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ABSTRACT

A new methodfor measuringanddesigningsmoothwaveletbasis
which dispensesvith the needfor having a large numberof zero
momentsof the waveletis given. The methodis basedon mini-
mizingthe“discretefinite variation”,andis ameasuref thelocal
“roughness”of a sampledversionof the scalingfunction giving
riseto “visually smooth"waveletbasis.Smoothwaveletbasisare
deemedo beimportantfor severalapplicationsandin particularly
for image compressiorwherethe goal is to limit spuriousarti-
factsdueto non-smoothbasisfunctionsin the presencef quan-
tization of theindividual subbandsThe definition of smoothness
introducedheregivesriseto new algorithmsfor designingsmooth
waveletbasiswith only onevanishingnomentieaving freeparam-
eters otherwisaisedfor settingmomentgo zero,for optimization.

1. INTRODUCTION

HolderandSoboler exponentsarefundamentamathematicaiea-
suresof smoothnesgiving precisedefinition of differentiability
Severalrecentpublicationg(in particular{6, 2]) hasprovidedalgo-
rithmsfor estimatingooththeHolderandthe Soboler exponentfor
agivenwaveletbasisgiventhe associatedcalindfilter. However,
to obtaingoodestimatest is necessaryo provide the regularity
or more specificallythe numberof zeromomentsof the wavelet
function (or filter). Althoughthis is a simpletaskif an estimate
of theexponentfor a givenfilter, designedo have afixednumber
of zeromomentsjs desired thetaskis significantlyharderif one
first have to estimatethe numberof zeromoments. In fact, esti-
matingthenumberof zeromomentss exactly whathasto bedone
if the Holder or Soboler exponentavereto be usedascostfunc-
tionsin anoptimizationalgorithmfor findingthe optimallysmooth
waveletof a given support. It shouldbe noticedthatthe problem
of estimatingthe numberof zero momentsis equivalentto find-
ing rootsof a polynomialwhich is known to be a numericallyill
conditionedproblem. Due to the numericalproblemsneitherthe
Holdernorthe Soboler exponentaresuitedcostfunctionsfor de-
signingsmoothwaveletsusingnonlinearoptimization.Recentlya
methodfor designing'more” differentiablevavelets(comparedo
the K -regular Daubechiesolution) hasbeendevelopedby Lang
andHeller [4]. However, it doesnecessarilyrequirethat a large
numberof momentdesetto zero.

First recallthatthe continuougtime) wavelet basisfunctions
areobtainedby iteratingthe associatedilter bankaninfinite num-
berof times.Now realizingthatary practicalapplicationwill only
involve a finite numberof iterations,the associatedunctionsare
not continuousbut discretefor which the strict definition of dif-
ferentiability given by the Holder and Soboler exponentsarenot
(necessarilymeaningful. As a resultalternatve descriptionsof
smoothnesicorporating‘visual” smoothnesgehavior (e.g.,lo-
cal variation) shouldbe considered.
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Furthermorepne canshaw [5] thata goodapproximationto
the discretewavelet transform(DWT) can be implementedeffi-
ciently by approximateorthogonalrotations.However, by apply-
ing approximaterthogonatotationsonecanonly makethezeroth
momentvanishexactly andonly hopethat higherordermoments
aresmall. Hence,with the goal of implementingthe DWT effi-
ciently, thefactthatexactzeromomentf higherordercannotbe
achieved shouldbe incorporaten to the designspecifications.If
in additionto only requiringthatthe first momentbe setto zeroit
isimposedhatthelattice anglesbeof theform
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whereW is thespecifiedvord-lengthandb; ; € {0, 1} onecanin
theorydesign(e.qg.,by integer programmingwaveletbasiswhich
canbeimplementedxactlyby a smallnumberof y-rotations.
Basedontheseobsenationsandthefact thatprescribingonly
one zero moment(the zerothmomentof ¢, (¢)) the wavelet ba-
siscanat bestbe C' andhencemeasuresf smoothnessuchas
theHolderandSoboler exponentsareinsufiicientfor our purpose.
Theresultspresentedh this paperis building onideasfirst seenn
[1] wheretotal variationwasintroducedasa way to optimizethe
smoothnessf the prototypefilter for A -bandcosinemodulated
orthonormalvaveletsbasis.Thenew measurediscretefinite vari-
ation, canbe optimizedindependenbf the numberof vanishing
momentggiving riseto smoothwaveletbasis.Furthermoresince
the new measuredoesnot dependon having a large numberof
vanishingmomentdor obtainingsmoothbasisit canin principle
be usedto solve thelattice anglequantizatiorproblemprescribed

by (1).

