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Abstract

Mary imagingsystemgely on photondetectionasthe basisof imageformation. Oneof the major
sourcesf errorin theseimaging systemds Poissonnoise due to the quantumnatureof the photon
detectionprocessUnlike additive Gaussiamoise,Poissomoiseis signal-dependengndconsequently
separatingsignalfrom noiseis a very difficult task. In this paper we develop a novel wavelet-domain
filtering procedurdor noiseremoval in photonimagingsystemsThefilter adaptgo boththe signaland
the noiseandbalanceghe trade-of betweemoiseremaoval andexcessie smoothingof imagedetails.
Designedusingthe statisticalmethodof cross-alidation,thefilter is simultaneouslypptimalin asmall-
samplepredictive sumof squaresenseandasymptoticallyoptimalin themeansquareerrorsenseThe
filtering procedurénasa simpleinterpretatiorasajoint edgedetection/estimatioprocessMoreover, we
derive anefficientalgorithmfor performingthefiltering thathasthe sameorderof compleity asthefast
wavelettransformitself. The performancef the new filter is assessedith simulateddataexperiments
andtestedwith actualnucleamedicineimagery

1 Intr oduction

Photondetectionlies at the heartof the imageformationprocessn a hostof applicationsjncludingmed-
ical imaging[1] andastronomicakndlow-light imaging[2]. A photonimaging systemacquiresmages
by countingphotondetectionsat differentspatiallocationsover an obsenation periodof 1" seconds.For

example,photoneventsare detectedandlocatedusinga photomultipler tubearray The main sourceof

noisein photonimagingis the so-called‘quantum”noisedueto thediscretenatureof the photondetection
procesg3]. Quantumnoisedegradesmagesin both qualitative and quantitatve sensesndhindersimage
analysisjnterpretationandfeatureextraction. Consequentlyit is desirableto developfiltering methodgo

remove this noise.

Quantumnoiseobeys a Poissonlaw andhenceis highly dependenobn the underlyinglight intensity
patternbeingimaged.Thebasicmodelfor photonimagingdatais

f(k7l) = S(kvl) + n(kvl)v 1)

with f(k, ) theinteger numberof photonsdetectedat the k, [-th pixel location. The imageformedfrom
these“counts” is the standardmageusedin practice. In (1), we decomposehis total countimageinto

*Thiswork wassupportedy theNationalScienceFoundationgrantno. MIP-9457438andthe Office of Naval Researchgrant
no.N00014-95-18849



asignalandnoisecomponent.The signals(k, /) denoteghe underlyinglight intensityat the &, [-th pixel

location. The noisen(k,!) denotesthe differencebetweenthe true intensity and the numberof counts
detected. The probability distribution of f(k,!) is Poissonwith intensity s(k, ). Sincethe meanvalue
of this distributionis s(k, [), the noisen(k, [) representshe variability of the countsaboutthe true mean
intensity It is well-known thatthevarianceof a Poissorrandomvariableis equalto themean[4]. Therefore
thevariability of thenoiser (&, [) is proportionalto theintensitys(k, [) andhencesignal-dependerib].

This sighaldependenchasfrustratedraditionalattemptsatnoiseremorval in photonimagery Not only
mustwe contendwith the usualproblemsassociatedvith noisereduction,suchasoversmoothingbut we
alsofacethe additionalcomplity of a spatiallyvaryingnoiselevel thatdependsn thelocal intensityin
theimage. It is easilyshavn thatthe signal-to-noiseatio (SNR)for f(k,!) is linearin s(k,!), andhence
ary attemptsat noiseremoval on a pixel-by-pixel basisare futile. The only way to improve the SNR is
to increasdhe intensity (or equivalently acquirethe imageover a longerobsenationperiod). Clearly this
couldbe prohibitivein mary applicationsFig. 1 shovs a simulatedmagewith Poissomoise.

Ratherthanattemptingto separatesignalfrom noisein the spatial(pixel) domain,it is often adwanta-
geougto work in atransformdomain.The motivationfor transform-domaimprocessings thatanappropri-
ateimagetransformcan concentratéhe signalenegy into a small numberof coeficients. Hence,in the
transformdomainwe will have afew coeficientswith high SNR (which we keep)anda large numberof
coeficientswith low SNR (which we remore). In this way we can effectively separatéfilter) the signal
from the noise. Two standardchoicesfor the imagetransformare the Fourier transformandthe wavelet
transform.

The wavelettransformperformsa local Fourier analysisby representingmagesin termsof a basisof
functionslocalizedin both spaceandfrequeng. The localizationof the waveletfunctionsis particularly
appropriatdor imagingapplicationswhereit is crucialto preserefine detailslike edgeq6]. Furthermore,
empiricalevidencehasshown that waveletbasesgenerallyprovide more efficient representationef real-
world datathanspatialor frequeny domainrepresentationf/]. Becausewvaveletsare ableto concisely
representomplicatedsignalstructurefiltering techniqgue®asedn thewaveletdomainperformmuchbetter
atseparatingignalsfrom noisethanclassicabpproachebasedn the spatialor frequeng domain.

Researcho datein wavelet-domairfiltering hasfocusedon the removal of additive white Gaussian
noise. The basicwavelet-domairfiltering proceduranvolves(1) computingthe discretewavelettransform
(DWT) of theimage,(2) zeroingout the smallwaveletcoeficientsthatfall below the noiselevel, (3) com-
puting the inverseDWT of the processediata[6]. If the noiseis additive white Gaussianthenthe noise
level is uniform throughouthe imageandhenceuniform acrossall waveletcoeficients,sincethe DWT is
orthonormal Thereforejn additive white Gaussiamoisea simpleglobalnoisethresholdcanbe determined
independenof the signal.

Unfortunately the Poissomoisethat characterizephotonimageryis signal-dependengndtherefore
wavelet-domairfiltering basedon a global thresholdis inappropriate.One simple fix would be to work
with the square-roobf the image,sincethe square-roobperationis a variancestabilizingtransformation
[8]. As the numberof photoncountstendsto infinity, the square-rootmagenoisedoestendto a white
Gaussiamoise. However, in mary practicalapplicationssuchasnuclearmedicineandastronomyfar too
few countsaredetectedn orderto reachsuchasymptoticconditions.Consequentlythe square-rooimage
is still contaminatedvith a signal-dependemtoise.Thus,thereis a needfor anoptimalfiltering procedure
for Poissomoisethatadaptgo thelocal SNRin eachregion of theimage.
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Figurel: Simulatedmageswith additive white GaussiamoiseandPoissomoise. (a) Simulated,noise-freémage
(left) and horizontalprofile throughcenter(right). (b) Imagewith additive white Gaussiamoise. (c) Imagewith
Poissomoise.While the Gaussiamoiselevel is signal-independer@ndhenceuniform acrosgheimage,the Poisson
noiselevel is higherin the brighterregionsandlower in the darkerregions. The noiselevelsin (b) and(c) have been
adjustedso that the backgroundhoiselevel is comparablen both cases. The Poissonnoiselevels shavn hereare
typical of mary applicationgnuclearmedicineimaging,for example). The signal-dependentatureof Poissomoise
makeshe noiseremoval taskmuchmoredifficult thanin the Gaussiartase.
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Figure2: Comparisorof nucleammedicinespineimages.(a) Rav-countimage(b) wavelet-domairfilteredimageus-
ing Daubechies-@aveletbasis.The wavelet-domaitfiltering dramaticallyreduceshenoise,but doesnotexcessiely
smooththefine structureof spinalcolumn.

