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Abstract

In this paper we describea new multiscalemodelfor characterizingositive-valuedandlong-rangede-

pendentlata. ThemodelusesheHaarwavelettransformandputsa constrainbnthewaveletcoeficients

to guarantegositivity, whichresultsin a swift O(N) algorithmto synthesizeV-pointdatasets.We elu-

cidateour modelsability to capturethe covariancestructureof realdata,studyits multifractalproperties,
and derive a schemefor matchingit to real dataobsenations. We demonstratehe model’s utility by

applyingit to network traffic synthesis.The flexibility andaccurag of the modelandfitting procedure
resultin a closematchto thereal datastatisticgvariance-timeplots) andqueuingbehavior.

1 Intr oduction

Fractalsmodelsarise frequentlyin a variety of scientific disciplines,suchas physics,chemistry astronomy and
biology. In DSR fractalshave long proven usefulfor applicationssuchas computergraphicsandtexture modeling
[1]. More recently fractal modelshave hada majorimpacton the analysisof datacommunicatiometworks suchas
the Internet. In their landmarkpaper[2], Lelandet al. demonstratedhat network traffic exhibits fractal properties
suchasself-similarity, “burstiness, andlong-rangedependencé_RD) that areinadequatelydescribedy classical
traffic models.Characterizatiownf thesefractal propertiesparticularlyLRD, hasprovidedexciting new insightsinto

network behaior andperformance.

Fractalsare geometricobjectsthat exhibit anirregular structureat all resolutions.Most fractalsare self-similar;
if we “zoom” (in or out) of thefractal,we obtaina picturesimilar to the original. Deterministicfractalsusuallyhave
a highly specificstructurethat canbe constructedhrougha few simplesteps.Real-world phenomena&anrarely be
describedusingsuchsimplemodels.Nevertheless;similarity on all scalescanholdin a statisticalsenseleadingto
thenotionof randomfractals.

As the pre-eminentandomfractal model, fractional Brownian motion (fBm) hasplayeda centralrdle in mary
fields[2, 3]. FBmis theuniqueGaussiamprocesaith stationaryincrementsandthefollowing scalingpropertyfor all
a>0

B(at) £ a" B(#), (1)

with theequalityin (finite-dimensionalylistribution. TheparameteH, 0 < H < 1, is known asthe Hurst parameter.
It rulesthe LRD of fBm, aswe will seelater, but it alsogovernsits local “spikiness. In particular for all ¢

B(t+s) - B(t) = s", )

meaninghat,for 0 < H < 1, fBm has“infinite slope”everywhere.

The statisticalself-similarity (1) of fBm hasprovenmostusefulfor signalmodeling,sinceit efficiently captures
signalfeaturesuchasburstines@andLRD, while still allowing tractableheoreticabnalysiq2]. Neverthelessmodels
basedn fBm canbetoorestrictive to adequatelgharacterizenary typesof signals.
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First, strictly self-similarscalingbehaior is not alwaysrealistic. For example H in (1) mayvary whenmeasured
over differentvaluesof a, or H in (2) maydependnt. SecondfBm modelsareinherentlyGaussianMany signals
have positive incrementsand,hence arenon-Gaussian.

For applicationsuchasnetwork traffic [4, 5] andturbulenceanalysig6], thestatisticsof suchsignalscanbemore
accuratelycharacterizedisinga multifractal analysiswhich describeiow the signals scalingbehavior variesacross
the signal. In this paper we develop a multifractal signalmodelespeciallysuitedto positve-valueddatawith LRD.
Modeling of suchdatais not only vital for networking [2, 4], but it alsoprovideskey insightsinto a hostof other
applicationssuchasturbulenceandgeophysic$6].

We call our modelthe multifractal wavelet model (MWM) becausef its wavelet-domainformulation. With its
simpleHaarwaveletconstruction(Figurel), theMWM is simpleto apply, yetit cancharacterizé RD anda number
of differentmultifractalproperties Sincewe cannottireatthe MWM in full detailin this paperwe refertheinterested
readerto [7] for amorein-depthtreatment.

