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ABSTRACT

In this paper we definea new setof toolsfor time-varying
spectralanalysis: the pseudoaffine Wigner distributions.
Based on the affine Wigner distributions of J. and P.
Bertrand, thesenew time-frequeng distributions support
efficient online operationat the samecomputationalcost
asthe continuouswavelet transform. Moreover, they take
adwantageof the proportionalbandwidthsmoothinginher
entin the sliding structureof their implementatiorto sup-
presscumbersomenterferencecomponents. To formal-
ize their place within the echelonof the affine class of
time-frequenyg distributions, we extend the definition of
this classandintroduceothernaturalgenerators.

1. INTRODUCTION

Time-frequeng distributions (TFDs), which analyzesig-
nalsin termsof joint time andfrequenyg coordinateshave
provenusefulin awide varietyof fields. Most TFDsof cur
rentinterestbelongto either(or both of) Cohens class[1]
or the affine clasg[2, 3]. While CohensclassTFDsareco-
variantto timeandfrequeng shiftsof thesignal,affineclass

TFDsfeatureanaffine covarianceo timeandscalechanges.

This propertymakesaffine distributionsnaturalfor ahostof
applicationsjncludingwidebandradarandsonay andself-
similar signalanalysis.

Thesimplestaffine distributionis thecontinuousvavelet
transform
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TUsually the wavelet transformis expresseds a function of a time
variablet anda scalevariablea. Herewe will usethereparametrizationf
scaleasinversefrequencys = fo/ f suggestedh [3] andassumevithout
lossof generalitythatthecenterfrequencyyf, of thewavelety equalsl Hz.
Unlessspecifiedpound=of integrationrunfrom —co to +co. Wewill also
considernly analyticsignals,for which X (f) = 0Vf < 0, with X the
Fouriertransformof thetime signalz.

Dx(t,f) = f_%/OOOX(V)\II*(V/f)ei%”dV
= 2t [amwge-na @

It hasthe adwantageof beinga linearexpansionof the sig-
nal onto a set of analyzingfunctions, yet its very linear
ity precludesiesirablegheoreticapropertiesuchascorrect
mauginal distributionsor perfectlocalization.

Thequadraticaffine Wignerdistributionsproposedn [2]
are high resolutionalternatves that have mary desirable
theoreticalproperties. Unfortunately they also sharetwo
primary dravbacks. First, their nonlinearityresultsin co-
pious interferencetermsin the time-frequeng plane [4].
Secondgdueto their complicatedormulation,efficient im-
plementationssuitablefor long time serieshave not been
developedfor mostof thesedistributions.

In this papeywe derive asetof (smoothedpseudaaffine
Wigner distributions Using the pseudoWigner TFD as
a guide, we introduceinto the affine Wigner distributions
a short-timewindow that not only controls the trade-of
betweenlocalizationand cross-componerdttenuationbut
alsoprovidesanefficient onlinecomputationahlgorithm.

The usual formulation of the affine classof TFDs, as
the affine smoothingof the Wigner distribution with a ker
nel function[3], is notthe mostappropriatdor the pseudo
affine Wignerdistributions. We will seethata morenatural
way of proceedings to replacethe Wigner distribution in
this formulationwith a setof canonicalgeneratingT FDs.
We bggin with areview of theaffine Wignerdistributions.

2. AFFINE WIGNER DISTRIBUTIONS

A TFD Px(t, f) of asignalz is affinecovariantif thedistri-
butionof theshiftedandscalecsignal = z (52) becomes

(a3
Px (i—aiu , af)

To overcomethe limitations of the linearwavelet trans-
form, abroadclassof bilineardistributionscovariantto time
andscalechangesiasbeendeveloped[2, 3]. Amongthese
distributions, an interestingsub-classs the classof affine




Wignerdistributions[2]
u) f) X*(Ax(—u)f)
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with k € IR, A (u) = ( 8_,;3)  Ex(u) = Ae(u) —
Ar(—u), andyy (u) a positive, continuoudunction. Proper
choiceof the function p; yields distributions that satisfy
propertiesuchascorrectmamginals,localizationon power-
law groupdelays,or unitarity. In additionto affine covari-
ance all affine Wigner distributionsare covariantto athird
unitarysignaltransformatiorf2].

