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Abstract

In this paper, we describea new multiscalemodelfor characterizingpositive-valuedandlong-rangede-
pendentdata.ThemodelusestheHaarwavelettransformandputsaconstraintonthewaveletcoefficients
to guaranteepositivity, which resultsin a swift

�������
algorithmto synthesize

�
-pointdatasets.We elu-

cidateourmodel’sability to capturethecovariancestructureof realdata,studyits multifractalproperties,
andderive a schemefor matchingit to real dataobservations. We demonstratethe model’s utility by
applyingit to network traffic synthesis.Theflexibility andaccuracy of themodelandfitting procedure
resultin a closematchto therealdatastatistics(variance-timeplots)andqueuingbehavior.

1 Intr oduction

Fractalsmodelsarisefrequently in a variety of scientific disciplines,suchas physics,chemistry, astronomy, and
biology. In DSP, fractalshave long provenusefulfor applicationssuchascomputergraphicsandtexture modeling
[1]. More recently, fractalmodelshave hada major impacton theanalysisof datacommunicationnetworkssuchas
the Internet. In their landmarkpaper[2], Lelandet al. demonstratedthat network traffic exhibits fractal properties
suchasself-similarity, “burstiness,” andlong-rangedependence(LRD) that areinadequatelydescribedby classical
traffic models.Characterizationof thesefractalproperties,particularlyLRD, hasprovidedexciting new insightsinto
network behavior andperformance.

Fractalsaregeometricobjectsthatexhibit an irregularstructureat all resolutions.Most fractalsareself-similar;
if we “zoom” (in or out) of thefractal,we obtaina picturesimilar to theoriginal. Deterministicfractalsusuallyhave
a highly specificstructurethatcanbeconstructedthrougha few simplesteps.Real-world phenomenacanrarelybe
describedusingsuchsimplemodels.Nevertheless,“similarity on all scales”canhold in a statisticalsense,leadingto
thenotionof randomfractals.

As the pre-eminentrandomfractal model,fractionalBrownianmotion (fBm) hasplayeda centralrôle in many
fields[2, 3]. FBmis theuniqueGaussianprocesswith stationaryincrementsandthefollowing scalingpropertyfor all�
	�� 
 � ��� ������ ��� 
 � � ��� (1)

with theequalityin (finite-dimensional)distribution. Theparameter� , ��� � ��� , is known astheHurst parameter.
It rulestheLRD of fBm, aswewill seelater, but it alsogovernsits local “spikiness.” In particular, for all �
 � ��� � �"! 
 � � �$# �%� � (2)

meaningthat,for ��� � �&� , fBm has“infinite slope”everywhere.
Thestatisticalself-similarity(1) of fBm hasprovenmostusefulfor signalmodeling,sinceit efficiently captures

signalfeaturessuchasburstinessandLRD, while still allowing tractabletheoreticalanalysis[2]. Nevertheless,models
basedon fBm canbetoo restrictive to adequatelycharacterizemany typesof signals.'
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First,strictly self-similarscalingbehavior is notalwaysrealistic.For example,� in (1) mayvarywhenmeasured
overdifferentvaluesof � , or � in (2) maydependon � . Second,fBm modelsareinherentlyGaussian.Many signals
havepositive incrementsand,hence,arenon-Gaussian.

For applicationssuchasnetwork traffic [4, 5] andturbulenceanalysis[6], thestatisticsof suchsignalscanbemore
accuratelycharacterizedusingamultifractal analysis,whichdescribeshow thesignal’sscalingbehavior variesacross
thesignal. In this paper, we developa multifractalsignalmodelespeciallysuitedto positive-valueddatawith LRD.
Modeling of suchdatais not only vital for networking [2, 4], but it alsoprovideskey insightsinto a hostof other
applicationssuchasturbulenceandgeophysics[6].

We call our modelthe multifractal wavelet model (MWM) becauseof its wavelet-domainformulation. With its
simpleHaar-waveletconstruction(Figure1), theMWM is simpleto apply, yet it cancharacterizeLRD anda number
of differentmultifractalproperties.SincewecannottreattheMWM in full detailin thispaper, werefertheinterested
readerto [7] for amorein-depthtreatment.

