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Abstract
Themultifractal spectrumcharacterizesthescalingand

singularity structures of signalsand provesuseful in nu-
merous applications,from networktraffic analysisto tur-
bulence. Of greatconcernis theestimationof thespectrum
froma finitedatarecord. In thispaper, wederiveasymptotic
expressionsfor the bias and varianceof a wavelet-based
estimatorfor a fractionalBrownianmotion(fBm)process.
Numerousnumericalsimulationsdemonstratetheaccuracy
andutility of our results.

1 Introduction

Thestudyof fractalquantitiesandstructureshasproved
to beof outstandingsignificancein many disciplines[2, 9,
12, 13, 14]. The fractional Brownian motion (fBm) ran-
domprocess,for example,hasa “fractal” or highly erratic
appearancethathasprovedusefulfor network traffic, turbu-
lence,andtexturemodeling.

However, for many applications,fBm is too homoge-
neous,or monofractal.That is, its local degreeof Hölder
continuity

���
is the sameat all times � . Most real-world

signals,on the other hand,exhibit multifractal structure,
meaningthat

���
varieserraticallywith time [13].

Themultifractalstructureof a processis efficiently rep-
resentedby the multifractal spectrum���	��
 , thedimension
of the set of times � with

���
� � : the smaller ���	��
 the
smallerthechanceof finding

����� � . Themultifractal for-
malismconvenientlyrelates� to theratefunctionof aLarge
Deviation Principlethat is very amenableto estimationin
practice.

This paperdealswith the estimationof the multifractal
spectrumfrom a finite-length,discrete-timedatasequence.
Sincewe areinterestedin thefractalor scalingstructureof
thesequence,it is no surprisethat themulti-scaleanalysis
of thewavelettransform[3] provesconvenient.In contrast
to previousworkson multifractalspectrumestimation,we
derive asymptoticexpressionsfor the biasandvarianceof
theestimator(for thecaseof anfBm analysis).In thisway,
ourwork is anextensionof thatin [1, 4].�
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2 Multifractal Analysis

Processeswith local singularities(cusps,ridges,edges,
chirps,etc.) appearin many fields of endeavor [2, 9, 12,
14]. The singularitybehavior of a process������
 at time �
canbe characterizedby its Hölder exponent

���
througha

comparisonwith analgebraicfunction.Wedefine
���

asthe
largest � suchthat thereexists a polynomial � satisfying� ���	��
������	��
 ��� ��� �!�"� � # for � sufficiently closeto � .

Themultifractal spectrumgivesa descriptionof thesin-
gularity content of a process. In this section, we will
overview the 1-d multifractal spectrumtheory from the
standpointof wavelet-basedestimators.$&%('

Wavelets: Detecting local singularities

Thewaveletdecompositionconveys informationon the
oscillatorybehavior of a process� . Considera1-dorthog-
onal, )+* -normalizedwavelet basiscomprisedof elements,.-0/ 1 2 �43�5 - , � 3�5 - �6�879
 with �;:=<>79
@? Z A [3]. Assume
that the motherwavelet

,
has B vanishingmoments;that

is CEDGF , ��DH
�I=D �KJ , L �KJ <NMOMNMP<QB . The )+* -normalized
waveletcoefficientsof � aregivenbyI -0/ 1R2 �TSVU5 U �W����
 3 5 - , � 3 5 - �.��79
�X��YM (1)

Let 7 3 -[Z � meanthat ��?]\ 7 3 - <N�^7�_a`b
 3 - \ and : Z�dc . The argumentof [10, p. 291] generalizeseasily to
show that

� ���	��
��e�f����
 � �Tg � � �h�"� � i 
 implies� I -0/ 1 � �8g � 3 - i 
 as 7 3 - Z �YM (2)

for any jlk J andany wavelet with Bmk � . Thus, the
oscillatory/scalingbehavior of a processcarriesover into
thelocalscalingpropertiesof its waveletscoefficients,pro-
videdthewaveletis moreregularthantheprocess.$&%n$

Multifractal spectrum

Ratherthan the Hölder exponent
���

, considerthe fol-
lowing wavelet-basedlocal singularitystrengthmeasurej+����
 2 �porq;s1 A�t>u � `: o;v=w A � I -0/ 1 � M (3)



Smallerj+����
 correspondto largeroscillationsin � andthus
moresingular � at time � . Typically, a processwill possess
many differentsingularitystrengths.The frequency (in � )
of occurrenceof a givensingularitystrengthj is measured
by themultifractalspectrum[15, 14]���nj�
 2 � orqrsx uzy o;qrs- u 5 U � `: orv{w A}| - (4)| - 2 � 3 -�~�� 7 2 3 -P� i=� x�� ��� I -�/ 1 ��� 3 -P� i 5 x0�N� M
For 7 lying in

