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Abstract

Many imagingsystemsrely on photondetectionasthebasisof imageformation.Oneof themajor
sourcesof error in theseimagingsystemsis Poissonnoisedue to the quantumnatureof the photon
detectionprocess.Unlike additiveGaussiannoise,Poissonnoiseis signal-dependent,andconsequently
separatingsignalfrom noiseis a very difficult task. In this paper, we developa novel wavelet-domain
filtering procedurefor noiseremoval in photonimagingsystems.Thefilter adaptsto boththesignaland
thenoiseandbalancesthe trade-off betweennoiseremoval andexcessive smoothingof imagedetails.
Designedusingthestatisticalmethodof cross-validation,thefilter is simultaneouslyoptimalin a small-
samplepredictivesumof squaressenseandasymptoticallyoptimalin themeansquareerrorsense.The
filteringprocedurehasasimpleinterpretationasajoint edgedetection/estimationprocess.Moreover, we
deriveanefficientalgorithmfor performingthefiltering thathasthesameorderof complexity asthefast
wavelettransformitself. Theperformanceof thenew filter is assessedwith simulateddataexperiments
andtestedwith actualnuclearmedicineimagery.

1 Intr oduction

Photondetectionlies at theheartof the imageformationprocessin a hostof applications,includingmed-
ical imaging[1] andastronomicalandlow-light imaging[2]. A photonimagingsystemacquiresimages
by countingphotondetectionsat differentspatiallocationsover anobservationperiodof � seconds.For
example,photoneventsaredetectedandlocatedusinga photomultiplier tubearray. The main sourceof
noisein photonimagingis theso-called“quantum”noisedueto thediscretenatureof thephotondetection
process[3]. Quantumnoisedegradesimagesin bothqualitativeandquantitativesensesandhindersimage
analysis,interpretation,andfeatureextraction.Consequently, it is desirableto developfiltering methodsto
remove thisnoise.

Quantumnoiseobeys a Poissonlaw andhenceis highly dependenton the underlyinglight intensity
patternbeingimaged.Thebasicmodelfor photonimagingdatais���	��

������������
�������������

����


(1)

with
������
����

the integernumberof photonsdetectedat the
��

�

-th pixel location. The imageformedfrom
these“counts” is the standardimageusedin practice. In (1), we decomposethis total count imageinto�
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a signalandnoisecomponent.The signal
������

���

denotesthe underlyinglight intensityat the
��
��

-th pixel
location. The noise

������

���
denotesthe differencebetweenthe true intensity and the numberof counts

detected.The probability distribution of
������
����

is Poissonwith intensity
���	��

���

. Sincethe meanvalue
of this distribution is

���	��

���
, the noise

������
����
representsthe variability of the countsaboutthe true mean

intensity. It is well-knownthatthevarianceof aPoissonrandomvariableis equalto themean[4]. Therefore
thevariability of thenoise

������

���
is proportionalto theintensity

������
����
andhencesignal-dependent[5].

Thissignaldependencehasfrustratedtraditionalattemptsatnoiseremoval in photonimagery. Not only
mustwe contendwith theusualproblemsassociatedwith noisereduction,suchasoversmoothing,but we
alsofacethe additionalcomplexity of a spatiallyvaryingnoiselevel thatdependson the local intensityin
the image. It is easilyshown that thesignal-to-noiseratio (SNR)for

������
����
is linear in

������

���
, andhence

any attemptsat noiseremoval on a pixel-by-pixel basisare futile. The only way to improve the SNR is
to increasethe intensity(or equivalentlyacquirethe imageover a longerobservationperiod). Clearly this
couldbeprohibitivein many applications.Fig. 1 showsasimulatedimagewith Poissonnoise.

Ratherthanattemptingto separatesignalfrom noisein the spatial(pixel) domain,it is often advanta-
geousto work in a transformdomain.Themotivationfor transform-domainprocessingis thatanappropri-
ateimagetransformcanconcentratethe signalenergy into a small numberof coefficients. Hence,in the
transformdomainwe will have a few coefficientswith high SNR(which we keep)anda largenumberof
coefficientswith low SNR (which we remove). In this way we caneffectively separate(filter) the signal
from the noise. Two standardchoicesfor the imagetransformarethe Fourier transformandthe wavelet
transform.

Thewavelet transformperformsa local Fourier analysisby representingimagesin termsof a basisof
functionslocalizedin bothspaceandfrequency. The localizationof the wavelet functionsis particularly
appropriatefor imagingapplications,whereit is crucialto preservefine detailslike edges[6]. Furthermore,
empiricalevidencehasshown that wavelet basesgenerallyprovide moreefficient representationsof real-
world datathanspatialor frequency domainrepresentations[7]. Becausewaveletsareableto concisely
representcomplicatedsignalstructure,filtering techniquesbasedin thewaveletdomainperformmuchbetter
atseparatingsignalsfrom noisethanclassicalapproachesbasedin thespatialor frequency domain.

Researchto datein wavelet-domainfiltering hasfocusedon the removal of additive white Gaussian
noise.Thebasicwavelet-domainfiltering procedureinvolves(1) computingthediscretewavelettransform
(DWT) of theimage,(2) zeroingout thesmallwaveletcoefficientsthatfall below thenoiselevel, (3) com-
puting the inverseDWT of the processeddata[6]. If the noiseis additive white Gaussian,thenthe noise
level is uniform throughoutthe imageandhenceuniform acrossall waveletcoefficients,sincetheDWT is
orthonormal.Therefore,in additivewhiteGaussiannoiseasimpleglobalnoisethresholdcanbedetermined
independentof thesignal.

Unfortunately, the Poissonnoisethatcharacterizesphotonimageryis signal-dependent,andtherefore
wavelet-domainfiltering basedon a global thresholdis inappropriate.Onesimplefix would be to work
with the square-rootof the image,sincethe square-rootoperationis a variancestabilizingtransformation
[8]. As the numberof photoncountstendsto infinity, the square-rootimagenoisedoestend to a white
Gaussiannoise.However, in many practicalapplications,suchasnuclearmedicineandastronomy, far too
few countsaredetectedin orderto reachsuchasymptoticconditions.Consequently, thesquare-rootimage
is still contaminatedwith a signal-dependentnoise.Thus,thereis a needfor anoptimalfiltering procedure
for Poissonnoisethatadaptsto thelocalSNRin eachregion of theimage.
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(a)

(b)

(c)

Figure1: Simulatedimageswith additive white GaussiannoiseandPoissonnoise.(a) Simulated,noise-freeimage
(left) andhorizontalprofile throughcenter(right). (b) Imagewith additive white Gaussiannoise. (c) Imagewith
Poissonnoise.While theGaussiannoiselevel is signal-independentandhenceuniform acrosstheimage,thePoisson
noiselevel is higherin thebrighterregionsandlower in thedarkerregions.Thenoiselevelsin (b) and(c) have been
adjustedso that the backgroundnoiselevel is comparablein both cases.The Poissonnoiselevels shown hereare
typical of many applications(nuclearmedicineimaging,for example).Thesignal-dependentnatureof Poissonnoise
makesthenoiseremoval taskmuchmoredifficult thanin theGaussiancase.
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(a) (b)

Figure2: Comparisonof nuclearmedicinespineimages.(a)Raw-countimage(b) wavelet-domainfilteredimageus-
ing Daubechies-6waveletbasis.Thewavelet-domainfiltering dramaticallyreducesthenoise,but doesnotexcessively
smooththefinestructureof spinalcolumn.

Thepurposeof thispaperis to developandanalyzeanew methodfor designingoptimalwavelet-domain
filters for noiseremoval in photonimagery. Using the resultsof [9], we derive a novel wavelet-domain
Wienerfilter basedon themethodof cross-validationthatnotonly preserveskey imagedetailsandfeatures,
but alsoadaptsto thelocalnoiselevel of thespatiallyvaryingPoissonprocessunderlyingtheimage.

