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ABSTRACT

In thispaper, wedefinea new setof toolsfor time-varying
spectralanalysis: the pseudoaffine Wigner distributions.
Based on the affine Wigner distributions of J. and P.
Bertrand, thesenew time-frequency distributions support
efficient online operationat the samecomputationalcost
as the continuouswavelet transform. Moreover, they take
advantageof the proportionalbandwidthsmoothinginher-
ent in the sliding structureof their implementationto sup-
presscumbersomeinterferencecomponents. To formal-
ize their place within the echelonof the affine classof
time-frequency distributions, we extend the definition of
thisclassandintroduceothernaturalgenerators.

1. INTR ODUCTION

Time-frequency distributions (TFDs), which analyzesig-
nalsin termsof joint time andfrequency coordinates,have
provenusefulin awidevarietyof fields.MostTFDsof cur-
rent interestbelongto either(or bothof) Cohen’s class[1]
or theaffine class[2, 3]. While Cohen’sclassTFDsareco-
variantto timeandfrequency shiftsof thesignal,affineclass
TFDsfeatureanaffinecovarianceto timeandscalechanges.
Thispropertymakesaffinedistributionsnaturalfor ahostof
applications,includingwidebandradarandsonar, andself-
similar signalanalysis.

Thesimplestaffinedistributionis thecontinuouswavelet
transform
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Usually the wavelet transformis expressedas a function of a time
variable� andascalevariable� . Herewewill usethereparametrizationof
scaleasinversefrequency���	��
�� suggestedin [3] andassumewithout
lossof generalitythatthecenterfrequency��
 of thewavelet � equals� Hz.
Unlessspecified,boundsof integrationrunfrom ��� to ��� . Wewill also
consideronly analyticsignals,for which ������������� �"!	� , with � the
Fouriertransformof thetimesignal # .
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It hastheadvantageof beinga linearexpansionof thesig-
nal onto a set of analyzingfunctions,yet its very linear-
ity precludesdesirabletheoreticalpropertiessuchascorrect
marginal distributionsor perfectlocalization.

ThequadraticaffineWignerdistributionsproposedin [2]
are high resolutionalternatives that have many desirable
theoreticalproperties. Unfortunately, they alsosharetwo
primary drawbacks. First, their nonlinearityresultsin co-
pious interferenceterms in the time-frequency plane[4].
Second,dueto their complicatedformulation,efficient im-
plementationssuitablefor long time serieshave not been
developedfor mostof thesedistributions.

In this paper, wederive asetof (smoothed)pseudoaffine
Wigner distributions. Using the pseudoWigner TFD as
a guide,we introduceinto the affine Wigner distributions
a short-timewindow that not only controls the trade-off
betweenlocalizationandcross-componentattenuationbut
alsoprovidesanefficientonlinecomputationalalgorithm.

The usual formulation of the affine classof TFDs, as
theaffine smoothingof theWigner distribution with a ker-
nel function[3], is not themostappropriatefor thepseudo
affine Wignerdistributions.We will seethata morenatural
way of proceedingis to replacethe Wigner distribution in
this formulationwith a setof canonicalgeneratingTFDs.
We begin with a review of theaffine Wignerdistributions.

2. AFFINE WIGNER DISTRIBUTIONS

A TFD ^ % '*),+.-0/ of asignal U is affinecovariantif thedistri-
butionof theshiftedandscaledsignal

�_ ` U9a P@30Pcb`ed becomes^ % a P@30Pcb` +.fg- d .
To overcomethe limitationsof the linear wavelet trans-

form,abroadclassof bilineardistributionscovariantto time
andscalechangeshasbeendeveloped[2, 3]. Amongthese
distributions,an interestingsub-classis the classof affine



Wignerdistributions[2]^ih�jlk% '*),+.-0/21 - 8nm j '@oA/ = 'Ep j 'Eo0/q-0/ = C '@p j 'qZroA/�-A/s GD3AH�JMLlP�t,uqv hxw�k QRoy+ (2)

with z|{ IR,
p j 'Eo0/ T~} z����S� 3 �� � v � 3 �l� 5v � 5 , � j '@oA/ T p j 'Eo0/�Zp j 'qZro0/ , and m j '@oA/ a positive,continuousfunction.Proper

choiceof the function m j yields distributions that satisfy
propertiessuchascorrectmarginals,localizationonpower-
law groupdelays,or unitarity. In additionto affine covari-
ance,all affine Wignerdistributionsarecovariantto a third
unitarysignaltransformation[2].

