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{ $V�c^%<5$f&5&70�K�018-&)21&)(3PBFX$V<5$�25"�>NP%v/&�258�09K�>@6AUc(*&)8@< z sT< y�� 8@<4W@$ Ody  T<Y>VU-$VPB> z M`8@<9"%(w&
25(J01$ z FH8@PB&)(*6A$o<Y>N./I3$1^B>'25(J$VPBFH$ z $VPBFX8@,%<?>NW@$o01$VPc2j>'PB6�FX8@Pc25(3Pc,B>'Im&L,/^%^B8@<52 zm� "%(3IJ$1W@,%(w6A(3P/W
01$�25"/<58@,/W@"%8G,%2�25"%$�^E$o<5(38c6�8'MS25"%(w& � 8@<5v y�{ >'0 $'&L^B$'FH(w>NIJI3K�WG<Y>N24$HM`,%I=258�"/(30�M`8@<1.B$V�
(3P/W�>lFH8GPB&L2?>NPc21&)8@,%<?FH$�8'Mk(3P�&L^%(J<Y>N24(38GP z .B8G25"�^/<58NM`$f&5&L(J8@PB>'I3IJK�>'PB6�^B$V<?&L8GPB>NIJI3K y�{ 24"B>NP%v
sT< y :T,/8N�c(*>'P%W�:T, z >NPB6ls=< yk� $V01(JP��B"%8@, z M`8@<kFX8@PB&)$VPA24(3P%Wh2581.B$j8GPl0�K�6A$HM`$VPB&)$7FH8G01�
01(J2525$o$ z >NPB6S>NI*&)8#M`8@<t24"%$]vAP%8 � IJ$'6AW@$�25"%$VK "B>VU-$d(301^�>N<524$'6m258m01$d24"%<58G,%W@"SUG>N<5(J8@,B&tFX8@,%<?&L$'& z
� (324"%8@,/2 � "%(wF¡"S25"%(w& � 8G<5v � 8G,%I*6kP%8@2d"�>fU-$].B$V$VPS^B8-&5&)(3.%IJ$ yd{ >N0�>N^/^%<5$'FX(*>N24(3U-$]8NM�25"%$�U@>'I3,%�
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M`<5(J$VPB6%& � >'<524"%(3v z  T<5,%P�> z >NPB61+-"%8G.%"B>'PB> z >'018@P%W 8@25"/$V<Y& z M`8@<]0�>'vA(JP%W=0�KS&L2?>VK7"%$V<5$mU-$o<5K
$VP@¥)8'Kc>'.%I3$ y

(3(



¦ §�¨ �\� �ª© « �������������

¬1­'®t¯�°g±9²`³A´�µB¶�³A¯B·'¸ ¹`¹
º#¹`¸H·9°%» ¼#½%¾�²¿³c¸ ¹*À
º#¹`¸H·9°%» Ám¹¿µBÂ�ÃN³c¸ À
º#¹`¸H·9°%»kÄ_Å�¶�¾]°E²`¸ À�¹`¹
¬1¾�¸H·'Ã'½%­@· ¹*Æ
Ç È ¯B·'Ã'°t´\Â�­@·'¹`°B¯ Ç

|@yJ| É (w&L258G<5(wFV>NI x >@FYvAWG<58@,/PB6 ÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ |
|@yJ|@yJ| []8@PcU-$VPA24(38GPB>NI�>'^%^%<58Ë>@FY"%$'&�ÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ Ì
|@yJ|@yÍ~  TI324$V<5PB>'25$S>N^/^%<58Ë>@FY"%$'&�ÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ �

|@yÍ~ +-KcP%8@^�&L(*&m8NM � 8@<4v ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ Î
Ï Ð ÃN³c²`¹¿¶�¹`¯\½%ÃVÅ�Ä_·fÂ\´�¹¿³c¸ Ñ

~AyJ| Ò .%2Y>'(3P%(JP%W925"%$ |mÓ�Ô FH8@0h^E8GP%$VPc2ÕaBIJ25$V<?&�Ê�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ }
~AyÍ~ Ö $'6A,BFH24(38GPQ8'M]25"/$�Pc,%09.B$V<]8NM�FH8G01^B8@P%$oPA2]aBI324$V<Y& ÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ | Ì

