Figure 5.11: (a) Multiplicity 2 - ϵ_τ for K regular Wavelet Bases (b) Multiplicity 3 - ϵ_τ for K regular Wavelet Bases i.e.,^1_p +^1_q = 1, and 1 ≤ p, q ≤ ∞, ∫ IR dtf(t)g(t) ≤ ‖f‖_p ‖g‖_q . (5.43) Notice that for p = 2, Hölder’s inequality is Cauchy-Schwartz inequality. From

Eqn. 5.26, for bandlimited f(t) (f̂(ω) = 0 for ω ∉ Ω), the L^1 norm of the error

is given by ‖ ‖ ‖ ^Qf ‖ ‖ ‖_1 = ∫ IR dω | | | ^Qf(ω) | | | = ∫ Ω dω | | |f̂(ω) | | | Sp(ω) ≤ ‖ ‖f̂ ‖ ‖_p ‖Sp‖_q From Eqn. 5.43. (5.44)

Therefore, the design of the optimal robust multiresolution analysis for L^p classes of

signals, with the L^1 error norm is equivalent to the problem

min_Θ ‖S_p‖^q = min_Θ {| | | |1 − | | |ψ̂0 ( ω M^J )| |^2 | | | | p + | | |ψ̂^∗_0 ( ω M^J )| |^p ∑ k≠0 | | | | ψ̂_0 ( ω + 2πM^J k M^J )| | | p}_q .

5.4.3 Numerical Design of Optimal Wavelets

This section describes the details of the design of the optimal multiresolution analysis

for the specific case of p = 2 because of its importance. For p = 2, by Parseval’s

theorem, the frequency domain design technique actually minimizes the energy of the

approximation error. From Eqn. 5.38, the design objective is

max_Θ 1 2π ∫ Ω dω | | |f̂(ω) | | |^2 | | |ψ̂0 ( ω M^J )| |^2 . (5.45)

Since f(t) is bandlimited to Ω, it is given by f(t) = ∑ n f(M^{−J} n) sin(2π(M^J t − k)) 2π(M^J t − k) . It is also true that for any L ≥ 1, f(t) = ∑ n f(M^{−(J+L)} n) sin(2π(M^{J+L}t − k)) 2π(M^{J+L}t − k) .

Because of the flatness of ^ψ_0(ω) close to the origin, for large enough L, ^ψ_0 ( ω M^{L+J} ) ≈ 1 on Ω.

Therefore, from Eqn. 4.78, we have ^ψ_0 ( ω M^J ) ≈ | | | 1 √ M H_0 ( ω M^{J+1} )| | | 2 · · · | | | 1 √ M H_0 ( ω M^{J+L} )| | | 2 for ω ∈ Ω

and Eqn. 5.45 can be approximated by

max_Θ 1 2π ∫ Ω dω | | |f̂(ω) | | |^2 | | | 1 √ M H_0 ( ω M^{J+1} )| | | 2 · · · | | | 1 √ M H_0 ( ω M^{J+L} )| | | 2

or equivalently,

max_Θ 1 2π ∫_π −π dω | | |f̂ ( ω M^{J+L} )| |^2 | |H_0(M^{L−1}ω) | |^2 · · · |H_0(ω)|^2 .

If we define a(n) = f(M^{−(J+L)} n) ∗ f(−M^{−(J+L)}n), and let r(n) be the sequence whose (discrete time) Fourier transform is | |H_0(M^{L−1}ω) | |^2 · · · |H_0(ω)|^2 ,

then the optimal design problem reduces to

max_Θ ∑ n a(n)r(n). Since a(n) and r(n) (being related to autocorrelation of sequences) are symmetric

this is equivalent to

max_Θ { 1 2 a(0)r(0) + ∞∑ n=1 a(n)r(n) } . Furthermore, since h_0(n) is a finite length sequence r(n) is finite, and therefore the

above sum is also finite. Thus, the objective function is a simple (discrete) inner prod-

uct between the autocorrelation of the samples of the function and the autocorrelation

of the samples of the scaling function.

We now give two examples of the design of the optimal scaling function for a few bandlimited signals. The first example designs the optimal multiplicity M = 2, length N = 8 (i.e., K = 4 regular), scaling function that represents a smooth sinusoidal signal. The second example illustrates the optimal design of the scaling function, ψ_0, for M = 3, N = 8 for two segments of speech (voiced and unvoiced). Example 19 The desired signal given by

Figure 5.12: Optimal Design: (a) f(t) and (b) ψ_0(t) with M = 2, N = 8 (where the solid line shows the optimal design and the dashed line shows the 4-regular, multiplicity 2 scaling function).

f(t) = cos ( πt 20 ) + 2 5 sin ( πt 5 ) , and the corresponding optimal scaling function ψ_0(t) are shown in Fig. 5.12. For comparison the 4-regular, multiplicity 2 scaling function is also shown. The Fourier magnitude of both functions in Fig. 5.12b is approximately identical. In fact, the optimal solution found is only a different spectral factor compared to the 4-regular multiplicity 2 scaling function. With different values of initial guesses in the numerical optimization scheme and different choices of J(≥ 0), a number of optimal solutions were obtained (among which one is identical to the 4 regular multiplicity 2 scaling function shown in Fig. 5.12b). The scaling vector corresponding to the particular optimal design shown in Fig. 5.12 is given in Table 5.4.

