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Résune — Noustudionsle mouvemenBrownienfractionnaie en tempsmultifractal, un modle de processusnultifractal proposrecemment
dansle cadrede I'tude de sriesfinanciresNotreintrt portesurles propritsstatistiqueslescoeficientsd’ondeletteissusde la dcompositiorde
cesprocessusParmi cespropritsnousnousintressongarticulirementaux corrlationsrsiduelles(longuedpendance) Ja stationnarit,qui sont
lescomposantesssentiellepermettantle caractrisetes performancestatistiquesiesestimateursle spectremultifractal, construits partir de

transforme&nondelettes.

Abstract — We studyfractional Brownianmotionsin multifractal time, amodelfor multifractal processeproposedecentlyin the contet of
economicsOurinterestfocusenthestatisticalpropertieof thewaveletdecompositiof theseprocessesuchasresidualcorrelationgLRD)
andstationarity which areinstrumentatowardscomputingthe statisticsof wavelet-base@stimatorof the multifractalspectrum.

1 Intr oduction

FractionaBrownianmotion(fBm) hasfor long senedasthe
archetypeof a procesawith long rangedependencé RD). At
thesameime, positiveincremenprocessesuchasmultiplica-
tive cascadebave provenamenablenodelsfor processewith
underlyingmultifractalstructureskFor bothprocessesyavelets
have playeda key role in their analysisand synthesigsee[1,
4,5, 14] and[2, 7, 10]). Combiningthesetwo classef pro-
cessesn the so-calledfractional Brownian motionsin multi-
fractal time (BM(MT)) a novel classof processesvasintro-
ducedin [9] which areversatileenoughto enablemodelingof
LRD andmultifractalscalingindependentlfcomparg11]).

In this pioneeringstudy we decomposé8M(MT) onto an
orthogonalwaveletbasis,andshowr thatundermild conditions
thecorrelationof waveletcoeficientsdecayfast(they areeven
zeroin somecases)despitea strongdependencstructurethat
underliesthe processilt is thenstraightforvardto follow [12]
andcomputethestatisticsof thewavelet-base@stimatorof the
multifractalspectrunof BM(MT) [2, 7, 11].

2 Background

2.1 Waveletsand local regularity

Thediscrete(orthogonalwaveletdecompositiorof a signal
z is definedasthefollowing innerproduct(3]:

cu = 27 / V@Ot - K et dt, (k) eZ> (1)

wherey istheso-callednotherwavelet.An admissiblevavelet
mustsatisfy

/thp(t)dtzo, r=0,...,R—1. @)

TheparameteR > 1, is calledthecancellatiororderof ) and
relatesto theregularity of thewavelet.

Processewith localsingularitiegcuspsridges.edgeschirps,
etc...) appeatn mary fieldsof ende&or[2, 7, 8, 10]. Thesin-
gularity behavior of a processe(t) attimet maybecharacter
ized by the singularityexponenta(t) definedasthe largesta
suchthat . ,

|djx] = O(27%) ask2? — t. 3)
It is shown in [5, 6, 7] thatthis notion a(t) is closelyrelated
to theHolderregularity of z at¢. Multifractal spectraquantify
(geometricallyor statistically)the occurrencef a(t) = ain a
multiplicative processe(t). The multifractalformalismallows
to computehemultifractalspectrunfrom thepowerlaw decay
of themomentof thewaveletcoeficientsacrossscale.

2.2 Fractional Brownian motion

FractionalBrownianmotion(fBm) By istheuniqueprocess
that:

1. is Gaussian,
2. is statisticallyself-similarwith parametef) < H < 1, i.e.

Br (M) £ \T By (t), @)
3. andhasstationarnjincrements? z (t) = Ba(t+A)—Br(t).



Statisticalself-similarity implies that the fBm is itself a non
stationaryprocesslts covariancefunctionreadsas

BB ()Ba(s) = G (47 + s ~ 1t~ s) . (5)

Note that fBm is a non-stationaryprocesshut that its incre-
mentsarestationary For H > 1/2, the autocorrelatiorfunc-
tion of theincrementprocess7 g (t) decaysvery slowly,

EGu(t)Grt+7)]~m 2 7> A

with 2H — 2 > —1 whichwastermedlong range dependence
(LRD).