Figure2 demonstratesthe new filter’s ability to reducePoissonnoisein nuclearmedicineimaging,a
widely usedclinical imagingmodality. Unlike many othermedicalimagingtechniques,nuclearmedicine
imagingcanprovide bothanatomicaland functionalinformation.However, nuclearmedicineimaginghas
a muchlower SNRcomparedwith othertechniques.Hence,improvementsin imagequality via optimized
signalprocessingrepresenta significantopportunityto advancethe state-of-the-artin nuclearmedicine.
Theraw nuclearmedicinedatais animageof photondetectionsor counts(seeFigure2(a)).Becauseof the
relativelysmallnumberof countsin typicalnuclearmedicinestudies,theraw countimageappearsnoisyand
in fact hasa largevarianceaboutits truemean(theunderlyingintensityof thePoissonprocess).Thenew
wavelet-domainfiltering methoddevelopedin thispaperadaptsto boththesignalandnoiseandprovidesa
muchbetterestimateof theunderlyingprocess(seeFigure2(b)).

After reviewing theDWT in Section2 andwavelet-domainfiltering in Section3, we develop thenew
wavelet-domainfilter in Section4. In Section5 we studytheoptimalfilter in furtherdetailandshow thatit
hasa simpleinterpretationin thespatialdomainasa joint detection/estimationprocedure.We derive a fast
algorithmfor performingtheentireoptimalwavelet-domainfiltering procedurewhoseorderof complexity
is equivalent to that of the fast wavelet transformin Section6. In Section7 we study the performance
of the new filter throughsimulationsandandactualdatafrom nuclearmedicine. Finally, we offer some
conclusionsandindicatedirectionsof ongoingandfuturework in Section8.
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2 The WaveletTransform

The wavelet transformrepresentsa 1-d real-valuedcontinuous-timesignal
����� �

,
��!

IR in termsof shifts
anddilationsof a lowpassscalingfunction " ���#�

andbandpasswavelet $ ��� �
. For specialchoicesof these

functions,theshiftsanddilationsformanorthonormalbasisfor %'& � IR �
andwehavethesignalrepresentation

[10, 11,12] �����#�(�*),+.-�/+10�2 /�3 & " � 0�2 /��5476��8� /)9;: 2=< )>+@? 9+A0�2 9 3 & $ � 0�2 9 ��4B6C�
(2)

with scalingcoefficients - 9 + � 0 2 9 3 &�D �����#� " � 0 2 9 �E4F6��=?G�
(3)

andwaveletcoefficients ? 9 + � 0�2 9 3 & D ����� � $ � 0�2 9 �54F6��H?I��J
(4)

A key featureof the wavelet representationis multiresolution:the first term in (2) is anapproximationto����� �
atscale(resolution)K , while thesecondtermconsistsof refinementsatfinerandfinerscalesL8MNK .

Thewavelettransformsof real-worldsignalsandimagestendto beverysparse,with a few largescaling
andwaveletcoefficientsdominatingtherepresentation.Froma theoreticalperspective, it hasbeenshown
thatthispropertystemsfrom thefactthatwaveletsform unconditionalbasesfor wideclassesof signals[13].
Waveletbasesareunconditionalfor many importantandpracticalsignalspacesincludingBesov, Sobolev,
andTreibelspaces.Roughlyspeaking,Besov spacesincludesignalsthataregenerallysmoothexceptfor
somepossiblepointsof discontinuity. The Besov norm measuressignal “smoothness”quite differently
from conventionalfrequency domainnotionsof smoothness,by allowing localsignaldiscontinuities.Besov
spacesarethereforevery appropriatefor dealingwith real-worldsignalslike images.

Thescalingandwaveletcoefficientscanbecomputedusinganextremelyefficient recursion.Usingthe
fact thatthescalingfunctionandwaveletarerelatedby thetwo-scaledifferenceequations[10, 11,12]" ��O=P 0 �Q��R 0 ),+TS + " ��O�4B6��

(5)

$ ��OHP 0 ����R 0 ) +VU + " ��OW476���

(6)

with
S +

and
U +

discrete-timelowpassandhighpassfilters, respectively, thescalingandwaveletcoefficients
canberecursedas - 9;XZY[ �*) + S & [ 2 + - 9 +

(7)? 9>X�Y[ ��) + U & [ 2 + - 9 + J
(8)

Thesecomputationscanbe succinctlyorganizedinto a discrete-timefilter bankcomprisinglowpassand
highpassfiltersanddecimators[10, 11,12].

For a discrete-timesignal
�����\�

,
�]!

ZZ, the recursion(7)–(8)with
-�^ _��`�����\�

definesa discrete-time
wavelet decomposition.The correspondingdiscrete-timewavelet basiselementsa 9#b + ���\�

canbeobtained
in termsof productsof matricesinvolving

S +
and

U +
[11, pp.143–145].By organizing cWd signalsamples

into the vector e �@fg���#hi��
���� 0 ��
jJ�J�J>

����6��#k>l
andthe basiselementsinto an cWdnmocWd matrix p , we can

write the discrete-timewavelet transformas q � p`e . By analogyto (2), we will refer to the elements
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of q asthewavelet coefficients. Becauseof the specialfilter bankstructureof the wavelet transform,the
matrix multiplication pre canbeimplementedin s � cWticWd � computationsfor cWt -point filters

S +
and

U +
.

Remarkably, thiscostis linearin thenumberof signalsamplesprocessed.

Imagescanbedecomposedusingseparable2-d waveletbases,which aretypically implementedusing
a 2-dfilter bankwherewe alternatetheapplicationof the

S
and

U
filterson rowsandcolumnsof theimage������

���

[11, 12]. The result is a basisof 2-d wavelets avu b 9#b [ b + ����

���
having four indices. In orderto keep

notationto a minimum in the sequel,we will employthe abstractindex w for thesefour indices;hencewyx�z��{>
 L 
�|(

6��
and }i~ �@) _ b � a ~ ����

���H���	��
>���
J

(9)

By vectorizingtheimage
������

���

, we cancontinueto usethenotation q � pre for thewavelet transform,
with q �r� }i~j�

and p ��� a ~ ����

��� �
. Using a 2-d filter bank,the computationalcostof this transformiss � c�t�c &d � for an cWdWmQcWd image.

3 Wavelet-DomainFiltering

Recallour goalof suppressingthesignal-dependentnoiseterm
������
����

in thephotonimagingmodelof (1).
We chooseto work in thewaveletdomain,becausethewavelettransformwill tendconcentratetheenergy
of the desiredsignal

������

���
into a small numberof (necessarilylarge) coefficients. Hence,the wavelet

transformof thenoisyimagewill consistof a smallnumberof coefficientswith high SNR(which we will
keep)anda largenumberof coefficientswith low SNR(which we will remove). In this way we canfilter
the signal from the noise. Of course,this sameprocedurecould be carriedout using any orthonormal
signalrepresentation,includingtheFouriertransform.However, thewavelettransformenablesthefiltering
procedureto adaptto thelocal variationsin thesignalfrequency contentandtherebybalancesthetrade-off
betweennoiseremoval andexcessive smoothing.Fourier-domainfiltering is a globaloperationthatcannot
adjustto suchlocal variationsandhenceleadsto excessive smoothingin regionswheretheimagehashigh
frequency content(edges,for example).

