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Résuḿe – Noustudionsle mouvementBrownienfractionnaire en tempsmultifractal, un modlede processusmultifractalproposrecemment
dansle cadredel’tude desriesfinancires.Notreintrt portesur lespropritsstatistiquesdescoefficientsd’ondeletteissusdela dcompositionde
cesprocessus.Parmi cespropritsnousnousintressonsparticulirementauxcorrlationsrsiduelles(longuedpendance),la stationnarit,qui sont
lescomposantesessentiellespermettantdecaractriserlesperformancesstatistiquesdesestimateursdespectremultifractal,construits partir de
transformesenondelettes.

Abstract – We studyfractionalBrownianmotionsin multifractal time, a modelfor multifractalprocessesproposedrecentlyin thecontext of
economics.Our interestfocusesonthestatisticalpropertiesof thewaveletdecompositionof theseprocesses,suchasresidualcorrelations(LRD)
andstationarity, whichareinstrumentaltowardscomputingthestatisticsof wavelet-basedestimatorsof themultifractalspectrum.

1 Intr oduction

FractionalBrownianmotion(fBm) hasfor longservedasthe
archetypeof a processwith long rangedependence(LRD). At
thesametime,positiveincrementprocessessuchasmultiplica-
tivecascadeshaveprovenamenablemodelsfor processeswith
underlyingmultifractalstructures.For bothprocesses,wavelets
have playeda key role in their analysisandsynthesis(see[1,
4, 5, 14] and[2, 7, 10]). Combiningthesetwo classesof pro-
cessesin the so-calledfractional Brownianmotionsin multi-
fractal time (BM(MT)) a novel classof processeswas intro-
ducedin [9] which areversatileenoughto enablemodelingof
LRD andmultifractalscalingindependently(compare[11]).

In this pioneeringstudy, we decomposeBM(MT) onto an
orthogonalwaveletbasis,andshow thatundermild conditions
thecorrelationof waveletcoefficientsdecayfast(they areeven
zeroin somecases),despiteastrongdependencestructurethat
underliestheprocess.It is thenstraightforwardto follow [12]
andcomputethestatisticsof thewavelet-basedestimatorof the
multifractalspectrumof BM(MT) [2, 7, 11].

2 Background

2.1 Waveletsand local regularity

Thediscrete(orthogonal)waveletdecompositionof a signal� is definedasthefollowing innerproduct[3]:����� ���
	�� �������� 	�� ��������� � ������ ��"!#�%$�!&����')( (+* (1)

where
�

is theso-calledmotherwavelet.An admissiblewavelet
mustsatisfy �-,+�.�/���� �� �10 !32 �10 !�454�46!�78�:9�4 (2)

Theparameter
7<;=9

, is calledthecancellationorderof
�

and
relatesto theregularityof thewavelet.

Processeswith localsingularities(cusps,ridges,edges,chirps,
etc.. . ) appearin many fieldsof endeavor [2, 7, 8, 10]. Thesin-
gularity behavior of a process� �/��� at time

�
maybecharacter-

ized by thesingularityexponent> �/��� definedasthe largest >
suchthat ?  ��� � ? �#@ � 	 ��AB� as

� 	 �DC �&4
(3)

It is shown in [5, 6, 7] that this notion > ����� is closelyrelated
to theHölderregularityof � at

�
. Multifractal spectraquantify

(geometricallyor statistically)theoccurrenceof > ����� � > in a
multiplicative process� �/��� . Themultifractalformalismallows
to computethemultifractalspectrumfromthepowerlaw decay
of themomentsof thewaveletcoefficientsacrossscale.

2.2 Fractional Brownian motion

FractionalBrownianmotion(fBm) EGF is theuniqueprocess
that:

1. is Gaussian,

2. is statisticallyself-similarwith parameter0IH�JKH 9 , i.e.EGF �MLN���PO� L F E.F �����6! (4)

3. andhasstationaryincrementsQRF �/��� � EGF ���&SUTV��� E.F ����� .