Table 5.4: Optimal Scaling Vector for M = 2 and N = 8 h_0 0.03834055240569 -0.01386799694174 -0.09651950788871 0.30597938054698 0.79675871228695 0.50200805529179 -0.03147297561738 -0.08701265771049

Example 20 Fig 5.13 shows a speech signal (16000 samples at 8kHz), and two segments of data taken from the speech signal (512 samples each representing voiced and unvoiced speech respectively). Using multiplicity M = 3 we have designed an optimal scaling function for representing each of the speech segments (voiced/unvoiced). The optimal scaling functions are shown in Fig. 5.14 for different fixed J. Once again the optimal scaling function is similar to a 3 regular multiplicity 3 wavelet as can be seen from Fig. 5.15.

5.5 Correlation Structure of _i in ON Wavelet Bases

This section investigates the correlation structure of ψ_i(t) in compactly supported orthonormal wavelet bases. This structure plays an important role in wavelet-based interpolation [38, 68].

Figure 5.13: Speech signal (a) “Cats and dogs each hate the other” sampled at 8kHz. (b) 512 samples of voiced speech and (c) 512 samples of unvoiced speech.

Figure 5.14: (a), (b) and (c) Optimal scaling functions for voiced speech and (d), (e) and (f) optimal scaling function for unvoiced speech. (a) and (d) corresponds to analysis at scale J = 0, (b) and (e) at scale J = 1 and, (c) and (f) at scale J = 2.

Figure 5.15: A comparison between the optimal design (solid line) at scale J = 3 and the 3-regular multiplicity 3 scaling function (dashed line).

The auto-correlation and cross-correlation functions are defined by

Ψ_{i,j}(t) = ∫ IR dτ ψ_i(τ )ψ_j(t + τ ). (5.46)

For compactly supported WTFs (in general) there is no explicit (analytical) formula for the values of the scaling function. One usually obtains (samples of) the scaling function from the scaling vector by one of the methods in Section 5.2. Despite this fact it turns out that the correlation functions can be computed exactly. Assuming that samples of ψ_i(t) at the M-adic rationals are given, corresponding samples of Ψ_{i,j}(t) can be obtained by approximating the integral in Eqn. 5.46. This approximation process working on the approximate samples of ψ_i(t) obtained by the infinite product method gives the exact samples of the correlation functions! The two approximation processes - that of obtaining the samples of ψ_i and that of computing the step approximation cancel each other to give the samples of the correlation functions exactly.

In the infinite product method (from Eqn. 5.11) Z(ψ_i(M^{−J} n))(z) ≈ M^{J/2}H_i ( z^{M J} �1 )^{J−2}∏ i=0 H_0 ( z^{M i} ) .

If we define H_{i,j} (z) = H_i(z)H_j(z^{−1}), then the Z-transforms of the approximate samples of the correlation function are given by Z(Ψ̃_{i,j}(M^{−J} n))(z) ≈ H_{i,j} ( z^{M J} �1 )^{J−2}∏ i=0 H_0 ( z^{M i} ) . For ON wavelet bases we show that the correlations computed above are in fact exact. It is interesting to note that in the infinite product method the the approximation of the samples is good only for large enough J, while for all J the samples of the correlation functions are exact. Recall that for an ON wavelet basis (from Eqn. 4.35) ∑ k | | ^ψ_i(ω + 2πk) | |^2 = 1. (5.47)

Now consider the Fourier transform of Ψ_{i,j}: ^Ψ_{i,j}(ω) = | | | ^ψi,j(ω)^2 | | | = [ 1 M H_{i,j} ( ω M )] {_J ∏ i=2 [ 1 M H_{0,0} ( ω M^i )] } | | | ^ψ0 ( ω M^J )| |^2 .

By sampling Ψ_{i,j}(t) at the points M^{−J} n this Fourier transform gets periodized ([95]) 1 M^J ∑ n Ψ_{i,j}(M^{−J} n)e^{− ıωn}M^J = 1 M H_{i,j} ( ω M ) {_J ∏ i=2 1 M H_{0,0} ( ω M^i ) } ∑ k | | | ^ψ0 ( ω M^J + 2πk )| |^2

Eqn. 5.47 now implies that ∑ n Ψ_{i,j}(M^{−J} n)e^{− ıωnMJ} = H_{i,j} ( ω M )^J∏ i=2 H_{0,0} ( ω M^i ) , and therefore Z(Ψ_{i,j}(M^{−J} n)) = H_{i,j} ( z^{M J} �1 )^{J−2}∏ i=0 H_{0,0} ( z^{M i} ) . 5.6 Wavelet-Galerkin Approximation of Analog Filters

Many applications in signal processing and in numerical analysis involve estimating Af or A^{−1}f where f : IR → IR and A : L^2(IR) → L^2(IR) is a linear-translation-invariant (LTI) operator. Computational considerations require accurate approximation of f and A by discretized versions f_d and A_d. Analytical properties of K-regular, multiplicity M wavelets provide accurate discrete approximations of functions by truncated wavelet expansions of the form f(t) ≈ ∑ k f_{Δt,k} √ 1 Δt ψ_0 ( t Δt − k ) . The corresponding Galerkin projection of the operator A_{Δt} = P_{Δt}AP_{Δt}, where P_{Δt} denotes orthogonal projection onto the space V_{Δt} = Span {√_1 Δt ψ_0(^t_{Δt} − k) | k ∈ Z } , provides a discrete approximation to A and admits a representation by convolution of the sequence of expansion coefficients f_{Δx,k} with a suitable kernel sequence t_{Δx,k}. This section derives three results for the approximation of LTI operators in wavelet bases. The Wavelet-Galerkin discretization of LTI operators have good numerical properties, arising from the vanishing moments property of wavelets. If the WTF is K-regular, then the first K moments of the wavelets vanish.