3.1 Filtering setup

In general,wavelet-domainfiltering involvesby thefollowingprocedure.First,wecomputethe2-dwavelet
transformof thephotonimage: q � p`e . With q in hand,we canfilter (or attenuate)thecontributionof a
particularwaveletbasisfunction a ~

to thesignalexpansionby weightingthecorrespondingcoefficient
}i~

by anumber�WM S ~ M h
. Thatis, wemodify q component-wiseaccordingto�}j~ ��S ~�}j~ J

(10)

Setting
S ~ � � completelyremoves the contribution of the basisfunction a ~

; setting
S ~ ��h

leaves it
unaltered.Choosing��� S ~ � h

attenuatesthecontributionof the w -th waveletbasisaccordingly. Finally,
we invert themodifiedwavelettransformto obtainoursignalestimate� e � p 2 Y �q J

(11)

Thenew image
� e is calledawavelet-domainfilteredversionof e . Thecollectionof weights � ����S ~j�

is the
wavelet-domainfilter.
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(a) (b)

(c) (d)

Figure3: Wavelet Shrinkageof a noisy 1-d “HeaviSine” signal from [6]. (a) Noise-freesignal. (b) Signal plus
whiteGaussiannoise.(c) DenoisedsignalobtainedusingWaveletShrinkage.(d) For comparison,linearfiltering with
a Butterworthlowpassfilter (frequency-domainshrinkage).Note that the nonlinearwavelet soft-thresholdingboth
removesnoiseandpreservesthesharpedgesin thesignal.Classicallinearfiltering alsoremovesnoisebut smearsthe
edges.

The ability of the wavelet transformto representsignal featuresthat are localizedin both spaceand
frequency enableseven a simple filter � to perform adaptive smoothingthat adjuststo the local image
structure. Moreover, the unconditionalnatureof the wavelet basisis crucial to wavelet-domainfiltering,
becauseit guaranteesthatfiltering alwaystendsto smoothasignal,in thesenseof theBesov norm[6]. This
guaranteesthatexcessive artifactsarenot introducedby thefiltering procedure.In contrast,filtering in the
frequency domaincanproducedangerousartifactssuchasGibbsphenomena.

Clearly, thecrucialissuein wavelet-domainfiltering is thedesignof thefilter � . Beforeconsideringthe
Poissonnoisecase,let usconsiderthesimpleradditivewhiteGaussiannoisecase.

3.2 Filtering additive white Gaussiannoise:WaveletShrinkage

The mostpopularform of wavelet-basedfiltering is commonlyknown asWaveletShrinkage[6]. In the
WaveletShrinkageprogramme,the

S ~
aredeterminedby thewaveletcoefficientsthemselves.TheWavelet

Shrinkagefilter correspondsto the“soft threshold”nonlinearityS ~ � �� � h�4��=���>�j���=�>��=� 

if ��a ~ ������ 
 if ��a ~ ����� 
 (12)

with � a user-specifiedthreshold(usuallyrelatedto the known or estimatedglobal noisevariance). The
soft-thresholdsetsvery smallcoefficientsto zeroandreducesall othercoefficientsby a fixedamount� .

The importantthing to noteaboutWavelet Shrinkageis that the filter performsan identicalnonlinear
transformationon eachwavelet coefficient. If the noisein the imageis white Gaussian,then the noise
power is thesamein eachwaveletcoefficient,andthisprocedureis asymptoticallyminimaxoptimal[6]. A
comparisonbetweenWaveletShrinkageandFourier-domainfiltering is givenin Fig. 3.
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3.3 Filtering Poissonnoise

In thecaseof Poissonnoise,thenoisepowerwill differ betweenwaveletcoefficientsaccordingto theimage
intensityunderthesupportof theassociatedwaveletbasisfunction.This spatialvariationof thenoisemust
beaccountedfor in thewavelet-domainfilter design.WaveletShrinkagedoesnotadjustto thesedifferences.
Giventhesignalandnoisepowers,anaturalchoicefor a wavelet-domainfilter isS ~F��� hI


if SNRin a ~
is high� 
 if SNRin a ~
is low

J (13)

Next, we describeadesignprocedurethatresultsin anoptimalfilter of this form.

4 Filter Designvia Cross-Validation

Recall that a photonimagingsystemacquiresimagesby countingphotondetectionsat differentspatial
locations(pixels)over anobservationperiodof � seconds.Themostcommonestimateof theunderlying
intensityis thetotal-countimage— thesumof photondetectionsateachpixel.

4.1 Filter derivation

Ratherthanworkingwith thetotal-countimage,wesubdividetheobservationperiodinto c subintervalsof� P c secondseach. We thenacquirec low-countimagesin eachsubinterval, denotedby e � Y � 
jJiJjJ 
 e �¡ ��
.

Thelow-countimagesareacquiredby countingthephotondetectionsin eachdisjoint time interval of � P c
seconds.We assumethat theunderlyingintensitydoesnot vary over thetotal observationperiod � , which
impliesthatthelow-countimagesareindependentandidenticallydistributed(iid). Thetotal-countimageis
relatedto thelow-countimagesby e �  ) u :�Y e � u � J (14)

We will usethelow-countimagesto assesstheconsistency of thedatain thewaveletdomain,which in turn
will leadto anoptimalfiltering procedure.

Weusethemethodof cross-validationonthe c low-countimagesto designanoptimalwavelet-domain
filter. First,computeanimageusingall but the

�
-th low-countimages:e � 3 _ � x��)u£¢: _ e � u � J (15)

The image e � 3 _ � is calleda “leaving-one-out”image. Next, computethe wavelet-domainfiltered version
of e � 3 _ � anddenotethe result by

� e � 3 _ � . Note that the image
� e � 3 _ � dependson the wavelet-domainfilter

coefficients � .

Thegoalof filtering is to estimatetheunderlyingintensitydistribution. If thefilter is good,then
� e � 3 _ �

shouldbea goodestimateof the intensityandlikewiseshouldbea goodpredictorof the countswe have
detected.Themethodof cross-validationassesseshow well

� e � 3 _ � predictsthelow-countimagethatwehave
notused,namelye � _ � . We measurethepredictionerrorby¤ � _ � � � � x� ¥¥¥¥ hc 4Nh � e � 3 _ � 4 e � _ � ¥¥¥¥ &¦ 


(16)
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with §©¨C§ &¦ the sumof the squarederrors,pixel by pixel. The error is a function of the wavelet-domain
filter coefficients � . We repeatthis processfor

���zhI
 0 
iJiJ�J,
 c andconsiderthepredictivesumof squares
(PRESS) ª � � � x�  )_ :ZY ¤ � _ � � � ��J

(17)

The PRESSmay be viewed asa small-sampleoptimality criterion measuringthe quality of the estimate
obtainedusingthewavelet-domainfilter coefficients � . Ourobjective is to choose� to minimize

ª � � �
.

In [9], it is shown thattheoptimal � , minimizing thePRESS,is givenby1S (PRESS)

~ � «¬ } &~ 4®­¯ &~} &~ � Y  2 Y ­¯ &~©°± X 

(18)

with
} &~ thesquareof the w -th waveletcoefficient of thetotal-countimage,

­¯ &~ anestimateof thevariancein
the w -th waveletcoefficient, and

� ¨ � X denotingthepositivepart(negative valuessetto zero). Thevariance
is estimatedfrom the c low-countimagesaccordingto­¯ &~ � cc 4]h  )_ :ZY³² } � _ �~ 4 hc }i~�´ & 


(19)

with
} � _ �~

the w -th waveletcoefficientof thelow countimagee � _ � .
We call � (PRESS) the PRESS-optimalwaveletdomainfilter, andthe call the resultingfiltered image,de-

noted
� e (PRESS), thePRESS-optimalestimator.

