCM \ N]M \ � (
is definedby[ (\ J����!Qf 4# ('	Xg � �*,aZ< 	/h )i9j J����!Q �V	  k)l`eS+ceWl2 (10)

A measureof smoothness(relatedto bothboundedvariationaswell
asHölder in the limit), discretefinite variation is thendefinedas
follows:

Definition 1 (Discretefinite variation). Let m be the numberof
stagesof theiteratedfilter bankandlet �/nE���!QR , supportedon o D�UqpL,Z3r , bethelength s sequenceof samplesof thescalingfunctionsuch
that Dt#B���a`b�0�u`Bv�v�v!`e�0w � �x#&py,.Z with �!Q!,.�!Q � �x#&z=�
for all S�#{Z$2�2�2U�s|,IZ . Thenthediscretefinite variationof order) is definedas } ( #�~~~ [

(w � n ���!QR �~~~ (11)

The above measureis easilygeneralizedto the biorthogonal
caseby applyingthe above definition to both the analysisscaling
function � aswell asthesynthesisscalingfunction "� . Usingthis,a
generalnonlinearconstrainedoptimizationproblemis formulated
for whichthecostfunctionis alinearcombinationof theDFV mea-
suresof eachof thetwo scalingfunctions.

2.1. Designexample

Theclassof finite scalesmoothbiorthogonalwaveletsareobtained
by solvingthefollowing problem.�t������<� �*��� ~~ [ (w �dn����!QR ~~ ~~~ [

( w "�/n����!QR �~~~��=� Z�Y� (12)

subjectto

a) Linearconstraints(e.g.,(3) and(4))
b) Bi-linearconstraints(e.g.,(8a)-(8c))

For given lengthsfilters a rangeof solutionscan be obtainedby
varying � and the numberof vanishingmomentsdesiredof the
waveletsassociatedwith the analysiswaveletandit dual the syn-
thesiswavelet.

In Figure3weshow aparticularsolutionof the7/9waveletsys-
temoptimizedaccordingto (12)andrequiringthatboththeanalysis

andsynthesiswavelethave 2 vanishingmoments.For comparison
wehavealsoincludedplotsof therootsfor thecorrespondinglow-
passfilters and it is interestingto notice as was the casefor the
orthogonalsolution[4,5] that theoptimalDFV solutionhaszeros
on theunit circle in thestopband.

2.2. Imagecompressionexample

In Figure4 we show the faceof the image“Barbara”compressed
30:1usingboththeCDF7/9andtheoptimalDFV 7/9solution.The
compressedimageusingtheDFV 7/9 waveletsystemresultsin a
0.25dBimprovementin peaksignalto noiseratio (PSNR)over the
CDF 7/9 wavelet system.We alsoincludea ratedistortioncurve
for thesameimagecomparingthetwo waveletsystems.

3. SUMMARY

Resultsof applyingthenew filtersshow in Figure3 for imagecom-
pression(seeFigure 4) using the zerotreecompression[8] algo-
rithm shows improvementsin PSNRcomparedto thewell known
CDF7/9 waveletsystem.It is visuallyhardto choosewhichof the
two waveletsystemsis the better(the differencein PSNRis only
0.25dBat30:1compression)of thetwo compressedimagesandan
extensive study would be required. Furthermore,computingrate
distortioncurveson 10 differentimagesindicatesthat thenew fil-
ters achievesequalor betterPSNRfor compressionratios in the
rangeof 8:1 to 80:1for grayscaleimages.
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Figure2: CDF(biorthogonal)7/9 waveletsystem.(a) Scalingfunction. (b) Waveletfunction. (c) Dualscalingfunction. (d) Dual wavelet
function. (e)Rootsof analysisscalingfilter. (f) Rootsof synthesisscalingfilter.
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Figure3: OptimalDFV (biorthogonal)7/9waveletsystem.(a)Scalingfunction. (b) Waveletfunction. (c) Dual scalingfunction. (d) Dual
waveletfunction.(e)Rootsof analysisscalingfilter. (f) Rootsof synthesisscalingfilter.
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Figure4: (a) Original “Barbara.” (b) Ratedistortion. (c) 30:1usingCDF 7/9 (PSNR= 27.58dB).(d) Error imagefor CDF 7/9 (e) 30:1
usingoptimalDFV 7/9 (PSNR= 27.84dB).(f) Error imagefor optimalDFV 7/9.