2 FBm and LRD

AlthoughweanalyzefBm from acontinuous-timepointof view, for practicalcomputationsandsimulations,weoften
work with sampledcontinuous-timefBm. Theincrementsprocessof sampledfBm*,+ -/.10 � 
 � - �2! 
 � - ! � � (3)

definesastationaryGaussiansequenceknownasdiscretefractional Gaussian noise (fGn)with covariancebehavior [1]3%4 + 5�. #76 5 6 8 �:9 8;�=<?>;@A6 5 6CBED;@GFIHKJ (4)

For ��L;MN� � �O� , thecovarianceof fGn is strictly positive anddecayssoslowly that it is non-summable(i.e.,P&Q 3%4 + 5�. ��R ). Thisnon-summability, correspondingto positive,slowly-decayingcovariancesover largetimelags,
definesLRD.

TheLRD of fGn canbeequivalentlycharacterizedin termsof how theaggregatedprocesses

*TSVUXW � - � 0 � �Y
Q UZ

[E\ S Q 91] W?UX^ ]
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(5)

behave. It follows from (1) that
* � - �2���� Y ]a9b� * SVUXW � - �aJ

Hence,alog-logplot of thevarianceof
* SVUXW � - �

asafunctionof Y — known asavariance-time plot — will have
a slopeof M � ! M . Thevariance-timeplot cancharacterizeLRD in non-Gaussian,non-zero-meandataaswell [2].

3 Waveletsand LRD

Thediscretewavelettransformis amulti-scalesignalrepresentationof theform [8]

c � � � � Z Qed Q M�9gf�hji 8Xkml Mn9/foha� ! 5qp � f�hZ
rG\ 9gs

Z Qut rwv Q M�9 r i 8yxzl M�9 r � ! 5qp � {;� 5}| ~�~
with �;� thecoarsestscaleand d Q and t rwv Q thescalingandwaveletcoefficients,respectively. Thescalingcoefficients
may be viewed asproviding a coarseapproximationof the signal,with the wavelet coefficientsproviding higher-
frequency “detail” information.

Waveletsserve asan approximateKarhunen-Lòeve transformfor fBm [3], fGn, andmoregeneralLRD signals
[9]. Thus,highly-correlated,LRD signalsbecomenearlyuncorrelatedin thewaveletdomain.In addition,theenergy
of thewaveletcoefficientsof continuous-timefBm decayswith scaleaccordingto apower law [3]. While for sampled
fBm thepower-law decayis notexact[3], theHaar wavelettransformof fGn exhibitspower-law scalingof theform ]
[9]

var
��� rGv Q � ��� 8 M S 8 �:91] W`S r 9g] W � M ! M 8 ��9g] �a� (6)

where� 8 is thevarianceof thefGn process.�
Weusecapitalletterswhenweconsidertheunderlyingsignal � (and,hence,its waveletandscalingcoefficients)to berandom.
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Figure1: (a)Haarscalingfunction � and(b) Haarwaveletfunction � .

4 The MWM

ThebasicideabehindtheMWM is simple.To modelnon-negativity, we usetheHaarwavelettransformwith special
wavelet-domainconstraints.To captureLRD, wecharacterizethewaveletenergy decayasa functionof scale.

4.1 Haar Waveletsand Non-NegativeData

Beforewecanmodelnon-negativesignalsusingthewavelettransform,wemustdevelopconditionsonthescalingand
waveletcoefficient valuesfor c � � � in (6) to benon-negative. While cumbersomefor a generalwaveletsystem,these
conditionsaresimplefor theHaarsystem.In aHaartransform(seeFigure1), thescalingandwaveletcoefficientscan
berecursively computedusing[8]

d r ^ ] v Q � M 91]ji 8 � d rwv 8 Q � d rwv 8 Q ^ ] �=D���� t r ^ ] v Q � M 91]ji 8 � d rwv 8 Q ! d rGv 8 Q ^ ] ��J (7)