Several commentsarein order. First, in additionto minimizing thePRESS,thewavelet-domainfilterS (PRESS)

~
is asymptoticallyoptimalin themean-squareerror(MSE)sense.This resultfollowsfrom a straight-

forwardapplicationof theStrongLaw of LargeNumbers[9]. Thisimpliesthatasthetotalnumberof counts
increases,

S (PRESS)

~
tendsto the wavelet-domainfilter that minimizesthe MSE, a wavelet-domainanalogof

theclassicalWienerfilter. Secondly, inspectionof (18)showsthat
S (PRESS)

~
is zerowhentheestimatedSNRµ¶ c(· � � c 4]hj� & } &~c & ­¯ &~ (20)

is lessthan1. Furthermore,
S (PRESS)

~
tendsto unity astheestimatedSNRincreases.Thirdly, thecomplexity

of the optimal filter designis roughly c timesthat of Wavelet Shrinkage,becausewe mustcomputethe
wavelettransformof eachlow-countimage.

Finally, note that we require c ¸ h
low-count imagesto computethe optimal wavelet-domainfil-

ter. The PRESScriterionmeasureshow well the filtered imagepredictstheobservedcounts.That is, the
PRESS-optimalestimatorsupportsdatathatis consistentacrossall low countimages,andrejectsdatathat
is inconsistent.Intuitively, we couldexpect that betterresultswould be obtainedby refining the subdivi-
sionof the low-countimages,sincethis would betterenableus to assesstheconsistency of thedata.This
suggeststhat bestresultswill be obtainedby subdividing � asfinely aspossible. This clearly becomes
computationallyinfeasible.However, in thenext sectionit is shown that thelimiting PRESS-optimalfilter
(as c*¹ º ) canbecomputeddirectly from the total-countimage— eliminatingtheneedfor low-count
imagesaltogether!

1Notethatthenotationin [9] differsslightly from thenotationhere.Here » (PRESS)� is relatedto theregularizationparameter¼ �
in [9] by » (PRESS)� ½y¾�¿ ¼ (PRESS)� . Also notethat À�Á� and ÂÃ Á� arescaledby ÄÆÅ�Ç in [9].
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4.2 Limiting PRESS-optimalfilter as ÈÊÉ Ë
Basedon theresultsin [9], algebraicmachinationsshow thatthevalueof thePRESSis givenbyª � � �(� ² cc 4�h ´ ) ~ f�­¯ &~ 4 0 �#hÌ4BS ~ � c 2 Y ­¯ &~ �Í�;h³47S ~ � & c 2 &�Î ­¯ &~ �Ï� c 4Nhi� } &~ÑÐ k'J

(21)

Set
| ~ �

E Ò }i~,Ó and ¯ &~ �
E Ò ­¯ &~ Ó . Using(21) plusthefact E Ò } &~ Ó �Ô| &~ � ¯ &~ , we find theexpectedvalueof

thePRESSis

E Ò ª � � � Ó ��) ~ �#h�4BS ~ � & | &~c �]S &~ ¯ &~c 4]h � ¯ &~ J
(22)

To find thePRESS-optimalfilter coefficient
S ~

, we takethepartialderivativeof thePRESSwith respecttoS ~
. Thispartialderivativeequals,onaverage,Õ

E Ò ª � � � ÓÕ S ~ � 0 �#hÌ4FS ~ � | &~c � 0 S ~ ¯ &~c 4]h J
(23)

Now considerthepartialderivativeof theMSE
�

E Ö�× ~ ��S ~�}i~ 4F| ~ � &�Ø with respectto
S ~Õ

E Ö¡× ~ ��S ~�}j~ 4F| ~ � &�ØÕ S ~ � 0 �#h�4BS ~ �>| &~ � 0 S ~ ¯ &~ J (24)

Notethat(23)and(24)arenearlyidentical;afterscaling(23)by c we haveÕ c E Ò ª � � � ÓÕ S ~ � 0 �#hÌ47S ~ �>| &~ � 0 S ~ ² cc 4]h ´ ¯ &~ J
(25)

Furthermore,(25) convergesto (24) as cÊ¹�º . This shows thaton averagetheminimumof thePRESS
tendsto the minimum of the MSE. Hence,this suggeststhat the PRESS-optimalestimatorhasthe best
possibleMSEperformancein thelimiting case.

Thefollowing theoremstudiesthelimiting case( cT¹@º ) of thePRESS-optimalfilter. For theproof,
seetheAppendix.

Theorem 1 In thelimit as cr¹*º , thePRESS-optimalfilter takestheformÙ¡ÚgÛ �Ü < S (PRESS)

~ � «¬ ­ } &~­ } &~ � ­¯ &~\°± X 

(26)

with ­¯ &~ �*) _ b � a &~ ����

���,���	��

���
(27)

anunbiasedestimateof thenoisepowerin the w -th waveletcoefficient,and­ } &~ � } &~ 4 ­¯ &~ 
 (28)

anunbiasedestimateof thesignalpowerin the w -th waveletcoefficient.
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Notethatif Ý �	��

���
denotestheintensityof thePoissonprocessat the

��

�
-th pixel, then

E
fÞ­ } &~ kF� «¬ ) _ b � a ~ ����

��� Ý �	��
>��� °± &

(29)

and
E

fg­¯ &~ k � ) _ b � a &~ ����
���� Ý ����
>���
(30)

do indeedfurnishunbiasedestimatesof thesignalandnoisepower in w -th waveletcoefficient.

5 Analysisand Inter pretation of the PRESS-OptimalFilter

5.1 Wiener filters and shrinkageestimators

Thelimiting PRESS-optimalfilter S (PRESS)

~ � «¬ ­ } &~­ } &~ � ­¯ &~ß°± X (31)

simplyweightseachnoisywaveletcoefficient
}j~

by a factorequalto theestimatedsignalpowerdividedby
theestimatedsignal-plus-noisepower. The

� ¨ � X operationthresholdstheweightto zeroif theestimatedsig-
nal to signal-plus-noiseratio is negative.2 Hence,thePRESS-optimalfilter hasa very simpleinterpretation
asa data-adaptivewavelet-domainWienerfilter.

Also notethat the filter weight ��M S (PRESS)

~ M h
. Hence,the PRESS-optimalfiltering operationis a

form of shrinkageestimator[14]: thePRESS-optimalfilter “shrinks” thenoisywaveletcoefficient towards
theorigin accordingto theestimatedsignalto signal-plus-noiseratio. In fact,we caninterpretthePRESS-
optimalfiltering operationasapplyinganSNR-adaptive nonlinearityto thenoisywaveletcoefficients.The
nonlinearityis depictedin Fig. 4.

5.2 Joint edgedetection/estimation

PRESS-optimalfiltering canalsobe interpretedasa joint edgedetection/estimationprocedure.To begin
with, considerthePRESS-optimalfilter for theHaarwaveletbasis[11, 12]. TheHaarwaveletcoefficient

} ~
is thevalueof the innerproductof theimageandthewavelet a ~ ����
����

, which is a localizededge(seeFig.
5(a)). The noisepower estimate

­¯ &~ , equalsthe projectiononto the square of the wavelet a &~ ����

���
, which

yieldsa local average.In otherwords,
­¯ &~ is proportionalto anestimateof the local intensityof the image

in theregion falling underthesupportof theHaarwavelet a ~
. ExpressingthePRESS-optimalfilter directly

(31) in termsof
} &~ ����
����

and
­¯ &~ , we have S (PRESS)

~ � «¬ } &~ 4 ­¯ &~} &~ °± X J
(32)