Statisticalself-similarity implies that the fBm is itself a non
stationaryprocess.Its covariancefunctionreadsasW X E F �/��� E F �MYZ� �\[ *	^] ? � ? * F S ? Y ? * F � ? �_��Y ? * Fa` 4 (5)

Note that fBm is a non-stationaryprocess,but that its incre-
mentsarestationary. For Jcb 9Zd 	 , the autocorrelationfunc-
tion of theincrementsprocessQRF �/��� decaysveryslowly,W Xfe QRF �/��� QRF ����ShgN�jilk�g * F � * !NgPmnT
with 	oJ � 	Pb �R9 which wastermedlong range dependence
(LRD).

Regarding its multifractal propertieslet us note that fBmEGF �/��� hasa local Hölder exponent > ����� �pJ !�qr� . In other
words,fBm is a monofractal process.Mainly for this reason,
fBm fails to provide sufficient flexibility asa modelfor many
real world measurements,whereone typically seesthe local
regularity > �/��� changingerraticallywith time.

2.3 Multifractal cascades

Themostwell knownprocesseswith truly multifractalprop-
erties,i.e. erraticallychanging> �/��� , arethe randomcascades.
TheBinomialcascades, aparticularexample,is mosteasilyde-
finedusingabinarytreestructure.Givenidenticallydistributed
randomvariablesslt� (

� �u0 !54�454 	 � � �v9 , w �x0 !�9�!54�454 ) define
therandommeasures ondyadicintervalsbys � e � �y	 ��!y�M� � S#9y� 	 �6i�� � s+z ��{�| s~}�"�~|�|5| s � ��� 4 (6)

Here,given
� � weset

� t � } � � t div 	 ( w � 9�!�454�46!j$ ). Also, we
assumethat s t�� }*&� S s t�� }*&� � } � 9 (conservationof mass)andthat
the slt� areotherwiseindependent.

Finally, let thecascadeprocessbedefinedby� ������� � ��z  s 4
Suchprocesses

� �����
arewell known to be truemultifractals.

In addition,they possessa rescalingpropertysimilar to fBm:
for 0V� Y H � � 9� � 	 �����aSh������� � � 	 ���M��S�Yy���PO����� � � �/���_� � �MYZ���64

(7)

Comparingwith (4) notethathere��� is a randomvariable.Its
distribution dependsonly on thescale

$
, e.g.for theBinomial

cascade ��� O� s+z � { | s~}� � |�|5| s � ��� 4 (8)

Moreelaboratemultiplicativecascadeswhichhavebeendis-
coveredrecently[13] have additionalnice propertiessuchas
distributionsof increments

� ������� � �MYZ�
dependingonly on? ����Y ?

andscalingof moments,i.e. given � thereis a number� � � � suchthat:W X ? � ������� � ��Yy� ? � � ? �_��Y ? ���%�-� 4 (9)

Note that (9) holdsfor the Binomial cascadesfor � � 9
with� ��9y� � 9 dueto theconservationof mass.

2.4 Multifractional motion

Mono-fractalprocesseslikefBm aretooelementaryto serve
asmodelsfor multifractalprocesses.On the otherhand,mul-
tiplicative cascades,albeit providing us with rich multifractal

models,may be inappropriatefor real world problemsdueto
their approximatelylog-normalmarginals.In [9, 11] a broad
classof multifractalmotionsis proposedbasedonmultifractal
timewarping: � �/����� � EGF � � �������64

(10)

Suchprocesseshasnicestatisticalaswell asrich multifractal
propertiesasis shown in [11]. For instance,usingthe covari-
ancestructure(5) of theunderlyingfBm, wefind:W X � �/��� � �MYZ� � (11)W X��oW X:� EGF � � ������� EGF � � �MYZ���_�� � �/���"! � �MYZ�j �¡ �[ *	 W X:� ? � ����� ? * F S ? � ��Yy� ? * F � ? � �/���_� � �MYZ� ? * F  _4

NotealsothespecialcaseJ¢� 9Zd 	 where
W Xfe � �����6� � �MYZ�ji ��_��Y

(compare(9) with � � 9 ) yieldsW X � ����� � ��Yy� � [ *+£V¤�¥ � � �/���"! � ��YZ���
similarto thecaseof plainfBm. Theincrementprocessatgiven
lag
T

, ¦ �M����� � � ���M��S§9y��TI��� � �M�NTI� is thendecorrelated,but
neverthelessdependent.