~AyÍ~AyJ| CE>GFH258G<Y&=>f×r$'FH24(3P%W925"/$�8G<Y6A$o<m8NM�<5$'6A,�FH25(J8@P�Ø#+-25,�6AK�8NM�&LKc0101$V24<5K�Ê | ¤
~AyÍ~AyÍ~ { 0h^%I3(wFV>N24(38@P�&�ÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ |V}

~Ay Ì qd�A^B$V<4(301$oPA2?>NIB<5$'&),%I32?&�ÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ |V}
~Ay Ì yJ| q�×r$'FX2T8'M\aBIJ25$V<=FX8@PAaBWG,%<Y>'25(J8@P ÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~@Ù

Ú Û ½A·'Ü�³A¶�½A·'¹`­-½%²]¬1¯�½%²*Å�¸V¹¿¸ Ï/Ú
Ì yJ| { PA24<58c6A,�FH25(J8@P�ÊkÊSÊ�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~ Ì

Ì yJ|@yJ| Ö $VUc(3$ � ÊSÊ�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~ Ì
Ì yJ|@yÍ~ sT$HaBP%(J25(J8@PB&m,B&L$f6�(JP�>NPB>'I3K/&L(*& ÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~ ¤

Ì yÍ~ x $'&)2=&L$V^B>'<Y>'.%I3$S>N^/^%<58'�c(30�>'25(38GP�2589> ~pÓ�ÔÞÝSßAà aBIJ25$V<�ÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~ Î
Ì yÍ~AyJ| sT$VU-$VIJ8@^%01$oPA2]8NM�25"/$�P/$'FH$'&4&5>N<4K�FH8GPB6A(324(38GPB&�ÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~ Î
Ì yÍ~AyÍ~ +-8@IJ,%25(J8@P�^/<58cFH$'6c,%<5$ ÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~@}

á â Æt·'³c¯\¸o¹¿°B¯�·f°ã¶�Â\²*·'¹`ä\²`³�·'³cÃ'¶�¸ ÚBÚ
¤ yJ| Ò .%2Y>'(3P%(JP%W90�,%IJ25(J^%I3$m24$V<50�&=ÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊåÌ@Ì

¤ yJ|@yJ| Ö $'6c,BFH25(J8@P�8NM�25"%$kPc,%0�.B$V<]8'M�F¡"�>NP%P%$oI*&Õ,�&L(3P/WQæ]ç Ô ÊjÊkÊSÊ�ÊSÊkÊåÌ ¤
¤ yÍ~ Z�8c6A(èarFV>N24(38GPB&nM`8G<éa�I325$o<Y& � (J25"�&LKc0101$o25<5KêÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊåÌ �

¤ yÍ~AyJ| ë ,�>@6A<?>NPc2Y>NIJI3K�&)KA0h01$V25<4(*FNìf>NPc25(w&LKc070�$V24<5(JF#<5$f&L^B8@PB&)$'&�ÊjÊkÊSÊ�ÊSÊkÊåÌ �
¤ yÍ~AyÍ~ É >NIèM`�¿^%Iw>NP%$S&)KA010h$V25<4(*F#<5$f&L^B8@PB&)$'&íÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊåÌ@î

¤ y Ì { 01^%IJ$V01$XPA2?>N25(J8@P98NM�25"%$paBIJ25$V<4(3P%W9>GFH25(J8@P�(3P�24"%$k25(30h$p6A8G0�>N(JP�ÊjÊkÊSÊ�ÊSÊkÊåÌgÎ

(3(J(



ï Ät¹`¶�Â\²`½A·'¹`°B¯�Ã'³c¸VÂ�²ð·'¸ áBñ
�AyJ| qd�A^B$V<4(301$oPA2?>NIB<5$'&),%I32?&�ÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ Ù

�AyJ|@yJ| sT$'&L(JW@P�$V�%>'01^%IJ$'& ÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ Ù
�AyJ|@yÍ~ ò $V<LM`8G<50�>'PBFH$pUG>'<5(*>'25(J8@P � (324"�^B>'<Y>N0h$V25$V<?&�ÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ � Ì
�AyJ|@y Ì []8@01^%,/2Y>N24(38GPB>NI�FH8G01^%IJ$V�A(J2)K7FH8GPB&L(w6A$V<Y>'25(J8@PB&m8NM�25"%$S>'I3W@8G<5(J25"%0 ÊkÊ �@}