2Sincethesignalis beingestimatedfrom thedata,it is possiblefor theestimateto takeon negative values.Thethresholding
operationarisesnaturallyin theminimizationof thePRESScriterionandguardsagainstthis unreasonablesituation.Moreover, it
canbeshownthatif weweighteachnoisywaveletcoefficientby theestimatedsignaltosignal-plus-noiseratiowithoutthresholding,
thentheresultingwaveletcoefficientestimatehasaworseMSEperformancethanthePRESS-optimalestimate.This follows from
Theorem6.2in [14].
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Figure4: Comparisonof thresholdnonlinearitiesfor nonlinearwavelet-domainfiltering. Soft-thresholdof Wavelet
Shrinkage(12) (dot-dash).Hard-thresholdnonlinearity(dash-dash).PRESS-optimalnonlinearity(solid). The soft
andhardthresholdsarecommonlyusedfor wavelet-domainfiltering. The thresholdlevels areusuallysetbasedon
the known or estimatednoiselevel, which is assumedto be identical in eachcoefficient (additive, Gaussianwhite
noisecontamination,for example)[6]. In contrast,the thresholdof thePRESS-optimalnonlinearitydependson the
localnoiselevel in eachindividualwaveletcoefficient. Hence,thePRESS-optimalfilter canadjustto variationsin the
Poissonnoiselevel dueto variationsin the local intensityof the image. Furthermore,notethat the PRESS-optimal
nonlinearityis in a sensea compromisebetweenthe hardandsoft thresholds— it preserves the continuity of the
soft-threshold,yetprovidesanunbiasedestimateat highSNRlike thehard-threshold.

Theactionof thefilter coefficient
S (PRESS)

~
canthusbeinterpretedasfollows: If thestrengthof thelocaledge

relative to thelocal intensitylevel falls below thethreshold,thenthefilter doesnot detecttheedgeandsets
thecorrespondingwaveletcoefficient to zero. If thestrengthof thelocal edgerelative to thelocal intensity
level is above thethreshold,thenthefilter detectstheedgeandproceedswith theestimationof thewavelet
coefficient.

A similar interpretationholdsfor waveletsin general.The wavelet coefficientsarethe projectionsof
theimageonto localized“details” (seeFig. 5(b)). For thenoisepower estimate,we projecttheimageonto
thesquareof thecorrespondingwaveletbasisfunction,which effectively computesa weightedaverageof
thelocal intensityin theimage.If thestrengthof thelocaldetailrelative to theweightedlocal intensitylies
aboutthethreshold,thenthedetailis detectedandthefilter estimatesthecoefficient’svalue.PRESS-optimal
wavelet-domainfiltersarethusspatiallyadaptive.

Similar interpretationshold for PRESS-optimalfilters derived in termsof arbitrarysignalexpansions
(wavelet packets,local cosinebases,Karhunen-Loeve expansion,andevenovercompleteexpansions).In
particular, considerthePRESS-optimalFourier-domainfilter. TheFouriercoefficientsaretheprojectionsof
theimageontoglobalcomplex sinusoids— globalreferringto thefact thattheFourierbasisfunctionshave
supportover theentireimage(seeFig. 5(c)). The noisepower estimatesresultfrom projectingthe image
ontothesquaredmoduli of theFourierbasisfunctions.Sincethemodulusof any complex sinusoidis unity
at all pointsin space,thenoisepower estimatesin theFourier domainareproportionalto themeanor DC
valueof theimage,andhenceidenticalfor everyFouriercoefficient.Therefore,theFourierdomainPRESS-
optimalfilter detectsthe presenceof a global complex sinusoidrelative to the global averageintensityin
the image. It is clear that Fourier-basedfiltering cannotadaptto local variationsin the signalor noise.
This observationagaindemonstratesthe fundamentaladvantagethat wavelet-domainfiltering offers over
classicalFourierdomainfiltering.
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(a)

(b)

(c)

Figure5: Comparisonof thebasisfunctionsemployedin PRESS-optimalfiltering. (a)Haarwavelet àEá (edgedetec-
tor, for estimatingsignalpower)andsquaredwavelet àãâá (localaverager, for estimatingnoisepower). (b) Daubechies-6
wavelet àEá (edgedetector)andsquaredwavelet àãâá (localaverager).(c) Fourier-domainbasisfunction(realpart)and
its modulussquared(globalaverager).Sincethewaveletanalysisis local,wavelet-domainfiltering canadjustto local
variationsin theintensity. Fourier-domainfiltering cannot.
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5.3 PRESS-OptimalFiltering with OvercompleteRepresentations

Thusfar, we have formulatedour estimationproblemin termsof anorthogonalwavelet expansionof the
observations.However, asmentionedpreviously, we candesigna PRESS-optimalfilter for any orthogonal
signaldecomposition.The choiceof basiscandramaticallyaffect estimatorperformance(asseenin our
analysisof theFourierdomainPRESS-optimalfilter above). In thisSectionweextendour resultsto a more
generalfiltering procedurebasedonovercompleteexpansions(or frames[10]).

Overcompletesignalexpansionscanoffer desirableinvariancepropertiesthatarenot availablewith an
orthogonalexpansion.For example,theorthogonalwavelettransformisnotshift invariant:twodifferentsets
of waveletcoefficients(andhencePRESS-optimalfilters) will resultfrom transformingthe images

������
����
and

�����E��hI

�,��hi�
. By addingextrafunctionsto thewaveletbasis(essentiallyall possibleshiftsof thescaled

waveletsandscalingfunctions),anovercomplete,shift-invariantwaveletdecompositionresults[15]. This
“undecimatedwavelet transform”canbe computedusingthe samefilter bankstructureasthe orthogonal
wavelet transform,at a costof s � cWtic &d Ù¡äIå cWd � computationsfor an cWd�mFcWd image. The undecimated
wavelet transformcan be invertedat the samecostusinga “pseudoinverse”filter bank. Overcomplete
waveletexpansionswith otherinvariances,suchasto rotations,arealsoeasilydevised.

The formulationof the PRESS-optimalfilter for the overcompletecaseis almostidentical to the or-
thogonalcase,except that we substitutethe overcompletebasisfunctionsinto (26)–(28)andemploythe
pseudo-inverseto takeus backto the original signalspace.Sincethe pseudo-inverseeffectively averages
several correlatedestimatestogether, it canoftenproducea betterestimatethantheorthogonalestimators
previouslyconsidered.

6 FastAlgorithm for PRESS-OptimalWavelet-DomainFiltering

As we saw in (27),a key elementof PRESS-optimalfiltering involvesprojectingtheimageontothepoint-
wisesquareof thewaveletbasisfunctions.In this Section,we will deriveanefficient filter bankalgorithm
for computingthis projectionwhosecostis linearin thenumberof imagepixels.To ourknowledge,this is
a new (if somewhatobscure)contributionto thewavelettheory.3

Following the developmentof Section2, we begin with a 1-d continuous-timesignal
����� �

. Our goal
is to recursively computethe projections(3) and (4) but with " and $ replacedby " & and $ & . We do
this by developinganalogousexpressionsto (7)–(8)using(5)–(6). Sincethescalingfunctionandwavelet
aredefinedasa linearcombinationof scalingfunctionsat thenext coursestscale,thesquaredanalogueto
(5)–(6)mustcontaincross-productsof scalingfunctions.With this in mind,defineæ 9 [ b + x� 0�2 9 D ����� � " � 0�2 9 �547|�� " � 0�2 9 ��4B6C�H?I�

(33)ç 9[ b + x� 0�2 9 D ����� � $ � 0�2 9 �54F|�� $ � 0�2 9 ��4B6��=?G�
J
(34)

For acompactlysupportedscalingfunctionandwavelet,thecoefficients æ 9 [ b + and ç 9[ b + canbeinterpretedas
banded(neardiagonal)squarematricesof bandwidth

0 cWt 4�è
, with c�t thelengthof theassociatedwavelet

filters
S

and
U
. Clearlywe areinterestedin thevaluesof thesecoefficientsonly onthediagonal(

|��Ï6
).