Solving(7) for d rwv 8 Q and d rwv 8 Q ^ ] wefind

d rGv 8 Q � M 9g]Gi 8 � d r ^ ] v Q � t r ^ ] v Q �=D���� d rwv 8 Q ^ ] � M 9g]Gi 8 � d r ^ ] v Q ! t r ^ ] v Q �aJ (8)

For non-negativesignals,d rGv Q�� �A� {I� 5 , whichwith (8) impliesthat6 t rwv Q 6�� d rwv Q � � {;� 5 J (9)

4.2 Multiplicati veModel
The positivity constraints(9) on the Haarwavelet coefficients leadus to a very simplemulti-scale,multiplicative
signalmodelfor positive processes.(See[10] for a similar modelusedasanintensityprior for wavelet-basedimage
estimation.) Let � rwv Q be a randomvariablesupportedon the interval

+ ! � � � . and definethe wavelet coefficients
recursively by � rGv Q � � rGv Q�� rwv Q J (10)

Togetherwith (8) weobtain� rwv 8 Q � M 91]ji 8 � �m� � r ^ ] v Q � � r ^ ] v Q D���� � rGv 8 Q ^ ] � M 91]ji 8 � � ! � r ^ ] v Q � � r ^ ] v Q J (11)

Theaboveconstructioncanbevisualizedasacourse-to-finesynthesis(seeFigure2(a)).Startingfrom thecoarsest
scale

{ � �;� , wecansynthesizearealizationof aprocessby iterativelyapplying(10)to obtainthewaveletcoefficients
at scale

{
andthenapplying(8) to obtainthescalingcoefficientsat the next finestscale

{�! � . Whenwe reachthe
finestscale

{ � � ] weobtainthedesiredprocess
*

, which is givenby* + 5�. � M;f%��i 8 � fC� v Q <?>;@ 5 � � �oJCJoJo� M;foh�9/f%� ! � J (12)

In essencetheabove algorithmsimultaneouslysynthesizesthewaveletcoefficientsandinvertsthewavelet trans-
form, requiringonly

�������
operationsto createa length-

�
signal.
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Figure2: (a) MWM construction:At scale� , we form the waveletcoefficient astheproduct  z¡G¢ £z¤�¥"¡G¢ £%¦�¡G¢ £ . Then,at scale��§©¨ , we form thescalingcoefficients ¦�¡aª � ¢ «`£ and ¦�¡aª � ¢ «`£�¬ � assumsanddifferencesof ¦�¡G¢ £ and  z¡G¢ £ (normalizedby ¨�­%® ¯ ).
(b) Probabilitydensityfunctionof a °²±´³¶µ·³q¸ randomvariable ¥ . For ³N¤�¹;º ¯ , ¥ resemblesa binomial randomvariable,andfor³N¤e¨ it hasa uniform density. For ³�»u¨ thedensityappearslike a truncatedGaussiandensity, andas ³ increases,thedensity
resemblesaGaussiandensitymoreandmoreclosely.

4.3 ¼ multipliers
Weneedto chooseanappropriatedistributionfor themultiplier � rwv Q . Wewill assumethat � rwv Q is independentof

� rGv Q .
Second,wewill assumethat � rGv Q is symmetricabout0; it is easilyshown thissymmetryis necessaryfor theresulting
processto bestationary[7].

Becauseof its simplicity andflexibility , we will usea symmetricbetadistribution, ½ ��¾���¾/� (seeFigure2 (b)) for
the � rGv Q ’sandchristentheresultingmodelthe ½ MWM. Thevarianceof a randomvariable��¿�½ ��¾���¾b� is

var
+ � . � �M ¾ ��� J (13)

4.4 Covariancematching
Sincewe assumethemultipliersareidenticallydistributedwithin scale(i.e., � rwv Q ¿&½ ��¾ r ��¾ r � ), for our Haarwavelet
constructionwecancontrolthewaveletenergy decayacrossscalevia

var
�À� r ^ ] v Q �

var
�À� rwv Q � � M var

+ � r ^ ] v Q .
var
+ � rGv Q . � �y� var

+ � r ^ ] v Q . � J (14)

Thus,to modela givenprocesswith the ½ MWM, we canselecttheparameters
¾ r via (13) and(14) to matchthe

signal’s theoreticalwavelet-domainenergy decay, suchas(6). Or, giventrainingdata,wecanselecttheparametersto
matchthesamplevariancesof thewaveletcoefficientsasa functionof scale.