Regarding its multifractal propertieslet us note that fBm
By (t) hasa local Holder exponenta(t) = H, Vt. In other
words,fBm is a monofiactal processMainly for this reason,
fBm fails to provide suficient flexibility asa modelfor mary
real world measurementsyhereonetypically seesthe local
regularity a(t) changingerraticallywith time.

2.3 Multifractal cascades

Themostwell known processewith truly multifractalprop-
erties,i.e. erraticallychanginga(t), arethe randomcascades.
TheBinomialcascadesaparticularexample js mosteasilyde-
finedusingabinarytreestructure Givenidenticallydistributed
randomvariablesyi (k = 0,...279 —1,i = 0,1,...) define
therandommeasurg. on dyadicintervalsby

p([k;29, (j + 1)27]) = i - g, - - o, - (6)
Here,givenk; wesetk;_1 = k; div2 (i = 1,..., ). Also, we
assumehatpst' + pstl, = 1 (conserationof massgndthat

the ui areotherwisendependent.
Finally, let the cascadeprocesse definedby

M(t) = /Ot dp.

Suchprocesses\ (t) arewell known to be true multifractals.
In addition,they possess rescalingpropertysimilar to fBm:
for0<s<t<1

M2 (k+ 1)) = M2 (k + 5)) £ W; (M(t) = M(s)). (7)

Comparingwith (4) notethatherelV; is arandomvariable.lts
distribution depend®nly on the scalej, e.g.for the Binomial

cascade i o 1 i
W] :/'l/ko ‘l’l’kl"‘ukj' (8)

More elaboratenultiplicative cascadewhich have beendis-
coveredrecently[13] have additionalnice propertiessuchas
distributionsof incrementsM (t) — M(s) dependingonly on
|t — s| andscalingof momentsj.e. givengq thereis a number
T'(g) suchthat:

E|M(t) — M(s)| = |t — 7. 9)

Note that (9) holdsfor the Binomial cascade$or ¢ = 1 with
T'(1) = 1 dueto theconserationof mass.

2.4 Multifractional motion

Mono-fractal processefike fBm aretoo elementaryo sene
asmodelsfor multifractal processeOn the otherhand,mul-
tiplicative cascadesalbeit providing us with rich multifractal

models,may be inappropriatefor realworld problemsdueto
their approximatelylog-normalmaminals.In [9, 11] a broad
classof multifractal motionsis proposedasecbn multifractal

timewarping B(t) := Bu(M(t)). (10)

Suchprocessebkasnicestatisticalswell asrich multifractal
propertiesasis shavn in [11]. For instanceusingthe covari-
ancestructure(5) of theunderlyingfBm, we find:

EB(t)B(s) =
E {IE By (M())Bu (M(s)) |[M(#), M(5)] } =

(11)

TE[MEOPT + M - |M(E) = M)

NotealsothespeciakaseH = 1/2wherelE[M (t)—M(s)] =
t — s (comparg9) with ¢ = 1) yields

EB(t)B(s) = 0% min(M(t), M(s))

similarto thecaseof plainfBm. Theincremenprocesatgiven
lagA, G(k) := B((k+1)A) — B(kA) is thendecorrelatedyut
neverthelesslependent.

For H > 1/2, B exhibits long rangedependenceanalo-
gouslyto fBm (comparg5) and(11)).

3 Statistics
3.1

Assumethatthe wavelet) is compactlysupportedsay for
simplicity, thatit is zerooutsidetheinterval [0, 1]. Assumefur-
thermorehat M satisfie{7). Then,ateachscalej, thewavelet
coeficientsc; ;, areidenticallydistributedaccordingo:

Identical distrib utions

d
cin = (WHH

whereW; is therandomvariableappearingn (7).