3Thesquareof thewavelethascomeup in othercontexts;see[16] for example.
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Multiplying out (5) and(6) givesus" ��O=P 0 4B{£� " ��OHP 0 4 L �Q� 0 )[ b + S [ S + " ��Oé4 0 {�47|�� " ��OW4 0 L 4F6��
(35)

$ ��OHP 0 4B{£� $ �	O=P 0 4 L �y� 0 )[ b + U [ U + " ��O�4 0 {�4F|�� " ��OW4 0 L 4B6���

(36)

which leaddirectly to therecursions æ 9>XZYê b ë �@)[ b + S & ê 2 [ S & ë 2 + æ 9 [ b + (37)ç 9>X�Yê b ë �@)[ b + U & ê 2 [ U & ë 2 + æ 9 [ b + J
(38)

The recursion(37)–(38)forms the basisfor a special2-d filter bank: eachiteration,the separable2-d
filters

S [ S +
and

U [ U +
convolvewith thebandedmatrix æ 9 [ b + , whichis thendecimatedin bothdimensions.

Notethateventhoughthesecomputationsrequirethatwe increasethedimensionalityof our problemfrom
1-d to 2-d,the2-dproblemis very “sparse.” (Since æ 9 [ b + is banded,mostof its entrieswill bezero).

Given a discrete-timesignal
���	�\�

, we initialize the æ matrix at scalezeroby placing the signalonto
the diagonal: æ ^[ b + �V����|��=ì\��|í4�6��

.4 By construction,the recursion(37)–(38)projects
�����\�

onto the
element-wisesquarea &9#b + ���\�

of eachwavelet basiselement a 9 b + . Due to the sparsityof æ 9 [ b + , full 2-d
convolutionsarenotrequiredto implement(37)–(38).In fact,thecompletesquaredwavelettransformof ancWd -point signalrequiresonly s � c &t cWd � computations,only a mild (constantmultiplier) increaseover the
fastwavelettransform.

Thesetupfor projectingimagesontothepointwisesquareof the2-dwaveletbasisis asimpleextension
of theabove. Thescalingwaveletcoefficientarraybecomesa(verysparse)bandedsquare4-darray æ 9 ê b ë;b [ b + ,
with all of thenonzerovaluesclusteredalongthe “diagonal” æ 9 [ b + b [ b + (similar for thewaveletcoefficient
array ç 9ê b ë#b [ b + ). The filters

S
and

U
work alternatelyon eachof the 4 dimensionsasthe 4-d convolutional

kernels
S ê S ë S [ S +

,
S ê S ë U [ U +

,
U ê U ë S [ S +

, and
U ê U ë U [ U +

. Decimationtakesplacein all 4 dimensions.
Due to the sparsityof the æ and ç arrays,the completesquaredtransform(27) requiresonly s � cyît c &d �
computationsfor an cWdÆmïcWd image.

Similar methodscanbeusedto easilycomputesignalprojectionsontothesquaresof otherbasesasso-
ciatedwith filter banks,suchaswaveletpackets,tree-structuredwavelets,undecimatedwavelettransforms
etc.

4Notethatfeedingthesamplesð�ñgòjó�ô of acontinuous-timesignal ð�ñ�õ�ô into afilter bankwill notresultin waveletcoefficients ö
thatcorrespondto thevalues(3)–(4). (Thiswouldholdtrueonly if ÷\ñ�õ ¿ òøô wasadeltafunction.) In orderfor À to equalthevalues
(3)–(4),we mustpreprocessthesignalsamplesby projectingthemontothespacespannedby thescalingfunctions÷\ñ�õ ¿ ò�ô [17],
[12, p. 232]. Abry andFlandrinsuggesteda simpleapproximationto this projectionin [17]; they initialize thefilter bank(7)–(8)
with ù ú ûyü )Iý ð�ñ�þ#ó�ôj÷\ñ�þ ¿�ÿ ô�� (39)

An analogousprefilteringstepfor initializing thesquaredwavelettransformfilter bank(37)–(38)is� ú ��� û ü )Iý ð ñ�þ#ó�ôi÷ßñ�þ ¿�� ôÑ÷\ñ�þ ¿�ÿ ô�� (40)

Notethatthis initializesboththediagonalandoff-diagonalentries.
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Figure6: Phantomintensity imagefor the simulationexperiments.Maximum intensity
�
	�	

(triangle),minimum
intensity

	
(circle).

7 Examplesand Applications

7.1 SimulatedData Experiment

In this Section,we presenta simulatedimagingexperimentthatcomparestheperformanceof thePRESS-
optimal wavelet-domainfilter with several competingmethods.The simulatedintensity imageis shown
in Fig. 6. The imagehasa backgroundintensityof � , darkregions(thecircle) have intensity � , andbright
regions(thetriangle)haveintensity

0 �I� . Thesimulatedimagewasdesignedto haveaintensityrangesimilar
to thatcommonlyencounteredin applications(nuclearmedicineimaging,for example).

Fig. 7(a)showstheraw countimageobtainedfrom theintensityimageof Fig. 6 aswell astheerrorbe-
tweentheraw countsandtheunderlyingintensity. Theraw countsform theMaximumLikelihoodestimate
(MLE) for theintensity. While unbiased,this estimatesuffersfrom a very largevariance.TheMLE might
beimprovedby incorporatingaBayesianprior on theunderlyingintensityprocess,but thiscouldintroduce
a bias.In thispaper, we donotconsidertheuseof suchpriors.

Fig.7(b)depictstheestimateobtainedbyconvolving theraw countimagewith thenine-pointsmoothing
filter hh

 ��� h 0 h0 � 0h 0 h ���� J

(41)

Notethatthenoiseis significantlyreduced,but thesmoothingintroduceslargeartifactsneartheedgesin the
image.

In Fig. 8 we comparethe estimatesobtainedfrom threedifferentwavelet-domainfilters, all basedon
the Haarwavelet. First considerWavelet Shrinkageusinga soft threshold(see(12) andFig. 4). Wavelet
Shrinkageassumesanadditive white Gaussiannoise,andthe thresholdis setbasedon theglobalvariance
of thenoise.SincetheGaussianassumptionclearlyviolatedin thePoissoncase,we work with thesquare-
root of thecounts(for variancestabilization).As is standardpractice,we estimatethevarianceof thenoise
usingthemedianabsolutevalueof thefinestscalewaveletcoefficients[18]. Wethenapplythestandardsoft-
thresholdwavelet-domainfilter to thewavelettransformof thesquare-rootimage,inversewavelettransform
andsquaretheresultto obtainanestimateof theintensity.

Fig. 8(a)shows theestimateobtainedby thesoft-thresholdwavelet-domainfilter. Note the largeerror
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(a)

(b)

Figure7: Comparisonof variousnoiseremoval methodsI. (a) Raw counts(MLE) estimate.(b) Nine-pointconvo-
lutional smoothingfilter estimate.At left we show the estimates;at right the errorsbetweenthe estimatesandthe
truesimulatedintensityof Fig. 6. Thenine-pointsmoothestimatedoesanexcellentjob of reducingthenoisein the
background,but introducesaseverebiasnearedges.
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in thehigh intensityregion (the triangle)of theestimate.This error is dueto theinherentbiasof thesoft-
thresholdoperationand the spatiallyvarying noiselevel that is not sufficiently stabilizedvia the square
root operationdueto thelow-countnatureof thedata.Unfortunately, at thecountlevels(intensities)often
encounteredin practice,we arefar from the asymptoticconditionneededto stabilizethe variancesby a
simplesquare-roottransformation.While workingwith thesquare-rootof thecountsdoestendto equalize
the disparitybetweenthe noisepowerssomewhat, it doesnot eliminatethe problemof signal-dependent
noise(noisepowersremainhigherin regionsof higherintensity).