2 FBmandLRD

Althoughwe analyzefBm from a continuous-timgyoint of view, for practicalcomputationsndsimulationswe often
work with samplectontinuous-timéBm. Theincrementgprocesof sampledBm

X[n] := B(n) — B(n—1) (3)
definesastationaryGaussiasequenc&nown asdiscretefractional Gaussian noise (fGn) with covariancebehaior [1]
rx[k] ~ |k|*H =2, for |k| large. (4)

For1/2 < H < 1, thecovarianceof fGn is strictly positve anddecaysso slowly thatit is non-summabléi.e.,

> . rx [k] = 00). Thisnon-summabilitycorrespondingo positive, slowly-decayingcovariancesver largetime lags,

definesLRD.
TheLRD of fGn canbeequialentlycharacterizeéh termsof how theaggreyatedprocesses

km

X (n) =1 > X0) (5)

m
i=(k—1)m+1

behae. It follows from (1) that X (n) £ m!—H X () ().
Hence alog-log plot of thevarianceof X (™) (n) asafunctionof m — known asavariance-time plot — will have
aslopeof 2H — 2. Thevariance-timeplot cancharacterizé RD in non-Gaussiamon-zero-meadataaswell [2].

3 Waveletsand LRD

Thediscretewavelettransformis a multi-scalesignalrepresentatioof the form [8]

Jo

Z’(t) = Zqu_JO/Q ¢(2_J0t—k‘) + Z ij,kQ_j/2¢(2_jt_k)7 j,k‘EZ
k

j=—o00 k

with Jp the coarsesscaleandu, andw; ,, the scalingandwaveletcoeficients,respectiely. The scalingcoeficients
may be viewed as providing a coarseapproximationof the signal, with the wavelet coeficients providing higher
frequeng “detail” information.

Waveletssene asan approximateKarhunen-L&we transformfor fBm [3], f{Gn, andmoregeneralLRD signals
[9]. Thus,highly-correlatedl.RD signalshecomenearlyuncorrelatedn the waveletdomain.In addition,theenegy
of thewaveletcoeficientsof continuous-timéBm decayswith scaleaccordingo a powerlaw [3]. While for sampled
fBm the pawer-law decayis notexact[3], the Haar wavelettransformof fGn exhibits power-law scalingof the form!
[9]

var(W; ) = o2 2@H-D0-1) (g _ 92H-1) (6)

whereg? is thevarianceof thefGn process.

IWe usecapitalletterswhenwe considerthe underlyingsignal X (and,hencejts waveletandscalingcoeficients)to berandom.
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Figurel: (a) Haarscalingfunction¢ and(b) Haarwaveletfunctions.

4 The MWM

Thebasicideabehindthe MWM is simple. To modelnon-neatiity, we usethe Haarwavelettransformwith special
wavelet-domairconstraintsTo captureLRD, we characteriz¢he waveletenegy decayasa functionof scale.

4.1 Haar Waveletsand Non-Negative Data

Beforewe canmodelnon-neyative signalsusingthewavelettransformwe mustdevelopconditionson thescalingand
waveletcoeficient valuesfor z(t) in (6) to be non-ngyative. While cumbersoméor a generalwaveletsystemthese
conditionsaresimplefor theHaarsystem.n a Haartransform(seeFigurel), the scalingandwaveletcoeficientscan
berecursvely computedusing([8]

ujpi e = 272 (ujon + ujper) and wipr e = 272 (wjon — ujzesn)- @)

Solving(7) for w; 2, andu; o+ Wefind

Wik = 272 (ujqr k + wigr k) and wjoppr = 272 (ujpr k — wiga k). (8)

For non-ngyativesignalsu; » > 0V j, k, whichwith (8) impliesthat

lwj k] <ujr, Vi k. ()]

4.2 Multiplicati ve Model

The positiity constrainty9) on the Haar wavelet coeficientslead us to a very simple multi-scale,multiplicative
signalmodelfor positive processes(See[10] for a similar modelusedasanintensityprior for wavelet-basedmage
estimation.) Let A; , be a randomvariable supportedon the interval [—1, 1] and definethe wavelet coeficients
recursvely by

Wj,k = Aj’k U‘,k. (10)

Togethemwith (8) we obtain
Ujor = 2721+ Ajy1.) Ujsre and Ujoprr = 2721 — Aja k) Ui e (11)

Theabove constructiorcanbevisualizedasa course-to-finesynthesigseeFigure2(a)). Startingfrom thecoarsest
scalej = Jy, we cansynthesizarealizationof aprocesdy iteratively applying(10)to obtainthewaveletcoeficients
at scalej andthenapplying(8) to obtainthe scalingcoeficientsat the next finestscalej — 1. Whenwe reachthe
finestscalej = J; we obtainthedesiredorocessX, whichis givenby

X[k] = 27/2U0,, 4 for k=0,...,27077 —1. (12)