When an operator is approximated by Galerkin projections, the action of the operator on an appropriate subspace of L^2(IR) is studied. The closer the subspace is to L^2(IR), the better the approximation. Hence, if there is a chain of successive approximation spaces to L^2(IR), then the corresponding Galerkin projections give successively better discretizations of the operator. Wavelet multiresolution analysis gives one such chain, {W_{0,s} | t ∈ IR}, where W_{0,s} = Span {ψ_0(M^st − k)}, where ψ_0(t) is the scaling function associated with a multiplicity M WTF (or orthonormal basis). In this section this multiresolution chain of spaces will be labeled as follows:

V_{Δt} = W_{0,logM (Δt)}.

As Δt→0, V_{Δt} approaches L^2(IR) and as Δt→∞, V_{Δt} approaches {0}.

5.6.1 Approximation Characterization

If g = Af, standard discretization methods for computing g include (when A is a differential operator) the finite-difference (FD) and the method of Galerkin projections. In both methods the function f is represented by an approximation defined by a finite set of parameters. If f_d denotes this vector of parameters and A_d and g_d denote discretizations of A and g respectively, then f_d satisfies the algebraic equation g_d = A_df_d. For FD methods, f_d and g_d are samples of f and g and A_d is a finite-difference operator matrix. Here we discuss the discretization using Galerkin projections onto V_{Δt} corresponding to a K-regular, multiplicity M orthonormal wavelet basis (or WTF).

We will assume that the LTI operator A is represented by a convolution kernel a(t). It is well known that in the FD discretization A_d is acts as a discrete convolution on the samples of f and can be represented by a sequence a_{Δt,k}. With the WG discretization, we show that, under mild assumptions, A_d acts as a discrete convolution on the samples of f. The approximation properties of the kernel a_{Δt,k}, corresponding to a grid-spacing of Δt (either in FD or in WG) are related to the smoothness of f and the moments of the kernels a(t) and a_{Δt,k} as follows: Let (Af)(t) = ∫ IR dλ a(λ)f(t − λ) = a ∗ f (5.48) (A_df_d)(t) = ∑ n a_{Δt,n}f(t − nΔx) = a_{Δt} ∗ f (5.49)

m(a(t), k) = ∫ IR dt a(t)t^k (5.50) μ(a_{Δt}, k) = ∑ n a_{Δt,n}n^k (5.51)

Expanding f as a Taylor series around t, (Af)(t) = ∑ k (−1)^k m(a(t), k) k! f^{(k)}(t) (5.52)

(Af)(t) = [ ∑ k (−1)^k m(a(t), k) k! δ^k(t) ] ∗ f(t) and similarly (A_df_d)(t) = ∑ k (−1)^k μ(a_{Δt}, k)(Δt)^k k! f^{(k)}(t) (5.53)

(A_df_d)(x) = [ ∑ k (−1)^k μ(a_{Δx}, k)(Δx)^k k! δ^k(x) ] ∗ f.

If A =^{dp}_{dxp} , then a(t) = δ^{(p)}(t), where δ^{(p)} is the p^{th} derivative of the Dirac delta measure. ∫ IR dλ δ^{(p)}(λ)f(t − λ) = f^{(p)}(t). (5.54) Therefore m(a(t), k) = p! k = p 0 otherwise and with Δt = 1 μ(a_{Δt}, k) = p! k = p 0 k > p with a_{Δt,n} = a_{1,n}/(Δt)^p. (5.55) We now have the following theorem:

Theorem 39 Let T =^{dp}_{dxp} . Let f ∈ C^p(IR) and let | |f^{(c)}(x) | | be bounded for some c ≥ p and let q > p be the smallest positive integer such that

m(t_{Δx}, q) ≠ 0. (5.56)

Then, if either c is finite or infinite, and c ≥ q |A_df_d(x) − (Af)(x)| ≤ |μ(a_1, q)| (Δx)^{q−p} q! | |f^{(q)} | | . (5.57)

Proof: Follows from Eqn. 5.55, Eqn. 5.52 and Eqn. 5.49. 2 Note that theorem is valid for any discretization method, FD, WG or otherwise.

5.6.2 The Virtual Expansion Theorem

We have seen that when Af is discretized suitably, the approximation error is characterized by the moments of a(t) and a_{1,k}. Now we consider the WG discretization with a grid-spacing of Δt, or projections onto V_{Δt}. Then A_d = P_{Δt}AP_{Δt}.

P_{Δt}f = ∑ k f_{Δt,k}ψ_{0,Δt,k} (5.58) and hence g_d = A_df_d = ∑ l,k ψ_{0,Δt,l} ∫ IR dt ψ_{0,Δt,l}(t)f_{Δt,k}Aψ_{0,Δt,k}(t) (5.59) or in terms of expansion coefficients g_{Δt,k} = ⟨g_d, ψ_{0,Δt,k}⟩ = ∑ l a_{Δt,k−l}f_{Δt,l} = f_{Δt,k} ∗ a_{Δt}, (5.60) where a_{Δt,k} = ⟨ψ_{0,Δt,0}, Aψ_{0,Δt,k}⟩ (5.61) Thus A_d acts as a discrete convolution just as in the FD case, only that it acts on the expansion coefficients of f, rather than the samples of f. In order to apply the approximation result of the previous section we show that under realistic assumptions the discrete sequence a_{Δx,k} can be thought to act on the samples of f. In the WG method, we have to compute the projection coefficients f_{Δt,k} for some fixed gridspacing Δt from f. Typically f is specified by its samples at the grid-spacing of Δt. Hence f has to be interpolated or approximated from the samples before the inner products f_{Δt,k} are computed. If, for fixed k, a Taylor series approximation for f is used around the point kΔt, then it is seen f_{Δt,k} are related to f(kΔt) by a convolution [58].

