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ABSTRACT

We considetthedesignof kernelsfor time-frequenyg distri-

butionsthroughthe phaseratherthanamplitude response.

While phasekernelsdo not attenuatetroublesomecross-
componentsthey cantranslatehemin the time-frequenyg

plane. In contrastto previous work on phasekernelsthat
concentratedn placingthe cross-componentn top of the

auto-componentsye setupa“don’t care”region andplace
thecross-componentiere.Thecloseconnectiondetween
optimalallpassernelsandoptimallowpassernelsprovide

valuableinsightinto signal-dependenime-frequeng anal-
ysis.

1. INTRODUCTION

Time-frequeng distributions (TFDs) are two-dimensional
functionsthatindicatethejoint time-frequeng enegy con-
tent of a signal. They have beenutilized to study a wide
rangeof signalsin acoustics,biology, radar sonay geo-
physicsandspeeclprocessingMost TFDsof currentinter-
estaremember®f Cohensquadraticlasg1] whichcanbe
generatedy Fouriertransformatiorof a weightedversion
of theambiguityfunction(AF) of the signalto beanalyzed.
Thatis, if P(¢, f) is abilinearTFD of thesignals(t), then

P(taf) = // A(@,T) <I>(9,7') e_j2”(9t+‘ff) do dr (1)

with A(@, 7) the AF of thesignal
_ * _ Z Z j2mot
A0, 1) = /5 (t 2)5(t+2)6 dt.

Theweightingfunction®(8, ), calledthekernelof thedis-
tribution, completelydetermineshe propertief its corre-
spondingTFD, via (1).
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The AF is a quadratidunctionof the signal,andhence,
it exhibits cross-componentslif allowed to passinto the
TFD, cross-componentsan reduceauto-componenteso-
lution, obscurethe true signal features,and make inter-
pretationof the distribution difficult. Therefore,the ker
nel is often selectedo weightthe AF suchthat the auto-
componentswhich are centeredat the origin of the (¢, 7)
ambiguity plane, are passedwhile the cross-components,
which are locatedavay from the origin, are suppressed
[1-3]. Denotingthe auto-componentegion in the (¢, 7)
planeby Q (seeFigurel(a)),cross-componersuppression
requiresthe kernelto be lowpasswith (¢, 7) =~ 1 on Q
and®(f, 7) = 0 onthecomplement®.

In Figurel, we shaw threecorventional TFDs of a sig-
nalcomposeaf two parallellinearchirps.SincetheWigner
distributionhaskernel®wp = 1, it doesnotsuppressross-
componentsOn the contrary boththe spectrogranof Fig-
ure1(c) andcone-kernedtlistribution of Figure1(d) employ
lowpassernels[1], andthussuppressross-components
theexpenseof somesmearingf theauto-components.

Unfortunately TFDs derived from lowpasssmoothing
kernelscannotsatisfy all of the desirablepropertiesof a
time-frequeng enegy density [1]. One property com-
pletelyatoddswith cross-componerstuppressiois unitar-
ity (Moyal'sformula),wherewe wish that
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[[Pwnrwnaa = ‘/sl(t)sz(t)dt @)

with P; and P, the TFDs of the two signalss; ands;. A
quadraticTFD is unitaryif andonly if its kernel|®(0, )| =
1, meaningthat both auto-and cross-componentsiustbe
presenin P. Thedesirabilityof unitarity (it is requiredfor
correctlyposingdetectionproblemsin time-frequeny, for
example[4,5]) motivatesour studyof allpasskernels



2. PHASE KERNELS

While an allpasskernelwith |®(6,7)] = 1 cannotsup-
presscross-componentst can movethem. In particular
we canemploya phasefactorin @ to translatethe cross-
componentsway from the auto-components the time-
frequeng plane,wherethey will notinterferewith the in-
terpretationof the distribution but wherethey will still be
availablefor otherpurposessuchascalculationof theform

).

Previous researcthasrevealedthe importantrole that
phasecan play in TFD kerneldesign[1, 6-8]. However,
to dateresearcherbave concentrateen “strong support”
propertiesand employedphaseonly to place the cross-
componenton top of the auto-componenti the time-
frequeng plane.While this approacthasleadto somenew
TFDsandinterestingconclusionsTFDsderivedin thisway
suffer from severeamplitudemodulationartifacts.

