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Abstract. We describe an approach to analyzing single- and multiunit (ensemble) discharge patterns based on
information-theoretic distance measures and on empirical theories derived from work in universal signal process-
ing. In this approach, we quantify the difference between response patterns, whether time-varying or not, using
information-theoretic distance measures. We apply these techniques to single- and multiple-unit processing of sound
amplitude and sound location. These examples illustrate that neurons can simultaneously represent at least two kinds
of information with different levels of fidelity. The fidelity can persist through a transient and a subsequent steady-

state response, indicating that it is possible for an evolving neural code to represent information with constant
fidelity.

Keywords: neural coding, information theory, lateral superior olive

1. Introduction charge) and timing codes (the timing pattern of dis-
charges). Debates rage over the effectiveness of one

Neural coding has been classified into two broadly de- code over another and over whether this categoriza-

fined types: rate codes (the average rate of spike dis-tion even applies. Complicating the debate are recent
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results that suggest single-unit responses inadequatelysingle units located in the lateral superior olive (LSO)
explain information coding. For example, theoretical (Zacksenhouse et al., 1992, 1993) and an underly-
considerations indicate that single-neuron discharge ing computational biophysical model (Zacksenhouse
patterns in the mammalian auditory pathway are too et al., 1998). While these models provide a notion of
random to effectively represent sound (Johnson, 1996). the response’s structure, they uiat help us determine
Coordinated responses of neurons within sensory andthe typical LSO unit’s information processing role and
motor nuclei have been found, with discharge tim- what processing function the variety of LSO response
ing relations among neural outputs having significance types may engender. What has been left out is quanti-
(Abeles, 1991; Alonso et al., 1996; De Charms and fying both the response’s significance and its effective-
Merzenich, 1996; Riehle et al., 1997; Singer and Gray, ness in representing sensory information.
1995; Vaadla et al., 1995; Wehr and Laurent, 1996). New techniques are emerging that take a broader
Consequently, much current work has focused on pop- view. One developed by Victor and Purpura (1997)
ulation activity, using the fundamental assumption that measures the distance between two responses by de-
coordinated sequences of action potential occurrence termining the number of steps it takes to systemat-
times produced by groups of neurons collectively rep- ically transform one discharge pattern into another.
resent the stimulus-response relationshijpus, today Mutual information calculations (Gabbiani and Koch,
the “neural code” is taken to mean how groups of neu- 1996; Rieke et al., 1995) measure how effectively a
rons, responding individually and collectively, repre- spike train encodes the stimulus under Poisson as-
sent sensory information with their discharge patterns sumptions. Neural network models have been trained
(Bialek et al., 1991). Knowing the code would unlock on recorded neural responses to determine how well
the secrets of how neurons, working in concert, process these responses can be used to determine stimulus pa-
and represent information. rameters (Middlebrooks et al., 1994). These methods
In developing data-analysis techniques that seek to yield response metrics that are difficult to relate to how
elucidate the neural code, some kind of averaging is well systems can extract information from single- or
required because of the stochastic nature of the neu-multiple-neuron responses. When inputs to a neural
ral response. The simplest techniques regstiaéion- population have been measured and characterized, how
ary responses: The probability law governing the re- do we judge how well the population extracts sensory
sponse must not change with time. Among these are information? In fact, how would we know if a popula-
several interspike interval statistics (Johnson, 1996), tion did extract information or simply served as arelay,
and auto- and cross-correlation techniques (Abeles andpassing the information along (possibly in a different
Goldstein, 1977). To quantify time-varying responses, neural code) to its projections? We must be able to
responses are averaged over several stimulus presenguantify theneural code What aspect of a neural en-
tations that are spaced sufficiently far apart in time semble’s collective output represents information, and
to prevent adaptation and sequential stimulus effects. what is the fidelity of this representation? This arti-
Suchresponses are said tadyelostationaryfGardner, cle describes a new information-theoretic technique for
1994). The probability law varies with time but does measuring when and to what degree responses differ in
so periodically, the period equaling the interstimulus a way that can be related to how optimal systems per-
interval. The well-known PST histogram measures, form in decoding neural responses.
under a Poisson point process assumption, how the Consider the simple system shown in Fig. 1. Con-
discharge rate changes after each stimulus presentatiorceptually, this system accepts inpXghat represent
(Johnson, 1996). All of these measures spring from a a stimulus or a neural population conveying informa-
point-process view of neural discharge patterns. Us- tion (parameterized by ) and produces outpuBthat
ing point-process-based measures and elaborations otcollectively code some or all of stimulus attributes.
them, we could in principle estimate the point-process The boldfaced symbols represent vectors and are in-
model that accurately describes a neuron’s response tatended to convey the notion that our system—a neural
each stimulus. In our experience, having such a point- ensemble—has multiple inputs and multiple outputs.
process model does not reveal what stimulus featuresPresumably, input stimulus features preserved in the
are being coded, when, and how effective the code is in output are those extracted by the system; those deem-
representing the stimulus. For example, we developed phasized in the output are discarded by the system and
a point-process model for the tone-burst responses ofdefine its feature extraction properties. To probe the
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X(o) R(o) ness of neural coding. Instead, what we look for is how
3 > the inputs and the outputbangeas the stimulus under-
> gsg.?é\lz —> goes a controlled change. No change means no coding
—_—> ? of the perturbed aspect of the stimulus; the bigger the
change, the more the system accentuates that sensory
Figure 1 A neural system has as inputs the vector quaitithat aspect. To quantify change, we need a measure that