Theorem 40 Let f be approximated locally (around kΔt) by p_{n,k}(t), the polynomial obtained by truncating the Taylor series expansion of f around kΔt to n terms. Let f_{Δt,k} = ⟨p_{n,k}(t), ψ_{0,Δt,k}(t)⟩ . (5.62) Then there exists a sequence e(k), k = 0, 1, . . . , n − 1 such that f_{Δt,k} = ∑ l f(lΔt)e(k − l) = f(lΔt) ∗ e(l). (5.63)

Proof: The polynomial p_{n,k}(t) is the Lagrange interpolant through the N points f(lΔt) for l ∈ {k, k + 1, . . . , k + N − 1}. 2

If the Fourier Transform of e does not vanish, then by deconvolution of f_{Δt,k}, f(kΔt) can be obtained. From Eqn. 5.62 and Eqn. 5.60 we have g_{Δt,k} = f(lΔt) ∗ e(l) ∗ a_{Δt,l} = g(lΔt) ∗ e(l) and hence g(lΔt) = f(lΔt) ∗ a_{Δt,l} Therefore, we have proved the following Virtual Expansion Theorem.

Theorem 41 Let a_{Δt,k} be the convolution operator corresponding to WG discretization. Then, under the assumption of local polynomial approximation, in terms of the samples of f, A acts as a convolution with the same convolution kernel a_{Δt,k} that acts on the expansion coefficients.

Notice that this result makes sense even if e is not invertible.

5.6.3 Wavelet Approximation

If the WTF is K-regular, then the fact that the first K moments of the wavelets vanish can be used to show that differential operators are well-approximated in orthonormal wavelet bases [39]. Let the first K moments of wavelets vanish. Consider the WG discretization of the operator^{dp}_{dxp} . Then,

Af = f^{(p)} = f ∗ δ^{(p)} (5.64)

a_{1,k} = ⟨ ψ_0(t), ψ^{(p)}_0 (t − k) ⟩ = 1 2π ∫ R | | | ^ψ0(ω) | | |^2 (iω)^p (5.65) or equivalently,

a_{1,k} = 1 2π ∫_{2π} 0 dω i^p ∑ k (ω + 2πk)^p | | | ^ψ0(ω + 2πk) | | |^2 e^{iωk} (5.66)

Hence the Fourier Transform of t_{1,k}, namely T (ω) is given by A(ω) = i^p ∑ k (ω + 2πk)^p | | | ^ψ0(ω + 2πk) | | |^2 (5.67)

When ψ_0 is K-regular, for small ω

A(ω) = i^pω^p + O(ω^{2K−p}) (5.68)

and hence μ(t_{1,k}, n) = (i d dω )^nA(ω)|_{ω=0} = p!δ(p − n), n < 2K − p. (5.69) Therefore we have proved the following Theorem.

Theorem 42 Let ψ_0(t) generate a multiplicity M, K-regular WTF. If A =^{dp}_{dtp} where p < 2K − p, then, for the WG discretization, for even p, μ(t_1, q) = p!δ(p − q) for q < 2K − p, (5.70) and for odd p,

μ(t_1, q) = p!δ(p − q) for q < 2K + 1 − p. (5.71)

When p is odd, the sequence t_{1,k} is odd symmetric and when p is even t_{1,k} is even symmetric. Hence in the odd case μ(t_{1,k}, 2K − p) is also zero.

Table 5.5 shows the error bound coefficients in the WG approximation of differential operators in the multiplicity M = 2 case for different values of K and different orders of derivatives p. For comparison the error bound coefficient for finite-difference approximation is also given.

Table 5.5: Wavelet-Galerkin Method: Error Bound Coefficients for (_d dt )_p p FD K = 3 K = 4 K = 5 1 .1667 Δ^2 .0078 Δ^6 .0017 Δ^8 .0005Δ^{10} 2 .0833 Δ^2 .1460 Δ^4 .2042 Δ^6 .0050 Δ^8 3 .2900 Δ^2 .0210 Δ^6 .0059 Δ^8 4 .1667 Δ^2 .7735 Δ^6

5.7 Wavelet-Based Lowpass/Bandpass Interpolation

Lowpass and bandpass interpolation schemes based on orthonormal wavelet bases is presented with a precise description of the interpolation classes (i.e., signals for which the interpolation is exact). If the wavelet basis is K-regular then the interpolation class includes polynomials of degree 2K − 1. The interpolation classes are best described in the wavelet transform domain. In the time domain the interpolation schemes may be interpreted as the Wavelet-Galerkin approximation of the shift operator on L^2(IR) restricted to W_i. This interpretation gives an efficient recursive M-adic interpolation scheme. The Fourier Transform of the lowpass interpolating function is also (a positive) interpolating function. The nature of the corresponding interpolating class is not well understood.