In essencehe above algorithmsimultaneouslsynthesizeshe wavelet coeficientsandinvertsthe wavelettrans-
form, requiringonly O(NN') operationgo createalength<V signal.
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Figure2: (a) MWM construction:At scalej, we form the wavelet coeficient asthe productW; ,, = A; Uj; .. Then,atscale
j — 1, weform the scalingcoeficientsU; _1 s, andU;_1 2,41 assumsanddifferencef U; ., andW; ;, (normalizedby 1 /\/5).
(b) Probabilitydensityfunction of a 3(p, p) randomvariableA. Forp = 0.2, A resembles binomialrandomvariable,andfor
p = 1 it hasa uniform density Forp > 1 the densityappeardik e a truncatedGaussiardensity andasp increasesthe density
resembles Gaussiardensitymoreandmoreclosely

4.3 [ multipliers
We needto chooseanappropriatalistributionfor themultiplier 4; . Wewill assumehatA; ; isindependendf U ;.
Secondwe will assumehatA4; ;, is symmetricaboutO; it is easilyshavn this symmetryis necessarjor theresulting
procesgo bestationary7].

Becauseof its simplicity andflexibility, we will usea symmetricbetadistribution, 3(p, p) (seeFigure2 (b)) for
the A; ;,’s andchristentheresultingmodelthe SMWM. Thevarianceof arandomvariableA ~ 3(p, p) is

1

vaffA] = i1

(13)

4.4 Covariance matching

Sincewe assumehe multipliersareidentically distributedwithin scale(i.e., 4; » ~ 8(p;,p;)), for our Haarwavelet
constructionwe cancontrolthe waveletenegy decayacrossscalevia

varWiyik) _ 2var[A;y1,]
var(W,)  var[A;e] (1+var[4;11])

(14)

Thus,to modela givenprocesswith the SMWM, we canselectthe parameterg; via (13) and(14) to matchthe
signalstheoreticalwavelet-domairenegy decay suchas(6). Or, giventrainingdata,we canselectthe parameterso
matchthe samplevariance®f thewaveletcoeficientsasafunctionof scale.

To completethe modeling,we only requireto choosethe coarsesscalingcoeficientsU, , andthe parameter
P(J,) Of themodel.From(10) and(13) we obtain

var(Wi, k) - (2p(0) + 1) = E[U, 4] (15)

We choosea coarsesscale.Jo and obtainp,) from estimatesof IE[U7, ,] andvar(W, 1) using(15). We then
synthesizé blocksof data,eachwith coarsesscaleJ, andfinestscaleJ; (seeSectiord.2) andconcatenatthemto
obtaina syntheticdatatraceof b - 270~/ datapoints. To ensurethe non-neativity of our processwe would have
to modelU,, . (k = 0, ..,b — 1) usingmultivariatedensitieswith strictly non-neative support. However, IE[U , «]
will oftensogreatlyoutweighvarU,, x| thatthe probability of a negative valuewill benegligible, evenfor ajointly
Gaussiamodel.

Interestingly the waveletcoeficientsof the MWM areuncorrelatedThis is easilydeducedrom thefactthatthe
A; ’sarezeromeanandindependentandfrom the dependengof waveletcoeficientsacrossscale

A.
Wik =272 ]Tikk (T4 Ajp1k) Wik (16)
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Figure3: Interarrival timesof pacletsof (a) BellcoreAugust1989[2], (b) onerealizationof the betamultifractalwaveletmodel
(BMWM) synthesisand(c) onerealizationof anfGn model. The BMWM traceresembleshe Bellcoredataclosely while thefGn
datadoesnot.

andtheir dependengwithin scale

Ajobr1 1 —Ajrn
W =D I W ok 17
P Ao 1+ A ()

[7]. Thus,by matchingthe varianceof waveletcoeficients,the MWM would exactly capturethe entirecorrelation
structureof the wavelet coeficients, if the wavelet coeficientswere truly decorrelated.Typically, the correlation
betweenthe wavelet coeficientsof LRD processearesmall[9], andthereforewe canapproximatesuchprocesses
quiteaccuratelywith the MWM.

Of course this analysisaddressesnly the second-ordestatisticsof our signal. Higherorderpropertiesof the
MWM arethe subjectof a multifractalanalysis.

5 The MWM is a Multifractal

Multifractals offer a wealthof processethatarenovel in mary respectsThe backboneof a multifractalis typically
a constructionrwhereone startsat a coarsescaleand developsdetailsof the processon finer scalesiteratively in a
multiplicative fashion.It follows from (11) thatthe MWM is a binomial cascade,2 oneof the simplestmultifractals.
The namebinomial cascadés explainedby applying(11) iteratively andwriting U . asthe productof the coarsest
scalelU, » andthemultipliers2=1/2(1 4+ A; ;).

