
ric mirrors, the rays in the virtual light field are concentrated
on certain 3D slices of the 4D light field when the virtual
viewpoint is on the mirror rotation axis. Conventionally, a
4D light field is captured by placing the viewpoints on a 2D
plane. We refer to it as planar light field. We show that
for rotationally symmetric mirrors, a planar light field does
not efficiently capture the virtual light field. We then pro-
pose axial light field, captured by placing the optical center
of a perspective camera on the rotation axis of the mirror
and moving the camera along it. The axial light field in-fact
captures the same 3D slices of the 4D light field on which
the information in the virtual light field is concentrated, re-
sulting in an efficient sampling.

1.1. Contributions

• We analyze mirror reflection using two-plane light
field parameterization, which provides valuable insight
into the geometric structure of reflected rays.

• We show that a single-viewpoint catadioptric system
can be computationally achieved by capturing all the
required rays to generate a virtual perspective.

• We propose axial light field to efficiently sample the
rays in the virtual light field for rotationally symmetric
mirrors.

• We show that resolution properties of such a catadiop-
tric system can be modified by varying the focal length
of captured images.

1.2. Benefits and limitations

By capturing a light field instead of a single image with a
mirror, wide FOV single-viewpoint perspective images can
be generated for a wider class of mirrors. This enables com-
mon configurations such as a sphere/parabola with perspec-
tive cameras. Capturing a light field allows virtual perspec-
tive generation without any scene priors, 3D reconstruction,
distortion correction, or non-linear optimization. In fact,
the virtual viewpoint can also be varied inside the mirror
to generate multiple virtual perspective images. However,
axial light field requires precise camera motion along the
rotation axis and the scene to be static during capture time.
A multiple camera configuration similar to camera arrays is
difficult since the cameras would occlude each other.

1.3. Related work

Single-viewpoint catadioptric systems: Baker and Na-
yar [1] presented the complete class of single-viewpoint
catadioptric configurations with detailed solutions and de-
generate cases. Nalwa [14] produced a 360◦ × 50◦ FOV
single-viewpoint camera using four planar mirrors in a pyra-
midal configuration along with four perspective cameras.
SVCS can be achieved by placing the optical center of a
perspective camera at the (a) center of a spherical mirror
or (b) foci of an elliptical/hyperbolic mirror [17, 25], and
by placing an orthographic camera parallel to the axis of
a parabolic mirror. A spherical mirror with a perspective
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Figure 2. (Left) Parameterization of mirror reflection in 2D.
(Right) A point light source on x plane leads to a vertical line
in x-u light field space. If the light source is moved by a distance
z, the light field gets sheared according to z as shown in bottom.

camera is unpractical and leads to a non-single viewpoint
or multi-viewpoint image (MVI) when the camera is placed
outside the sphere. We show how to generate a perspective
image using multiple MVI’s.

Distortions in catadioptric systems: Several researches
have studied image distortions in wide-angle lenses and
catadioptric systems [23, 21, 20, 18]. Swaminathan et al.
[23] proposed to use the cusp of the caustic of rotation-
ally symmetric catadioptric systems as the virtual viewpoint
to minimize distortions. In [22], authors proposed to de-
sign mirror shapes to minimize image distortions. Yu and
McMillan [26] proposed a framework based on general lin-
ear cameras to assist mirror design and characterize dis-
tortions in catadioptric systems. In [21], authors derived
a metric to quantify caustic distortions and presented an ap-
proach to compute minimally distorted views using priors
on scene structure. It was argued that a perspective im-
age without distortions cannot be achieved from a single
MVI without knowing the scene structure. In contrast, we
show that a perspective image can be generated from mul-

tiple MVI’s without the knowledge of scene structure for
rotationally symmetric catadioptric systems, by moving the
camera along the rotation axis.

Axial cameras: In an axial camera, all the projection
rays pass through a single line in space [15]. Cameras
falling into this class include (a) stereo systems consisting
of multiple perspective cameras with collinear optical cen-
ters, (b) non-central catadioptric cameras with a rotation-
ally symmetric mirror and a pinhole camera placed on the
axis of symmetry, and (c) x-slit cameras [6] and their spe-
cial case of linear pushbroom cameras [9]. Our axial light

field is similar to these axial cameras: we capture multiple
perspective images by moving the camera along the rota-
tion axis of a rotationally symmetric mirror. In contrast to
a radial imaging system [11], the camera does not view the
scene directly and the mirror is not hollow (scene is on same
side of the mirror as the camera).