1.1. Wavelets

In the remainderof the paperthe discussiorwill be restrictedto
2-bandorthonormalwavelet basis. However, mostof the theory
easily appliesto the M -bandsolutionas well asthe biorthogo-
nal solution. A 2-bandcompactlysupportecrthonormalwavelet
basesarecharacterizedby a scalingfilter, q(k), andwaveletfil-

ter, h1(k), both of finite length N = 2K, satisfyingthe linear
condition
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The scalingfunction, ¥ (¢), andthe wavelet function, 41 (), is
thendefinedfor : = 0, 1 by thedyadicdifferenceequation

bi(1) = VIS hi (K)o (21 — ). @)
k

Exacthardwaremplementation®f a discretewavelet transform
(DWT) mustsatisfyboththe orthogonalityaswell asthe wavelet
zeromomentcondition. In fact, for the maximally vanishingmo-

mentsolution(Daubechieshhereare K = % vanishingmoments.
It is well known thatimplementingthe DWT by lattice rotations
orthogonalityis structurallyimposedthroughthe basicbuilding

blocks(2 x 2 orthogonarotations)7]. It is alsowell know thatby

imposingthatthe sumof thelattice anglesbe — 7 the zerothmo-
mentis guaranteedo be zero(e.g.,onecaneasilyguaranteghe
implementationof an orthogonalwavelet basis). In fact, choos-
ing ary setof lattice anglesaslong asthe sumis constrainedo

be —7 anorthogonalwavelettransformatioris guaranteednde-
pendentof the propertieqe.g.,smoothnesgegularity, stopband
characteristicetc.) of the correspondingcalingand waveletfil-

ters/functions.

If morethanonevanishingmoment(to high numericalaccu-
rag) is requiredthis canbe achievedby implementingthe lattice
filter with floating point multipliers. However, if efficient imple-
mentationsaredesired5] onehasto give up the momentapprox-
imation propertyin favor of efficient arithmetic(replacefloating
point multiplieswith afew shiftsandadds).

The goal is to obtain an algorithm for designing“smooth”
waveletbasisthatcanbeimplementefficiently without sacrificing
propertiesobtainedby the design. The first stepin this direction
is to obtaina new measuref smoothnessouplingthe constraints
givenby thelatticearchitectureandthe designalgorithm.

2. SMOOTHNESS

2.1. The Holder and Soboler measure

Definition 1. [Holder continuity]
Lety : R — Candlet0 < o < 1. Thenthefunctiony is Holder
continuousof order « if there exista constantc sud that

lo(z) —(y)] < cle—y|* forallz,y eR (5)

Basedontheabove definition, » hasto beaconstantf o > 1.
Thisis notvery usefulfor determiningcontinuity of ordera > 1.
However, usingtheabove definitionHoldercontinuityof ary order
r > 0 is definedasfollows:

Definition 2. [Holder exponent]

Afunctiony : R — Cis continuousof orderr = P 4+ o (0 <
a<)ifpe CF andits Ptk derivativeis Holder continuousof
order«. Thenr is saidto bethe Holder exponenof ¢

Similarly the Soboles exponentis a measuref the decayof
the Fouriertransformandis givenby thefollowing definition.

Definition 3. [Sobolevexponent]
Lety : R — C, theny is saidto belongto the Sobole spaceof
orders (¢ € H®)if

Ja+lapy

Thens is saidto bethe Sobole exponentf ¢

(W) dw < oo 6)

Notice,thatalthoughSobole exponentdoesnot give explicit
orderof differentiabilityit doesyield anlowerandupperboundon
r, the Holder exponent,andhencethe differentiability of ». This
canbe seenfrom thefollowing inclusions:

Hs+1/2 c Cr c Hs (7)

2.2. Boundedvariation and total variation

In the following discussionwe will considervectorvaluedfunc-
tions, f : [a,b] — R™, andtheEuclideamormonR™.

Definition 4 (Total variation). Let f(z) bea vectorvaluedfunc-
tion such that f : [a,b] — R™ andlet X bethe setof m points
partitioning[a, b] sud that

X={zi:a=z0<z1 <+ <Tm_1 =b}.

Formthesum
Vi(a,b) = Z [f(z:) = fziz1)] (8)

then

V = sup Vy(a,b) ©
X

is definedto be thetotal variation of f on[a, b]. Furthermore, in
caseV < oo thenwesaythefunction f is of boundedvariation.

Functionsof boundedvariationhave a numberof interesting
propertied3, pp. 530-543],however, for the purposeof applying
ideasfrom thetheoryof boundedrariationto the designof smooth
waveletsthesepropertiesare not relevant andin fact “total vari-
ation” is not the exact quantity that shouldbe minimized. Also,
noticingthat(9) involvesfinding the leastupperbound(e.g.,sup)
over all possiblepartitionson [a, ] (requiringthatthe scaletend
toinfinity resultingin acomputationaintractableproblem).How-
ever, usingintuition andpracticalexperiencevenoticethatit is not
the“global behavior” of the functionwe careaboutbut ratherthe
local variation. This is illustratedby the examplein Fig. 1. Con-
siderf(z) in Fig. laandg(z) in Fig. 1bandnoticethatboth f(z)
andg(z) trivially have the sametotal variation,namely’y = ¢,
andyetthefunctionsaredifferentwith respecto smoothnes$o-
cally” In fact, while the derivative of g(z) in Fig. 1bis “small”’
on the entiresupport, f(z) in Fig. 1lahasa deriative tendingto
infinity atz*. A measureof smoothnesshouldtaketheseprac-
tical issuesin to accountandobjectively quantify the differences
obseredin Figs.1laand1b.
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Figurel: Boundedvariationandlocally smoothfunctions.