Thepurposeof thispapelis to developandanalyzeanew methodfor designingoptimalwavelet-domain
filters for noiseremoval in photonimagery Using the resultsof [9], we derive a novel wavelet-domain
Wienerfilter basedn themethodof cross-alidationthatnotonly presereskey imagedetailsandfeatures,
but alsoadaptdo thelocal noiselevel of the spatiallyvarying Poissorprocesainderlyingtheimage.

Figure2 demonstratethe new filter’s ability to reducePoissomoisein nuclearmedicineimaging,a
widely usedclinical imagingmodality Unlike mary othermedicalimagingtechniquesnuclearmedicine
imagingcanprovide both anatomicablnd functionalinformation. However, nuclearmedicineimaginghas
amuchlower SNR comparedvith othertechniquesHence,improvementsn imagequality via optimized
signal processingrepresent significantopportunityto advancethe state-of-the-arth nuclearmedicine.
Theraw nucleamedicinedatais animageof photondetectiongr counts(seeFigure2(a)). Becausef the
relatively smallnumberof countsin typicalnucleamedicinestudiestheraw countimageappearsoisyand
in fact hasa large varianceaboutits true mean(the underlyingintensity of the Poissorprocess).The nen
wavelet-domairfiltering methoddevelopedin this paperadaptdo boththe signaland noiseandprovidesa
muchbetterestimateof theunderlyingprocesgseeFigure2(b)).

After reviewing the DWT in Section2 andwavelet-domairfiltering in Section3, we developthe new
wavelet-domairfilter in Sectiond. In Section5 we studythe optimalfilter in furtherdetailandshow thatit
hasa simpleinterpretatiorin the spatialdomainasa joint detection/estimatioprocedureWe derie afast
algorithmfor performingthe entire optimalwavelet-domairfiltering proceduravhoseorderof compleity
is equivalentto that of the fast wavelet transformin Section6. In Section7 we study the performance
of the new filter throughsimulationsand andactualdatafrom nuclearmedicine. Finally, we offer some
conclusionsndindicatedirectionsof ongoingandfuturework in Section8.



2 The Wavelet Transform

The wavelettransformrepresents 1-d real-valuedcontinuous-timesignal f(¢), t € R in termsof shifts
anddilationsof a lowpassscalingfunction¢(¢) andbandpassvavelety(¢). For specialchoicesof these
functions theshiftsanddilationsform anorthonormabasisfor L, (IR) andwe have thesignalrepresentation
[10,11,12]

J
f) =327 p e —n) + 3 N d 2727t — ) 2
n j:—oo n
with scalingcoeficients
¢, = 27907 [ f(t) 627t - m) de 3)
andwaveletcoeficients
di — 2_j/2/f(t) B(279t — n) dt. )

A key featureof the waveletrepresentatiois multiresolution:the first termin (2) is anapproximationto
f(t) atscale(resolution)J/, while the secondermconsistof refinementsatfiner andfiner scales < .J.

Thewavelettransformsof real-worldsignalsandimagegendto bevery sparsewith afew largescaling
andwavelet coeficientsdominatingthe representationFrom a theoreticalperspeciie, it hasbeenshown
thatthis propertystemdrom thefactthatwaveletsform unconditionabasedor wide classe®f signalg13].
Waveletbasesareunconditionafor mary importantandpracticalsignalspacesncluding Besw, Sobole,
and Treibel spaces.Roughlyspeaking Besw spacesncludesignalsthat are generallysmoothexceptfor
somepossiblepoints of discontinuity The Besaw norm measuresignal “smoothness’quite differently
from corventionalfrequeny domainnotionsof smoothnesdyy allowing local signaldiscontinuites.Besw
spacesrethereforevery appropriatdor dealingwith real-worldsignalslike images.

Thescalingandwaveletcoeficientscanbe computedisingan extremelyefficient recursion.Usingthe
factthatthescalingfunctionandwaveletarerelatedby thetwo-scaledifferenceequationg10, 11, 12]

é(z/2) = V2 hyd(z — n) (5)

P(x/2) = V2 guolz —n), (6)

with h,, andg,, discrete-timdowpassandhighpasdilters, respectiely, the scalingandwaveletcoeficients
canberecurseds

Can = Zth—n sz (7)

d.Zn‘H = Zggm_n sz- 8)

Thesecomputationscan be succinctlyorganizedinto a discrete-timefilter bank comprisinglowpassand
highpasdiltersanddecimatorg10,11,12].

For a discrete-timesignal f(k), k € Z, therecursion(7)—(8)with ¢} = f(k) definesa discrete-time
waveletdecomposition.The correspondingliscrete-timewavelet basiselementsw; ,, (k) canbe obtained
in termsof productsof matricesinvolving #,, andg,, [11, pp. 143—-145].By organizingN; signalsamples

T
into the vectorf = [f(l),f(Q), . ..,f(n)} andthe basiselementdnto an Ny x Ny matrix W, we can
write the discrete-timewavelettransformas8 = Wf. By analogyto (2), we will referto the elements
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of 8 asthewavelet coeficients. Becausef the specialfilter bankstructureof the wavelettransform,the
matrix multiplication Wf canbeimplementedn O(N,N;) computationgor N,-pointfilters /,, andg,,.
Remarkablythis costis linearin the numberof signalsamplegprocessed.

Imagescanbe decomposedsingseparabl@-d waveletbaseswhich aretypically implementediusing
a 2-dfilter bankwherewe alternatehe applicationof the ~ andg filters on rows andcolumnsof theimage
f(k,1) [11, 12]. Theresultis a basisof 2-d waveletsw; ; .. »(k, ) having four indices. In orderto keep
notationto a minimum in the sequel,we will employthe abstractindex I for thesefour indices;hence
= (¢,7,m,n)and
Or = > wrlk.1) f(k.1). (9)
k,l
By vectorizingtheimage f (&, [), we cancontinueto usethe notationd = Wf for the wavelettransform,
with @ = {6;} andW = {w;(k,!)}. Usinga 2-dfilter bank,the computationatostof this transformis
O(N,N7) foranN; x Ny image.