€0,0, (12)

Proof
Noting first that«)(2=7t — k) is zerooutside[k27, (k + 1)27],
applyingthena changeof variablewe find

1 .
Gu = [ OBaME -+ )
0

Next, we usethe admissibilitycondition [ 4 = 0 to get

Cjk = /1 Y()(Br(M(2(t + k) = Ba(M(2’k))) dt.
0

Finally, combiningthe property(7) of the cascadeM, andthe
self-similarity (4) of thefBm By, we get:

e L / SO Br (WMD) dt < (W) co,.

3.2 Wide sensestationarity

If themultiplicative cascadeM (t) hasthe property(9) with
q = 2H then,for any admissiblevavelet,theresidualcorrela-
tion of waveletcoeficientsreadsateachscalej:

(13)

Ecjkejp =

—%22_j/¢(t) / Is| TGt 4+ 2795 — (k — k'))ds dt.



Thisexpressiordependsnthepositionsk andk’ only in terms
of theirdifference Consequentlywithin eachscalej, theseries
of waveletcoeficientsc; j, is wide sensestationary

As a matterof fact, stationarityof incrementof M is suffi-
cientto concludewide sensestationarity

Proof
Exchangingprderof expectatiorandintegrals

Ee, pejp = 2% / (6 0 () EB()B() dtde'.

Usingthe covariancestructure(11) of B andthe admissibility
conditionof thewavelet( [ +; » = 0), theresidualautocorrela-
tion functionlEc; 1.c; » simplifiesto:

,2]‘/ ;1 (t) Y () E[|M(t) —

Now, using property(9) with ¢ = 2H, and making obvious
change®f variableswe getthe claimedresult(13).

M2 dt at'.

3.3 Fastdecayof the correlation

As wasmentionedabove, B exhibits LRD whichis unfavor-
ablefrom a statisticalpoint of view for thedirectestimationof
the local regularity via incrementslsing insteadthe wavelet
decompositiorfor this task(compare(3)) we may profit from
its decorrelatiomproperty—whichweareaboutto establistnow
— similarly aswasdonefor the estimationof H in the caseof
fBm [1, 5, 6].

Under conditionssuitableto obtain (13) the covarianceof
thewaveletcoeficientsacrossscaledecaysas

Ecjrcjp ~ Ok — K |TCD72R) |k — k| - 0. (14)

In words, the wavelet transformis able to remove the LRD
presenin the proces®83 meaningthatT (2H) — 2R is smaller
than—1 (no LRD) for largeenoughR while the correlationof
theincrementf B decaywith exponentT’(2H) — 2 whichis
largerthan—1 (LRD).

Proof

Returningto (13), We first applythechanga)f variable2=7s =
7 andidentify v, (7) = [4(¢)¥(t + 7)dt, theautocorrelation
functionof thewaveleub Thus we obtain

Ec; rejrw = —%ZjT(zH) / |T|T(2H)’Y¢(T —(k—K"))dr.
(15)
Next, we apply Parseval’'s formulato write this lastexpression
in thefrequenty domainas

iT(2H 7127”/ k—k'

(16)
Here,¥ denotesheFouriertransformof ¢. In thelimit v — 0
the regularity condition of ¢ impliesthat |¥(v)|?> ~ |v|?*.
Estimatingthe discreteFouriertransformin (16) leadsfinally
to (14).

Let us emphasizehe particularcaseof a Wiener process
(H = 1/2), andthe Haarsystem First,for ¢ = 2H = 1 (9)
holdswith T'(¢q) = T(2H) = 1 evenfor the Binomial cascade
asmentionedefore.Theabove expression15) reads

2 .
Ecj kcjp = —%2’ / |7+ (k= K")| vy (7) dr.

Ec; ke =

17)

Furthermorefor theHaarwavelety,, canbecalculatedexplic-

itly
= =3I7|+1 0< 7] <1/2

|r| —1 1/2< |71 <1

=0 Irl > 1,
whichallowsfor atediousbut straightforvardcalculationead-
ing to

Yo (T)

2

=2 |k—K|=0

Ec; i)k N
—0  |k—K|#0.