2.3. Discretefinite variation

Basedntheabove discussiorthedesiredpropertyof anew smooth-
nessmeasuras asfollows:

locally sampleof thewaveletshouldnot changetoo fast

Thisis exactly why Fig. 1b is preferedover Fig. lawhereat z*

the rate of changeis approachingnfinity. Also, notice the use
of “samples”in the above description. This comesfrom the fact
thattypically only a few stagegscales)f the wavelettransform



is computedn ary realapplicationandhencewe only careabout
“finite scale”’smoothness.

If f:R — Randwelet f(z;)fori =10,..., m—1bem
equallyspacedsample®f f thenthefirst orderdiscretedifference
operatorD,, : R™ — R™ ! is definedas

Do f(z:) = fz:) — fziz1)

Using(10) thenth orderdiscretedifferenceoperatorD}, : R™ —
R™~™" is definedby

1<i<m. (10)

D f(z) = (fizxm¢>.ﬂzﬁ (11)

k=0
anddiscretefinite variation (DFV) is definedasfollows:

Definition 5 (Discretefinite variation). Let J be the numberof
stagesof the iterated filter bank and let g (=), supportedon
[0, N — 1], be thelength L sequencef samplesof the scaling
functionsudthat0 = zg < z1 < -+ < 21 = N — 1 with
z;—z;—1 = Az forall:=1...,L — 1. Thenthediscretefinite
variation of ordern is definedas

12

ThetermDFV is usedto emphasiz¢hatthe measurds based

onthe(local)variationof discretesample®f thefinite scalewavelet.

Theclassof finite scalesmoothwaveletsareobtainecnumerically
by solvingthefollowing constrainiminimizationproblem

minw’ v (13)
ho
subjectto
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wherefor ¢; € J andJ the setof desiredith orderdifferencedo be
optimizedthen
T
]
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andw(n) is asetof weights
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For shorthandhotationwe will denotetheoptimalsolutionof (13)
by DFV? where N is thefilter length, n is the orderof dis-
cretedifferenceoperatolandp is thedesiredrderof theEuclidean
normto applyto V" in (12).

3. EXAMPLES

This sectiongivesresultsof the new designand comparethe re-
sults with the K'-regular solutionsdue to Daubechies. Table 1
compareDFV and Holder exponentfor the K -regular solution
andthe DFV3 solution. Thesolutionof the optimal DFV wasob-
tainedby performinga constrainedninimizationusingthe MAT-
LAB constrainedptimizationalgorithm: const r. In Fig. 2 the
correspondingcalingfunctionfor N = 12 is plotted. Notice,that
althoughthe Holder regularity is significantly different (2.1553

versus0.8964)the new designis “visually” smoother In Fig. 3
the correspondindjirst andsecondrdernumericalderivativesare
plotted. Notice that higher Holder regularity doesindeedcorre-
spondto smootheffirst andsecondorderderivativesandyet one
could not have guessedhat by observingthe functionsin Fig. 2
only. In Table2 scalindfilter coeficientsfor theoptimal N = 12
solutionis given and Table 3 show the first 6 momentsof both
filters.

Table1: Comparisorof DFV and Holder regularity for a length
N = 2K maximallyregular (K -regular) waveletbasisand opti-
mal DFV solution.

N DFV Holder
K-regular | DFVY? | K-regular | DFV}?
6 0.2024 0.1962 1.0816 0.8498
8 0.1804 0.1735 1.6008 0.9132
10 0.1731 0.1680 1.9336 0.8976
12 0.1697 0.1655 2.1553 0.9124
14 0.1678 0.1649 2.4261 0.8955
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Figure2: Scalingfunction ¢ (¢) for length N = 12. Top: 6-
regular (Daubechies)Bottom: optimal DFV.

4. SUMMARY

This paperintroducesa new definition of smoothnessvhich is
more meaningfulandlessrestrictve thanoptimizationof Holder
andSoboler exponents Themethoddispensesvith thetraditional
measuresf smoothneswhichrequireghatalargenumberof mo-
mentsbesetto zeroin favor of ameasurehatdescribeshe“visual
smoothnessdf thefinitely iteratedfilters. Resultsshaw thatmini-
mizationof discretdfinite variation(a measuref local roughness)
resultsin waveletbasiswhich arevisually smoothethanthe K -
regular solutionsdueto Daubechiesvithout having to imposea
large numberof zeromomentof ¢, (z).
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