depend on a collection of stimulus parameters denoted by the vector quantifies its degree. In short, what we seek @disa

a. The outpuR thus also depends on the stimulus parameters. Both tance measureGiven two sets of stimulus conditions

input and qutput_impli}:itly depend on time. Note that the preci§e na- 0., 6,, we need to measure how different the corre-

ture of the input is deliberately unclear. It can represent the stimulus .

itself or a population’s collective input. sponding re_SponSé%(O_l)’ R(62) are—how far apart
they are—with some distance metditR(0,), R(62)).
Assuming that population codes are subtle, this metric

system and its representation of sensory information, needs to apply to ensemble responses, to dynamic as

we experimentally measure the system’s output and its well as steady-state responses, to changes in transneu-

inputs as we vary stimulus conditions. ral correlations, and to changes in temporal correlation

Relating input and output for each condition amounts structure.
to measuring the intensity of an underlying point pro-  Anticipating our results, Fig. 2 demonstrates
cess model, which does not help quantify the effective- quantifying how two responses differ. The distance
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Figure 2 The PST histograms shown in the upper two panels show the dramatically time-varying nature of a simulated auditory neuron’s

response to brief tone pulses that had different amplitudes. Shown separately in the bottom panel is the distance between these cyclostationary

responses. Distance between responses accumulates with poststimulus time, meaning that the distance at poststirrauthe tiiise&ance
between response measured up to im@etailed analysis results are shown in Fig. 5 for the same simulations.
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computation doesot have anya priori notion of the discerning whether the stimulus is on or off is a two-
neural code and is based on the datatthe PST his- category classification problem. The ease of classi-
togram. What we want the distance measure to uncoverfication depends on how different the categories are;
is (1) what portion of the response most represents it is through this aspect of the classification problem
the stimulus change, (2) whether the later constant- that distance measures arise. We use this classification
rate response reveal more or less than the early time-theoretic approach because recent results from univer-
varying response, and (3) how well the stimulus change sal signal processidgrovide distance measures and
is represented by the response change. By plotting howclassification techniques that assume little about the
distance accumulates with time since stimulus pre- data yetyield (in a certain sense) optimal classification
sentation, we can answer these questions. If the dis-results. In addition to information-theoretic distance
tance measure plateaus, the responses don't differ overmeasures having a strong mathematical foundation, di-
that time interval; if it increases, the responses differ rect empirical results have been derived. For example,
in their statistical structure, and the sharper the in- we can determine how complex a data analysis we can
crease, the more the responses differ during that time perform given a certain amount of data.