ó ô °B¯\­-²`Â\¸o¹¿°B¯�¸ óBá
õ7¹`¾\²`¹¿°BµBÃ'½%ä�ÜEÅ ó_ö
¬1ä�ä]³A¯�´\¹*Æ�¬ ö/ñ
¬1ä�ä]³A¯�´\¹*Æ�õ öBÏ
¬1ä�ä]³A¯�´\¹*Æ ô öBï
¬1ä�ä]³A¯�´\¹*Æ�÷ ö Ñ
ø�¹*·'½ ù á
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~AyJ| Ö $'6A,BFX$'618@<Y6c$V<m.B>@&)$'6Q8GP�24<5,%PBFo>N25(J8@P ÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~A|
~AyÍ~ Ö $'6A,BFX$'618@<Y6c$V<m.B>@&)$'6Q8GP�P%8G<50�8'Md$o<5<58G< ÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~A|
~Ay Ì Ö $'6A,BFX$'618@<Y6c$V<m.B>@&)$'6Q8GP�(JPBFH8@<4^B8@<Y>'25(J8@P�8'M]>725<?>NPB&)(324(38@P�.B>'PB6ªÊkÊjÊkÊSÊ�ÊSÊkÊ ~@~
�AyJ| Ò ^%24(30�>'I#FX8@09.%(3PB>'25(J8@PlUG>NIJ,%$'&j8NMma�I325$o<j8@<?6A$V<Dü�>NPB6�Pc,%09.E$o<p8NMý&L$V^�>N<Y>'.%I3$

24$V<50�&�e;M`8@<m0h(3P%(J0�,%0êFH8-&)2�ÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ �@þ
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|@yJ| { 01^%IJ$V09$VPA2?>N24(38@P78'MdaBIJ25$V<4(3P%W9>GFH25(J8@P�,B&L(JP%W7^B>'<Y>NIJI3$VI z &)$V^B>N<?>N.%IJ$ ÝSßAà a�I325$o<Y&mÊkÊ î
~AyJ| C\(JI324$V<mFH8GPAaBWG,%<Y>'25(38GPB& ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ~@Ù
�AyJ| { 6A$'>'It0�>NWGP%(324,B6A$TM`<4$'e-,%$VPBFHK9<5$f&L^B8@PB&)$j8'M ~ � så8@P%$Deg,B>G6A<Y>'PA2mM >NP1aBIJ25$V< ÊSÊkÊ ¤ Ì
�AyÍ~ Zl>'W@P%(J25,B6A$pM`<4$'eg,/$VPBFHK9<5$'&)^B8@PB&)$j8NM�25"%$k8@^/25(30�>NI | �¿24$V<50 P%8@P%� &L$o^B>N<?>N.%IJ$7C {)Ö

8GP%$7e-,B>@6c<Y>NPc2#M >NP�aBI324$V<�ÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤@¤
�Ay Ì Zl>'W@P%(J25,B6A$kM`<5$'e-,%$VP�FHK1<5$f&L^B8@PB&)$j8'M]25"%$S8@^%24(30�>'I | �¿24$V<50�&L$o^B>N<?>N.%IJ$7C {)Ö 8GP%$

e-,B>@6c<Y>NPc2mM >NP1aBI324$V< Ê�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ �
�Ay ¤ Zl>'W@P%(J25,B6A$=$V<4<58@<�M`<5$'e-,%$VPBFXK�<4$'&L^B8GPB&L$p8'Mt24"%$m8@^%24(30�>'I | �¿24$V<50�C {LÖ &L$V^�>N<Y>'.%I3$