To completethe modeling,we only requireto choosethe coarsestscalingcoefficients
� foh v Q andthe parameter¾ S f h W of themodel.From(10)and(13)weobtain

var
�À� foh v Q �2ÁI� M ¾ S f h W �Â� � ��Ã Ä + � 8f h v Q . J (15)

We choosea coarsestscale � � and obtain
¾ S f h W from estimatesof Ã Ä + � 8f�h v Q . andvar

�À� foh v Q � using (15). We then
synthesizeÅ blocksof data,eachwith coarsestscale� � andfinestscale � ] (seeSection4.2)andconcatenatethemto
obtaina syntheticdatatraceof Å Á M f h 9gf � datapoints. To ensurethe non-negativity of our process,we would have
to model

� f h v Q (
5 � � �oJEJE� Å ! � ) usingmultivariatedensitieswith strictly non-negativesupport.However, Ã Ä + � f h v Q .

will oftensogreatlyoutweighvar
+ � f h v Q . thattheprobabilityof a negativevaluewill benegligible, evenfor a jointly

Gaussianmodel.
Interestingly, thewaveletcoefficientsof theMWM areuncorrelated.This is easilydeducedfrom thefactthatthe� rwv Q ’sarezeromeanandindependent,andfrom thedependency of waveletcoefficientsacrossscale

� rGv 8 Q � M�91]ji 8 � rGv 8 Q� r ^ ] v Q � �m� � r ^ ] v
Q �²� r ^ ] v Q (16)
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Figure3: Interarrival timesof packetsof (a) BellcoreAugust1989[2], (b) onerealizationof thebetamultifractalwaveletmodel
( ° MWM) synthesisand(c) onerealizationof anfGn model.The ° MWM traceresemblestheBellcoredataclosely, while thefGn
datadoesnot.

andtheirdependency within scale

� rGv 8 Q ^ ] � � rwv 8
Q ^ ]� rGv 8 Q

� ! � r ^ ] v Q�y� � r ^ ] v Q � rwv 8
Q J

(17)

[7]. Thus,by matchingthevariancesof waveletcoefficients,theMWM would exactly capturetheentirecorrelation
structureof the wavelet coefficients, if the wavelet coefficientswere truly decorrelated.Typically, the correlation
betweenthewaveletcoefficientsof LRD processesaresmall [9], andthereforewe canapproximatesuchprocesses
quiteaccuratelywith theMWM.

Of course,this analysisaddressesonly the second-orderstatisticsof our signal. Higher-orderpropertiesof the
MWM arethesubjectof a multifractalanalysis.

5 The MWM is a Multifractal

Multifractalsoffer a wealthof processesthatarenovel in many respects.Thebackboneof a multifractal is typically
a constructionwhereonestartsat a coarsescaleanddevelopsdetailsof the processon finer scalesiteratively in a
multiplicative fashion.It follows from (11) that theMWM is a binomial cascade,

8
oneof thesimplestmultifractals.

Thenamebinomialcascadeis explainedby applying(11) iteratively andwriting
� rGv Q astheproductof thecoarsest

scale
� f h v Q andthemultipliers M 9g]Gi 8 � �yÆ � r ^ ] v Q � .