segment than in other segments. First of all, we see  Error probabilities in optimal classifiers decrease ex-
that the response begins at abau3 mslatency, but ponentially with the distance between the categories.
the distance measure suggests that they don't differ Using Pr[error] to denote a generic classification error
significantly until after 5 ms. Between 5 and 10 ms, probability, Pr[error] ~ 291 whered(Cy, Cy)

the distance accumulates about 2 bits, and from 10 to denotes an information- theoretic distance between two
25 ms, the distance increases by another 2'5itsus, categories. The distance measure of particular interest
the response during the 5 to 10 ms intervals reveals here is theKullback-Leiblerdistance defined to be

much about the amplitude change, while the constant-

rate portion reveals just as much but over atime interval D(pr |l p2) = / p1(R) log PL(R) dR, (1)
three times longer. From this example, we see that the P2(R)

distance calculation applies to both time-varying and e

constant-rate responses. The distance measuremen{/Ner€P1. P2 are probability distributions that charac-
applies to single and multineuron responses equally terize the two categories amdsymbolically represents
as well. What the distance measure does not reveal is® neural response, whether from.one or ;everal neu-
the precise nature of amplitude coding by this neuron; rons. Following the conver!tlon of mformatlon theory_,

it assesses only the code’s quality and when the coding Ve US€ the base-two logarithm, which means that dis-
occurs. However, just because some component of thetan.ce has units of bits. In the Gaussian case (catggorles
neural response more accurately represents some Stimg:ieﬁned to have different means but the same variance),

ulus component than others does not mean that des-the Kullback-Leibler distance equal’/(21n2) bits,

tination populations make more effective use of that With d" = Im1 —mz|/o". The quantityd’ is frequently

response component than others. As we shall see, re_used in psychophysics to assess how easily stimuli can

sults from information theory can be used to determine lbe d'Stwgu'SlTsd'kWh%} ade“ed to non-Gaussian prob-
the limits to which systems can extract information no '€MS: the Kullback-Leibler distance represents a gener-

matter what response component(s) they may use alization ofd’ to all binary classification problems: the
" larger this distance, the easier the classification prob-

lem. It measures how different two probability distri-
2. Information-Theoretic Distance Measures butions are, and it has several important properties:

While the merits of one distance measure versus an-1. D(py || p2) > 0 andD(p| p) = 0. The Kullback-
other can be debated (Basseville, 1989), we describe Leibler distance is always nonnegative, with zero
here a collection of information-theoretic distancesthat  distance occurring only when the probability distri-
have a clear, intuitive mathematical foundation. The butions are the same.

underlying theory is not rooted in the classic results of 2. D(p; || p2) = oo whenever, for somd&R domain,
Shannon but in modern classification theory, the key p2(R) = 0andpy(R) # 0. If p1(R) = 0, the value
results from which are detailed in the appendix. In of p1(R) log % is defined to be zero.

this theory, we try to assign a response to one of a 3. When the underlying stochastic quantities are
set of preassigned response categories. For example, random vectors having statistically independent
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components with respect to boghy and p,, the recorded neural responses. Consequently, we later pro-
Kullback-Leibler distance equals the sum of the pose a symmetric distance measure directly related to
component distances. Stated mathematically, if the Kullback-Leibler distance. The Gaussian example
p1(R) = []; p1(R) and p2(R) = []; p2(R), also indicates that the Kullback-Leibler distance has
the form of asquared-distance these distances are

D(p(R) || p2(R)) = ZD(pl(R) I p2(R)). (2) proportional toY;(m{” — m$’)2, which corresponds

i to thesquareof the Euclidean distance. Thus, we have
a second reason to put “distance” in quotes.

In addition to quantifying the exponential decay
rate of the error probabilities in optimal classifiers,
information-theoretic distances determine the ease of
estimating parameters represented by the data. Con-
sider the situation where two categories differ slightly
according to the values of a scalar paramétesym-
bolically, p1(R) = ps(R) andp2(R) = ps+s0(R). In-
DpR) 11 p2(R)) tuitively, if we can easily distinguish between two such

= D(p1(Ry) [ p2(R1)) categories (small error probabilities), we should also

+ Zp(pl(Ri+1| R) I p2(R41l R)), (3) be able to estimate the parameter accurately (smaller
i estimation error). For sufficiently small values of the
differencesd, the Kullback-Leibler distance is propor-