5.7.1 Wavelet-Based Interpolation

Given a sequence x(n), we want to construct a continuous time signal x(t) such that its integral samples agree with x(n). In general - since sampling is a irreversible process - there are infinitely many interpolants x(t). However, by restricting the interpolating class, by invoking additional assumptions like bandlimitedness etc., one can even ensure the uniqueness of x(t). Let F be an interpolating class with such a uniqueness property. Then every x(t) ∈ F is of the form x(t) = ∑ n x(n)g_n(t), (5.72) where {g_n}, the interpolating set, satisfies g_n(k) = δ(k − n). The choice of the family {g_n(t)} completely determines F and hence the interpolation technique and its analytic properties. A desirable property (which we call translation invariance) of the interpolation technique would be that the sequence x(n − k), for fixed k, interpolates to x(t − k). This constrains the interpolating set to arise from a single function g(t). That is g_n(t) = g(t − n) and g(n) = δ(n). (5.73)

Given g(t) satisfying Eqn. 5.73, one has translation-invariant interpolation technique.

A general way to construct such a function g(t) is to start with an orthonormal family {p(t − n)}, determined by integral translates of a function p(t). Let r(t) be the autocorrelation of p(t). Then, ∫ IR dt p(t)p(t + n) = δ(n) = r(n) (5.74) making r(t) a candidate function for interpolation. Such a function p(t) can be constructed relatively easily in the Fourier domain where the orthonormality of {p(t − n)} is equivalent to a positive partition of unity. That is, ∑ k |^p(ω + 2πk)|^2 = ∑ k ^r(ω + 2πk) = 1, (5.75)

where ^p(ω) is the Fourier Transform of p(t). An interesting fact to be noted is that if for some ω_0, ^r(ω_0) = 1, then ^r in itself forms a positive interpolating function with g(t) = ^r(2π(t − ω_0)). Clearly the autocorrelations of the scaling function and wavelets of a K-regular multiplicity M orthonormal wavelet basis satisfy Eqn. 5.74, and therefore give rise to interpolation schemes. In fact for i ∈ R(M), the M interpolation schemes are given by x_{Ψi} (t) = ∑ n x(n)Ψ_i(t − n). (5.76)

Let F_{Ψi} denote the i^{th} interpolating class.

5.7.2 The Wavelet-Galerkin Interpretation

Since the scaling function ψ_0(t) is a lowpass function, Ψ_0(t) gives rise to a lowpass interpolation scheme. Since the wavelets {ψ_i(t)} are bandpass functions, each of Ψ_i(t) gives rise to a bandpass interpolation scheme. To get a better understanding of the interpolation scheme, we study it in the context of the Wavelet-Galerkin approximation restricted to the space W_{i,0} of the shift operator T_τ acting on L^2(IR). By means of the Virtual Expansion Theorem (Theorem 5.63) it follows that

(T_τ x)(n) = x(n + τ ) = ∑ k T_τ (k)x(n − k), (5.77) where T_τ (k) = ∫ IR ψ_i(t)ψ_i(t + k + τ ) dt = Ψ_i(k + τ ). (5.78) Notice that Eqn. 5.77 and Eqn. 5.76 are the same with the identification t = n + τ . Thus the interpolation scheme with Ψ_i(t) is precisely the Wavelet-Galerkin approximation of the shift operator ([39]) on L^2(IR) restricted to Span {ψ_i(t − n)}.

Figure 5.16: Ψ_0(t) and Ψ_1(t): M = 2, N = 10 Daubechies wavelet

5.7.3 Efficient M-adic Interpolation

The Wavelet-Galerkin interpretation, besides giving insight into the interpolation scheme, also gives an efficient numerical algorithm. First, consider the direct method to obtain x(t) from x(n) where one has to know Ψ_i(t) for all t ∈ IR. One can recursively compute Ψ_i(t) recursively at the M-adic rationals. In fact ∑ n Ψ_i(M^{−J} n)z^{−n} = [_{J−2} ∏ i=0 H_0(z^{M i} ) ] H_i(z^{M J} �1 ) (5.79)

and therefore ∑ n Ψ_i(M^{−J} n)z^{−n} = H_0(z) [ ∑ n Ψ_i(M^{−(J−1)}n)z^{−Mn} ] , where H_0(z) = H_0(z)H_0(z^{−1}). The above recursion computes Ψ_i(t) at the M-adic rationals immediately gives an M-adic recursive scheme to compute x_{Ψi} (t) at the M-adic rationals. From Eqn. 5.76, x_{Ψi} ( k M^J ) = ∑ n x(n)Ψ_i ( k − M^J n M^J )

and therefore if X(z) is the Z-transform of x(n), ∑ n x_{Ψi} (M^{−J} n)z^{−n} = X(z^{M J} ) [ ∑ n Ψ_i(M^{−J} n)z^{−n} ]

= X(z^{M J} ) [_{J−2} ∏ i=0 H_i(z^{2i}) ] H_0(z^{M J} �1 ). (5.80)

If X_{Ψi,J} (z) is the Z-transform of x_{Ψi} (^n_{M J} ) as a sequence in n, then, X_{Ψi,J} (z) = X_{Ψi,J−1}(z), (5.81) with the initialization X_{Ψi,1}(z) = X(z^M )H_i(z). (5.82) Therefore H_i(z) is an M-adic interpolation filter. Fig. 5.7.2 shows Ψ_0(t) and Ψ_1(t) for the case M = 2 and K = 5, and N = 10. Notice that Ψ_0(t) and Ψ_1(t) resemble the sinc(t) function and sinc(2t) − sinc(t) respectively, which are the ideal lowpass and bandpass interpolants.