An alternative to thesoft-thresholdis thehard-thresholdoperation,which simply discardswaveletco-
efficientsfalling below thenoisethresholdandleavesthosecoefficientsabove thethresholdunaltered(see
Fig. 4). Thehard-thresholdestimate(alsovariancestabilizedusinga squareroot) is shown in Fig. 8(b). It
is unbiasedat high SNR,andthereforewe seeslightly lesserror in thehigh intensityregion comparedto
thesoft-thresholdestimate.However, asis evidentin thefilteredimageanderrorimage,thehard-threshold
doesnot reducethenoiseassignificantlyasthesoft-threshold.

The PRESS-optimalestimate,shown in Fig. 8(c), automaticallyadjuststo the spatiallyvarying noise
power, so we work directly with the raw countimage. This estimateshows significantlylesserror in the
high intensityregionsof the imagein comparisonto theestimateobtainedvia soft-thresholding. This im-
provementmaybeattributedto thePRESS-optimalfilter’sautomaticadaptationto thelocalnoiselevel and
theunbiasednatureof thePRESS-optimalestimatorathighSNR(seeFig. 4). ThePRESS-optimalestimate
far outperformsthe hard-thresholdestimate.Hence,in termsof balancingthe trade-off betweenbiasand
variance,thePRESS-optimalestimatorprovidesanexcellentalternativeto thecompetingmethods.Further-
more,while thePRESS-optimalestimatedoesminimizethePRESScriterion,in small-samplesituationsthe
soft andhard-thresholdingschemesarenot necessarilyoptimalin any sense.5

The improvementof the PRESS-optimalestimatoris not without a cost,however. Due to the added
adaptabilityof the PRESS-optimalfilter, the estimateis slightly moresensitive to the noise. As a result,
thevariability of thePRESS-optimalestimatoris generallyhigherthanthatof thesoft-thresholdestimator
(notetheslightly highernoiselevel in thebackgroundof thePRESS-optimalestimatein comparisonto the
soft-thresholdestimate).

The squaredbias,variance,andoverall mean-squarederror (MSE) of eachestimator, normalizedby
the total sumof pixel intensities,is given in Table1. The nine-pointsmooth,soft-threshold,andPRESS-
optimalestimatorsprovide excellentvariancereduction.The nine-pointsmoothhasthe smallestvariance
but extremelylarge bias. While almostunbiased,the hard-thresholdestimatorhasa variancethat is only
modestlylower than that of the original raw counts. In contrast,the PRESS-optimaland soft-threshold
estimatorsprovideabetterbalanceof biasandvariance.NotethatthePRESS-optimalestimatorhasamuch
smallerbiasthanthe soft-thresholdestimator, but larger variance.Overall, the PRESS-optimalestimator
provides the lowestMSE. The excessive bias introducedby the soft-thresholdis an importantconcern,
particularlyif quantitative imageanalysisis to beperformedon the filtereddata. Comparingthe PRESS-
optimalestimator’sperformanceto thatof theraw countimage,weseethatwesacrificeanegligible biasin
returnfor a largereductionin variance.

5Thesoft-thresholdprocedureis asymptoticallyminimaxoptimalfor abroadclassesof signals[6].
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(a)

(b)

(c)

Figure8: Comparisonof variousnoiseremoval methodsII. (a) WaveletShrinkageestimateusingsoft threshold.(b)
Wavelet Shrinkageestimateusinghardthreshold.(c) PRESS-optimalestimate.All estimateswerecomputingusing
theHaarwaveletbasis.At left weshow theestimates;at right theerrorsbetweentheestimatesandthetruesimulated
intensityof Fig. 6. Unlike thesoft-thresholdestimate,thehard-thresholdestimatedoesnot introducea largebiasin
the high intensityregionsof the image. However, the hard-thresholdoperationdoesa relatively poor job at noise
reduction.ThePRESS-optimalestimatepreservesedgeswell, significantlyreducesthenoise,andhasa lowererrorin
high intensityregionscomparedto thesoft-thresholdestimate.
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Table1: Comparisonof estimatorsof Poissonintensity.

Estimator BiasSquared Variance MSE

Raw counts 0.0010 0.9995 1.0004
Nine-pointsmooth 5.2218 0.1402 5.3620

Wavelethard-threshold 0.0017 0.8497 0.8513
Waveletsoft-threshold 0.2006 0.2501 0.4507

WaveletPRESS-optimal 0.0087 0.4095 0.4182

7.2 Nuclear Medicine ImageEstimation

Nuclearmedicineimagingis a widely usedcommercialimagingmodality [1]. Unlike many othermedi-
cal imagingtechniques,nuclearmedicineimagingcanprovidebothanatomicaland functionalinformation.
However, nuclearmedicineimaginghasa muchlowerSNRcomparedto otherimagingtechniques.Hence,
improvementsin imagequality via optimizedsignalprocessingrepresenta significantopportunityto ad-
vancethestate-of-the-artin nuclearmedicine.

Nuclearmedicineimagesareacquiredby thefollowingprocedure[1]. Radioactivepharmaceuticalsthat
aretargetedfor uptakein specificregionsof the body areinjectedinto the patient’s bloodstream.As the
radioactivepharmaceuticalsdecay, gammaraysareemittedfrom within thepatient.Imagingthegammaray
emissionsprovidesamappingof thedistributionof thepharmaceutical,andhenceamappingof theanatomy
or physiologicfunctionof thepatient.Gammaraysaredetectedandspatiallylocatedusingagammacamera,
which convertsgammaraysinto light. Photomultipiertubesthendetectandlocatetheemissions.Theraw
nuclearmedicinedatais an imageof photondetections(counts).Theraw datamaybevieweddirectly or
usedfor tomographicreconstruction.The major limitation of nuclearmedicineimagingis the low-count
levels acquiredin typical studies.The count levels arelow dueto the limited level of radioactive dosage
requiredto insurepatientsafety.

Becauseof the relatively small numberof countsin a typical nuclearmedicinestudy, the raw-count
imageappearsnoisy andin fact hasa large varianceaboutits true mean(the underlyingintensityof the
Poissonprocess). The varianceis proportionalto the signal itself and hencelinear filtering of the raw
imagemayresultin unsatisfactorysignaldegradation.Theraw imagecanbeimprovedusingthePRESS-
optimalestimator. For this application,we have chosentheDaubechies-6waveletbasis[10, 11,12] for the
PRESS-optimalestimator. This basiswasselectedfor its goodlocalizationandsmoothnessproperties[19].
Empiricalstudieshaveshown thatthisbasisprovidesexcellentfiltering resultsfor a widevarietyof nuclear
medicineimages[20].

Bone Imaging: Fig. 2(a) depictsan imageof the spineobtainedfrom a nuclearmedicinestudy. The
radiopharmaceuticalusedhereis Technetium-99mlabeleddiphosphonate.In bonestudiessuchas this,
brighterareasindicateincreaseduptakeof bloodin areaswherebonegrowth is occurring.Thismayreflect
areaswherebonedamagehasoccurred.Functionalchangesin bonecanbedetectedusingnuclearmedicine
imagebeforethey will show up in x-ray images.Fig. 2(b)showsthefilteredspineimageusingthePRESS-
optimalwavelet-domainfilter usingtheDaubechies-6waveletbasis.