Furthermore, ifp;, p, describe Markovian dat,
the Kullback-Leibler distance has a similar
summation property. Taking the first-order
Markovian case as an example, whereinfR) =
P1(R) [T p1(R+1[R) and pp(-) has a similar
structure,

where tional to the reciprocal of the smallest mean-squared
estimation error that can be achieved. The mathemati-
D(pr(R41 I R) I p2(R41 1 R)) cal results ark
= [ R Roplog 2L gR AR . 2
P2(Ri1| R) D(Posso | Po) & 5= F(0)(86)% (5)
(4) 2In2

Here,F (0) denotes th&isher inf tion
4. D(p1ll p2) # D(p2|l pr). The Kullback-Leibler ere,F(9) denotes sherintormation

distance is usually not a symmetric quantity. In 31n py(R) 2
some special cases, it can be symmetric (like the just F@©) = 5[(7) ]
. . a0
described Gaussian example), but symmetry cannot,
and should not, be expected. aln py(R)
5. D(p(X1, %) | pPX)P(X2)) = 1 (X1;X). The - / (T
Kullback-Leibler distance between a joint proba-
bility density and the product of the marginal distri- with £[-] denoting expected value. The significance of
butions equals what is known in information theory these formulas rests in ti&ramér-Rao boundwhich
as themutual informatiorbetween the random vari- ~ states that the mean-squared erroiafioyunbiased es-
ablesxy, x,. From the properties of the Kullback- timator6 of & cannot be smaller thary E (6) (Johnson
Leibler distance, we see that the mutual information and Dudgeon, 1993, sec. 6.2.4):
equals zero only when the random variables are sta-
tistically independent. E[6 —0) > % (6)

2
) Po(R) dR

The word “distance” should appear in quotes be-
causeD(- | -) violates some of the fundamental prop-
erties a distance metric must have: A distanmest
be symmetric in its arguments. As explained in the ap-
pendix, classification error probabilities need not have 1
the same exponential decay rate, and this results in D(po+so | Po) ~ mw/ F (6)d6, (7)
the Kullback-Leibler distance’'s asymmetry. This asym-
metry property does not hinder theoretical develop- with F(8) =&[(VgIn ps(R)) (Ve In p(R))’]. Here,
ments but does affect measuring the distance between(-)’ means transpose anW®yIn p,(R) means the

When two or more parameters change, Fisher infor-
mation becomes a matrix, and the distance formulas-
become what are known as quadratic forms:
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gradient of the log probability density function: stationary (Gardner, 1994) (ea&h, obeys the same

Volnpy(R) = col[% Inps(R), ..., ﬁ In ps(R)]. probability law), and, in addition, they are statistically
The Cranetr-Rao bound still holds, but in a more com- independent of each other.
plicated form: Ininformation theory terminology, a discrete-valued
random variable, such as the response in a bin, takes
E[O —60)(O —0)] > F1(0). on values that aréetters r drawn from analphabet

A. When we have &\N-neuron population and a suf-
This result means that the mean-squared estimationficiently small binwidth,R, takes on values from the

error for any one parameter must be greater than thealphabet{ro, ..., rk-1} = {0,...,2" —1}. For the
corresponding diagonal entry in thaverse of the three-neuron population exemplified in Fig. 3, the col-
Fisher information matrix&[(6; — 6;)?] > (F~1); (0). lection {0, 1, 2, 3, 4,5, 6, 7} forms the alphabet. The

Thus for any given stimulus parameter perturbation letterr = 3 = 011, means that a discharge occurred in
40, the larger the Kullback-Leibler distance becomes both neurons 2 and 3 and not in neuron 1 during a par-
(the further apart the distributions become), the larger ticular bin. We could form @opulation PST histogram
the Fisher information (Eq. (5)), and the least possi- Of the population’s response at a particular bin to es-
ble mean-squared error in estimating the parametertimate the probability that PR, = ri]. Information
becomes proportionally smaller. In shorger dis- theorists term such histogram estimates of probabilities
tances mean smaller estimation errofhis relation-  types(Cover and Thomas, 1991, chap. 12):

ship not only reinforces the notion that our distance ) )

measures do indeed measure how distinct two classi- piR, —r,] = (#timesy occurs IN{Ryp. . ... Rw.o})-
fication categories are but also allows us to determine M

how well parametric information can be gleaned from
data. Information-theoretic distance measures asses
the limits of information processing.