3 Wavelet-DomainFiltering

Recallour goal of suppressinghe signal-dependemtoiseterm(k, /) in the photonimagingmodelof (1).
We chooseto work in the waveletdomain,becauséhe wavelettransformwill tendconcentratéhe enegy
of the desiredsignal s(k, ) into a small numberof (necessariljarge) coeficients. Hence,the wavelet
transformof the noisyimagewill consistof a smallnumberof coeficientswith high SNR (which we will
keep)anda large numberof coeficientswith low SNR (which we will remaove). In this way we canfilter
the signalfrom the noise. Of course,this sameprocedurecould be carried out using ary orthonormal
signalrepresentatiorincludingthe Fouriertransform.However, the wavelettransformenableghefiltering
procedurdo adaptto thelocal variationsin the signalfrequeng contentandtherebybalanceshetrade-of
betweemoiseremorval andexcessve smoothing.Fourierdomainfiltering is a global operationthatcannot
adjustto suchlocal variationsandhenceeadsto excessie smoothingn regionswheretheimagehashigh
frequeng content(edgesfor example).

3.1 Filtering setup

In generalwavelet-domairfiltering involvesby thefollowing procedureFirst, we computethe 2-d wavelet
transformof the photonimage: 8 = Wf. With @ in hand,we canfilter (or attenuatejhe contrilbution of a
particularwaveletbasisfunctionw; to the signalexpansionby weightingthe correspondingoeficient 6;
by anumber0 < i; < 1. Thatis, we modify 8 component-wis@ccordingo

0, = hiby. (10)

Settingh; = 0 completelyremoves the contribution of the basisfunction w;; settingh; = 1 leavesit
unaltered.Choosing < h; < 1 attenuateshe contribution of the 7-th waveletbasisaccordingly Finally,
weinvertthe modifiedwavelettransformto obtainour signalestimate

f=we. (11)

Thenew imagef is calledawavelet-domaifiilteredversionof f. Thecollectionof weightsh = {A;} is the
wavelet-domairilter.
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Figure 3: Wavelet Shrinkageof a noisy 1-d “HeaviSine” signalfrom [6]. (a) Noise-freesignal. (b) Signal plus
white Gaussiamoise.(c) DenoisedsignalobtainedusingWavelet Shrinkage (d) For comparisonlinearfiltering with
a Butterworthlowpassfilter (frequeng-domainshrinkage). Note that the nonlinearwavelet soft-thresholdingboth
remasesnoiseandpreseresthe sharpedgesn the signal. Classicalinearfiltering alsoremasesnoisebut smearghe
edges.

The ability of the wavelettransformto represensignal featuresthat are localizedin both spaceand
frequeng enableseven a simplefilter h to perform adaptve smoothingthat adjuststo the local image
structure. Moreover, the unconditionalnatureof the wavelet basisis crucial to wavelet-domairfiltering,
becausé guaranteethatfiltering alwaystendsto smoothasignal,in the sensef the Besas norm([6]. This
guaranteethatexcessve artifactsarenotintroducedby thefiltering procedureIn contrastfiltering in the
frequeny domaincanproducedangerousrtifactssuchasGibbsphenomena.

Clearly, thecrucialissuein wavelet-domairfiltering is the designof thefilter h. Beforeconsideringhe
Poissomoisecase]et usconsiderthe simpleradditive white Gaussiamoisecase.

3.2 Filtering additive white Gaussiannoise: WaveletShrinkage

The mostpopularform of wavelet-basediltering is commonlyknown as WaveletShrinkage6]. In the
Wavelet Shrinkageprogrammethe #; aredeterminedy thewaveletcoeficientsthemseles. The Wavelet
Shrinkagdilter correspond$o the “soft threshold’nonlinearity

{1_Mﬂ27 if |wy| > 7

hr = w1 (12)

0, if Jwy| < T,

with 7 a userspecifiedthreshold(usuallyrelatedto the known or estimatedylobal noisevariance). The
soft-thresholdetsvery smallcoeficientsto zeroandreducesll othercoeficientsby a fixedamountr.

The importantthing to note aboutWavelet Shrinkageis that thefilter performsan identicalnonlinear
transformationon eachwavelet coeficient. If the noisein the imageis white Gaussianthenthe noise
poweris the samein eachwaveletcoeficient, andthis procedurds asymptoticallyminimaxoptimal[6]. A
comparisorbetweenVNavelet ShrinkageandFourierdomainfiltering is givenin Fig. 3.



3.3 Filtering Poissonnoise

In the caseof Poissomoise thenoisepowerwill differ betweerwaveletcoeficientsaccordingo theimage
intensityunderthe supportof the associatedvaveletbasisfunction. This spatialvariationof the noisemust
beaccountedor in thewavelet-domairfilter design.WaveletShrinkagedoesnotadjustto thesedifferences.
Giventhesignalandnoisepowers,a naturalchoicefor a wavelet-domairfilter is

1, if SNRin wy is high
h[ ~ (13)

0, if SNRin wr is low.

Next, we describea designprocedurehatresultsin anoptimalfilter of thisform.

4 Filter Designvia Cross-\alidation

Recallthat a photonimaging systemacquiresimagesby countingphotondetectionsat different spatial
locations(pixels) over an obsenation periodof T' seconds.The mostcommonestimateof the underlying
intensityis thetotal-counimage— the sumof photondetectionsat eachpixel.

4.1 Filter derivation

Ratherthanworkingwith thetotal-countimage,we subdvidethe obsenationperiodinto N subintenalsof
T /N secondsach. We thenacquireN low-countimagesin eachsubintenal, denotecby (1), ... f(N),
Thelow-countimagesareacquiredby countingthe photondetectionsn eachdisjointtime interval of 7'/ N
secondsWe assumehatthe underlyingintensitydoesnot vary over the total obsenationperiod7’, which
impliesthatthelow-countimagesareindependenandidenticallydistributed(iid). Thetotal-countmageis
relatedto thelow-countimagesby

N .
f=> £ (14)
=1

We will usethelow-countimageso assesgheconsisteng of thedatain thewaveletdomain,whichin turn
will leadto anoptimalfiltering procedure.

We usethe methodof cross-alidationonthe N low-countimagedo designanoptimalwavelet-domain
filter. First,computeanimageusingall but the k-th low-countimages:

fl/k) 2 Ef(i)_ (15)
itk

Theimagef/*) is calleda “leaving-one-out”image. Next, computethe wavelet-domairfiltered version
of £(/k) and denotethe resultby f(/*). Note that the imagef(/*) dependon the wavelet-domainfilter
coeficientsh.

The goalof filtering is to estimatethe underlyingintensitydistribution. If thefilter is good,thenf(/*)
shouldbe a goodestimateof the intensityand likewise shouldbe a good predictorof the countswe have
detected Themethodof cross-walidationassessesow well £(/) predictsthelow-countimagethatwe have
notusednamelyf(*). We measuréehe predictionerrorby

L zum _ e’
]\7 - 1 F

e (h) = : (16)
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with || - ||% the sumof the squarederrors,pixel by pixel. The erroris a function of the wavelet-domain

filter coeficientsh. We repeathis procesdor £ = 1,2, ..., N andconsiderthe predictivesumof squaes
(PRESS)
N
V(h) 2 > e (n). (17)
k=1

The PRESSmay be viewed asa small-sampleoptimality criterion measuringhe quality of the estimate
obtainedusingthewavelet-domairfilter coeficientsh. Our objectieis to chooseh to minimize V' (h).