For J b 9Zd 	 , � exhibits long rangedependenceanalo-
gouslyto fBm (compare(5) and(11)).

3 Statistics

3.1 Identical distributions

Assumethat thewavelet
�

is compactlysupported,say, for
simplicity, thatit is zerooutsidetheinterval

e 0 !�9�i . Assumefur-
thermorethat

�
satisfies(7).Then,ateachscale

$
, thewavelet

coefficients ����� � areidenticallydistributedaccordingto:����� � O� � ��� � F � z � z ! (12)

where ��� is therandomvariableappearingin (7).

Proof.
Noting first that

�G� 	 � � ������� is zerooutside
e � 	 � !5���¨S�9Z� 	 � i ,

applyingthena changeof variablewefind� ��� � �  }z �G����� E F � � � 	 � �/�+S��������� ��"4
Next, weusetheadmissibilitycondition © � �v0 to get����� �:�  }z �.������� EGF � � � 	 ������S��������_� EGF � � � 	 �y�������� ��"4
Finally, combiningtheproperty(7) of thecascade

�
, andthe

self-similarity(4) of thefBm EGF , weget:�&��� � O�  }z �G����� EGF � ��� � �������� ��uO� � ��� � F � z � z 4
3.2 Wide sensestationarity

If themultiplicativecascade
� �/���

hastheproperty(9) with� �ª	�J then,for any admissiblewavelet,theresidualcorrela-
tion of waveletcoefficientsreadsateachscale

$
:W X �&��� �y����� �&«¬� (13)� [ *	 	�� �y�G�����N ? Y ? �l� * F � �.�/��S 	�� �5Y®���M�I����¯°���- �Y~ ��"4



Thisexpressiondependsonthepositions
�

and
� ¯

only in terms
of theirdifference.Consequently, within eachscale

$
, theseries

of waveletcoefficients �&��� � is widesensestationary.
As a matterof fact,stationarityof incrementsof

�
is suffi-

cientto concludewidesensestationarity.

Proof.
Exchangingorderof expectationandintegralsW X � ��� � � ��� � «¬�
	�� *-� V � ��� � ������� ��� � « �/�-¯%� W X � ����� � �/�-¯��� ��- ��-¯�4
Usingthecovariancestructure(11) of

�
andtheadmissibility

conditionof thewavelet( © � ��� �a�v0 ), theresidualautocorrela-
tion function

W X � ��� � � ��� �&« simplifiesto:� [ *	 	�� *±�~V� ��� � ������� ��� �"« �/�-¯°� W XDe ? � �/���_� � �/�-¯%� ? i²* F  ��� ��-¯M4
Now, usingproperty(9) with � �³	oJ , andmakingobvious
changesof variables,wegettheclaimedresult(13).

3.3 Fastdecayof the correlation

As wasmentionedabove,
�

exhibitsLRD which is unfavor-
ablefrom astatisticalpointof view for thedirectestimationof
the local regularity via increments.Using insteadthe wavelet
decompositionfor this task(compare(3)) we mayprofit from
itsdecorrelationproperty–whichweareabouttoestablishnow
– similarly aswasdonefor theestimationof J in thecaseof
fBm [1, 5, 6].

Underconditionssuitableto obtain (13) the covarianceof
thewaveletcoefficientsacrossscaledecaysasW X ����� �Z�&��� �&« k @ � ? �I����¯ ? ��� * F � � *�´a�"! ? �¨����¯ ? Cnµ 4

(14)

In words, the wavelet transformis able to remove the LRD
presentin theprocess

�
meaningthat

� � 	�J ��� 	 7 is smaller
than

�R9
(noLRD) for largeenough

7
while thecorrelationof

theincrementsof
�

decaywith exponent
� � 	oJ ��� 	 which is

largerthan
�R9

(LRD).