J <OMOMNMP< 3�5 - ��` , � takesvaluesbetween��` andJ
. Smaller ���nj�
 meansthat “fewer” points � behave with

strengthj��n��
���j . If j y denotesthevalue j+����
 assumedby
“most” points � , then �.�	j y 
 �8J .$&%��

Multifractal formalism

While themultifractalspectrum� containsvaluablein-
formationon the singularitybehavior of � , it is, unfortu-
nately, hardto calculate.A simplerapproachmakesuseof
thetheoryof largedeviations[5]. In thisanalysis,� is inter-
pretedastheratefunctionof aLargeDeviationPrinciple: �
measureshow frequently(in 7 ) theobserved �Q`��O:�
 o;v=w � I -0/ 1 �
deviatefrom the“expectedvalue” j y in scale: . In ourcon-
text, this correspondsto studyingthe scalingbehavior of
themomentsof thewaveletcoefficients(comparealsowith
[2]).

Definethepartition function� �n��
 2 � o;qrs- u 5 U orv{w A�� � � I -0/ 1 � � M (5)

Thepartitionfunctionmeasuresthescalingof themoments
andhigher-orderdependenciesof the wavelet coefficients
andthesingularitystructureof theprocessall in one.Note
that
�

is alwaysconcave, sincemomentgeneratingfunc-
tionsarelog-convex.

The multifractal formalismposits that the multifractal
spectrumcanbe calculatedby taking the Legendretrans-
form of thecorrespondinglog momentgeneratingfunction
[14, 15] ���nj�
 � �����nj�
 2 ��qr���� \ ��j@� � �n��
��^M (6)

Simplecalculusshows that � � �nj�
 � ��j � � �n��
 at j ��h� �	��
 provided
�h� � �n��
�� J . For obviousreasons,thefunc-

tion �����nj�
 is termedtheLegendrespectrum.$&% �
Fractional Brownian motion

A fractional Brownian motion (fBm) ¡ with param-
eter

�
is a non-stationaryGaussianprocess ¡W�n��
£¢¤ � J <0¥ A � � � A0¦ 
 with stationaryself-similarincrements[6]¡����}_¨§©
��"¡�����
fª� ¡W�n§©
&�e¡W� J 
fª� § ¦ ¡��Q`b
PM (7)

(Here ª� denotesequalityin finite-dimensionaldistribution.)
The wavelet coefficients of an fBm sport the following
properties[6]

P1. stationarity: I -�/ 1 ª� I -0/ y¬« 7 .
P2. Gaussianity: I -�/ 1 ¢ ¤ � J <0¥G­ 3 A - ¦ 
 ,

with ¥©­ aconstantdependingon
,

.

P3. almost decorrelation:� � \ I -0/ 1 I -0®n/ 1>® �H� � 3�5 - 7�� 3�5 - ® 7 � � A � ¦ 5G¯ � .
P4. scaling: I -�/ 1 ª�83 - ¦ I y / 1 .
Becauseof P2andP3,we will assumehenceforththat the
fBm waveletcoefficientsareexactlyuncorrelatedandhence
independent.This is not an unreasonableassumption[6].
Furthermore,sincethemomentsof order� � ��` of aGaus-
sianareinfinite, eitherP2or P4yields� �n��
 �±° � � �Rk���`�dc � � ��` (8)

andthusthat���	j�
 � �����	j�
 �³²´ µ �dc j¨� �J j �8�� �"j j¨k � (9)

3 Multifractal Spectrum Estimation
using Wavelets

We now discusswavelet-basedestimationof the multi-
fractalspectrum.In thesimplecaseof fBm, we will derive
asymptoticresultson thefirst andsecondorderstatisticsof
theestimate.��%('

Wavelet-based estimator

To estimatethe multifractal spectrumgiven
¤

samples
of asinglerealizationof anfBm process,wetakeadvantage
of the stationarityof the wavelet coefficients ¶bI -0/ 1·2 : �`{<NMOMOMO< orv{w A � ¤ 
P<G7 �lJ <OMNMOMP< ¤·3�5 - �8`{¸ within scale.For�Rk���` , definethecrudesampleestimatorfor themoments
of thewaveletcoefficientsasfollows:1¹º - �	��
 2 � `¤·3 5 -!» AO¼ t 5 *½1>¾ y � I -0/ 1 � � (10)

ª� 3 - � ¦ `¤·3 5 -[» AO¼ t 5 *½1>¾ y � I y / 1 � � M (11)

We estimatethepartition functionasthepower-law ex-
ponentof thevariationof

¹º - �	��
 versusscale
3 -

. In practice,
we usea linear regressionof

o;v=w A ¹º - �n��
 versus: between
scales: * and : A ¹� �n��
 2 � -(¿½-0¾À-QÁ � - orv{w A ¹º - �n��
PM (12)

1SincethewaveletcoefficientsareGaussian,
¹ÂNÃ�ÄrÅYÆ

convergesonly forÅ�ÇÉÈ&Ê
.