In [9], it is shavn thatthe optimal h, minimizingthe PRESSjs givenby!

0% — o3
h(IPRESS): ( - I 1[/5) 7 (18)
07 + ~v=01 /.

with 6% the squareof the I-th waveletcoeficient of thetotal-counﬁmage,aA% anestimateof the variancein
the /-th waveletcoeficient, and(-) + denotingthe positive part(negative valuessetto zero). Thevariance
is estimatedrom the N low-countimagesaccordingo

— N X 1 \2
2 _ 2 : (k) _ 1

with 6" the I-th waveletcoeficient of thelow countimagef(®)

We call h®REsS)ithe PRESS-optimalaveletdomainfilter, andthe call the resultingfiltered image,de-
notedf°rEss) the PRESS-optimadstimator

Severalcommentsarein order First, in additionto minimizing the PRESS the wavelet-domairfilter
hFRE*9is asymptoticallyoptimalin the mean-squarerror(MSE) senseThis resultfollowsfrom a straight-
forwardapplicationof the StrongLaw of LargeNumberd9]. Thisimpliesthatasthetotalnumberof counts
increasesh****tendsto the wavelet-domairfilter that minimizesthe MSE, a wavelet-domainanalogof
the classicaWienerfilter. Secondlyinspectionof (18) showvsthathT**%is zerowhenthe estimatedSNR

o N — 1202
svr = (W=D 0
N2 g%

is lessthan1. Furthermoreh$***¥tendsto unity asthe estimatedSNR increasesThirdly, the compleity
of the optimalfilter designis roughly N timesthat of Wavelet Shrinkage becauseve mustcomputethe
wavelettransformof eachlow-countimage.

(20)

Finally, notethat we require N > 1 low-countimagesto computethe optimal wavelet-domainfil-
ter. The PRESScriterion measuresiow well the filtered imagepredictsthe obsered counts. Thatis, the
PRESS-optima¢stimatorsupportdatathatis consistenticrossall low countimages andrejectsdatathat
is inconsistent.Intuitively, we could expectthat betterresultswould be obtainedby refining the subdii-
sion of the low-countimages sincethis would betterenableus to assesshe consisteng of the data. This
suggestghat bestresultswill be obtainedby subdividing 7' asfinely as possible. This clearly becomes
computationallyinfeasible.However, in the next sectionit is shavn thatthe limiting PRESS-optimédilter
(asN — o0) canbe computeddirectly from the total-countimage— eliminatingthe needfor low-count
imagesaltogether!

Notethatthe notationin [9] differs slightly from the notationhere.HerehFRE5%)is relatedto the regularizationparametery
in [9] by h(PRESSI— 1 _ (PRESS) Also notethatd? ando? arescaledby N~ in [9].
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4.2 Limiting PRESS-optimalfilter asN — oo
Basedontheresultsin [9], algebraiamachinationshow thatthevalueof the PRESSs givenby

V(h) = (NY 1) S [oh 20— h)NTIot+ (1 - )N 2 (R4 (N - 1) (2)
I

Setm; = E[f;] ando? = E[c;?]. Using(21) plusthefact E[#%] = m? + o7, we find the expectedvalueof

thePRESSs

2 2
2 My o1

E[V(h)] = 1—hp)?=L 4+ n? + o7, (22)
VBT = 3200 = he)* g+ hi gt o

To find the PRESS-optimdlilter coeficient iy, we takethe partial derivative of the PRESSwith respecto
hr. This partialderivative equalspn average,

2

JE[V(h)] _ m3 o
oh; = 2(1—h[) N —I—QhIN—l' (23)
Now considerthe partialderivative of theMSE = E [Y";(h;0; — m )?] with respecto h;
. 2
OB [ (ki = ma)"] 2(1 = hy)m? + 2hyo?. (24)
Ohr
Notethat(23) and(24) arenearlyidentical;afterscaling(23) by N we have
IONE[V (h)] _ 9 < N ) 9
8h[ = Q(I—h[)mI-I—QhI N _1 ar. (25)

Furthermore(25) corvergesto (24) asN — oo. This shavs thaton averagethe minimum of the PRESS
tendsto the minimum of the MSE. Hence,this suggestghat the PRESS-optimaéstimatorhasthe best
possibleMSE performancen thelimiting case.

Thefollowing theoremstudiesthelimiting case(/N — oo) of the PRESS-optimalilter. For the proof,
seethe Appendix.

Theorem1 Inthelimit asN — oo, the PRESS-optimdllter takestheform

92
lim APRESY = | L | | (26)
N—=oo 012 _1_0% N
with .
of = > wik,\)f(k,1) (27)

k,l
an unbiasedestimateof the noisepowerin the 7-th waveletcoeficient,and

—

02 = 62— o, (28)

an unbiasedestimateof the signalpowerin the 7-th waveletcoeficient.
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Notethatif A(k, /) denotesheintensityof thePoissorprocessatthefk, [-th pixel, then

El63] = (Z wl(k,l)/\(k,l)) (29)

kl

and

Elo?] = S wik, DAk ) (30)

k.l

doindeedfurnishunbiasedstimate®f the signalandnoisepowerin I-th waveletcoeficient.

5 Analysisand Inter pretation of the PRESS-OptimalFilter

5.1 Wienerfilters and shrinkage estimators
Thelimiting PRESS-optimédilter
02
hREs9—= (65 +f AZ) (31)
1791/ 4

simply weightseachnoisywaveletcoeficient§; by afactorequalto the estimatedsignalpower divided by
theestimatedsignal-plus-noispower. The (-) ;. operatiorthresholdgheweightto zeroif theestimatedsig-
nal to signal-plus-ndseratio is negative > Hence the PRESS-optimalilter hasa very simpleinterpretation
asadata-adaptie wavelet-domainVienerfilter.

Also notethat the filter weight0 < AT*® < 1. Hence,the PRESS-optimafiltering operationis a
form of shrinkageestimatof14]: the PRESS-optimdlilter “shrinks” the noisywaveletcoeficienttowards
the origin accordingo the estimatedsignalto signal-plus-noiseatio. In fact, we caninterpretthe PRESS-
optimalfiltering operationasapplyingan SNR-adaptie nonlinearityto the noisy waveletcoeficients. The
nonlinearityis depictedn Fig. 4.