Light fields: The concept of light field as a represen-
tation of all rays of light in free-space was proposed by
Levoy and Hanrahan [13] and Gortler et al. [8]. Chai et

al. [3] presented frequency domain analysis for sampling
and interpolation of light fields. Isaksen et al. [10] pro-



posed dynamic reparameterization of light �elds for inter-
active rendering. Light �elds captured using camera arrays
have been used for synthetic aperture photography and dig-
ital refocusing [12, 24]. Frequency domain analysis of light
transport has been presented in [5], which was extended to
gradients [16] for ef�cient rendering. Ray-space analysis
for mirrors has been studied using path perturbation for fast
rendering [4]. We use similar light �eld analysis and show
novel insight into wide FOV virtual perspective generation.

2. Light �elds for curved mirrors
We �rst formulate mirror re�ection of light �eld using

two-plane parameterization and understand its propertiesin
�atland. Consider a mirror surface in 2D given byz = f (x)
(Figure 2). We parameterize the light �eld by x-u with the
x plane at a distancel from the mirror. Similar to [3], the
u plane is set parallel to thex plane at unit distance and its
coordinate is expressed in the local frame ofx. Consider a
ray in direction~rin = ( uin ; � 1) originating fromx in . This
ray intersects the mirror surface atf (x0) with the normal
vector~n = ( � f x (x0); 1). The re�ected ray~rout intersects
the outgoing LF planes at(xout ; uout ). Using normalized
vectors (̂~v = ~v=j~vj), the re�ection is described as

~̂rout = 2( ~̂n � ~̂rin )~̂n � ~̂rin ; (1)
which gives

uout =
2f x (x0) � (1 � f x (x0)2)uin

1 � f x (x0)2 + 2 f x (x0)uin
(2)

xout = x in + ( l � f (x0))( uin � uout ): (3)

Note that the above mapping includes the unknown point of
re�ection x0, which needs to be solved for using the follow-
ing constraint:x0 = x in + ( l � f (x0))uin .

2.1. LF visualization for common con�gurations
We �rst consider re�ected light �elds due to real scene

points outside the mirror. Consider a point source atx in ,
emitting rays in different directions. The incoming light
�eld is a vertical line in x-u space. For a point light source
on a plane at distancez from thex plane, the light �eld gets
sheared [5] according toz (Figure 2). This incoming light
�eld gets re�ected by the mirror.

For a �at mirror, f (x) = f x (x) = 0 for all x. Thus,
uout = � uin andxout = x in + 2 lu in . The incoming light
�eld therefore gets sheared (Figure 3(a)), showing that �at
mirror shifts the viewpoint. In contrast, for a curved mirror,
the re�ection of a scene point traces a curve in the output
light �eld, as shown in Figure 3(a) for a sphere.

Light rays for a virtual viewpoint: Now consider all
the rays re�ected from a radiant point inside the mirror.
This scenario is similar to having a virtual viewpoint inside
the mirror. All the rays which would pass through the vir-
tual viewpoint after getting re�ected by the mirror should be
captured to generate a virtual perspective. We refer to these
set of rays as a virtual light �eld. A SVCS enforces the
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Figure 4. The set of all rays which pass through the virtual view-
point (within a FOV) after re�ecting by the mirror is termed as
virtual LF L (x; y; u; v ). Each camera in a planar LF captures a
u-v sliceP at spatial location(n; m ). In an axial LF, each camera
captures a sheared 2D sliceQ depending on its distancez.

constraint that all these re�ected rays should pass through
a single viewpoint outside the mirror, at which a pinhole
camera is placed. Thus, it enforces the virtual light �eld to
be aline in x-u space. As expected, this is a hard geometric
constraint. Figure 3(a) shows the virtual light �eld for a vir-
tual viewpoint inside a sphere. In general, the virtual light
�eld for a curved mirror will form a curve, which cannot be
captured by a single viewpoint. This curve, however, could
be sampled by capturing multiple images.

2.2. Capturing the virtual light �eld
Let L (x; u) be the virtual light �eld in �atland. In a

planar light �eld, the viewpoint is changed along thex
axis. Thus, a camera placed atx = x i produces an image
i (u) = L(x i ; u), which samples avertical slice of the light
�eld (Figure 3(b)). In an axial light �eld, the viewpoint is
changed perpendicular to thex axis. Here, each image cor-
responds to a sheared slicei (u) = L(uzi ; u), wherezi is
the distance of the viewpoint from thex plane (Figure 3(c)).
Next, we analyze the sampling in 4D and show that the ax-
ial sampling is aligned with the structure in the virtual light
�eld for rotationally symmetric mirrors.