Theregressionweights � - mustconformto thetwo condi-
tions Ë - � -
�ÌJ and Ë - :�� -@� ` [4]. Using the simple
form that the Legendretransformtakes for differentiable
functionssuchas

�
, we canestimate� � �nj�
 througha lo-

calslopeestimationof
¹� �n��
Í ¹j��	�OÎ(
 � \ ¹� �	�OÎ � * 
&� ¹� �	�OÎ(
(�n��� y <Ï�NÎ ��Ð � yÑ � � �nj+�n�NÎ^
0
 � �OÎ ¹j+�n�NÎ^
&� ¹� �	�OÎ(
YM (13)��%n$

Statistics of the estimator for fBm

While randomdatais typically involvedin applications
of multifractalspectrumestimation,thestatisticsof theesti-
matorshavenotpreviouslybeenderived.In thissectionwe
take a first stepin this direction by deriving approximate
first andsecondorderstatisticsfor thewavelet-basedmul-
tifractal spectrumof fBm. The analysisof fBm is a good
startingpoint, sinceits trivial spectrumis actuallynontriv-
ial to estimate,dueto (i) divergingmomentsfor �R����` and
(ii) a linear partition function for �Òk¬��` . Testinga mul-
tifractal spectrumestimatorwith anfBm processis akin to
testinga Fourierspectrumestimatorwith a sinusoidalpro-
cess.In the following, recall that we assumethat the fBm
waveletcoefficientsareindependent.Our resultsshouldbe
comparedwith similaronesin [4].

Preliminaries: As definedin (11),
¹º - �	��
 is theunbi-

asedsamplemeanestimatorfor therandomvariable
� I -0/ 1 � �

which,usingP2,has,for ��kT��` , probabilitydensityfunc-

tion Ó.�nÔH
 2 � Õ AÕ Ö{× t � Ô ÁØ 5 *dÙPÚ�Û�Ü �fÝ ¿(Þ ØA × ¿t�ß , with finite mean

and variance. Applying the Central Limit Theorem,we
have ¹º - �n��
 Z � � � I -�/ 1 � � as

¤ Z c�M (14)

More precisely, usingP4,we have that
¹º - �n��
 is asymptoti-

callynormal(AN) with meanà ��3 -0á�� � � � � � I y / y � � andvari-

ance ¥ A-0/ � � A ¿ t	âäã Ø	å Var æ ª>ç�è ç æ ØA ¼ t » [16]. It is clear that (i) à
is independentof the samplesize

¤
and (ii) ¥ A-0/ � Z J as¤ Z c . Therefore,

o;v=w A ¹º - �	��
 is alsoAN [16, p. 118]
with � � orv{w A ¹º - �n��
 � : � �	��
�_ orv{w A�� � � I y / y � � <

Var
orv{w A ¹º - �	��
 �êé ë�ì ¿¿äíA ¼ t » Var æ ª ç�è ç æ Øî ï ¿ æ ª>ç�è ç æ Ø M (15)

The estimator(12) for the partition function is a linear
combinationof (independent)AN randomvariables.From
theconstraintsimposedon theweights ¶�� - ¸ , thefollowing
statisticsof

¹� �n��
 arestraightforwardto derive [4]:� � ¹� �n��
 �ð� �	��

Var
¹� �	��
 � é ë�ì ¿¿�í» ñYò ó@ô � � � Á¿ 
ô ¿ � Ø^õ Á¿ 
 ��`rö Ë - � A- 3

- M (16)

Thus,
¹� �n��
 is (asymptotically)unbiased.However, for fi-

nite samplesizes
¤ �÷c ,

o;v=w A ¹º - �	��
 behavesmore like� � o;v=w A ¹º - �n��
 � : ¹� �n��
H_·øH�r:ä
 , with
o;qrs » A ¼ t0u U ø��;:�
��P: �
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Figure 1. Statisticsof the estimator
¹��� ��� versus � .