Multiplicative structures,in particulartheproductrepresentationof
� rGv Q , bearvariousconsequences.First, if all

multipliers �:Æ � r ^ ] v Q in (11) arelog-normal,thenthemarginals
� rwv Q will be log-normalaswell. Similarly, if the�yÆ � rGv Q areall identicallydistributed,

� rGv Q will beapproximatelylog-normalby thecentrallimit theorem.
Second,interpreting

� rwv Q astheincrementof alimiting processÇ overtheinterval
+ 5 M 9/È �C� 5 �É� � M 9bÈ . , wefind forÇ alocalbehavior of thetype(2). To seethis,notethat

BE>;FÊ6 � rGv Q 6 L BE>;F M r canbewrittenasthesumof approximately
{

factorsof theform
BV>IF 8 M 9g]Gi 8 � �$Æ �:Ë v U � normalizedby ��L { . So,weexpectthisnumberto convergeto somelimiting

value � . It is essentialto note,however, thatthisvalue � dependsnow on � — hencethetermmultifractal for Ç .
As a further featureof interest,dependingon the momentsof the multipliers, the marginals

� rGv Q of binomial
cascadesmay have diverging momentsof order Ì larger thansome ÌoÍ`Î?Ï Ð , where ÌoÍ`Î?Ï Ð canbe arbitrarily large. This
broadenstherealmof “heavy tailed” processesconsiderably.

Theexactmultifractalpropertiesof theMWM arestudiedin detailin [7].

6 Application to Network Traffic
We demonstratethepowerof theMWM for a problemof considerablepracticalinterest— network traffic modeling.
TheLRD of datatraffic canleadto higherpacket lossthanthatpredictedby classicalqueuinganalysis[2]. A better
understandingof theLRD datatraffic canthusproveinvaluablein solvingnetworkproblemscausedbyLRD. Synthetic
traffic modelsarewell-suitedfor thispurpose,becausetheeffectof variousmodelparametersonnetwork performance« For a detailedintroductionto binomialcascadesandmultifractaltheory, see[4, 7].
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Figure5: Herewe partitionthepAug traceinto 15 sub-tracesof equalnumberof packetsandcomparetheir queueingbehavior
with thatof 15synthesizedtracesof thesamelength.In (a),observe thatthesub-traceshaveawidevariationin tail queuebehavior.
In (b), observe thatthesynthesizedtracesdisplayasimilarvariationin tail queuebehavior asthesub-traces.

canbestudiedthroughsimulation.The ½ MWM is onesuchmodelbecauseit cancapturevital characteristicsof real
traffic like LRD andqueuingbehavior. To show this, we focuson theAugust1989BellcoreEthernettrace

¾ � d�Ó � a
recordof one-millioninterarrival times(Figure3(a)),asmeasuredby Lelandet al. [2]. We modelthis datausingthe½ MWM. To train the ½ MWM, wetakea Haarwavelettransformof theBellcoredata.We use(13)and(14) to choose
the ½ �Ô¾ r ��¾ r � distributionusedat eachscale

{
sothatthetheoreticalvariancesof our synthesizedwaveletcoefficients

matchthemeasuredvariancesof theBellcorewaveletdata.Sincewerequireat leasta few waveletcoefficientsto get
a goodestimateof their samplevariance,we cannotreliably fit our modelto thecoarsestscalewaveletcoefficients
of theBellcoredata.Thus,we modelonly the �CÕ finestwaveletscalesof theBellcoredatausingthe ½ MWM, dueto
which thetrained½ MWM cangeneratesynthetictracesof maximumlength M ]jÖ .

We analyzetheLRD propertiesof thetraceby estimatingthevariance-timeplot, asshown in Figure4. Although
thedataexhibitsLRD (averageslopecorrespondingto � � � JÔ×KØ ), thedatadoesnotappearto bestrictly second-order
self-similar, asevidencedby the “kink” in the slope. Thus,an fGn modelmodelwould besomewhat inaccuratein
modelingtheBellcoredata.

Figure3 comparestheBellcoredatawith synthetic½ MWM dataanddatafrom anfGn model.ThefGn modelhas
meanandvarianceequalto thesamplemeanandvarianceof Bellcoredataand � � � J´×�Ø . We observe from Figure3
thatsyntheticMWM datacloselyresemblestherealdatawhile fGn datadoesnot. In fact,nearly Ù ��Ú of thefGn data
pointsgonegative,whichrevealsthatanfGn modelis unrealisticfor modelingpositivedatawith alow meanandhigh
variancelike theBellcoredataconsideredhere.

In [7], we further provide an empiricalmultifractal analysisof the synthesizeddataandshow that it is closely
matchedby thatof theBellcoredata.