For certain values of the index &, we obtain well-
known TFDs. The value & = 0, correspondingto
Ao(u) = =5, &o(u) = wu, and the choice po(u) =

P(k)t =

[Ao(u)A(—u)]? (%) : yields the unitary Bertranddis-
tribution

PO = f [ i) X(o(wh) X Oo(-u)f)
x e TEmY gy 3)

Otherwell-known distributions in the affine Wigner class
includethe Wignerdistribution (k = 2), the FlandrinD dis-
tribution (k = 1/2), the Unterbegerdistribution (k = —1),
andthe MargenauHill distribution (arithmeticmeanof the
limit casesask — +o0).

3. PSEUDOAFFINE WIGNER DISTRIBUTIONS

3.1. Definition

Our derivationof the pseudaaffine Wigner distributionsre-
lies on the stronganalogybetweenCohens classandthe
affine classandis inspiredby the pseuddwigner distribu-
tion. TheWignerdistribution

Wx(t, f) = /m(t+%) s (- T) e

hasmary attractize propertiesput alsodravbackssimilar

to the otheraffine Wignerdistributions. The pseuddNigner
distributionwasdevelopedto overcomethesedifficulties. It

is obtainedrom (4) by introducinga positvewindow func-

tion ~(7) bothto allow efficientsliding computatiorandto

smoothcross-componenis thefrequeng direction. Con-

volution of the resultwith anotherwindow g¢(¢) smooths
cross-componenis the time direction. By defininga new

window functionw(r) = 1/h(27), we canwrite thepseudo
Wigner distribution as the convolution of the short-time
FouriertransformSx (¢, f) = [ (1) w*(r —t) e~ 2" 7 dr

with itself [5]

x(6.1)= [ 60) Sx(1,0) Sx(t, 2—2) =76,
©)

An analogousvindowing procedurdeadsto the pseudo
affine Wigner distributions. In contrastto the pseudo
Wigner case however, this windowing mustbe frequeng-
dependentio ensurethatthe resultingTFD remainsaffine
covariant.As aresult,thesmoothingn frequeng direction
is proportionalbandwidth? ratherthanconstant-bandwidth
asin the pseuddNignerdistribution.

By rewriting (2) in the time domain,windowing the sig-
nal usingthe short-timewindow h, andthenposingy(t) =
h(t) €2, we canwrite the orderk pseudoaffine Wigner

distributionas
f/,uk [/
<[ [er e o -] w ©
= [ Dt (@) Dyt M-
Ak (u)Ae(—u) ’ ’

(7)
where Dx (t, f) is the wavelettransform(1) basedon the
oscillatingfunction . Justasthe pseudowigner distribu-
tion (5) is a corvolution of the short-timeFouriertransform
of the signalwith itself, the pseudaoaffine Wigner distribu-
tion is a generalizecconvolution of the wavelet transform
with itself.

Thepseudaffine Wignerdistributionscanbeinterpreted
as sliding versionsof the original affine Wigner distribu-
tions, and as a result, they are naturally suitedfor online
operationwith long signals. To constructa pseudoaffine
Wigner distribution, we simply computethe wavelettrans-
form of thesignalandthenateachtime performthegeneral-
izedfrequeng corvolution definedby (7). ThefastMellin
transformis a corvenienttool for implementinghis convo-
lution efficiently [6, 7].

In the important special case of the unitary P(°)
distribution, the special form for pg(u) cancelsthe
()\k(u)/\k(—u))_% factor, leaving us with a muchsimpler
expressionfor P [6]. More generally however, this ap-
proachallows usto approximateall affine Wigner distribu-
tions, evenfor unusualaluesof the index k& for which the
algorithmproposedn [7] doesnotapply.

