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ABSTRACT

Weconsiderthedesignof kernelsfor time-frequency distri-
butionsthroughthephase,ratherthanamplitude,response.
While phasekernelsdo not attenuatetroublesomecross-
components,they cantranslatethemin the time-frequency
plane. In contrastto previous work on phasekernelsthat
concentratedonplacingthecross-componentson topof the
auto-components,wesetupa “don’t care”region andplace
thecross-componentsthere.Thecloseconnectionsbetween
optimalallpasskernelsandoptimallowpasskernelsprovide
valuableinsightinto signal-dependenttime-frequency anal-
ysis.

1. INTRODUCTION

Time-frequency distributions(TFDs) are two-dimensional
functionsthatindicatethejoint time-frequency energy con-
tent of a signal. They have beenutilized to studya wide
rangeof signalsin acoustics,biology, radar, sonar, geo-
physics,andspeechprocessing.MostTFDsof currentinter-
estaremembersof Cohen’squadraticclass[1] whichcanbe
generatedby Fourier transformationof a weightedversion
of theambiguityfunction(AF) of thesignalto beanalyzed.
Thatis, if

���������
	
is a bilinearTFD of thesignal � ����	 , then���������	����������������	�����������	! #"�$�%&#'�(*),+�-.#/�0���01�

(1)

with
�2�������	

theAF of thesignal����������	3� � ��4!5 �76 � 8!9 �:5 �<; � 8!9  *$�%&#(*)10=��>
Theweightingfunction

����������	
, calledthekernelof thedis-

tribution,completelydeterminesthepropertiesof its corre-
spondingTFD, via (1).
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TheAF is a quadraticfunctionof thesignal,andhence,
it exhibits cross-components.If allowed to passinto the
TFD, cross-componentscan reduceauto-componentreso-
lution, obscurethe true signal features,and make inter-
pretationof the distribution difficult. Therefore,the ker-
nel is often selectedto weight the AF suchthat the auto-
components,which arecenteredat the origin of the

�������	
ambiguityplane,arepassed,while the cross-components,
which are locatedaway from the origin, are suppressed
[1–3]. Denotingthe auto-componentregion in the

�������	
planeby ? (seeFigure1(a)),cross-componentsuppression
requiresthe kernelto be lowpass,with

���������	A@CB
on ?

and
����������	D@FE

on thecomplement?HG .
In Figure1, we show threeconventionalTFDsof a sig-

nalcomposedof twoparallellinearchirps.SincetheWigner
distributionhaskernel

�JI2KL�MB
, it doesnotsuppresscross-

components.On thecontrary, boththespectrogramof Fig-
ure1(c) andcone-kerneldistributionof Figure1(d) employ
lowpasskernels[1], andthussuppresscross-componentsat
theexpenseof somesmearingof theauto-components.

Unfortunately, TFDs derived from lowpasssmoothing
kernelscannotsatisfy all of the desirablepropertiesof a
time-frequency energy density [1]. One property com-
pletelyatoddswith cross-componentsuppressionis unitar-
ity (Moyal’sformula),wherewewish that

�7�N�DOP�������
	�� % �������	�0=��0��Q�SRRRR � � O�����	 ��4% ����	�0=�TRRRR % (2)

with
� O

and
� % the TFDs of the two signals� O and � % . A

quadraticTFD is unitaryif andonly if its kernel U ���������	 U �B
, meaningthat both auto-andcross-componentsmustbe

presentin
�

. Thedesirabilityof unitarity (it is requiredfor
correctlyposingdetectionproblemsin time-frequency, for
example[4,5]) motivatesourstudyof allpasskernels.



2. PHASE KERNELS

While an allpasskernel with U ����������	 U �SB
cannotsup-

presscross-components,it can movethem. In particular,
we canemploya phasefactor in

�
to translatethe cross-

componentsaway from the auto-componentsin the time-
frequency plane,wherethey will not interferewith the in-
terpretationof the distribution but wherethey will still be
availablefor otherpurposes,suchascalculationsof theform
(2).

Previous researchhasrevealedthe importantrole that
phasecan play in TFD kerneldesign[1, 6–8]. However,
to dateresearchershave concentratedon “strong support”
propertiesand employedphaseonly to place the cross-
componentson top of the auto-componentsin the time-
frequency plane.While this approachhasleadto somenew
TFDsandinterestingconclusions,TFDsderivedin thisway
suffer from severeamplitudemodulationartifacts.