3. Light �eld based SVCS
As explained earlier, a traditional SVCS requires all rays

in the virtual light �eld to pass through a single viewpoint.
This restricts the mirror-camera con�guration to those pre-
sented in [1]. Theoretically, by capturing multiple images
(light �eld), single-viewpoint virtual perspectives can be
obtained for any mirror by sampling all the required rays.
This in practice would be inef�cient and for a general mir-
ror, such a sampling pattern will not have any regular struc-
ture. Our goal is to achieve a middle ground, i.e., signi�-
cantly enlarge the family of mirrors, while keeping the sam-
pling overhead minimal.
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Figure 5. Planar LF sampling. (a) x-u-v slices of virtual LF and 2D
camera slices (planes) at various x for y = 0. Only the camera on
the axis captures a cone of rays. (b) Similar plot for y > 0 shows
that information in other slices is sparse. (c) A planar LF samples
vertical segments in x-u space.
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Figure 6. Axial LF sampling. (a) x-u-v slices of virtual LF and
2D camera slices (planes) for various z. The camera planes align
with the circle in each slice and thus each camera captures a cone
of rays. (b) Information in virtual LF is along slanted lines in x-u
space, which is captured by moving the camera along the rotation
axis. (c) Each camera in axial LF captures a cone of rays, which
contributes to a circle of pixels in the virtual perspective image.

Consider the class of mirrors which are rotationally sym-

metric. These mirrors can be obtained by rotating a 2D
curve along an axis. For such mirrors, if the virtual view-
point is on the rotation axis, all the rays in the virtual light
field pass through a line (the rotation axis). Thus, this con-
figuration relaxes the fixed viewpoint constraint in SVCS
to a line. The virtual light field now has structure, which
can be exploited for efficient sampling. We show that for
rotationally symmetric mirrors, an axial light field provides
efficient sampling of the virtual light field. Such a sampling
allows generation of perspective images from virtual view-
points on the rotation axis inside the mirror, without any
scene priors, 3D estimation, or distortion correction.

3.1. Rotationally symmetric mirrors

To understand such sampling, consider a sphere of ra-
dius r centered at origin and a desired virtual viewpoint at
distance d inside the mirror. Consider LF planes at a fi-
nite distance as shown in Figure 4. Let L(x, y, u, v) be the
4D virtual LF. Note that the virtual LF only contains the
rays that pass through the virtual viewpoint, not all the rays.
While catacaustic with radiant point inside the mirror de-
scribes the envelope of all the reflected rays, the virtual LF
describes the intersection of reflected rays with LF planes.

Planar LF sampling: A camera located at x = n,
y = m on the xy LF plane captures a planar 2D slice
P (u, v) = L(n, m, u, v) of the virtual LF. Since it is not
possible to show the resulting LF in 4D, Figure 5(a) shows
the x-u-v slice of L(x, y, u, v) at y = 0 . Figure 5(a) also
shows the rays captured by each camera (shown as planes)

at various x locations for y = 0 . Note that only when the
location of the camera coincides with the axis, the camera
captures a cone of rays as a circle in the image plane. Oth-
erwise, it captures few rays (a maximum of three rays for
sphere as derived in supplementary materials). Figure 5(b)
shows a different 3D slice L(x, y = 5 , u, v) for non-zero
y. Notice that this slice contains only a few rays (denoted
by ×). Thus, the information in slices L(x, y, :, :) of the vir-
tual LF is sparse, unless x, y lie on the mirror axis. Next
we show that information is concentrated in different kind
of slices and an axial LF captures it.

Axial LF sampling: Consider a camera located on the
axis at a distance z from the xy LF plane. This camera cap-
tures a planar 2D slice Q(u, v) = L(uz, vz, u, v) of the vir-
tual LF. Notice that this 2D slice (image) is different from
the one in the planar LF case. Figure 6(a) plots the slices
L(uz, vz, u, v) of the virtual LF for several z along with
the rays captured by each camera (shown as planes). No-
tice that for each slice of L(uz, vz, u, v), the central cone
of rays can be captured by the corresponding camera. The
x-u slices of L(x, y, u, v) show that the information in vir-
tual LF is concentrated along lines passing through the cen-
ter (axis). Each camera in a planar LF captures a vertical
segment in x-u slice. In contrast, each camera in an axial
LF captures a titled line segment, which is in-fact aligned
with the structures in the virtual LF and is a better sampling
strategy. The u-v slices show how each camera captures a
cone of rays as a circle in the image plane.

In summary, the information in the virtual LF for a rota-
tionally symmetric mirror is concentrated in a 3D subset of
rays L(uz, vz, u, v), which is captured efficiently by an ax-
ial LF. In contrast, a planar LF captures a 4D subset of rays.
Thus, an axial LF provides better sampling than a planar LF
to generate a virtual perspective using the same number of
images.