§3y accumulating this multineuron PST histogram in
this way, we obtain the distribution of neural discharge
occurrence across the entire population within each bin.
This histogram generalizes the PST histogram used to
3. Digital Representation of Neural Responses analyze single-neuron responses (Johnson, 1996). In
the single-neuron case, the alphabet consis{s,df},
To develop a measure of the population’s response, weand only the probability of one letter need be calcu-
first convert the population’s discharge pattern into a lated. The PST histogram consists of a type at each
convenient representation for computational analysis bin that estimates the probability of a discharge (the
(Fig. 3B). Here, a neural population’s response dur- letter 1) occurring. The only other remaining value
ing the bth bin is summarized by a single number of the type—Pg, (R, = 0)—is found by subtracting
Ry that equals a binary coding for which neurons, if FSRb(Rb = 1) from one.
any, discharged during the bin. This procedure gener- Just as in the usual PST histogram, this multiunit
alizes the approach taken for the single-neuron case,PST histogram does not faithfully represent temporal
wherein the occurrence of a spike in a bin was rep- dependence that may be present in the ensemble
resented by a zero or a one. Note that this digi- response (Johnson and Swami, 1983). The multi-
tization process for a neural ensemble is reversible unit PST histogram essentially assumes responses oc-
(up to the temporal precision of the binwidth). The cur independently from bin to bin—what amounts to

sequenc® = {Ry, ..., Ry, ..., Rg} completely char- a Poisson assumption—because no record is kept of
acterizes the population response, and the entire dis-what preceded a particular population discharge pat-
charge pattern can be recreated fromlit. develop- tern in each bin when the type is calculated. This as-

ing techniques to analyze neural codinge need con-  sumption is more serious here than in the single-unit
sider only the statistical structure of this sequence case: while departures from Poisson behavior may not

When we present a stimulus periodically times, be significant in the single-unit case, a discharge in
we form the datasefR;, ..., Ry} from the compo- one neuron may well affect another’s discharge occur-
nent responses. Here, the response tonttie stim- ring several bins later. We want our analysis tech-
ulus isRm = {Rmn1,..., Rnp}. Because we repeat nigues to be sensitive to this possibility and go beyond

the same stimulus and take the usual precautions tothe PST histogram in providing insight into the neural
mitigate adaptation, the resulting response is cyclo- code. In the most general case, we should estimate
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Figure 3 A: Portrays how we estimate the Kullback-Leibler distance between single neuron responses to different stimuli. The response to
each stimulus repetition is time aligned as in PST histogram computation, and a table is formed from the spike occurrence times (denoted by
an x) quantized to the binwidtlh. For each bin, a 1 indicates that a spike occurred in a bihaa® indicates that a spike did not occur. We
accumulate the type for each bin, forming a histogram of spike occurrences and nonoccurrences separately for each bM fstimuhes
presentations (four are shown in the figure). A similar set of types is computed from the responses to a second stimulus. When we assume the
Markov orderD to be zero, we compute the Kullback-Leibler distance between corresponding bins and sum theBe<béiseralizes the
computations of panel A to the multineuron case. In the depicted ensemble of three neurons, the spike pattern at any bin could be one of eight
(2% = 8) possible patterns. Each possible pattern is represented by an integer between 0 and 7 in the table to the lower right. Types are formed
from these quantities, and distances are again computed separately between corresponding bins and suninedowkenllustrates how

first-order distance analysis is computed. For each neuron’s (or ensemble’s) responses, the response pattern for two bins at a time is represented
by an integer between 0 and 3 in the bottom table. Note that the first bin is special as no bin precedes it. This edge effect corresponds to the first

term in Eq. (3). We compute the zero-order distance for it and the first-order distances for the others and then sum the result to form the total
distance.