For certain values of the index z , we obtain well-
known TFDs. The value z T � , correspondingtop < '@oA/ T 3 w� �R� 3 � , � < '@oA/ T o

, and the choice m < '@oA/ T� p < 'Eo0/qp4'qZroA/E� 57 }X� u hxw�k� w � 57 , yields the unitary Bertranddis-

tribution^ h < k% '*),+.-0/�1 - 8 m < '@oA/ = '@p < '@oA/�-A/ = C 'Ep < '�Z�o0/q-0/s G 3AH�JMLlP�t w QSoy] (3)

Other well-known distributions in the affine Wigner class
includetheWignerdistribution( z T�� ), theFlandrinD dis-
tribution( z T�� F � ), theUnterbergerdistribution( z T Z � ),
andtheMargenauHill distribution (arithmeticmeanof the
limit casesas z(����� ).

3. PSEUDOAFFINE WIGNER DISTRIBUTIONS

3.1. Definition

Ourderivationof thepseudoaffine Wignerdistributionsre-
lies on the stronganalogybetweenCohen’s classand the
affine classandis inspiredby the pseudoWigner distribu-
tion. TheWignerdistribution� % '*),+.-0/	1 8 U } )�� W � � U C } )9Z W � � G 3AH�JMLlt�� QRW (4)

hasmany attractive properties,but alsodrawbackssimilar
to theotheraffineWignerdistributions.ThepseudoWigner
distributionwasdevelopedto overcomethesedifficulties.It
is obtainedfrom (4) by introducingapositivewindow func-
tion � 'EW�/ bothto allow efficientsliding computationandto
smoothcross-componentsin thefrequency direction. Con-
volution of the result with anotherwindow � '�)./ smooths
cross-componentsin the time direction. By defininga new
window function � 'EW�/ T�� � ' � WX/ , wecanwrite thepseudo
Wigner distribution as the convolution of the short-time
Fouriertransform  %�'�),+M-0/91¢¡ U 'EW�/ � C '@W6Z£)./XG 3AH�JMLltO� QSW
with itself [5]¤ �£%('*),+.-0/ T 8¦¥ 'E?0/   %i'*),+.?0/   %&'�),+ � -�Zr?0/XG 3AHx§LlP h t¨3©N k QS?X]
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An analogouswindowing procedureleadsto thepseudo
affine Wigner distributions. In contrast to the pseudo
Wignercase,however, this windowing mustbe frequency-
dependent,to ensurethat the resultingTFD remainsaffine
covariant.As aresult,thesmoothingin frequency direction
is proportionalbandwidth,

J
ratherthanconstant-bandwidth

asin thepseudoWignerdistribution.
By rewriting (2) in the time domain,windowing thesig-

nalusingtheshort-timewindow � , andthenposing
Y�'*)./ T� '�)./XG H�JMLlP , we canwrite the order z pseudoaffine Wigner

distributionasª^ h�jlk% '*),+.-0/ T - 8 m j '@oA/0« 8 U 'EW�/XY C � -Ap j 'Eo0/M'@WiZ[)./E��QSW¨¬
s « 8U 'EW ®¯/XY C � -Ap j 'qZro0/M'EW ®XZ[)./°��QSWS® ¬ C QSo

(6)

T 8 m j 'Eo0/� p j '@oA/�p j 'qZroA/ $i% � ),+.p j 'Eo0/q- �D$ C% � ),+.p j 'qZroA/�-S��QSo�+
(7)

where
$i%&'�),+M-A/

is the wavelet transform(1) basedon the
oscillatingfunction

Y
. JustasthepseudoWignerdistribu-

tion (5) is aconvolution of theshort-timeFouriertransform
of thesignalwith itself, thepseudoaffine Wignerdistribu-
tion is a generalizedconvolution of the wavelet transform
with itself.