5.2 Joint edgedetection/estimation

PRESS-optimaliltering canalsobe interpretedas a joint edgedetection/estimatioprocedure.To begin
with, considetthe PRESS-optimdilter for theHaarwaveletbasig[11, 12]. TheHaarwaveletcoeficientf;
is the valueof the inner productof theimageandthe waveletw;(k, (), whichis alocalizededge(seeFig.
5(a)). The noisepower estimates?, equalsthe projectiononto the squae of the wavelet w?(k, [), which

yieldsalocal average.In otherwords,o# is proportionatto an estimateof the local intensityof theimage
in theregion falling underthe supportof theHaarwaveletw;. Expressinghe PRESS-optimdilter directly
(31)in termsof 6% (k, ) ando?, we have

62 — o2
PRSI ( i ) . (32)
74

2Sincethe signalis beingestimatedrom the data,it is possiblefor the estimateto take on negative values. The thresholding
operationarisesnaturallyin the minimizationof the PRESScriterionandguardsagainsthis unreasonablsituation. Moreover, it
canbeshownnthatif weweighteachnoisywaveletcoeficientby theestimatedignalto signal-plus-noiseatiowithoutthresholding,
thentheresultingwaveletcoeficient estimatehasa worseMSE performancehanthe PRESS-optima¢stimate This follows from
Theorem6.2in [14].
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Figure4: Comparisorof thresholdnonlinearitieor nonlinearwavelet-domairfiltering. Soft-thresholcbf Wavelet
Shrinkagg(12) (dot-dash). Hard-thresholdhonlinearity (dash-dash) PRESS-optimahonlinearity(solid). The soft
andhardthresholdsare commonlyusedfor wavelet-domairfiltering. The thresholdlevels areusually setbasedon
the known or estimatedhoiselevel, which is assumedo be identicalin eachcoeficient (additive, Gaussiarwhite
noisecontaminationfor example)[6]. In contrastthe thresholdof the PRESS-optimahonlinearitydependon the
local noiselevel in eachindividual waveletcoeficient. Hence the PRESS-optimdilter canadjustto variationsin the
Poissomoiselevel dueto variationsin the local intensity of the image. Furthermorenotethatthe PRESS-optimal
nonlinearityis in a sensea compromisebetweenthe hard and soft thresholds— it preseres the continuity of the
soft-thresholdyet providesan unbiasedestimateat high SNRlike the hard-threshold.

Theactionof thefilter coeficient A§~**®canthusbeinterpretecasfollows: If the strengthof thelocaledge
relative to thelocal intensitylevel falls belown thethresholdthenthefilter doesnot detectthe edgeandsets
the correspondingvaveletcoeficientto zero. If the strengthof thelocal edgerelative to thelocal intensity
level is above the threshold thenthefilter detectshe edgeandproceedsvith the estimationof the wavelet
coeficient.

A similar interpretatiorholds for waveletsin general. The wavelet coeficients arethe projectionsof
theimageontolocalized“details” (seeFig. 5(b)). For the noisepower estimatewe projecttheimageonto
the squareof the correspondingvaveletbasisfunction, which effectively computesa weightedaverageof
thelocalintensityin theimage.If the strengthof thelocal detailrelative to theweightedlocaliintensitylies
aboutthethresholdihenthedetailis detectedndthefilter estimateshecoeficient'svalue.PRESS-optimal
wavelet-domairfilters arethusspatiallyadaptive

Similar interpretationshold for PRESS-optimafilters derived in termsof arbitrary signal expansions
(wavelet packets]ocal cosinebasesKarhunen-Loge expansion,and even overcompleteexpansions).in
particular considetthe PRESS-optimaFourierdomainfilter. The Fouriercoeficientsaretheprojectionsof
theimageontoglobal complec sinusoids— globalreferringto thefactthatthe Fourierbasisfunctionshave
supportover the entireimage(seeFig. 5(c)). The noisepower estimategesultfrom projectingtheimage
ontothe squarednoduli of the Fourier basisfunctions.Sincethe modulusof any comple sinusoidis unity
atall pointsin spacethe noisepower estimatesn the Fourier domainare proportionatto the meanor DC
valueof theimage,andhencedenticalfor every Fouriercoeficient. Thereforethe FourierdomainPRESS-
optimalfilter detectsthe presencef a global complex sinusoidrelative to the global averageintensityin
the image. It is clearthat Fourierbasedfiltering cannotadaptto local variationsin the signalor noise.
This obsenation againdemonstratethe fundamentabdwantagethat wavelet-domairfiltering offers over
classicaFourierdomainfiltering.
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(b)

()

Figure5: Comparisorof the basisfunctionsemployedn PRESS-optimdiltering. (a) Haarwaveletw; (edgedetec-
tor, for estimatingsignalpower) andsquareavaveletw? (local averagerfor estimatingnoisepower). (b) Daubechies-6
waveletwr (edgedetectorjandsquaredvaveletw? (local averager).(c) Fourierdomainbasisfunction (realpart)and
its modulussquaredglobalaverager).Sincethe waveletanalysiss local, wavelet-domairfiltering canadjustto local
variationsin theintensity Fourierdomainfiltering cannot.
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5.3 PRESS-OptimalFiltering with OvercompleteRepresentations

Thusfar, we have formulatedour estimationproblemin termsof an orthogonalwavelet expansionof the
obsenations.However, asmentionedreviously, we candesigna PRESS-optimdiilter for ary orthogonal
signaldecomposition.The choiceof basiscan dramaticallyaffect estimatorperformancgasseenin our
analysisof the FourierdomainPRESS-optimdilter above). In this Sectionwe extendour resultsto amore
generafiltering procedurébasedn overcompletesxpansiongor frames[10]).

Overcompletesignalexpansionscanoffer desirablenvariancepropertieghatarenot availablewith an
orthogonakxpansion For example theorthogonalvavelettransformis notshiftinvariant:two differentsets
of waveletcoeficients (andhencePRESS-optimadlilters) will resultfrom transformingtheimagesf (&, ()
andf(k+1,/41). By addingextrafunctionsto thewaveletbasis(essentiallyall possibleshiftsof thescaled
waveletsandscalingfunctions),an overcompleteshift-invariantwavelet decompositiorresults[15]. This
“undecimatedvavelet transform”canbe computedusingthe samefilter bank structureasthe orthogonal
wavelettransform,ata costof O(N;N7log Ny) computationdor an Ny x N; image. The undecimated
wavelet transformcan be invertedat the samecost using a “pseudoinverse”filter bank. Overcomplete
waveletexpansionsith otherinvariancessuchasto rotations arealsoeasilydevised.

The formulation of the PRESS-optimafilter for the overcompletecaseis almostidentical to the or-
thogonalcase,exceptthat we substitutethe overcompletebasisfunctionsinto (26)—(28)and employthe
pseudo-inerseto takeus backto the original signal space.Sincethe pseudo-inerseeffectively averages
several correlatedestimategogetheyit canoften producea betterestimatethanthe orthogonalestimators
previously considered.