8GP%$7e-,B>@6c<Y>NPc2#M >NP�aBI324$V<�ÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ î
�AyÍ� { 6A$'>'It0�>NWGP%(324,B6A$TM`<4$'e-,%$VPBFHK9<5$f&L^B8@PB&)$j8'M ~ � så$VI3IJ(3^%24(*FV>'I�a�I325$o< ÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ Î
�Ay î Zl>'W@P%(J25,B6A$pM`<4$'eg,/$VPBFHK9<5$'&)^B8@PB&)$j8NM�25"%$k8@^/25(30�>NI � �¿24$V<50 P%8@P%� &L$o^B>N<?>N.%IJ$7C {)Ö

$VIJI3(J^%25(wFV>NI%aBIJ25$V< ÊkÊSÊ�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ þ
�Ay Î Zl>'W@P%(J25,B6A$7M`<5$feg,%$oPBFHK�<4$'&L^B8GPB&L$18'M=25"%$98@^/25(30�>NI � �¿24$V<50�&)$V^B>N<?>N.%IJ$�C {)Ö $oI3�

IJ(3^%24(*FV>'IEaBIJ25$V< ÊjÊkÊSÊ�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ ¤ }
�AyÍþ []8GPA248@,%<m8'M�25"%$=0�>NWGP%(324,B6A$mM`<5$'e-,%$VP�FHKj<4$'&L^B8@P�&L$p8'M�25"%$p8G^%25(J0�>NI � �`25$V<40�&L$V^%�

>'<Y>N./I3$7C {LÖ $VIJI3(3^/25(*Fo>NI%aBI324$V< ÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ �@Ù
�AyÍ} Zl>'W@P%(J25,B6A$=$V<4<58@<�M`<5$'e-,%$VPBFXK�<4$'&L^B8GPB&L$p8'Mt24"%$m8@^%24(30�>'I � �¿24$V<50�&)$V^B>'<Y>N./I3$=C {)Ö

$VIJI3(J^%25(wFV>NI%aBIJ25$V< ÊkÊSÊ�ÊSÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ �A|
�AyJ|VÙ +-8G01$k6A$f&L(3WGP�<4$'&L,%IJ2Y&#8'Md24"%$k8@^%24(30�>'I � �`25$o<50í&)$V^B>N<?>N.%IJ$k$VI3IJ(3^%24(*FV>'I�a�I325$o< ÊSÊkÊ �@~
�AyJ|@|�{ 6A$'>'It0�>NWGP%(324,B6A$TM`<4$'e-,%$VPBFHK9<5$f&L^B8@PB&)$j8'M ~ � så<58@2?>N24$'6Q$VIJI3(J^%25(wFV>NI%aBIJ25$V< Ê�ÊSÊkÊ � ¤
�AyJ|V~ Zl>'W@P%(J25,B6A$#M`<4$'e-,%$VPBFHKk<4$'&L^B8@P�&L$=8NMt24"%$m8@^/25(30�>NI |@| �`25$o<50
P/8@P%� &L$V^�>N<Y>'.%I3$ C {)Ö

<48@2Y>'25$'6�$VI3IJ(3^%24(*FV>'I%aBI324$V< ÊkÊjÊkÊjÊkÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊjÊkÊkÊjÊkÊjÊkÊjÊkÊSÊ�ÊSÊkÊ �@�
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e) Fan filter
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f) Triangular filter
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One quadrant fan filter : Ideal frequency response
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Magnitude response of 1-term non-separable FIR filter:N1=N2=22
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Magnitude response of the 1-term separable FIR filter:N1=N2=22
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Error magnitude response of 1−term separable FIR filter

Absolute maximum error = 0.018
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2−D elliptical filter : Ideal magnitude frequency response
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Magnitude response of 5−term non−separable FIR filter:N1=N2=22

Absolute maximum error : 0.0921
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Magnitude response of 5−term FIR separable filter:N1=N2=22
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Magnitude error frequency response of 5−term separable FIR filter

Absolute maximum error = 0.0538
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Variation of the number of iterations with each separable term
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Variation of the cost function with number of separable terms
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2−D rotated elliptical filter : Ideal magnitude frequency response
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Magnitude response of 11−term non−separable FIR filter: N1=N2=22

Absolute maximum error : 0.2045
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Magnitude response of 11−term separable FIR filter:N1=N2=22
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Magnitude error response of 11−term separable FIR filter

Absolute maximum error : 0.1708
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Variation of minimum cost with number of coefficients
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