Mary differentphaseshifting schemesirepossiblewe
will useonly the simplestschemeéhereto explain the basic
principlesof our approach.For a signalbandlimitedto the
region of interestR = [0, F'] Hz, we setup thedon' care
region R¢ = [F, 2F] Hz.! Thesimplephasekernel

1, (0,7)eQ
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partitionsthe componentssendingAF (auto) components
from Q to the region of interestR in the time-frequenyg
planeand sendingAF (cross)componentgrom Q°¢ to the
don't careregion R°. (SeeFigurel(e).)

3. OPTIMAL PHASE KERNELS

While phasekernelsappearan interestingadjunctto more
corventionalreal-\aluedkernels,we arestill left with the
guestionof how to choosethe zero-phaseegion Q for a
given signal. Sincethe locationsof the auto- and cross-
componentsiependn thesignalto beanalyzedwe expect
to obtaingoodperformancéor abroadclassof signalsonly
by usinga signal-dependeriternel.

We proposea novel procedurefor selectinga signal-
dependenphasekernel. Given a signal,the methodauto-
matically designsa kernelthatis optimal with respecto a
setof performancecriteriathat attemptsto capture,math-
ematically the kernel propertiesthat lead to good perfor
mance.

TImplementatiorof this simpleschemen discrete-timeclearly would
requirethatthe signalbe doubleoversampled Shifting in the time direc-
tion wouldremovethis constraintbut would alsomakeon-lineimplemen-
tationmorecomplicated.

Our formulation singlesout the phasekernelthat op-
timally translatescross-componentsvhile passingauto-
componentsFor the performancéndex, we choosethe L?
normof theTFD in theregion R of interestwhichhasbeen
shavn to bean effective measuref TFD concentratior3].
Sinceunconstrainednaximizationof this measurewould
resultin the maximally concentrateget cross-component-
dominatedwigner distribution, we constrainthe kernelto
be an allpassfilter of the form (3). Further to ensurethat
the zero-phaseegion Q remainsconnectedo the origin
in the (¢, 7) plane(wherethe auto-componenttve), we
constrain@ to be a radial region of finite area,in which
theray from eachpointin @ to the origin remainswithin
Q. In otherwords,in polar coordinates-? = 62 + 72 and
¢ = arctan(7/6), werequirethat

(r,¥)€Q = (ri,)€Q Vri<ry, V4. (4)

Sucha constraintis in the samespirit asthe “radially non-
increasing’constrainof [3] (see(11)in the Appendix).

We definethe optimalphasekernelasthesolutionto the
following optimizationproblem:

max ([ 1P PP s 5)

subjectto (3), (4), andared Q) < «. (6)

The parametety limits the sizeof the zero-phaseegion of
the optimal kernel. Note thatthe constraintgdo not dictate
the exact shapeof the zero-phaseegion of the kernel; the
shapeis determinedoy maximizingthe performancemea-
sure.

This optimizationproblemhasan elggantand efficient
solutionin termsof theoptimal“1/0” lowpassoptimization
of [3,9] (seethe Appendixfor details):

Thezero-phaseegion Q,,; of theoptimalphase
kernelcorrespondso the region of supportof
the optimal1/0kernel.

Time-frequeng analysiswith the optimal phaseker
nel distribution thereforefollows a four-step procedure:
(1) computethe AF of the signal;(2) solve for the optimal
1/0kernelusingthefastalgorithmgivenin [9]; (3) setQqp:
equalto theregion of supporiof theoptimal 1/0 kernel;and
(4) Fouriertransformthe AF-kernelproduct.

4. EXAMPLE

Figurel(e)illustratesthe optimal phasekernel TFD for the
two-chirptestsignal. Theauto-componentig concentrated
in the bandlimitedregion [0, '] Hz of interest,while the
cross-componei relegatedto thedon't careregion[F, 2 F]
Hz.



5. CONCLUSIONS

In this paperwe have proposednew approacthio TFD ker-
nel designthat departsfrom conventional amplitude-only
approaches Optimal phasekernelsrepresenthe comple-
mentthe optimallowpasskernelsdevelopedin [3] andshare
mary of their usefulfeatures. The signal-dependengpti-
mal phasekernel TFD providesa goodtime-frequeny rep-
resentatiorby adjustingthe shapeof its kernelto optimally
passauto-componentandmove cross-componentsegard-
lessof their locationandorientationin the time-frequeng
plane.Our approachs basen quantitatve optimality cri-
teria, is automatic,andis computationallyefficient (a fast
algorithmyields the optimal phasekernelin O(N? log N)
computationswith N the numberof signalsampledo ana-
lyze).