(a) � � ¹�	� ��� ; (b) 
���
 Var
¹�	� ��� . Numericalresultsbasedon

1000realizationsof an fBm (exact Cholesky synthesisal-
gorithm)with ������� � and ����������� anda Daubechies
waveletwith threevanishingmoments.

J
. In practice,the scale-dependentbias ø��;:�
 introducesa

correspondingbiasinto
¹� �n��
 (seeFigure1(a)).

Bias: Using the linearity of estimator(13), the first
momentsof

¹j and
Ñ � � �nj�
 read(for �Ek���` and

¤ Z c )� � ¹j+�n� Î 
 � � 5 *y Ü � � ¹� �n� Î � * 
�� � � ¹� �n� Î 
 ß �8� < (17)

� � Ñ � � �nj+�n�NÎ^
0
 �8J < �NÎ�kT��`=M (18)

While asymptoticallyunbiased,thefinite-samplebiasin¹� �n��
 carriesoverinto
¹j and

Ñ �����nj�
 , with thebiasincreasing
with � (seeFigure2(a)).Thiscanbeexplainedby therateof
convergenceof thesamplemomentestimatorsusedin (11).
For � � ` , theBerry-Esśeentheorem[16, p. 33] assertsang � ¤e5 * � A 
 ratefor theconvergenceof thenormalapproxi-
mationerror. For � � 3 , even thoughthis

g � ¤�5 *!� A 
 rate
(found via considerationof

¹º - � 3 
 asa " � statistic[16, p.
193])continuesto hold, theasymptoticconstantis larger.

Variance: We now estimatethevarianceof
¹j �n�NÎ^
 un-

der the independencehypothesisfor the fBm wavelet co-
efficientsandtheresultingasymptoticnormaldistributions
(
¤ Z c ). A straightforwardcalculationyields� Ay Var #j��	�OÎ(
 �

Var
¹� �	�OÎ � * 
b_ Var

¹� �	�OÎ(
�� 3 cov Ü ¹� �n�NÎ � * 
Y< ¹� �n�NÎ^
 ß (19)

and

cov Ü ¹� �	� Î � * 
Y< ¹� �	� Î 
 ß �-�¿½-0¾À-�Á � A- cov Ü o;v=w A ¹º - �n�OÎ � * 
Y< o;v=w A ¹º - �	�OÎ(
 ß M (20)



Theestimates
¹� �n�OÎ(
 arecorrelateddueto thecorrelations

in the
¹º - �	�OÎ(
 . Usinga momentestimationtheorem[16, p.

68], we know that the variables
¹º - �n� Î 
 and

¹º - �n� Î � * 
 are
jointly Gaussianwith covariancematrixelements¥ Î / Î � * � � � ¹º - �n� Î _ � Î � * 
�� � � ¹º - �n� Î 
 � � ¹º - �n� Î � * 
� 3 -¤ 3 -P� �%$ � �%$ õ Á � ¦'& � � � I y / y � �%$ � �%$ õ Á � � � � I y / y � �%$ � � � I y / y � �%$ õ Á)( M

(21)

Usingagaina multivariategeneralizationof theasymptotic
theoremon functionsof AN randomvariables[16, p. 122],
the covariancebetween

orv{w A ¹º - �n� Î 
 and
orv{w A ¹º - �n� Î � * 
 can

be written as
é ë�ì ¿¿ í A t» Ü î ï æ ª çQè ç æ Ø $ õäØ $ õ Áî ï æ ª ç�è ç æ Ø $ î ï æ ª çQè ç æ Ø $ õ Á �V` ß M Finally,

wehave

Var #j+�n� Î 
 � ò ó o;v=w AA+*¤ � Ay
- ¿½-0¾À- Á � A- 3 -, -.	/ & �OÎG_ *A (/ A & � $ � *A ( _ / & �NÎ � * _ *A (/ A Ü �%$ õ Á � *A ß �

3 / Ü � $ � � $ õ Á � *A ß/ & �%$ � *A ( / Ü �%$ õ Á � *A ß
01 M

(22)

Figure 2(b) demonstratesexperimentallythat Var #j+�	��

doesnot vary significantlywith the samplingrate � y (de-
fined in (13)): the prefactor � 5 Ay in (22) is balanced
by the increasing correlation between

orv{w A ¹º - �n� Î 
 ando;v=w A ¹º - �	�OÎ � * 
 when � y Z J . In contrastto thesimplifiedes-
timator