Many differentphaseshifting schemesarepossible;we
will useonly thesimplestschemehereto explain thebasic
principlesof our approach.For a signalbandlimitedto the
region of interestV �XWYEZ��[�\

Hz, we setup thedon’t care
region V]G �MWY[^� 8 [�\ Hz.

O
Thesimplephasekernel��_J�������	`�ba Bc� �������	Jd ? $e&#-f � �������	Jd ?HG (3)

partitionsthe components,sendingAF (auto)components
from ? to the region of interest V in the time-frequency
planeandsendingAF (cross)componentsfrom ?gG to the
don’t careregion V G . (SeeFigure1(e).)

3. OPTIMAL PHASE KERNELS

While phasekernelsappearan interestingadjunctto more
conventionalreal-valuedkernels,we arestill left with the
questionof how to choosethe zero-phaseregion ? for a
given signal. Sincethe locationsof the auto- and cross-
componentsdependon thesignalto beanalyzed,weexpect
to obtaingoodperformancefor abroadclassof signalsonly
by usinga signal-dependentkernel.

We proposea novel procedurefor selectinga signal-
dependentphasekernel. Givena signal,the methodauto-
maticallydesignsa kernelthat is optimalwith respectto a
setof performancecriteria that attemptsto capture,math-
ematically, the kernelpropertiesthat lead to good perfor-
mance.h

Implementationof this simpleschemein discrete-timeclearly would
requirethat thesignalbedoubleover-sampled.Shifting in thetime direc-
tion wouldremovethisconstraint,but wouldalsomakeon-lineimplemen-
tationmorecomplicated.

Our formulation singlesout the phasekernel that op-
timally translatescross-componentswhile passingauto-
components.For theperformanceindex, we choosethe i %
normof theTFD in theregion V of interest,whichhasbeen
shown to beaneffectivemeasureof TFD concentration[3].
Sinceunconstrainedmaximizationof this measurewould
resultin themaximallyconcentratedyet cross-component-
dominatedWigner distribution, we constrainthe kernel to
bean allpassfilter of the form (3). Further, to ensurethat
the zero-phaseregion ? remainsconnectedto the origin
in the

�������	
plane(wherethe auto-componentslive), we

constrain ? to be a radial region of finite area,in which
the ray from eachpoint in ? to the origin remainswithin? . In otherwords,in polarcoordinatesj % �k� % ;l� % andm �on#pqr�n=s�����tu�#	

, we requirethat� j % � m 	7d ? v � j O#� m 	Td ? wxj O^y j % � w m > (4)

Sucha constraintis in thesamespirit asthe“radially non-
increasing”constraintof [3] (see(11) in theAppendix).

Wedefinetheoptimalphasekernelasthesolutionto the
followingoptimizationproblem:z ne{|<} ����~ U �x�������	 U %�0=��0�� (5)

subjectto (3), (4), andarea
� ? 	Jyl�J> (6)

Theparameter
�

limits thesizeof thezero-phaseregion of
theoptimalkernel. Note that theconstraintsdo not dictate
the exact shapeof the zero-phaseregion of the kernel; the
shapeis determinedby maximizingthe performancemea-
sure.

This optimizationproblemhasanelegantandefficient
solutionin termsof theoptimal“1/0” lowpassoptimization
of [3,9] (seetheAppendixfor details):

Thezero-phaseregion ?������ of theoptimalphase
kernelcorrespondsto the region of supportof
theoptimal1/0kernel.

Time-frequency analysiswith the optimal phaseker-
nel distribution thereforefollows a four-step procedure:
(1) computetheAF of thesignal;(2) solve for theoptimal
1/0kernelusingthefastalgorithmgivenin [9]; (3) set ? �����
equalto theregion of supportof theoptimal1/0kernel;and
(4) FouriertransformtheAF-kernelproduct.

4. EXAMPLE

Figure1(e)illustratestheoptimalphasekernelTFD for the
two-chirptestsignal.Theauto-componentslie concentrated
in the bandlimitedregion

W EZ��[H\
Hz of interest,while the

cross-componentis relegatedto thedon’t careregion
WY[^� 8 [�\

Hz.



5. CONCLUSIONS

In thispaper, wehaveproposedanew approachto TFD ker-
nel designthat departsfrom conventionalamplitude-only
approaches.Optimal phasekernelsrepresentthe comple-
menttheoptimallowpasskernelsdevelopedin [3] andshare
many of their usefulfeatures.The signal-dependent,opti-
mal phasekernelTFD providesa goodtime-frequency rep-
resentationby adjustingtheshapeof its kernelto optimally
passauto-componentsandmovecross-components,regard-
lessof their locationandorientationin the time-frequency
plane.Ourapproachis basedonquantitativeoptimalitycri-
teria, is automatic,andis computationallyefficient (a fast
algorithmyields theoptimalphasekernelin � ��� %:���u� �`	
computations,with

�
thenumberof signalsamplesto ana-

lyze).