Proof.
Returningto (13),wefirst applythechangeof variable	 � � Y �g

andidentify ¶�· �/gN� � © �.�����-�.�/��S�gN�- �� , theautocorrelation
functionof thewavelet

�
. Thus,weobtainW X �&��� �y����� � « � � [ 	 	 � �l� * F �  ? g ? ��� * F � ¶ · �/g¸�:���¨��� ¯ ���� �g�4

(15)
Next, weapplyParseval’s formulato write this lastexpression
in thefrequency domainasW X ����� �Z����� �"«�� � [ *	 	 � ��� * F �  ? ¹ ��º�� ? *? º ? �l� * F � � }f» � t *�¼�½ � � � � « �  ¾º�!�4

(16)
Here,

¹
denotestheFouriertransformof

�
. In thelimit

º C 0
the regularity condition of

�
implies that

? ¹ ��º�� ? * k ? º ? *�´
.

Estimatingthe discreteFourier transformin (16) leadsfinally
to (14).

Let us emphasizethe particularcaseof a Wiener process
( J¿� 9Zd 	 ), andthe Haarsystem.First, for � �À	�J¿� 9

(9)
holdswith

� � � � � � � 	oJ � � 9 evenfor theBinomial cascade
asmentionedbefore.Theaboveexpression(15) readsW X ����� �Z����� �&«�� � [ *	 	 �~ ? gUS#���I����¯°� ? ¶ · �/gN�� �g�4 (17)

Furthermore,for theHaarwavelet ¶ · canbecalculatedexplic-
itly ¶�· ��gN��ÁÂÃ ÂÄ

� �DÅ ? g ? S#9 0V� ? g ? H 9Zd 	� ? g ? �:9 9Zd 	U� ? g ? H 9�<0 ? g ? ;�9�!
whichallowsfor atediousbut straightforwardcalculationlead-
ing to W X � ��� � � ��� �&«lÆ �ÀÇZÈ} * ? �U��� ¯ ? �#0�#0 ? �U��� ¯ ?rÉ�#0 4
In otherwords,the wavelet coefficientsof

�
arethenstrictly

decorrelated.So,conditionedonknowing
�

they actuallybe-
comeindependentGaussianvariables.Figure1 shows, using
a Haarsystem,the wavelet coefficientsauto-correlationfunc-
tion estimatedonanexperimentaldataset.Theresultingsharp
structureis in perfectagreementwith thetheory. Basedon this
decorrelationthemultifractalspectrumof

�
hasbeenestimated

in Figure2.

4 Conclusion

FractionalBrownian motion (fBm) andBinomial cascades
have beeninstrumentalasarchetypesof processeswith LRD,
respectively monotonousmultifractals.Similarly, fBmin mul-
tifractal time is liable to play a key role in thestudyof oscil-
latingmultifractalprocesses(estimation,modelingandsynthe-
sis).Here,we provedstationarityandfastdecorrelationof the
wavelet decompositionof suchsignals.Basedon theseprop-
ertiesthestatisticalpropertiesof thewavelet-basedestimators
of the multifractal spectrumcannow be developedfollowing
alongthelinesof [12].
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[6] P. GonçalvèsandP. Flandrin, Scalingexponentsestima-
tion from time-scaleenergy distributions, IEEE ICASSP,
SanFrancisco,1992.

[7] S. Jaffard, Pointwisesmoothness,two-microlocalization
and wavelet coefficients, PublicationsMathematiques,
35:155–168,1991.

[8] W. Leland,M. Taqqu,W. Willinger, andD. Wilson, On
the self-similar natureof Ethernettraffic, IEEE/ACM
Trans.Networking, pp.1–15,1994.

[9] B. B. Mandelbrot, Fractalsand Scaling in Finance,
SpringerNew York, 1999.



(a)

0 0.2 0.4 0.6 0.8 1
0

10

20

30

40

50

time

(b)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

time

(c)

0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

time

(d)

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

0

0.2

0.4

0.6

0.8

1

time lag Ë
(e)

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.2

0

0.2

0.4

0.6

0.8

1

time lag Ë
FIG. 1: (a) Incrementsof one realizationof a Binomial cas-
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