6 FastAlgorithm for PRESS-OptimalWavelet-DomainFiltering

As wesaw in (27), akey elementof PRESS-optimdfiltering involvesprojectingthe imageonto the point-
wise squae of thewaveletbasisfunctions.In this Sectionwe will derive an efficient filter bankalgorithm
for computingthis projectionwhosecostis linearin the numberof imagepixels. To our knowledge thisis
anew (if somavhatobscure)xontributionto thewavelettheory®

Following the developmentof Section2, we begin with a 1-d continuous-timesignal f(¢). Our goal
is to recursiely computethe projections(3) and (4) but with ¢ and > replacedby ¢? and 2. We do
this by developinganalogousxpressiongo (7)—(8) using(5)—(6). Sincethe scalingfunctionandwavelet
aredefinedasa linearcombinationof scalingfunctionsatthe next coursesscale the squarecanaloguego
(5)—(6)mustcontaincross-productef scalingfunctions.With thisin mind, define

ui,, 2 27 / F(0) 6277t — m) G279t — n) dt (33)

v, 2 27 / F(0) (277 — m) (279t — n) dt. (34)

Foracompactlysupportedscalingfunctionandwavelet,thecoeficientsu{;m andv{;w canbeinterpretedas
bandedneardiagonal)squareanatricesof bandwidth2 NV, — 3, with N}, thelengthof theassociateavavelet
filters h andg. Clearlywe areinterestedn the valuesof thesecoeficientsonly onthediagonal(m = n).

3The squareof thewavelethascomeup in othercontexts; see[16] for example.
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Multiplying out (5) and(6) givesus

¢(@/2 =) ¢(2/2~j) = 2 huhnd(z — 20— m) d(z — 2j — n) (35)
(/2= i) ¥(2/2—5) = 2 gm gn bz — 20 —m) $(z — 2j — n), (36)

whichleaddirectlyto therecursions

wt' =" harom hasop ul, , (37)
m,n

vz;};l = Z 92r—m 92s—n uzn,,n' (38)
m,n

The recursion(37)—(38)formsthe basisfor a special2-d filter bank: eachiteration,the separable€-d
filtersh,, h, andg,, g, convolvewith thebandednatrix'u{;w, whichis thendecimatedn bothdimensions.

Notethateventhoughthesecomputationsequirethatwe increasehe dimensionalityof our problemfrom
1-dto 2-d,the2-d problemis very “sparse€. (Sinceug‘n’n is bandedmaostof its entrieswill bezero).

Given a discrete-timesignal f (&), we initialize the » matrix at scalezeroby placingthe signalonto
thediagonal: v, ,, = f(m)d(m — n) A4 By constructionthe recursion(37)—(38)projectsf (k) ontothe
element-wisesquarew? , (k) of eachwavelet basiselementw; . Due to the sparsityof u{nn full 2-d
convolutionsarenotrequiredto implement(37)—(38).In fact, thecompletesquaredvavelettransformof an
N s-point signalrequiresonly O (N7 N ) computationspnly a mild (constanimultiplier) increaseover the

fastwavelettransform.

Thesetupfor projectingimagesontothe pointwisesquareof the 2-d waveletbasisis a simpleextension
of theabove. Thescalingwaveletcoeficientarraybecomes (very sparsepandedsquaret-d arrayu{;ﬁ’m’n,

with all of the nonzerovaluesclusteredalongthe “diagonal” / (similar for the wavelet coeficient

arrayng’m’n). Thefilters h andg work alternatelyon eachof the 4 dimensionsasthe 4-d corvolutional
kernelsh, hshphyy BrbsGmGn, 9r9shmbn, and g,.9.9.,9,. Decimationtakesplacein all 4 dimensions.
Due to the sparsityof the « andv arrays,the completesquaredransform(27) requiresonly O(N,?NJ%)

computationgor an Ny x Ny image.

Similar methodscanbe usedto easilycomputesignalprojectionsontothe square®f otherbasesasso-
ciatedwith filter banks suchaswavelet packetstree-structureavavelets,undecimatedvavelettransforms
etc.

“Notethatfeedingthe samplesf (k) of acontinuous-timesignal £ (¢) into afilter bankwill notresultin waveletcoeficients
thatcorrespondo thevalues(3)—(4). (Thiswould holdtrueonly if ¢(¢ — k) wasadeltafunction.) In orderfor 8 to equalthevalues
(3)-(4),we mustpreprocesshe signalsamplesby projectingthemontothe spacespannedy the scalingfunctionse (¢ — k) [17],
[12, p. 232]. Abry andFlandrinsuggeste@ simpleapproximatiorto this projectionin [17]; they initialize the filter bank(7)—(8)
with

o Y F(rT) é(r—n), (39)

An analogougprefilteringstepfor initializing the squaredvavelettransformfilter bank(37)—(38)is

U?n,n ~ Z f(rT) ¢(r — m) d(r — n). (40)

Notethatthisinitializesboththe diagonalandoff-diagonalentries.
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Figure 6: Phantomintensityimagefor the simulationexperiments. Maximum intensity200 (triangle), minimum
intensity0 (circle).

7 Examplesand Applications

7.1 Simulated Data Experiment

In this Section,we presenta simulatedmagingexperimentthatcompareshe performancef the PRESS-
optimal wavelet-domainfilter with several competingmethods. The simulatedintensityimageis shovn

in Fig. 6. Theimagehasa backgroundntensityof 5, darkregions(the circle) have intensity0, andbright

regions(thetriangle)have intensity200. Thesimulatedmagewasdesignedo have aintensityrangesimilar

to thatcommonlyencounteredh applicationgnuclearmedicineimaging,for example).

Fig. 7(a)shavstheraw countimageobtainedrom theintensityimageof Fig. 6 aswell astheerrorbe-
tweentheraw countsandthe underlyingintensity Theraw countsform the Maximum Likelihood estimate
(MLE) for theintensity While unbiasedthis estimatesuffersfrom avery large variance.The MLE might
beimprovedby incorporatinga Bayesiarprior on theunderlyingintensityprocessbut this couldintroduce
abias.In this paperwe do not considetthe useof suchpriors.

Fig. 7(b) depictstheestimateobtainedoy corvolving theraw countimagewith thenine-pointsmoothing
filter

L2
w242 (41)
121

Notethatthenoiseis significantlyreducedput thesmoothingntroducedargeartifactsneartheedgesn the
image.

In Fig. 8 we comparethe estimatesobtainedfrom threedifferentwavelet-domairfilters, all basedon
the Haarwavelet. First considerWavelet Shrinkageusinga soft threshold(see(12) andFig. 4). Wavelet
Shrinkageassumesin additive white Gaussiamoise,andthe thresholds setbasedon the global variance
of the noise.Sincethe Gaussiarassumptiorclearlyviolatedin the Poissorcase we work with the square-
root of the counts(for variancestabilization).As is standargractice we estimatehe varianceof thenoise
usingthemedianabsoluteralueof thefinestscalewaveletcoeficients[18]. We thenapplythestandardoft-
thresholdvavelet-domairfilter to thewavelettransformof the square-rooimage jinversewavelettransform
andsquareheresultto obtainanestimateof theintensity.