Heart Imaging: Fig. 9(a)depictsan imageof a heartobtainedfrom a nuclearmedicinestudy. Theimage
wasobtainedusingtheradiopharmaceuticalis Thallium-201.In this typeof study, theradiopharmaceutical
is injectedinto thebloodstreamof thepatientandmovesinto theheartwall in proportionto thelocaldegree

20



(a) (b)

Figure9: Comparisonof nuclearmedicineheartimages.(a) Raw-countimage(b) PRESS-optimalfilteredimageus-
ing Daubechies-6waveletbasis.Thewavelet-domainfiltering dramaticallyreducesthenoise,but doesnotexcessively
smooththeedges.

of blood perfusion. The purposeof this procedureis to determineif thereis decreasedblood flow to the
heartmuscle.Fig. 9(b)showsthefilteredheartimageusingthePRESS-optimalwavelet-domainfilter using
theDaubechies-6waveletbasis.

8 Conclusions

The PRESS-optimalwavelet-domainfilter is an optimal, data-adaptive filter designedusing the method
of cross-validation. Whenthe datais Poissonin nature,the filter canbe computeddirectly from the raw
data. Moreover, the filter hasa simple and elegant interpretationin the spatialdomainas a joint edge
detection/estimationprocedure.We have deriveda fastalgorithmfor theoptimalfiltering procedurewhose
orderof complexity is equivalentto thatof thefastwavelettransform.

We have alsoexploredthebiasandvariancetrade-offs associatedwith variousnoisefiltering methods
for Poissondatain a simulatedexperiment.Linearfiltering significantlyreducesthevariance,but canlead
to large biaserrors. Conventionalsoft-thresholdWavelet Shrinkageappliedto the square-rootof the raw
dataprovidesa reasonablybalancebetweenbiasandvariance.The PRESS-optimalwavelet-domainfilter
favors biasover variancereduction,andin the experimentwe consideredit produceda lower MSE than
all othermethods. Of course,it is incorrectto infer that the PRESS-optimalfilter will provide the best
MSEperformancein general.However, thePRESS-optimalfilter doesminimizea well-defineddata-based
criterionandour experiencehasshown that it generallyleadsto anestimatorthatsignificantlyreducesthe
variancewhile introducinga negligible bias.Theexcellentperformanceof thePRESS-optimalfilter in this
respectmakesit highly desirablefor a widevarietyof applicationsinvolving Poissondata.

We have shown that the PRESS-optimalfilter canbe appliedto nuclearmedicineimaging, resulting
in much betterestimatesof the underlyingintensity. Thereare several avenuesfor future work in this
application.First, thenew filtering methodcouldbeextendedto filtering for tomographicreconstruction.
Second,thePRESS-optimalfilter canbeusedin conjunctionwith “resolutionrecovery” schemesto reduce
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the effectsof blurring inherentin the imagingprocess,while still reducingnoise. A morecomprehensive
studyandanalysisof thePRESS-optimalwavelet-domainfilter for nuclearmedicineis givenin [20].

Finally, we mentionthat the PRESS-optimalwavelet-domainfilter is alsoapplicableto a wide vari-
ety of otherimagingmodalitiesincludinglow-light imagery, astronomicalimaging,x-ray tomography, and
positronemissiontomography. The filter is alsoappropriatefor smoothinghistogramestimates.Further-
more,if multiple iid observationsof a noisysignalareobserved,thenthecross-validationframework can
evenhandlecorrelated,non-Gaussiannoises(see[9] for moredetails).We arecurrentlyinvestigatingthese
topics.

A Proof of Theorem1

Thekey to theproof is notingthatby increasingc , which subdividestheobservationperiod � into smaller
andsmallertime intervals, we areeventually left with c extremely low-count images. Eachlow-count
imageis eitherall zeroor containsa singlecount.

Recalltheestimatedvariancein (19)­¯ &~ � c ��� cc 4Nh  )[ :ZY ² } � [ �~ 4 hc }i~ ´ & J
(42)

We will show that
­¯ &~ � c � ¹ ­¯ &~ , definedin (27)above,as cV¹*º . Notethat(26) is preciselythelimiting

form of thePRESS-optimalfilter, as cr¹Êº . It thenfollowsthat(26)is thefilter thatminimizesthePRESS
criterionas cr¹Êº .

First,expand
­¯ &~ � c � ­¯�& ~ � c �Q� cc 4]h��  )[ :ZY Î } � [ �~ Ð & 4 hc } &~�� J

(43)

Herewehave usedthefact that ×   _ :ZY } � _ �~ � }i~
. Next, expandthewaveletcoefficients

} � [ �~
and

}j~
­¯ &~ � c �Q� cc 4]h «�¬  )[ :ZY «¬ ) _ b � $ ~ ����
����>- � [ � ����
���� °± & 4 hc «¬ ) _ b � $ ~ ����

���,���	��

��� °± & °��± 


(44)

with
- � [ � ����
����

thecountin
��

�

-th pixel of the
|

-th low-countimage.Expandingfurtherweget­¯ &~ � c �y� )_ Ç b _ Á b � Ç b � Á $
~ �	� Y 
�� Y � $ ~ ��� & 

� & ��� cc 4]h �  )[ :ZY - � [ � ��� Y 
�� Y �,- � [ � ��� & 

� & ��4 hc ���	� Y 

� Y �>����� & 
�� & � � � J

(45)

Now considerjust theinnermostbracketedtermin (45). Since
����� Y 

� Y � and

����� & 

� & � arefinite numbers
wehave Ù¡ÚgÛ �Ü < hc ����� Y 

� Y �>����� & 

� & �(� � J (46)

Also, assumingthat c is sufficiently largesothateachlow-countimageis eitherall zeroor only containsa
singlecount,wehave two cases: )[ :ZY - � [ � ��� Y 

� Y �>- � [ � ��� & 
�� & �Q� � ����� Y 

� Y ��
 if

� Y �Ï� & 

� Y �Ï� &� 
 otherwise
J (47)
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Combiningtheaboveresults,weseethatÙ¡Ú Û �Ü < ­¯ &~ � c �Q��) _ b � $ &~ ����
����>������

����

(48)

andtheproof is complete. !
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[11] M. Vetterli andJ. Kovačević, Waveletsand SubbandCoding. EnglewoodClif fs, NJ: Prentice-Hall,
1995.

[12] G. StrangandT. Nguyen,WaveletsandFilter Banks. Wellsley, MA: Wellsley-Cambridge,1996.

23



[13] D. L. Donoho,“Unconditionalbasesareoptimalbasesfor datacompressionandfor statisticalestima-
tion,” App.andComp.HarmonicAnalysis, vol. 1, pp.100–115,Dec.1993.

[14] E. L. Lehmann,Theoryof Point Estimation. PacificGrove,CA: Wadsworth& Brooks/Cole,1983.

[15] M. Lang,H. Guo,J.E.Odegard,C.S.Burrus,andR.O.Wells,“Noisereductionusinganundecimated
discretwavelettransform,” IEEESignalProcessingLetters, vol. 3, no.1, pp.10–12,1996.

[16] M. GirardiandW. Sweldens,“A new classof of unbalancedhaarwaveletsthatform anunconditional
basisfor %#" ongeneralmeasurespaces,” preprint, 1997.

[17] P. Abry and P. Flanrdin, “On the initialization of the discretewavelet transformalgorithm,” IEEE
SignalProcessingLetters, vol. 1, pp.32–34,Feb. 1994.

[18] D. L. Donohoand I. M. Johnstone,“Ideal adaptationvia wavelet shrinkage,” Biometrika, vol. 81,
pp.425–455,1994.

[19] I. Daubechies,TenLectureson Wavelets. Philidelphia:SIAM CBMS-NSFSeriesin Applied Mathe-
matics,no.61,1992.

[20] R. Nowak,R. Hellman,D. Nowak,andR. Baraniuk,“Wavelet domainfiltering for nuclearmedicine
imaging,” in Proc.IEEEMed.ImagingConf., pp.279–290,1996.

24