In additionto unitarity, the simplephasekernelsof (3)
retaintheoutertime supportandtime maginal propertieof
theWignerdistribution. To securéghefrequeng mawginal, a
supplementargonstrainicanbe appendedo the optimiza-
tion formulation,asin [3]. Furtherconstraintwill resultin
otherdesirableproperties;however, not all constraintsare
compatiblewith theallpassnatureof the phasekernel.

APPENDIX: /0 OPTIMAL KERNELS

The optimal phasekernelis closelytied to the optimal
1/0lowpasskernelof [3,9]. Givena signalandits AF, the
optimal 1/0 kernelis definedasthereal,non-ngative func-
tion @, /o thatsolvesthefollowing optimizationproblem:

mgx/ |A(0, 7)®(0,7)* dO dT (7
subjectto
$(0,0) = 1 (8)
(6, ) is radially nonincreasing 9)
/ |®(0,7)|*d0dr < a, a>0. (20)

The radially nonincreasingonstraint(9) canbe expressed
explicitly in polarcoordinategs

Q(r,v) > P(ra,9)

Notethesimilarity to (4).

VTl S Tra, V1/} (11)

The constraintg8)—(10) and performancameasurg7)
are formulatedso that the optimal 1/0 kernel passesuto-
componentsand attenuatesross-components.The con-
straintsforce the optimal kernelto be a lowpassfilter of

fixed volume «; maximizingthe performancemeasureen-
courageghe passbandf the kernelto lie over the auto-
components.Both the performancemeasureandthe con-
straintsare insensitve to the orientationangleand aspect
ratio (scaling)of the signalcomponentén the (¢, ) plane.

By controllingthe volumeunderthe optimalkernel,the
parametet controlsthetradeof betweercross-component
suppressioandsmearingpf theauto-componentfkeason-
ableboundsare1 < a < 5. At the lower bound,the op-
timal kernelshareghe samevolumeasa spectrogranker
nel,whereaattheupperboundtheoptimalkernelsmooths
only slightly. In fact,asae — oo, the1/0 optimal-kerneHis-
tribution convergesto the Wignerdistribution of the signal.

A distinctive featureof the optimal 1/0 kernelis that
®,,0 = 0 everywhereexcepton a radial region of areac,
where®, ,, = 1 [9]. We now usethis factto demonstrate
that the zero-phaseegion O, of the optimal phaseker
nel correspondso the region of supportof the optimal 1/0
kernel.

First, notethat sincephasekernelsof the form (3) map
all componentsn Q¢ to thedon't careregion R¢, we can
usePars&al’s theoremto rewrite the performanceneasure
(5) in the AF domain

//R|P(t,f)|2dtdf = //Q |A(0, 7)|2 d0 dr.

With this transformationwe can translatethe phaseker
nel optimizationformulation(5), (6) into anequialentop-
timizationover 1/0 lowpasskernels:

max / |A(0, T)Wg (0, 7)|*dO dT (12)
Q
subjectto
v ton@ (13)
¢~ 0 on Q°
Q aradialregion of ared Q) < a. (14)

The region of supportof the solutionto this optimization
coincideswith the zero-phaseegion Q,; of the optimal
phasekernel.

To sealthe proof, note that all kernelsfeasibleunder
(13),(14) arealsofeasibleunder(8)—(10);thereforethe op-
timal 1/0 kernel @, solvesboth (7)—(10)and (12)—(14).
Thus,theregion of supportof ®, ;, coincideswith thezero-
phaseregion Q. of theoptimalphasekernel.
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Figurel: Time-frequeny distributionsof atestsignalconsistingof two linearchirps.(a) Ambiguity function(AF), shaving

the auto-componerregion @ andcross-componemegion Q°¢. (b) Wigner distribution (dwp = 1), which passedothauto-
andcross-componentsto time-frequeny. (c) Spectrogramyith lowpasskernel.(d) Cone-kernedlistribution, with lowpass
kernel. (e) Optimalphasekernel TFD, shaving boththe region of interestR andthedon'’t careregionR°®.
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