In additionto unitarity, thesimplephasekernelsof (3)
retaintheoutertimesupportandtimemarginalpropertiesof
theWignerdistribution.To securethefrequency marginal,a
supplementaryconstraintcanbeappendedto theoptimiza-
tion formulation,asin [3]. Furtherconstraintswill resultin
otherdesirableproperties;however, not all constraintsare
compatiblewith theallpassnatureof thephasekernel.

APPENDIX: 1/0 OPTIMAL KERNELS

The optimalphasekernelis closelytied to theoptimal
1/0 lowpasskernelof [3,9]. Givena signalandits AF, the
optimal1/0 kernelis definedasthereal,non-negative func-
tion

� O����
thatsolvesthefollowing optimizationproblem:z n�{| ��� U ���������	����������Z	 U % 0���0�� (7)

subjectto ����E��Ec	���B
(8)���������	

is radially nonincreasing (9)�7� U ����������	 U %�01��0��My���� �L��EZ>
(10)

Theradially nonincreasingconstraint(9) canbeexpressed
explicitly in polarcoordinatesas��� j O#� m 	������ j % � m 	 wxj O^y j % � w m > (11)

Notethesimilarity to (4).

The constraints(8)–(10)andperformancemeasure(7)
are formulatedso that the optimal 1/0 kernelpassesauto-
componentsand attenuatescross-components.The con-
straintsforce the optimal kernel to be a lowpassfilter of

fixedvolume
�

; maximizingthe performancemeasureen-
couragesthe passbandof the kernel to lie over the auto-
components.Both the performancemeasureandthe con-
straintsare insensitive to the orientationangleandaspect
ratio (scaling)of thesignalcomponentsin the

�������	
plane.

By controllingthevolumeundertheoptimalkernel,the
parameter

�
controlsthetradeoff betweencross-component

suppressionandsmearingof theauto-components.Reason-
ableboundsare

B�y��oy��
. At the lower bound,the op-

timal kernelsharesthesamevolumeasa spectrogramker-
nel,whereasattheupperbound,theoptimalkernelsmooths
only slightly. In fact,as

�`���
, the1/0optimal-kerneldis-

tributionconvergesto theWignerdistributionof thesignal.

A distinctive featureof the optimal 1/0 kernel is that� O��� ��E
everywhereexcepton a radial region of area

�
,

where
� O���� �XB

[9]. We now usethis fact to demonstrate
that the zero-phaseregion ? ����� of the optimal phaseker-
nel correspondsto theregion of supportof theoptimal1/0
kernel.

First, notethatsincephasekernelsof the form (3) map
all componentsin ?HG to the don’t careregion V]G , we can
useParseval’s theoremto rewrite theperformancemeasure
(5) in theAF domain��� ~ U ���������
	 U %
0#��0��M���7� _ U ����������	 U %�01��0���>
With this transformation,we can translatethe phaseker-
nel optimizationformulation(5), (6) into anequivalentop-
timizationover 1/0 lowpasskernels:z n�{��} �7� U ���������	��2_J�������	 U %�0���0�� (12)

subjectto � _ ��a B � s ?E � s ?gG (13)? a radialregion of area
� ? 	Jy��J> (14)

The region of supportof the solution to this optimization
coincideswith the zero-phaseregion ? ��P� of the optimal
phasekernel.

To seal the proof, note that all kernelsfeasibleunder
(13),(14) arealsofeasibleunder(8)–(10);thereforetheop-
timal 1/0 kernel

� O¡��
solvesboth (7)–(10)and(12)–(14).

Thus,theregionof supportof
� O���

coincideswith thezero-
phaseregion ?���P� of theoptimalphasekernel.
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Figure1: Time-frequency distributionsof a testsignalconsistingof two linearchirps.(a)Ambiguity function(AF), showing
theauto-componentregion ? andcross-componentregion ?gG . (b) Wignerdistribution(

� I�K �kB
), whichpassesbothauto-

andcross-componentsinto time-frequency. (c) Spectrogram,with lowpasskernel.(d) Cone-kerneldistribution, with lowpass
kernel.(e)OptimalphasekernelTFD, showing boththeregionof interestV andthedon’t careregion V]G .
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