5.7.4 Interpolating Classes F_{Ψi}

The WG framework gives the theoretical basis that makes the interpolation schemes lowpass and bandpass respectively as the case may be. Moreover, if a K-regular orthonormal wavelet basis is used, then the lowpass interpolation is exact for polynomials of degree 2K − 1. We now characterize signal classes F_i for which the interpolation is exact. Clearly from the above observation, the class F_0 includes polynomials of arbitrary large degree by suitable choice of the scaling vector. The interpolating

Figure 5.17: Lowpass Interpolation Filter : H_0(z), M = 2, N = 10

Figure 5.18: Bandpass Interpolation Filter : H_1(z), M = 2, N = 10 classes are precisely described in the wavelet transform domain. Recall that a function f(t) ∈ W_{i,0} iff, there is a sequence x(n) such that f(t) = ∑ n x(n)ψ_i(t − n). (5.83) Now we define the Discrete-Scale Wavelet Transform (DSWT) similar to the DWT, only that the time parameter is allowed to be continuous. That is, W f(i, j, τ ) = ∫ IR dt f(t)M^{j/2}ψ_i(M^j t − τ ) (5.84) Then, the DSWT of a function f(t) ∈ W_i at scale j = 0 is given by W f(i, 0, τ ) = ∑ n x(n) ∫ IR dt ψ_i(t − n)(ψ_i(t − τ ) = ∑ n x(n)Ψ_i(τ − n). (5.85) In other words, the the class F_i is precisely described by F_{Ψi} = {x(t)|x(t) = W f(i, 0, τ ) for some f ∈ W_{i,0}} . (5.86) Notice also that the Fourier Transform of the scaling function ^Ψ_0(ω) satisfies ^Ψ_0(0) = 1, and therefore from Eqn. 5.75, g(t) = ^Ψ_0(2πt) is also an interpolating function. Fig. 5.19 shows the M-adic, K-regular, lowpass interpolation filter for M = 4, and K = 4. The length of the scaling vector in this case is N = 16. h_0. The corresponding function Ψ_0(t) is shown in Fig. 5.20

Figure 5.19: M-adic Lowpass Interpolation Filter : N = 4, M = 4

Figure 5.20: Ψ_{0,0}(t): N = 16, M = 4

Chapter 6

Conclusion

Multidimensional multirate systems can be analyzed using the Aryabhatta/Bezout identity over integer matrices as a fundamental tool. This identity gives rise to the Representatives’ Mapping Theorem - a new result in the theory of integer matrices - which allows one to swap upsamplers and downsamplers in a multirate system. In conjunction with the generalized polyphase representation, this result is used to reduce the multidimensional rational sampling rate filter bank problem into a multidimensional uniform sampling rate filter bank problem (which does not yet have a clean solution [54, 93, 11]).

Perfect reconstruction (PR) filter banks and transmultiplexers are two important multirate systems. PR filter bank theory (in one dimension) has a rich algebraic structure that allows one to design design various classes of filter banks with desired properties - unitary filter banks, modulated filter banks, unitary FIR filter banks with symmetry, etc. A theory of modulated filter banks (MFBs) with arbitrary length filters is described. Every M-channel PR MFB decomposes into a set of approximately M/2 two channel PR filter banks. If the MFB is unitary, so are the constituent two channel filter banks. This result is used to parameterize all FIR unitary MFBs. Efficient algorithms for design and implementation of MFBs are described. PR filter banks also provide a natural change of bases in separable Hilbert spaces. Under mild conditions PR filter banks give rise to wavelet frames for L^2(IR). If the PR filter bank is unitary then the the wavelet frame is also a tight frame. By appropriate choice of the unitary filter bank one can also ensure that the wavelet basis is orthonormal. Regular multiplicity M orthonormal wavelet bases can also be constructed by using state-space techniques. Because of this relationship between filter banks and wavelets, the rich algebraic structure of filter banks can be used to construct corresponding classes of wavelet bases - like modulated wavelet bases.

Efficient algorithms exist for computations in filter banks and WTFs. In wavelet analysis, the samples of a signal themselves give a third order approximation to the scaling function expansion coefficients if the wavelet basis is K regular with K ≥ 2. Wavelets can be used for lowpass/bandpass interpolation and for the approximation of linear-translation invariant operators using Galerkin projections. The optimal wavelet for representing a given signal or classes of signals can be designed easily if the signal classes are assumed to be bandlimited. When most orthonormal wavelet bases are used to analyze bandlimited signals, the scaling function expansion coefficients at all scales above a certain scale can be considered to be generalized samples of the signal (wavelet sampling theorem). The signal in this case can be recovered from the scaling expansion coefficients.

Bibliography

[1] B. A. Bamieh. Robust Stability of Sampled-Data Controllers. PhD thesis, Rice University, 1991.

[2] S. Basu and C. Chiang. Complete Parameterization of Two Dimensional Orthonormal Wavelets. In Proceedings of IEEE-SP Symposium on Time-Frequency and Time-Scale Methods ’92, Victoria, BC. IEEE, 1992.

[3] V. Belevitch. Classical Network Theory. Holden-Day Inc., San Francisco, CA, 1968.

[4] M. Bellanger, B. Bonnerot, and M. Coudreuse. Digital Filtering Using Polyphase Network: Application to Sample Rate Alteration and Filter Banks. IEEE Trans. on ASSP, pages 109–114, April 1976.

[5] G. Beylkin, R. Coifman, and V. Rokhlin. Fast Wavelet Transforms and Numerical Algorithms. Comm. in Pure and Applied Math., 44:141–183, 1991.