In otherwords,the wavelet coeficientsof B arethenstrictly

decorrelatedSo,conditionedon knowing M they actuallybe-

comeindependenGaussiarvariables.Figure 1 shavs, using

a Haar system the wavelet coeficientsauto-correlatiorfunc-

tion estimatedn anexperimentadataset. Theresultingsharp
structureis in perfectagreementvith thetheory Basedon this

decorrelatiorthemultifractalspectrunof B hasbeenestimated
in Figure?2.

4 Conclusion

FractionalBrownian motion (fBm) and Binomial cascades
have beeninstrumentaksarchetype®f processesvith LRD,
respectiely monotonousnultifractals.Similarly, fBmin mul-
tifractal timeis liable to play a key role in the study of oscil-
lating multifractalprocessegestimationmodelingandsynthe-
sis). Here,we provedstationarityandfastdecorrelatiorof the
wavelet decompositiorof suchsignals.Basedon theseprop-
ertiesthe statisticalpropertiesof the wavelet-baseastimators
of the multifractal spectrumcannow be developedfollowing
alongthelinesof [12].

References

[1] P Abry, P. Gon@lvesandP. Flandrin,Wavelets,spectrum
analysisand1/f processes]n LectuesNotesin Statis-
tics: Waveletsand Statistics (A. Antoniadis,Ed.).1995.

[2] E.Bacry, J.Muzy, andA. Arneodo,Singularityspectrum
of fractal signalsfrom waveletanalysis:Exactresults, J.
Stat.Phys, 70:635-6741993.

[3] I. DaubechiesTenLectuesonWavelets SIAM, 1992.

[4] L. Delbele andP. Abry, Wavelet-baseestimatorgor the
self-similarity parametenof fractional Brownian motion,
Submittedo Appl. Comp.Harm. Anal., 1998.

[5] P. Flandrin, Waveletanalysisandsynthesiof fractional
Brownianmotion,|[EEE Trans.Info. Theory 38:910-917,
1992.

[6] P. GonalvesandP. Flandrin, Scalingexponentsestima-
tion from time-scaleenegy distributions, IEEE ICASSR
SanFrancisco1992.

[7] S.Jafard, Pointwisesmoothnesgswo-microlocalization
and wavelet coeficients, PublicationsMathematiques
35:155-1681991.

[8] W. Leland,M. Taqgqu,W. Willinger, andD. Wilson, On
the self-similar nature of Ethernettraffic, IEEE/ACM
Trans.Networking pp.1-15,1994.

[9] B. B. Mandelbrot, Fractalsand Scalingin Finance,
SpringeNew York, 1999.



time

()

time
(d)
1
0.8
0.6
0.4
0.2
O I I I I I I I I I
-05 -04 -03 -02 -01 0 01 02 03 04 05
timelagr
(e)
L ‘
0.8
0.6
0.4
0.2
0 :
—02- ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ |
-05 -04 -03 -02 -01 O 01 02 03 04 05
timelagr

FiG. 1: (a) Incrementsof onerealizationof a Binomial cas-
cadeM((k + 1)29) — M(k27) = p([k2%, (k + 1)279]), (k =
0,...277 —1). (b) Realizatiorof a BinomialcascadeM (k27),
(k = 0,...277 — 1). (c) Onerealizationof ordinary Brown-
ian motionwarpedwith the realizationof (b), i.e. B(k27) =
By /2(M(k27)) (k = 0,...277 — 1). (d) Empirical residual
correlationof thewaveletdecompositiomf B(t) usinga Haar
wavelet.(e) Empirical residualcorrelation of the waveletde-
compositiorof B(t) usinga Daubedieswaveletwith regular-
ity 2.
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FiG. 2: Multifractal analysisof B(t) displayedn figure 1. Dot-
dashedtheoetical multifractal spectrunof the warp time M

which is displayedin figure 1(b) — dashed:theortical multi-

fractal spectrumof the process(t) itself which is displayed
in figure 1(c) — solid: wavelet-base@stimateof the multifrac-
tal spectrunof B(t). Thespectr of warp time M andwarped
process5 arerelatedby fg(a) = fa(a/H) (see[11]).
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