Fig. 8(a) shavs the estimateobtainedby the soft-thresholdvavelet-domairfilter. Note the large error
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(b)

Figure7: Comparisorof variousnoiseremaal methods. (a) Rav counts(MLE) estimate.(b) Nine-pointconvo-
lutional smoothindfilter estimate. At left we shawv the estimatesat right the errorsbetweenthe estimatesandthe
true simulatedintensityof Fig. 6. The nine-pointsmoothestimatedoesan excellentjob of reducingthe noisein the
backgroundbut introducesa seserebiasnearedges.

17



in thehighintensityregion (the triangle)of the estimate.This erroris dueto theinherentbiasof the soft-
thresholdoperationand the spatially varying noiselevel thatis not sufiiciently stabilizedvia the square
root operationdueto the low-countnatureof the data. Unfortunately at the countlevels (intensities)often
encounteredn practice,we arefar from the asymptoticcondition neededo stabilizethe variancesy a
simplesquare-rootransformation While working with the square-roobf the countsdoestendto equalize
the disparity betweenthe noise powerssomevhat, it doesnot eliminatethe problemof signal-dependent
noise(noisepowersremainhigherin regionsof higherintensity).

An alternatie to the soft-thresholds the hard-thresholaperationwhich simply discardsvavelet co-
efficientsfalling below the noisethresholdandleavesthosecoeficientsabove the thresholdunalteredsee
Fig. 4). Thehard-thresholeéstimate(alsovariancestabilizedusinga squareroot) is shavnin Fig. 8(b). It
is unbiasedat high SNR, andthereforewe seeslightly lesserrorin the high intensityregion comparedo
thesoft-thresholdestimate However, asis evidentin thefilteredimageanderrorimage the hard-threshold
doesnotreducethe noiseassignificantlyasthe soft-threshold.

The PRESS-optimagstimate shavn in Fig. 8(c), automaticallyadjuststo the spatially varying noise
power, sowe work directly with theraw countimage. This estimateshaws significantlylesserrorin the
high intensityregionsof theimagein comparisorto the estimateobtainedvia soft-thresholding This im-
provementmay be attributedto the PRESS-optimdilter's automaticadaptatiorio thelocal noiselevel and
theunbiasedatureof the PRESS-optimadstimatorat high SNR (seeFig. 4). The PRESS-optima¢stimate
far outperformsthe hard-thresholastimate.Hence,in termsof balancingthe trade-of betweerbiasand
variancethe PRESS-optimatstimatoiprovidesanexcellentalternatve to thecompetingnethods Further
more,while the PRESS-optimadstimatedoesminimizethe PRES riterion,in small-sampleituationghe
softandhard-thresholdingchemesrenot necessarilyptimalin ary sense.

The improvementof the PRESS-optimaéstimatoris not without a cost, however. Due to the added
adaptabilityof the PRESS-optimafilter, the estimateis slightly more sensitive to the noise. As a result,
thevariability of the PRESS-optimagstimatoris generallyhigherthanthatof the soft-thresholdestimator
(notethe slightly highernoiselevel in the backgroundf the PRESS-optimagstimaten comparisorto the
soft-thresholdestimate).

The squaredbias, variance,and overall mean-squaredrror (MSE) of eachestimatoy normalizedby
thetotal sumof pixel intensities,is givenin Table 1. The nine-pointsmooth,soft-thresholdand PRESS-
optimal estimatorgrovide excellentvariancereduction. The nine-pointsmoothhasthe smallestvariance
but extremelylarge bias. While almostunbiased{he hard-thresholestimatorhasa variancethatis only
modestlylower thanthat of the original raw counts. In contrast,the PRESS-optimaand soft-threshold
estimatorrovide abetterbalanceof biasandvariance Notethatthe PRESS-optimagstimatothasamuch
smallerbiasthanthe soft-thresholdestimatoy but larger variance. Overall, the PRESS-optimaéstimator
provides the lowest MSE. The excessve bias introducedby the soft-thresholds an importantconcern,
particularlyif quantitatve imageanalysisis to be performedon the filtered data. Comparingthe PRESS-
optimalestimators performanceo thatof theraw countimage we seethatwe sacrificea nggligible biasin
returnfor alargereductionin variance.

5The soft-thresholgprocedurds asymptoticallyminimaxoptimalfor a broadclassef signals[6].
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Figure8: Comparisorof variousnoiseremaval methoddl. (a) Wavelet Shrinkageestimateusingsoft threshold.(b)
Wavelet Shrinkageestimateusinghardthreshold.(c) PRESS-optimaéstimate.All estimatesverecomputingusing
the Haarwaveletbasis.At left we shav the estimatesat right the errorsbetweerthe estimatesndthetrue simulated
intensityof Fig. 6. Unlike the soft-thresholcestimatethe hard-threshole@stimatedoesnot introducea large biasin
the high intensity regions of the image. However, the hard-thresholdperationdoesa relatively poorjob at noise
reduction.The PRESS-optimagstimatepreseresedgesvell, significantlyreduceghe noise,andhasalowererrorin
highintensityregionscomparedo the soft-thresholastimate.
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Tablel: Comparisorof estimatorf Poissorintensity

Estimator | BiasSquared| Variance| MSE
Rawv counts 0.0010 0.9995 | 1.0004
Nine-pointsmooth 5.2218 0.1402 | 5.3620

Wavelethard-threshold 0.0017 0.8497 | 0.8513
Waveletsoft-threshold 0.2006 0.2501 | 0.4507
WaveletPRESS-optima 0.0087 0.4095 | 0.4182

7.2 Nuclear Medicine Image Estimation

Nuclearmedicineimagingis a widely usedcommercialimaging modality [1]. Unlike mary othermedi-
calimagingtechniqueshucleammedicineimagingcanprovide bothanatomicalndfunctionalinformation.
However, nucleamedicineimaginghasa muchlower SNR comparedo otherimagingtechniqguesHence,
improvementsin imagequality via optimizedsignal processingepresena significantopportunityto ad-
vancethe state-of-the-arin nuclearmedicine.

Nuclearmedicineéimagesareacquiredoy thefollowing procedurdl]. Radioactve pharmaceuticalthat
aretargetedfor uptakein specificregions of the body areinjectedinto the patients bloodstream.As the
radioactve pharmaceuticaldecaygammaraysareemittedfrom within thepatient.Imagingthegammaray
emissiongprovidesamappingof thedistributionof thepharmaceuticahndhencea mappingof theanatomy
or physiologicfunctionof the patient. Gammaraysaredetectecdndspatiallylocatedusingagammacamera,
which corvertsgammaraysinto light. Photomultipiettubesthendetectandlocatethe emissionsTheraw
nuclearmedicinedatais animageof photondetectiongcounts). The raw datamay be viewed directly or
usedfor tomographiaeconstruction.The major limitation of nuclearmedicineimagingis the low-count
levels acquiredin typical studies. The countlevels arelow dueto the limited level of radioactve dosage
requiredto insurepatientsafety

Becauseof the relatively small numberof countsin a typical nuclearmedicinestudy the raw-count
imageappearshoisy andin fact hasa large varianceaboutits true mean(the underlyingintensity of the
Poissonprocess). The varianceis proportionalto the signalitself and hencelinear filtering of the raw
imagemay resultin unsatisfactorgignaldegradation. The raw imagecanbe improved usingthe PRESS-
optimalestimator For this application we have choserthe Daubechies-@vaveletbasig10, 11, 12] for the
PRESS-optimadstimator This basiswasselectedor its goodlocalizationandsmoothnespropertied19].
Empiricalstudieshave shovn thatthis basisprovidesexcellentfiltering resultsfor a wide variety of nuclear
medicineimageq20].