ThepseudoaffineWignerdistributionscanbeinterpreted
as sliding versionsof the original affine Wigner distribu-
tions, and as a result, they arenaturallysuitedfor online
operationwith long signals. To constructa pseudoaffine
Wignerdistribution,we simply computethewavelet trans-
formof thesignalandthenateachtimeperformthegeneral-
izedfrequency convolution definedby (7). ThefastMellin
transformis a convenienttool for implementingthisconvo-
lution efficiently [6, 7].

In the important special case of the unitary ^ h < k
distribution, the special form for m < 'Eo0/ cancels the'@p j 'Eo0/qp j 'qZroA/�/ 3 57 factor, leaving us with a muchsimpler
expressionfor

ª^ h < k [6]. More generally, however, this ap-
proachallows usto approximateall affine Wignerdistribu-
tions,even for unusualvaluesof the index z for which the
algorithmproposedin [7] doesnot apply.

3.2. Time-frequencysmoothinginterpr etation

The time windowing introducedin (6) acts as a propor-
tional bandwidthfrequency smoothingthat suppressesin-
terferencecomponentsoscillating in the frequency direc-
tion. Compare,for example,thepseudo-Bertranddistribu-
tion

ª^ h < k of Figure1(b) with theunitaryBertranddistribu-
tion ^ h < k of Figure1(a).±

Or constant-² , with the ² factordefinedasanalysisfrequencyover
analysisbandwidth.



To suppressinterferencetermsoscillatingin thetime di-
rection,we mustsmoothin that direction,or equivalently
window the dual variable. The introductionof a low-pass
function ¥ in (7) limits the integration with respectto

o
(looselyspeaking,thedualvariableof theproduct

).-
), and

thus performsproportional-bandwidth time smoothingof
theTFD. We call theresultingdistributionª^ h�jlk% '*),+.-0/ T 8 ¥ 'Eo0/ m j 'Eo0/� p j '@oA/�p j '�ZroA/s $&% � ),+Mp j '@oA/�-S�A$ C% � ),+Mp j 'qZro0/q- �DQSo (8)

the smoothedpseudoaffine Wigner distribution. (SeeFig-
ure 1(c).) For z T³� , this TFD coincideswith the “affine
smoothedWignerdistribution” of [3].

Even though the pseudoand smoothedpseudoaffine
Wigner distributions are smoothedversionsof the affine
Wignerdistributions,they canstill have resolutionexceed-
ing that of the scalogram,the squaredmagnitudeof the
wavelettransform.(SeeFigure1(d).)

4. KERNEL FORMULA TION OF THE PSEUDO
AFFINE DISTRIBUTIONS

Thepseudoaffine Wignerdistributionsbelongto theaffine
class,whosedefinition[3]

^ %i'*),+.-0/ T 8�8;:< �£%i'@WS+.?0/�´	µ0-�'@W�Z	)./I+ ?-�¶ QS?\QSW
(9)

involves the Wigner distribution
�

from (4). Unfortu-
nately, this formalismturnsawkwardwhenonetriesto de-
rive an analytic form for the kernel

´
correspondingto

a generalpseudoaffine Wigner distribution. In this sec-
tion, we investigatea canonicalformulation for the affine
classof TFDs in which the kernelscorrespondingto the
pseudoaffine Wigner distributionshave an easily identifi-
able,closedform.

For eachz·{ IR, wewill introduceanalternative genera-
tor TFD

� h�jlk thatreplaces
�

in (9) andprovidesa natural
framework for thepseudoaffine Wignerdistributions

ª^ h*j,k .
With this new formalism,affine classTFDs canbewritten
as

^ % '*),+.-0/ T 8¸8 :< � h�jlk% 'EWS+M?A/0´ h�jlk µ -4'EW�Z[)./+ ?- ¶ QS?�QSWS]
(10)

In Section4.1, we find the appropriategeneratorTFD� h�jlk for each z|{ IR. In section4.2, we identify theker-
nel correspondingto eachsmoothedpseudoaffine Wigner
distribution

ª^ h�j,k .