the joint probability of population response across all Markovian structure: the probability of a particular

bins: PrRy =1y, Ro =ry,, ..., Rg =ry,]. Because population response in a bin depends only on what re-
we have 2 possible letters in each bin afbins, we sponses occurred in the previdDdins. This assump-
need to estimate™? probabilities. Most of these will  tion means that we approximate the joint probability of

be zero—certain discharge patterns will not occur—but the neural response by
knowing this does not alleviate the overwhelming de-
mand achieving an accurate probability estimate places
on data collection. P(R) = P(Ry, ..., Rp) x
To approximatethe temporal dependence structure H P(Ry | Ro_1,..., Ro_D).
of the population response, we assume that it has a b=D+1
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The demands placed on data collection are greatly re-amount of data, the only way to extend the analysis
duced when we employ this approximation. Recent re- interval is to use a larger binwidth, which means that
sults in information theory (Wienberger et al., 1995) temporal precision is reduced.
prescribe how much data are needed dy bin-
based technique to analyze data to a given degree of
dependence: 4. Calculating Distance Between Responses

- log(L + 1) (8)

~ log@N +1)° Let R(A1) and R(0>) represent the responses of a
whereL is the amount of averaging used in analyz- neural population to two stimulus conditions param-
ing the data andN the number of neurons. For non- eterized byf4, 6,. What we want to measure is the
stationary responsds equals the number of stimulus  distance between theint probability distributions cor-
repetitionsM while for stationary (constant rate) re- responding to these responses. Using the Kullback-
sponses it equals the number of bins in the measuredLeibler distance as an example, we would want to find
response. This result makes the point that the amountD(P,, (R) || Ps,(R)). To manage this statistical com-
of data needed grows exponentially in the dependenceplexity, we must assume that the response in a given
order and in the number of neurons in the ensem- bin depends (in the statistical and practical senség)
ble: L >2P-N. Computational experiments indicate on the responses that occur in the immediately pre-
that this bound is not particularly tight, and we do not cedingD bins. Once thignalysis dependence ordier
analyze data to as high an order as the bound permits. chosen, the distance calculation generalizes Eq. (3):

D(Py,(R) | P, (R))
= D(Py(Ry, ..., Ro)|Ps(Ry, ..., Rp))

B
+ Y D(Py(Ro|Ro1,...» Ro0)|Py(Ro | Ro1, ..., Ro)). ©)

b=D-+1

As shown in Fig. 3C, temporal dependence is eas- The= relation means that this relation is true only
ily incorporated into type-based distance calculations. according to assumption, and the data’s actual depen-
For each bin, a joint type estimates the joint proba- dence structure may differ. D equals or exceeds the
bility that a given ensemble response pattern occurs memory present in the responses, this equation holds:
in it and the precedind bins. Extending our exam-  picking D too large does not hurt. The problem arises
ple, rather than just counting the number of tinks when D is chosen too small; in this case the two
assumes various values, we need to know the joint dis- sides of Eq. (9) are not equal. Mathematical analysis
tribution of (Ry_1, Ry) to assess first-order Markovian  suggests that Kullback-Leibler distances calculated us-
dependence. Because the PST histogram is equiva-ing a smaller-than-required dependence order could be
lent to zero-order analysis, employing joint types in smaller or larger than the actual value. Thus, to mea-
measuring response differences can reveal responsesure accurately the distance between two responses,
changesot revealed by the PST histogram, whether distances must be computed using increasingly larger
a single- or multiunit histogram. Temporal depen- values ofD until the calculated values stabilize (don't
dence in discharge probabilities can arise in a variety change with increasin®) or the upper limit of (8) is
of ways: among them are dependence on dischargereached. We decide when the distance reaches a con-
history (Johnson et al., 1986; Zacksenhouse et al., stant value by employing statistical tests; in the fol-
1992, 1993), nonexponential interval distributidns, lowing sections we describe the statistical properties
and syn-fire response patterns in ensembles (Abeles,of distances and how to estimate their confidence in-
1991; Riehle et al., 1997). The Markov dependence tervals. On the other hand, if we have insufficient data
D corresponds to a temporal analysis windbw s toreach a stabilizing value @f, we cannot say whether
long. The bound o determines the longest interval the computed value is a lower or an upper bound. Be-
over which interneuron and intraneuron response de- cause temporal dependence in discharge patterns usu-
pendencies can be included in the analysis. For a givenally spans some time interval, we need to choose a
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larger binwidth (at the sacrifice of temporal resolution) half of it approximates the Chernoff distance well:
to span this interval with the same number of bins to C(p1, p2) ® R(p1, p2)/2. In our Gaussian and Pois-
obtain accurate distance measurements. We addresson examples of Fig. 9, the Chernoff distances are

the binwidth selection problem in Section 5.3.
As succeeding examples will show, the Kullback-
Leibler distance’'s asymmetry property2¢p || q) #