To assesstheaccuracy andusefulnessof the ½ MWM for traffic modeling,we comparethe queuingbehavior of
the simulatedtraffic tracesagainstthat of the actualBellcoredata. In our simulationexperiments,we considerthe
performanceof aninfinite lengthsingleserverqueuewith a constantservicerateof 500packets/sec.
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Figure6: Comparisonof thequeuingbehavior of theBellcorepAugwith thatof 20synthesized° MWM traces.Displayedarethe
tail probabilitiesof buffer occupancy againstbuffer size.In (a),observe thevariability of thequeueperformanceof thesynthesized
traces.In (b), observe thattheaveragequeueperformanceof simulatedtracesandthatof therealtracematchclosely.

The ½ MWM is astochasticmodel,dueto whichdifferentdatasetssynthesizedby it will performdifferentlywhen
sentthrougha queue.An idealexperimentto testthe ½ MWM would beto comparetheaveragetail queuebehavior
of several realizationsof the real processwith that of several realizationsof the ½ MWM. Unfortunately, we have
only onerealizationof therealprocess,andsotry to learnaboutthequeuingbehavior of theunderlyingrealprocess
by partitioningthe realdatatraceinto 15 sub-tracesof equallength( M ]jÖ packets). We assumeeachsub-traceto be
a differentrealizationof the underlyingprocessandexpectthe queuingbehavior of the sub-tracesto resemblethat
of differentsamplefunctionsof the process.We thenusethe ½ MWM to synthesize�%Û traceseachof M ]jÖ packet
interarrival times.Theperformanceof thequeuewith therealand ½ MWM sub-tracesasinputareshown in Figure5.
We observethatthesub-tracesof therealdatahavewidely varyingtail queuebehavior, andthatthesimulationtraces
haveasimilar variationin queuingbehavior.

We next comparethequeuingperformanceof theentirerealdatatracewith thatof 20 tracesof theapproximately
the samelength( �C� Ö points),generatedusingthe ½ MWM (seeFigure6). Sincethe trained ½ MWM cangenerate
tracesof M ]jÖ datapoints,thesimulationtracesfor thisexperimentwereformedby concatenating��Û length-M ]jÖ traces
generatedusingthe ½ MWM. Weobservethatthesimulatedtracesin Figure6(a)exhibit awidevariationin tail queue
behavior. Theresultsof thepreviousexperimentindicatethatthis is to beexpected.We alsoobserve thattheaverage
tail queuebehavior of thesimulatedtracesmatchesthatof therealtraceexceedinglywell (seeFigure6(b)). However,
asthepreviousexperimentsuggests,therealdatacanbeviewedasjust onepossiblerealizationof ourmodel,andso
it cannotbeexpectedto alwaysexhibit thesamequeuingbehavior astheaverageof severalsimulatedtraces.

In summary, thesequeuingexperimentsdemonstratethatour synthesizedtraffic tracesnot only matchrealtraffic
in its variousstatisticalpropertiesbut alsoin its queuingbehavior. This demonstratesthepotentialuseof our model
for network modelingandsimulation.

7 Conclusions

The multiplicative wavelet model (MWM) combinesthe power of multifractalswith the efficiency of the wavelet
transformto form a flexible framework naturalfor characterizingandsynthesizingpositive-valueddatawith LRD.
As our numericalexperimentshave shown, theMWM is particularlysuitedto theanalysisandsynthesisof network
traffic data.In addition,themodelcouldfind applicationin areasasdiverseasfinancialtime-seriescharacterization,
geophysics(using2-dand3-dwavelets),andtexturemodeling.Theparametersof theMWM aresimpleenoughto be
easilyinferredfrom observeddataor chosena priori. Computationsinvolving theMWM areextremelyefficient —
synthesisof atraceof

�
samplepointsrequiresonly

�������
computations.Finally, severalextensionsto theMWM are

straightforward. Thechoiceof ½ -distributedwaveletmultipliers � rGv Q is not essential.Alternatively, we canemploy
mixturesof ½ ’s or evenpurelydiscretedistributionsto fit higher-ordermultifractalmoments.
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