(a) (b)

(c) (d)

Figure1. Time-scaledistributionsof a signaltestcomposedof a hyper-
bolicchirp,a third-orderHermitefunction,anda Lipschitzsingularity ¹ ����
O¹ º 
M» � . Horizontalaxiscorrespondsto time;verticalaxiscorrespondsto
frequency. (a) Unitary Bertranddistribution. (b) PseudoBertranddistri-
bution computedwith a Morlet wavelet� of ²¼�£½ . (c) Smoothedpseudo
Bertranddistributioncomputedwith thesamewaveletandaGaussianwin-
dow ¾ of ²[�¿� . (d) Scalogram(squaredmagnitudeof thewavelettrans-
form)basedona Morlet waveletof ²	�	À .
4.1. Natural generators

Themostgeneralform of anaffine covariantTFD is given
by [2, 3]

^ %i'*),+.-0/ T - 8 :< 8 :< = 'E-0?A/ = C '@-A?�®�/s	Á 'E?�+.?�®Â/XG H�J.LlP*t h ND3©NlÃ k QS?\QR?�® (11)

with Á ' U +MÄ�/ a two-dimensionaldistribution.
Fix zV{ IR and introduceinto (11) the affine Wigner

parametrizationfunction
p j 'Eo0/ by the changeof vari-

ables
? T Å p j '@oA/ , ? ® T Å p j 'qZro0/ with JacobianÆ 'E?�+.? ® /�F Æ ' Å +MoA/ TÇÅ p j 'Eo0/qp j 'qZro0/^ %�'*),+.-0/ T - 8¸8n:< = 'E- Å p j 'Eo0/q/ = C '@- Å p j 'qZroA/�/sÈÁ � Å p j '@oA/I+ Å p j '�Z�o0/°��G H�JMLlP�t�É�uqv hKw�ks Å p j '@oA/�p j 'qZro0/XQ Å QSoy] (12)

Sincethefunction � j 'Eo0/ definedin (2) is aone-to-onemap-
ping from IR to IR, thekernel Á canbereparametrizedasÁ � Å p j '@oA/I+ Å p j 'qZro0/°� TËÊ � Å + Å � j '@oA/E�q]



Takinginto accountthechangeof measurenecessitatedby
this reparameterization,(12) canberewritten as^ % '*),+.-0/ T 8¸8n:< - Å Q � j 'Eo0/QSo = '@- Å p j 'Eo0/q/ = C '@- Å p j 'qZro0/q/sÇÌ p j '@oA/�p j 'qZro0/� u v hKw�k� w Ê � Å + Å � j 'Eo0/°��G HKJMLlP�tOÉ�uqv hxw�k*Í Q Å QSo�]
Finally, introducingtheFouriertransformof Ê with respect
to Å � j 'Eo0/ andposingp j 'Eo0/qp j 'qZro0/ } � uqv hxw�k� w � 3 � Ê � Å + Å � j 'Eo0/°��G HKJMLlP�tOÉ�uqv hxw�kT 8 ´"' Å +�Î¸Z[).-A/XG 3AH�JMLIÏ�Équqv hxw�k Q�Î
followedby thechangeof variables

- Å(T ?
,
Î T -0W

, leads
usto theresult(10)with thegenerator� h�jlk% 'EWS+M?A/ T ? 8 = 'E?0p j 'Eo0/q/ = C 'E?0p j 'qZroA/�/s G 3AH�JMLON,�Mu v hxw�k Q � j 'Eo0/QSo QSoy]

(13)

Thuseachgeneratoris simplyanaffine Wignerdistribution
(2) with thespecialchoicem j 'Eo0/ TV� u v hKw�k� w .