¹ �À�	��
 � *� ¹� �n��
 proposedin [4], theestimator
¹j+�	��


from (13) hasa highervariance. However,
¹ �H�n��
 is not fit

for therecoveryof themultifractalspectrumfrom aLegen-
dre transformfor at leasttwo strongreasons.First, when
studyingprocessesotherthanfBm, partitionfunctionswill
generallynot be linear but strictly concave, in which case
the simplified estimatoris not appropriate.Second,even
for fBm the simplified estimationsof

�
will dependon �

dueto bias(seeFigure1(a)). Using
¹ �H�n��
 insteadof

¹j+�	��

in (13) theLegendretransformyields

Ñ �����	j��	��
�
 ��J « ¹ �G�	��
 ,hencea flat spectrum.Sucha spectrumcouldvery well be
mistakenfor theoneof ageneralizedWeierstrassmultifrac-
tional process[8], a processwith indeeda varying

� �
and

a flat spectrum.Thus,thesimplifiedestimatoris unreliable
for distinguishingbetweenmonofractalandmultifractalbe-
havior. In contrast,the estimator(13) shows a significant
local maximum

Ñ �����	j�
 �¬J at
¹j �n��
 �¬� for monofractal

processessuchas fBm (seeFigure3) anda flat spectrum
for thegeneralizedWeierstrassmultifractionalprocess(see
Figure4).��%��

Further caveats

The case � � ��` : When � �ê��` , our Gaussian
assumptionsfail. Convergencetheoremson iid infinitely
divisible laws statethat properly normalizedsumsof iid
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Figure 2. Statisticsof

¹5 � ��� . (a) Bias:
¹5 � ��� is asymp-

totically unbiased.We plot the evolution of �768� � ¹5 � ���
versusthe samplesize � for differentvaluesof exponent� . (b) Variance:Weplot Var

¹5 � ��9:� versus�)9 for �;�<�����=�
andfor two valuesof �)> ( ? anddashedline). Experimental
conditionsareidenticalto thoseof Figure1.

� I -0/ 1 � � convergetowardsa stablelaw [7] with stability pa-
rameter@ � � `����Ó.�nÔH
 � � ò 3ò ó ¥ - � Ô

ÁØ 5 * ÙPÚ�ÛBA � Ô A � �3 ¥ A-DC M (23)

For � 3 � `������e`��T��` andfor all LRk���`���� , � � ÔHF is infi-
nite. An empiricalstability testallowsusto set

¹º - �n��
 � c
whenever the series

� I -0/ 1 � � follows (approximately)a pos-
itive stabledistribution. The experimentalresultsin Table
1 correspondto theestimationof @ (usingtheKoutrouvelis
procedure[11]) from onescalebandof fBm waveletcoeffi-
cients.

Adaptive linear regression: The standardlinear re-
gressionof (12) is optimalonly for Gaussianrandomvari-
ables. In the finite sample,non-Gaussiancase,we could
conceivablycomputetheprobabilitydensityfunction

¹º - �n��

andadjusttheregressionparameters¶b� - ¸ tominimizesome
errormeasurein thepartitionfunctionestimate(12).

4 Conclusions
In this paperwe have derived, in the simple caseof

the fBm, thefirst andsecondorderasymptoticstatisticsof
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Figure 3. Empirical statisticson

Ñ HJI � 5 � ���K� plottedver-
sus
¹5 � ���K� for fBm. The dasheddot line correspondsto

the theoreticalLegendrespectrum.The error barsdenote
thestandarddeviationon theestimates

¹5 � ��� . Experimental
conditionsareidenticalto thoseof Figure1.

Table 1. Koutrouvelis stability test[11] appliedto these-
ries LNM O Ã!PRQKS T M UJV obtainedfrom onescaleband(W'�;� ) of
the wavelet transformof an fBm. For �YX 6Z� , M O Ã!PRQKS T M U
is asymptoticallystabledistributedwith stabilityparameter[ �\6Z�)] � .� -10 -5 -3 -1 1��`���� 0.1 0.2 0.3 1 2
estimated@ 0.125 0.215 0.345 0.75 1.81

a wavelet-basedLegendremultifractalspectrumestimator.
Our resultsindicatethatbecauseof its decorrelatingpower,
thewavelettransformis well adaptedto estimatingmoment
generatingfunctions. In addition to providing confidence
intervals on the multifractal spectrum,the statisticscould
be employed to constructan approximatehypothesistest
for thevalidity of anfBm modelin agivensituation.

Our ongoingresearchfocuseson extendingthe statisti-
cal calculationsto the generalmultifractal case(goingbe-
yond the work of [1, 4]), dealingwith diverging moments
usingtheKoutrouvelis stability test,anddevelopingadap-
tiveweightedlinearregressionsfor non-Gaussiandata.2
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