PO, f) = *[FAn( )(T—t)]dr]

3.2. Time-frequencysmoothinginterpr etation

The time windowing introducedin (6) actsas a propor
tional bandwidthfrequeng smoothingthat suppressem-
terferencecomponentoscillating in the frequeny direc-
tion. Compare for example,the pseudo-Bertrandistribu-
tion P(9) of Figure1(b) with the unitary Bertranddistribu-
tion P(%) of Figurel(a).

20r constante), with the Q factor definedasanalysisfrequencyover
analysisbandwidth.



To suppressnterferencaermsoscillatingin thetime di-
rection,we mustsmoothin that direction, or equivalently
window the dual variable. The introductionof a low-pass
function G in (7) limits the integration with respectto u
(looselyspeakingthe dualvariableof the productt f), and
thus performs proportional-bandwdth time smoothingof
the TFD. We call theresultingdistribution

pU) N P10 N
P d) / (u) Mo (W) A (—u)

x Dx[t, Me(w) f] D[t, Ae(—u)f]du  (8)

the smoothedseudaaffine Wigner distribution. (SeeFig-
ure 1(c).) For k = 2, this TFD coincideswith the “affine
smoothedNignerdistribution” of [3].

Even though the pseudoand smoothedpseudoaffine
Wigner distributions are smoothedversionsof the affine
Wigner distributions,they canstill have resolutionexceed-
ing that of the scalogram,the squaredmagnitudeof the
wavelettransform.(SeeFigurel1(d).)

4. KERNEL FORMULATION OF THE PSEUDO
AFFINE DISTRIBUTIONS

The pseudaaffine Wigner distributionsbelongto the affine
classwhosedefinition[3]

Px(t,f) = //000 W;dr,y)H(f(r—t),%) dv dr
9)

involves the Wigner distribution W from (4). Unfortu-
nately this formalismturnsawvkward whenonetriesto de-
rive an analytic form for the kernel II correspondingo
a generalpseudoaffine Wigner distribution. In this sec-
tion, we investigatea canonicalformulationfor the affine
classof TFDs in which the kernelscorrespondingo the
pseudaoaffine Wigner distributions have an easily identifi-
able,closedform.

For eachk € IR, we will introduceanalternatve genera-
tor TFD W) thatreplaces¥ in (9) andprovidesanatural
framavork for the pseudaaffine Wigner distributions P(*).
With this new formalism,affine classTFDs canbe written
as

Px(t, f) = // W)((k)(r, v) k) <f(7' — 1), %) dvdr.
° (10)
In Section4.1, we find the appropriategeneratorTFD
W) for eachk € R. In sectiond.2, we identify the ker-
nel correspondindo eachsmoothedpseudaoaffine Wigner
distribution P(%),

() (d)

Figurel. Time-scaladistributionsof a signaltestcomposeaf a hyper

bolic chirp, a third-orderHermitefunction,anda Lipschitzsingularity |t —

to|~%1. Horizontalaxis correspondso time; vertical axiscorrespondso

frequency (a) Unitary Bertranddistribution. (b) PseuddBertranddistri-

bution computedvith a Morlet wavelety of @ = 8. (¢) Smoothegseudo
Bertranddistribution computedvith the samevaveletanda Gaussiarwin-

dowG of @ = 1. (d) Scalogram(squaedmagnitudeof thewavelettrans-
form)basedona Morlet waveletof @ = 2.

4.1. Natural generators
The mostgeneralform of anaffine covariantTFD is given

by [2, 3]
] OO/O " X(f0) X))

x K(v,v") 2T =) gy gy’ (11)

PX(t:f) =

with K (z, y) atwo-dimensionadlistribution.

Fix ¥ € IR andintroduceinto (11) the affine Wigner
parametrizationfunction A;(u) by the changeof vari-
ablesv = 6Ai(u), v/ = 0X(—u) with Jacobian
v, v")/0(0,u) = Ok (u)Ap(—u)

Pxf) = f [ [0 0) X7 (00
X K [0Ak (u), 07k (—u)] 2706 ()
% O (u)Ag (—u) dO du. (12)

Sincethefunctioné, (u) definedin (2) is aone-to-onemap-
pingfrom IR to IR, thekernel KX canbereparametrizeds

K[0Ax(u), 0Ap(—u)] = L[, 06, (u))].