Multiplicative structuresin particularthe productrepresentatioof U ., bearvariousconsequenceszirst, if all
multipliers1 + A, , in (11) arelog-normal,thenthe mamginalsU; ;. will belog-normalaswell. Similarly, if the
1+ A, areall identicallydistributed,U; ,, will beapproximatelylog-normalby the centrallimit theorem.

SecondinterpretingU; ;. astheincremenof alimiting procesg” overtheintenval [k2~", (k+1)2~"], wefind for
Y alocal behavior of thetype(2). To seethis, notethatlog |U; x|/ log 27 canbewritten asthe sumof approximatelyj
factorsof theformlog, 2~ /2(1 & A;m) normalizedby 1/5. So,we expectthis numberto corvergeto somelimiting
valueH. It is essentiato note,however, thatthis value H dependsiow ont — hencethetermmultifractal for Y.

As a further featureof interest,dependingon the momentsof the multipliers, the mamginals U; ;. of binomial
cascadesnay have diverging momentsof order g larger than someg..it, whereg..ix canbe arbitrarily large. This
broadensherealmof “heavy tailed” processesonsiderably

Theexactmultifractalpropertiesof the MWM arestudiedin detailin [7].

6 Application to Network Traffic

We demonstrat¢he power of the MWM for a problemof considerablgracticalinterest— network traffic modeling.
The LRD of datatraffic canleadto higherpacletlossthanthatpredictedby classicalqueuinganalysig2]. A better
understandingf theLRD datatraffic canthusproveinvaluablen solvingnetwork problemscausedy LRD. Synthetic
traffic modelsarewell-suitedfor this purposebecaus¢heeffectof variousmodelparametersnnetwork performance

2For a detailedintroductionto binomial cascadeandmultifractaltheory see[4, 7].
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Figure4: Variance-timeplot of the Bellcoredata“x " andonerealizationof the BMWM synthesiso”.
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Figure5: Herewe partitionthe pAug traceinto 15 sub-trace®f equalnumberof pacletsandcomparetheir queueingbehavior
with thatof 15 synthesizedracesof thesamdength. In (a), obsere thatthesub-trace$iave awide variationin tail queuebehaior.
In (b), obsere thatthe synthesizedracesdisplaya similar variationin tail queuebehaior asthe sub-traces.

canbe studiedthroughsimulation. The SMWM is onesuchmodelbecausét cancapturevital characteristicsf real

traffic like LRD andqueuingbehaior. To shaw this, we focuson the August1989Belicore EthernetracepAug, a

recordof one-millioninterarrival times(Figure3(a)),asmeasuredby Lelandet al. [2]. We modelthis datausingthe

BMWM. To trainthe BMWM, we take a Haarwavelettransformof the Bellcoredata.We use(13) and(14)to choose
the 8(p;,p;) distribution usedat eachscalej sothatthetheoreticalvariancesf our synthesizedvaveletcoeficients
matchthe measuredariancef the Bellcorewaveletdata.Sincewe requireat leasta few waveletcoeficientsto get
a goodestimateof their samplevariance we cannotreliably fit our modelto the coarsesscalewavelet coeficients
of the Bellcoredata. Thus,we modelonly the 16 finestwaveletscalesof the Bellcoredatausingthe SMWM, dueto

whichthetrained3BMWM cangenerateynthetictracesof maximumlength2!6.

We analyzethe LRD propertiesof the traceby estimatingthe variance-timeplot, asshavn in Figure4. Although
thedataexhibits LRD (averageslopecorrespondingo H = 0.79), thedatadoesnotappeato bestrictly second-order
self-similat asevidencedby the “kink” in the slope. Thus,anfGn modelmodelwould be somavhatinaccuraten
modelingthe Bellcoredata.

Figure3 comparesheBellcoredatawith syntheticGMWM dataanddatafrom anfGn model. ThefGn modelhas
meanandvarianceequalto the samplemeanandvarianceof Bellcoredataand H = 0.79. We obsene from Figure3
thatsyntheticMWM datacloselyresemblesherealdatawhile f{Gn datadoesnot. In fact,nearly30% of thefGn data
pointsgo negative,whichrevealsthatanfGn modelis unrealisticfor modelingpositive datawith alow meanandhigh
variancdik e the Bellcoredataconsideredhere.