Interpretation using caustics: A caustic [2, 20] repre-
sents a surface that is tangent to all the rays passing from a
real viewpoint and reflected by the mirror. Only if the caus-
tic is a point, the camera+mirror system becomes a SVCS.
Thus, the common rays shared by a real camera and a virtual
camera are those that pass through the virtual viewpoint and
are tangent to the caustic. Since the incoming ray, normal
of the reflection point, and the reflected ray should lie on
a single plane, the rotation axis and real and virtual view-
points define a plane of reflection (Figure 7). Note that only
the rays on this plane that are tangent to the caustic can be
captured at the real viewpoint. When the virtual and real
viewpoints are both on the rotation axis, the plane of reflec-
tion degenerates into the mirror rotation axis. Thus, there
is an infinite family of planes that contain the rotation axis,
and all rays on all these planes (a cone of rays) can be cap-
tured at the real viewpoint. Since in axial LF, all the real
viewpoints lie on the rotation axis and capture a cone of
rays, it is more efficient than planar LF sampling.
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Figure 11. Simulation results using POV-ray for various mirror
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blue regions depict rays which cannot be captured due to limited
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Figure 12. (Top) Ground truth for Figure 11 and virtual images for
sphere using different interpolation methods. (Bottom) Incorrect
estimation of the center of sphere as a percentage of sphere radius
alongx axis (perpendicular to camera motion direction) leads to
increased distortions.

an8 mm computar lens, giving an input FOV of32� � 24� .
Calibration: The intrinsic camera parameters are com-

puted off-line using checkerboard images. The mirror ball
is placed on a checkerboard. We compute the pose of the
camera with respect to the checkerboard and move the cam-
era to make the sensor plane parallel to the checkerboard.
We then manually mark the sphere boundary in the image
to determine rays tangential to the sphere and their central
ray, which makes the same angle with all the tangential rays.
Using the fact that the sphere center lies on the central ray
at a distance ofr from the checkerboard, its location can

be found in the camera coordinate system. The camera is
then positioned so that the sphere center lies on the optical
axis. The sphere center is estimated again to improve accu-
racy. Using the camera and the sphere centers, the direction
vector is obtained along which the camera is moved.

Figure 1 shows3 out of 25 captured images. The dis-
tancez of the camera was changed non-uniformly from41
mm to334mm using the� v -z relationship for equal incre-
ments in� v . The scene consists of several checkerboards on
ceiling, two books, a color Macbeth chart, a toy and a tex-
tured board on the sides close to the mirror ball. Figure 1
shows the synthesized cube map from a virtual viewpoint13
mm inside the sphere, made by joining5 images (center im-
age has90� � 90� FOV, while others have90� � 45� FOV).
Notice that straight lines in both orthogonal directions inall
(both near and far) scene planes are maintained as straight
lines in the virtual image. Figure 13 compares real results
on a different scene using axial and planar LF sampling. For
planar LF, we captured5 � 5 images at a constant height of
200 mm with a baseline interval of13 mm. Blurring and
aliasing artifacts can be seen clearly in the planar LF re-
sult because of the inef�cient sampling, while our axial LF
sampling generates a sharp result.

6. Discussions and conclusions
Off-the-shelf CCD cameras typically have more FOV in

x direction thany direction due to non-square sensor size.
However, the virtual perspective image will have the same
FOV in x andy directions due to mirror being rotationally
symmetric. Thus, at large enough angles, some rays in the
vertical direction may not be sampled although other rays
within the same cone in the horizontal direction can be sam-
pled. We assume that all captured images are in sharp focus,
but out-of-focus regions will blur the �nal image at corre-
sponding regions. We currently use a small aperture to get
suf�cient depth of �eld in captured images. If the camera
motion is not along the rotation axis, it results in distortions
and blurring as shown in Figure 12. Non-linear process-
ing and higher level information such as ego-motion/depth
estimation may be utilized to remove such distortions and
blurring. While a complete frequency domain analysis of
light �elds for general mirrors (similar to [3]) is beyond the
scope of the paper, it would provide further insights into
optimal sampling for virtual perspective generation.

Conclusions: Common mirror con�gurations with per-
spective cameras do not lead to a single-viewpoint catadiop-
tric system. Instead of minimizing distortions in the result-
ing image, we propose to capture all the required rays to
generate a virtual perspective image by moving the cam-
era. We analyzed these set of rays in terms of a virtual light
�eld. We showed that traditional planar light �eld does not
result in ef�cient sampling, but the proposed axial light �eld
samples the rays in the virtual light �eld ef�ciently for rota-
tionally symmetric mirrors. Real results using a mirror ball
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