[6] R. E. Blahut. Fast Algorithms for Digital Signal Processing. Academic Press, 1987.

[7] C. S. Burrus and T. W. Parks. DFT, FFT and Convolution Algorithms. John Wiley and Sons. Inc., 1987.

[8] P. Burt and E. Adelson. The Laplacian Pyramid as a Compact Image Code.

IEEE Trans. on Communications, 31(4):532–540, 1983.

[9] J. W. S. Cassels. An Introduction to The Geometry of Numbers. Springer-Verlag, 1959.

[10] T. Chen and P. P. Vaidyanathan. The Role of Integer Matrices in Multidimensional Multirate Systems. IEEE Trans. on SP. To be published, May ’93.

[11] T. Chen and P. P. Vaidyanathan. Multidimensional Multirate Filters and Filter Banks Derived From one Dimensional Filters. Electronics Letters, pages 225–228, Jan 1991.

[12] T. Chen and P. P. Vaidyanathan. Commutativity of d-Dimensional Decimation and Expansion Matrices, and Applications to Rational Decimation Systems. In Proceedings of ICASSP ’92, San Francisco, CA, number D, pages IV–637–IV– 640. IEEE, 1992.

[13] H. I. Choi and W. J. Williams. Improved Time-Frequency Representation of Multicomponent Signals Using Exponential Distributions. IEEE Trans. on ASSP, 37, 1989.

[14] C. K. Chui. Wavelets and Spline Interpolation. Technical Report CAT-227, Texas A&M University, Center for Approximation Theory, Dept. of Math., Texas A&M, College Station, TX-77843, 1990.

[15] C. K. Chui. An Introduction to Wavelets. Academic Press, 1992.

[16] C. K. Chui and X. Shi. N × Oversampling Preserves any Tight Frame for odd N.

Technical Report CAT #264, Texas A&M University, Center for Approximation Theory, Texas A&M, College Station, TX-77843-3368, 1992.

[17] C. K. Chui and J. Z. Wang. On Compactly Supported Spline Wavelets and A Duality Principle. Technical Report CAT-213, Texas A&M University, Center for Approximation Theory, Dept. of Math., Texas A&M, College Station, TX-77843, May 1990.

[18] A. Cohen. Ondelettes, analyses Multiresolution, et Traitement Numerique du Signal. PhD thesis, 1990.

[19] A. Cohen, I.Daubechies, and J.C. Feauveau. Biorthogonal Bases of Compactly Supported Wavelets. Comm. in Pure and Applied Math., 1992.

[20] L. Cohen. Time-Frequency Distributions - A Review. Proceedings of the IEEE, 77(7):941–981, 1989.

[21] I. Daubechies. Orthonormal Bases of Compactly Supported Wavelets. Communications in Pure and Applied Mathematics, (41):909–996, 1988.

[22] I. Daubechies. The Wavelet Transform, Time-Frequency Localization and Signal Analysis. IEEE Trans. on Information Theory, 36:961–1005, 1990.

[23] I. Daubechies. Ten Lectures on Wavelets. SIAM, 1992. CBMS Lecture Series.

[24] I. Daubechies and J. C. Lagarias. Two-Scale Difference Equations i : Existence and Global Regularity of Solutions. SIAM Journal of Math. Anal., 22:1388–1410, 1991.

[25] J. E. Dennis and R. B. Schnabel. Numerical Methods for Unconstrained Optimization and Nonlinear Equations. Prentice-Hall, 1983.

[26] Z. Doganata, P. P. Vaidyanathan, and T. Q. Nguyen. General Synthesis Procedures for FIR Lossless Transfer Matrices, for Perfect-Reconstruction Multirate Filter Bank Applications. IEEE Trans. on ASSP, 36(10):1561–1574, 1988.

[27] J. Doyle. Advances in multivariable control, 1984. ONR/Honeywell Workshop.

[28] N. Dunford and J. T. Schwarz. Linear Operators, volume 1. Wiley Interscience Publishers, New York, 1954.

[29] B. L. Evans, J. H. Mclellan, and R. H. Bamberger. A Symbolic Algebra for Linear Multidimensional Multirate Systems. In Proceedings of the Conference on Information Sciences and Systems, Princeton, NJ, Mar 1992.

[30] B. Francis. A Course in H^∞ Control Theory. Springer-Verlag, 1987. Lecture Notes in Control And Information Sciences.

[31] K. D. Glover. All Optimal Hankel Norm Approximation of Linear Multivariable Systems and Their L^∞ error Bounds. Siam Journal of Control, 39(5):1115–1193, 1984.

[32] R. A. Gopinath. Moment Theorem for the Wavelet-Galerkin Method. Technical report, Aware Inc., Cambridge, MA-02138, Cambridge, MA-02138, 1990.

[33] R. A. Gopinath. Wavelet Transforms and Time-Scale Analysis of Signals. Master’s thesis, Rice University, Houston, TX-77251, 1990.

[34] R. A. Gopinath and C. S. Burrus. On Upsampling, Downsampling and Rational Sampling Rate Filter Banks. Technical Report CML TR91-25, Computational Mathematics Laboratory, Rice University, 1991. IEEE Trans. on SP, to appear.

[35] R. A. Gopinath and C. S. Burrus. Wavelets and Filter Banks. Technical Report CML TR91-20, Computational Mathematics Laboratory, Rice University, September 1991. Appears in “Wavelets - A Tutorial in Theory and Applications”, edited by C.K.Chui, published by Academic Press.