In [7], we further provide an empirical multifractal analysisof the synthesizedlataand show thatit is closely
matchedoy thatof the Bellcoredata.

To assesshe accurag andusefulnes®f the BMWM for traffic modeling,we comparethe queuingbehaior of
the simulatedtraffic tracesagainstthat of the actualBellcoredata. In our simulationexperimentswe considerthe
performancef aninfinite lengthsinglesener queuewith a constanservicerateof 500 paclets/sec.



¢ ¢ avg. of 20 simulated traces — PpAug trace
0 w20 simulated traces | 05 --- avg. of 20 simulated traces
1 1
= -1 T -1t
Ay Ay
(04 o4
a a
S1.5¢ S1.50
D [=2}
o °
_2, _2,
-2.5 : e : s -25 : : : : ‘ ‘
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
buffer size "x" (packets) - buffer size "x" (packets) —
(@) (b)

Figure6: Comparisorof the queuingbehaior of the BellcorepAug with thatof 20 synthesize@@MWM traces.Displayedarethe
tail probabilitiesof buffer occupang againstbuffer size.In (a), obsere the variability of the queugperformancef the synthesized
traces.In (b), obsere thatthe averagequeueperformancef simulatedracesandthatof therealtracematchclosely

The SMWM is astochastianodel,dueto which differentdatasetssynthesizedby it will performdifferentlywhen
sentthrougha queue.An ideal experimentto testthe SMWM would beto comparethe averagetail queuebehaior
of several realizationsof the real processwith that of several realizationsof the SMWM. Unfortunately we have
only onerealizationof the real processandsotry to learnaboutthe queuingbehaior of the underlyingreal process
by partitioningthe real datatraceinto 15 sub-trace®f equallength(2'¢ paclets). We assumeeachsub-traceto be
a differentrealizationof the underlyingprocessand expectthe queuingbehaior of the sub-tracego resemblethat
of differentsamplefunctionsof the process. We thenusethe BMWM to synthesizel5 traceseachof 26 paclet
interarrival times. The performancef the queuewith therealand BMWM sub-tracessinputareshavn in Figure5.
We obsene thatthe sub-tracesf therealdatahave widely varyingtail queuebehaior, andthatthe simulationtraces
have a similar variationin queuingbehavior.

We next comparehe queuingperformancef the entirerealdatatracewith thatof 20 tracesof theapproximately
the samelength (10° points), generatedisingthe BMWM (seeFigure6). Sincethe trainedBMWM cangenerate
tracesof 216 datapoints,the simulationtracesfor this experimentwereformedby concatenating5 length2'6 traces
generatedisingthe BMWM. We obsenethatthe simulatedracesn Figure6(a) exhibit awide variationin tail queue
behaior. Theresultsof the previousexperimentindicatethatthis is to be expected We alsoobsene thattheaverage
tail queuebehaior of the simulatedracesmatcheghatof therealtraceexceedinglywell (seeFigure6(b)). However,
asthe previousexperimentsuggeststhereal datacanbe viewed asjust onepossiblerealizationof our model,andso
it cannotbe expectedo alwaysexhibit the samequeuingbehaior asthe averageof severalsimulatedraces.

In summarythesequeuingexperimentsdemonstrat¢hat our synthesizedraffic tracesnot only matchrealtraffic

in its variousstatisticalpropertiesbut alsoin its queuingbehaior. This demonstratethe potentialuseof our model
for network modelingandsimulation.

7 Conclusions

The multiplicative wavelet model (MWM) combinesthe power of multifractalswith the efficiency of the wavelet
transformto form a flexible framewvork naturalfor characterizingand synthesizingpositive-valueddatawith LRD.
As our numericalexperimentshave shovn, the MWM s particularlysuitedto the analysisandsynthesif network
traffic data.In addition,the modelcouldfind applicationin areasasdiverseasfinancialtime-seriecharacterization,
geophysicgusing2-d and3-d wavelets),andtexturemodeling. The parametersf the MWM aresimpleenoughto be
easilyinferredfrom obseneddataor chosena priori. Computationgnvolving the MWM areextremelyefficient—
synthesi®f atraceof N samplepointsrequiresonly O(N') computationsFinally, severalextensiongo theMWM are
straightforvard. The choiceof g-distributedwaveletmultipliers 4; ;, is not essential Alternatively, we canemploy
mixturesof 3's or evenpurelydiscretedistributionsto fit higherordermultifractalmoments.
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