Takinginto accountthe changeof measurenecessitatetly
thisreparameterizatiorf12) canberewritten as

© dég(u
= [[ ot

Ap(W)Ap(—u 27 r(u
x l% L[0, 06 (w)] €778 )] df du.

du
Finally, introducingthe Fouriertransformof L with respect

to ¢ (u) andposing
M)A (—u) (2502)
= [0, - 1py et gy

followedby the changeof variablesf¢ = v,y = fr, leads
usto theresult(10) with thegenerator

(v Ar(—u))
—i2mrTEn(u) dés—(u) du. (13)

X (O, (u)) X (fOA(—u))

L[G, 3 (u)] ei2mtf 08k (u)

W)(()TI/ = /Xl//\k(u

X €

Thuseachgeneratois simply anaffine Wignerdistribution
(2) with the specialchoiceyy, (u) = dg;ﬁ“).

Eachdifferentvalueof £ € IR yieldsadifferentgenerator
matchedo the pseudaffine WignerdistributionsP(*). For
k = 2, we retrieve the Wigner distribution— the only uni-
tary generator— andthe usualaffine classdefinition (9).
For k£ = —1, we retrieve the active Unterbeger distribu-
tion — the only generatothatis time localizedaccording
to the definitionof [2]. For & = 0, we obtaina (nonunitary)
Bertranddistribution with p(u) = 1.

4.2. Kernelsfor the pseudoaffine Wigner distrib utions

Using the results of the previous section, it is straight-
forward to derive the kernel TI(F) correspondingo each
smoothedpseudoaffine Wigner distribution P(*), Again
fixing £ € IR, we follow the four goldensteps:(i) Usethe
Plancharetheoremnto rewrite theright sideof (6) in thefre-
gueny domain;(ii) Apply thesamechangeof variablegshat
tookusfrom (11)to (12); (iii) Exploit theidentity

X(wAe[&et (=0/v)]) X (wAs[—€0" (=0/v)])
= /W)((k)(r, v) e 12770 dr

(iv) Identify theresultwith thegenerakxpression(10). Do-
ing this, we obtainthe smoothegseudaaffine Wignerker-

nel
Ae(0)Ae(=v)

n®)r ) = //G u)m o

X \II<V;:EZ;) q;*(;jizg:;;) =276 (V) g d.

It is interestingto notethatsettingG(u) = é(u) reduces
(8) to the scalogramin this case (10) simplifiesto

|Dx(t, )| _// W) (r, V)W;’”(f(r_t) f) dv dr.

(14)
Here, W(*) = 1(¥) is the passiveform of the generator
W), While theactive form W (*) is nonunitaryin general,
it cooperatesvith its passve form to produceanisometry-
like relation[2]

/ / T WO W pdfdt = (X, V).

Of all the generatorsonly for & = 2 (the Wigner distribu-
tion) dowe have W (%) = W (%), In this case(14) coincides
with the Wignerbasedscalogranformulationof [3].

5. CONCLUSIONS

Althoughthe affine Wigner distributionshave mary attrac-
tive propertiesjnterferencegermsandlack of efficientim-
plementationshave limited their impact on time-varying
signalanalysis. By overcomingsomeof their limitations,
the pseudoand smoothedpseudoaffine Wigner distribu-
tions shouldopenup new applicationareasto thesepow-
erful tools. In particular the flexible windowing scheme
underlyingthesenew TFDs allows a continuougransition
in smoothingbetweeraffine Wignerdistributionsandscalo-
grams.

The introductionof alternative generatordor the affine
class of TFDs simplifies the kernel formulation of the
pseudoaffine Wigner distributions. In addition, the con-
ceptof alternatve generatorshouldaid in theanalysisand
designof new affine distributions3
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