[36] R. A. Gopinath and C. S. Burrus. On Cosine-Modulated Wavelet Orthonormal Bases. Technical Report CML TR92-06, Computational Mathematics Laboratory, Rice University, Mar 1992. IEEE Trans. in Image Processing, to appear.

[37] R. A. Gopinath and C. S. Burrus. On the moments of the scaling function ψ_0(t).

In Proceedings of the ISCAS ’92 San Diego, California, pages 963–966. IEEE, May 1992.

[38] R. A. Gopinath and C. S. Burrus. Wavelet-Based Lowpass/Bandpass Interpolation. In Proceedings of the ICASSP ’92, San Francisco. IEEE, March 1992.

[39] R. A. Gopinath, W. M. Lawton, and C. S. Burrus. Wavelet-Galerkin Approximation of Linear Translation Invariant Operators. In Proceedings of the ICASSP ’91, Toronto, Canada, volume 3, pages 2021–2023. IEEE, May 1991.

[40] P. Goupillaud, A. Grossman, and J. Morlet. Cyclo-octave and Related Transforms in Seismic Signal Analysis. Geoexploration, (23), 1984.

[41] D. W. Gu, M. C. Tsai, S. D. O’Young, and I. Postlethwaite. State-Space Formulas for Discrete-Time H^∞ Optimization. Siam Journal of Control, 49(5):1683– 1723, 1989.

[42] P. Heller. Regular M-band Wavelets. Technical Report AD920608, Aware Inc., Cambridge, MA 02142, 1992.

[43] P. Heller, H. W. Resnikoff, and R. O. Wells. Wavelet Matrices and the Representation of Discrete Functions. In C. K. Chui, editor, Wavelets: A Tutorial in Theory and Applications, pages 15–51. Academic Press, 1992.

[44] I. N. Herstein. Topics in Algebra. Wiley Interscience Publishers, New York, 1964.

[45] K. Hoffman. Banach Spaces of Analytic Functions. Dover Publications. Inc., 1962.

[46] L. Hormander. Distribution Theory and Fourier Analysis. Springer-Verlag, 1990.

[47] J. Jeong and W. Williams. Kernel Design for Reduced Interference Distributions.

IEEE Trans. on ASSP, 40(2):402–412, 1992.

[48] F. Jones. Lebsegue Integration on Euclidean Space. Jones and Bartlett, Boston, 1993.

[49] T. Kailath. Linear Systems. Prentice Hall, Englewood Cliffs, New Jersey, 1980.

[50] A. A. C. M. Kalker. Commutativity of Up/downsampling. Electronics Letters, 28(6):567–569, mar 1992.

[51] R. D. Koilpillai and P. P. Vaidyanathan. Cosine-Modulated FIR Filter Banks Satisfying Perfect Reconstruction. IEEE Trans. on SP, pages 770–783, April 1992.

[52] J. Kovacevic and M.Vetterli. The Commutativity of Up/downsampling in Multiple Dimensions. IEEE Trans. on Information Theory, 37:695–698, May 1991.

[53] J. Kovacevic and M. Vetterli. Perfect Reconstruction Filter Banks with Rational Sampling Rate Changes. In Proceedings of ICASSP ’91, Toronto, Canada, volume 3, pages 1785–1788. IEEE, May 1991.

[54] J. Kovacevic and M. J. Vetterli. Nonseparable Multidimensional Perfect Reconstruction Filter Banks and Wavelet Bases for IR^n. IEEE Trans. on Information Theory, 38:533–555, March 1991.

[55] A. Latto and E. Tenenbaum. Les Ondelettes à Support Compact et La Solution Numerique de l’equation Burgers. C.R. Acad. of Sci., Paris, t. 311, Serie I, pages 903–909, 1990.

[56] W. M. Lawton. Necessary and Sufficient Conditions for Existence of Orthornomal Wavelet Bases. Journal of Math. Physics, 1990.

[57] W. M. Lawton. Tight Frames of Compactly Supported Wavelets. Journal of Mathematical Physics, 1990.

[58] W. M. Lawton. Wavelet-Based Filter Design. In CBMS Conference Series.

Lowell University, 1990.

[59] P. Loughlin, J. Pitton, and L. Atlas. Minimum Cross Entropy Postive Time- Frequency Distributions. IEEE Trans. on SP, June 1992. submitted.

[60] S. Mallat. Multiresolution approximation and wavelets. Trans. of American Math. Soc., (315):69–88, 1989.

[61] S. Mallat. A Theory for Multiscale Signal Decomposition : The Wavelet Representation. IEEE Trans. on Pattern and Machine Intelligence, 11(7):674–693, 1989.

[62] H. Malvar. Signal Processing with Lapped Transforms. Artech House, 1992.

[63] H. S. Malvar. Modulated QMF Filter Banks with Perfect Reconstruction. Electronics Letters, 26:906–907, June 1990.

[64] B. Moore. Principal Component Analysis in Linear Systems: Controllability, Observability and Model Reduction. IEEE Trans. on Automatic Control, 26(1), February 1981.

[65] K. Nayebi, T. Barnwell III, and M. J. T. Smith. Nonuniform Filter Banks : A Reconstruction and Design Theory. IEEE Trans. on SP, June 1993.

[66] T. Q. Nguyen and R. D. Koilpillai. The Design of Arbitrary Length Cosine- Modulated Filter Banks and Wavelets Satisfying Perfect Reconstruction. In