Bone Imaging: Fig. 2(a) depictsan imageof the spineobtainedfrom a nuclearmedicinestudy The
radiopharmaceuticalsedhereis Technetium-99mabeleddiphosphonate.In bonestudiessuchas this,
brighterareasndicateincreasediptakeof bloodin areasvherebonegrowth is occurring. This mayreflect
areasvherebonedamagéiasoccurred Functionalchangesn bonecanbedetectedisingnucleamedicine
imagebeforethey will shav upin x-rayimages.Fig. 2(b) shavsthefiltered spineimageusingthe PRESS-
optimalwavelet-domairfilter usingthe Daubechies-8vaveletbasis.

Heart Imaging: Fig. 9(a)depictsanimageof a heartobtainedrom a nuclearmedicinestudy Theimage
wasobtainedusingtheradiopharmaceuticas Thallium-201.In this type of study theradiopharmaceutical
is injectedinto thebloodstreanof thepatientandmovesinto the heartwall in proportionto thelocal degree
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(b)

Figure9: Comparisorof nucleammedicineheartimages.(a) Rav-countimage(b) PRESS-optimdilteredimageus-
ing Daubechies-@aveletbasis.The wavelet-domaitfiltering dramaticallyreduceshenoise,but doesnotexcessiely
smooththeedges.

of blood perfusion. The purposeof this procedurds to determineif thereis decreasedlood flow to the
heartmuscle.Fig. 9(b) shavsthefilteredheartimageusingthe PRESS-optimalvavelet-domairfilter using
the Daubechies-@vaveletbasis.

8 Conclusions

The PRESS-optimalvavelet-domainfilter is an optimal, data-adaptie filter designedusing the method
of cross-walidation. Whenthe datais Poissonin nature,the filter canbe computeddirectly from the raw
data. Moreover, the filter hasa simple and elegantinterpretationin the spatialdomainas a joint edge
detection/estimatioprocedureWe have deriveda fastalgorithmfor the optimalfiltering procedurevhose
orderof complgity is equivalentto thatof thefastwavelettransform.

We have alsoexploredthe biasandvariancetrade-ofs associatedvith variousnoisefiltering methods
for Poissordatain a simulatedexperiment.Linearfiltering significantlyreduceghevariance put canlead
to large biaserrors. Conventionalsoft-thresholdNVavelet Shrinkageappliedto the square-roobf the raw
dataprovidesa reasonablypalancebetweenbiasandvariance. The PRESS-optimalvavelet-domairfilter
favors bias over variancereduction,andin the experimentwe consideredt produceda lower MSE than
all othermethods. Of course,it is incorrectto infer that the PRESS-optimafilter will provide the best
MSE performancen general.However, the PRESS-optimdiilter doesminimizeawell-defineddata-based
criterionandour experiencehasshown thatit generallyleadsto anestimatorthatsignificantlyreduceghe
variancewhile introducinga nggligible bias. The excellentperformancef the PRESS-optimdlilter in this
respecmakest highly desirablefor awide variety of applicationsnvolving Poissordata.

We have shawvn that the PRESS-optimalilter can be appliedto nuclearmedicineimaging, resulting
in much betterestimatesf the underlyingintensity There are several avenuesfor future work in this
application.First, the new filtering methodcould be extendedto filtering for tomographiaeconstruction.
Secondthe PRESS-optimdlilter canbeusedin conjunctionwith “resolutionrecorery” schemeso reduce
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the effectsof blurring inherentin the imagingprocesswhile still reducingnoise. A morecomprehensie
studyandanalysisof the PRESS-optimalvavelet-domairfilter for nucleamedicineis givenin [20].

Finally, we mentionthat the PRESS-optimalvavelet-domainfilter is also applicableto a wide vari-
ety of otherimagingmodalitiesincludinglow-light imagery astronomicalmaging,x-ray tomographyand
positronemissiontomography Thefilter is alsoappropriatefor smoothinghistogramestimates.Further
more,if multiple iid obsenationsof a noisy signalareobsened, thenthe cross-alidationframevork can
evenhandlecorrelatednon-Gaussianoises(see[9] for moredetails).We arecurrentlyinvestigatinghese
topics.

A Proofof Theorem1

Thekey to the proofis notingthatby increasingV, which subdvidesthe obsenationperiod’ into smaller
and smallertime intervals, we are eventuallyleft with NV extremely low-countimages. Eachlow-count
imageis eitherall zeroor containsa singlecount.

Recalltheestimatedsariancen (19)

— N 2
AN = o X (7= o) @2)

We will ShONthat(;?(N) — aAf definedin (27) abore,asN — oo. Notethat(26) is preciselythelimiting
form of thePRESS-optimdilter, asN — oo. It thenfollowsthat(26)is thefilter thatminimizesthePRESS
criterionas N — co.

First, @(pandaA%(N)

2(N) = %(e(m))Z_iGZ (43)
N -1\ =\ NT)C
Herewe have usedthefactthat S5, 05’“) = 0r. Next, @(pandthewaveletcoeficientsegm) andfr
2 2
— N N 1
of(N) = 5= [ 22 | et ™) | = S | ot DD || (44)
N -1 m=1 \ k,l N kl

with ¢(™) (k, 1) thecountin %, I-th pixel of the m-th low-countimage.Expandingfurtherwe get

. N
U%(N) = Z ¢I(klvll)¢l(k2712) l% (Z C(m)(khll)c(m)(k%b) - %f(khll)f(k%lz))] .

k1,ka,l1,l2 m=1
(45)

Now considejjusttheinnermosbracketedermin (45). Sincef (k1, (1) and f(kz, l2) arefinite numbers
we have

1
lim  — f(ky, 1) f(kayl2) = 0. 46
Nl_f>noo Nf( 1,01) f (K2, 12) (46)
Also, assuminghat NV is sufficiently large sothateachlow-countimageis eitherall zeroor only containsa
singlecount,we have two cases:

ki, ly), ifky =kylh=1
ZC (ky, 1) (kg 1) = { flk1, lh) 1 .2 1= 12 (7)
m=1

0, otherwise
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Combiningthe abore results we seethat

Jim GH(N) = 3 wdk, 1)1 (k, ), (48)

k.l

andtheproofis complete. O
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