Eachdifferentvalueof z·{ IR yieldsadifferentgenerator
matchedto thepseudoaffineWignerdistributions

ª^ h*j,k . Forz TÐ� , we retrieve theWignerdistribution— theonly uni-
tary generator— and the usualaffine classdefinition (9).
For z T Z � , we retrieve the active Unterberger distribu-
tion — the only generatorthat is time localizedaccording
to thedefinitionof [2]. For z T¢� , weobtaina(nonunitary)
Bertranddistribution with m '@oA/g1 � .
4.2. Kernelsfor the pseudoaffine Wigner distrib utions

Using the results of the previous section, it is straight-
forward to derive the kernel

´ h*j,k correspondingto each
smoothedpseudoaffine Wigner distribution

ª^ h�jlk . Again
fixing z[{ IR, we follow the four goldensteps:(i) Usethe
Planchareltheoremto rewrite theright sideof (6) in thefre-
quency domain;(ii) Apply thesamechangeof variablesthat
tookusfrom (11) to (12); (iii) Exploit theidentity= a ?Ap jyÑ � 3 �j '�Z Å F�?0/@Ò d = C a ?0p jyÑ Z � 3 �j 'qZ Å F¨?A/ÓÒ dT 8 � h�jlk% 'EWS+M?A/XG 3AH�JMLO�É QRW4Ô
(iv) Identify theresultwith thegeneralexpression(10). Do-
ing this,weobtainthesmoothedpseudoaffine Wignerker-
nel´ h�jlk 'EWS+M?0/ T ? 8g8³¥ 'Eo0/ m 'Eo0/ p j '@Õ�/�p j 'qZrÕ¨/p j 'Eo0/qp j 'qZro0/s B µ ? p j 'EÕ¨/p j 'Eo0/ ¶ B C µ ? p j '�ZrÕ�/p j 'qZro0/ ¶ G 3AH�JMLO�NIuqv hxÖ,k QSorQSÕ�]

It is interestingto notethatsetting ¥ 'Eo0/ T�× '@oA/ reduces
(8) to thescalogram.In this case,(10)simplifiestoØ $&%('*),+.-0/ Ø J T 898 :< � h�jlk% 'EWS+M?0/SÙ � h�jlkÚ µ -4'EW�Z[)./I+ ?-�¶ QR?\QSWS]

(14)
Here,

Ù � h*j,k 1Û´ h�jlk is the passiveform of the generator� h�jlk . While theactive form
� h�jlk is nonunitaryin general,

it cooperateswith its passive form to produceanisometry-
like relation[2]8�8;:< � h*j,k% '�),+M-A/ Ù � h�j,kÜ '*),+.-0/XQ@-6QD) T ØÞÝ = +�ßià Ø J ]
Of all thegenerators,only for z Tá� (theWignerdistribu-
tion) dowehave

Ù � h�jlk T � h�j,k . In thiscase,(14)coincides
with theWigner-basedscalogramformulationof [3].

5. CONCLUSIONS

Althoughtheaffine Wignerdistributionshave many attrac-
tive properties,interferencetermsandlack of efficient im-
plementationshave limited their impact on time-varying
signalanalysis. By overcomingsomeof their limitations,
the pseudoand smoothedpseudoaffine Wigner distribu-
tions shouldopenup new applicationareasto thesepow-
erful tools. In particular, the flexible windowing scheme
underlyingthesenew TFDs allows a continuoustransition
in smoothingbetweenaffineWignerdistributionsandscalo-
grams.

The introductionof alternative generatorsfor the affine
class of TFDs simplifies the kernel formulation of the
pseudoaffine Wigner distributions. In addition, the con-
ceptof alternativegeneratorsshouldaid in theanalysisand
designof new affine distributions.â
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[6] P. GonçalvèsandR. G. Baraniuk,“A pseudo-Bertranddistribution for
time-scaleanalysis,” IEEESignalProcessingLetters, 1996.To appear.

[7] J. P. Ovarlez, J. Bertrand,and P. Bertrand,“Computationof affine
time-frequencydistributionsusingthefastMellin transform,” in Proc.
IEEE Int. Conf. Acoust.,Speech,SignalProcessing— ICASSP’92,
(SanFrancisco,CA, USA), pp.V117–V120,1992.ã
Theauthorswish to thankJ. Bertrand,H. Feichtinger, andA. Sayeed

for their insightful comments.