0.03125 and M1796, respectively. The corresponding
J-divergences are.025 and 007192, and half the re-
sistor average values aréd3125 (exact equality) and

D(q || p)—is indeed real, with the distance between 0.01794. Thus, when we want to contrast two response
two responses depending on the order the responses appatterns, rather than computing the correct distance
pear in the formula. In some applications, a reference measure, the Chernoff distance, we compute the much
stimulus condition occurs naturally, and we want to simpler quantity, the resistor average, instead.
measure how responses differ from a reference; the One note onthese “distances.” None of the Kullback-
Kullback-Leibler distance can be used in such situa- Leibler, Chernoff, and resistor-average “distances”
tions (the second argument denotes the reference dis-can be distances in the mathematical sense. To qual-

tribution). Otherwise, the asymmetry becomes a nui-

ify, a proposed distancd(a, b) must be symmetric

sance, and we need a symmetric distance measure, likgd(a, b) = d(b, a)), be stricly positive unless the

the Chernoff distance defined in the appendix. Calcu-

two arguments to the distance are equibh(b) >0

lating the Chernoff distance can be so daunting that we for a # b, d(a,a) = 0), and obey the triangle in-
need to consider alternative symmetric distances. Oneequality @(a, b) <d(a, ¢) + d(c, b)). The Kullback-

possibility is known as th@-divergence, which equals
the average of the two Kullback-Leibler distances that
can be defined for two probability distributions:

D(pall p2) +D(p2 1l p1)

J(P1, P2) = 5

(10)
This distance is not as powerful as the Kullback-Leibler
or the Chernoff distances in that it onhoundsthe
average error probability of an optimal classifier:

. logPe
lim
M

M—o0

> —=J(p1, p2).

Leibler distance is not symmetric, and the Chernoff
and resistor-average distances don't satisfy the trian-
gle inequality. This mathematical issue does not affect
their utility in judging how different two responses are
in a meaningful way. All of these measures can be re-
lated to the performance of optimal signal processing
systems (see the discussion following Eq. (5) and the
appendix).

5. Statistical Properties

5.1. Estimation of Distance Measures

Calculations show that this bound can be quite generousThe most direct approach to estimating distance mea-

(not very tight). Though it may be easy to find (it's the
sum of easily calculated Kullback-Leibler distances),
but we can only approximately relate it to classification
error rates: thel-divergence is overly optimistic.

A more accurate approximation is the so-called
resistor averagef the two Kullback-Leibler distances:

D(p1ll p2)D(P2 | p1)
D(p1 |l p2) + D(p2 | P

R(p1, P2) = (11)

The origin of the name “resistor average” arises be-
cause a simple rewriting of this definition yields a for-
mula that resembles the parallel resistor formula:

N S
R(p, P2)  D(pilip)  D(p2llpy)

This quantity is not arbitrary. Rather it is derived
in a way analogous to the Chernoff distance, and

sures is to use types in their definitions:

ﬁ(P91(R) ” P92(R)) = 'D(I:A)@l(R) “ |592(R))
R(Ps(R), P, (R)) = R(Py,(R), Py,(R)).

Here, the Kullback-Leibler distances are computed
assuming some Markov order as described by equa-
tion (Efron and Tibshirani, 1993).

However, this direct approach does have problems.
When the type for the reference distribution has a zero-
valued probability estimate for some letter at which
the other type is nonzero, we obtain an infinite an-
swer, which may not be accurate (the true reference
distribution has a nonzero probability for the offending
letter). To alleviate this problem, the so-callgdT
estimate (Krichevsky and Trofimov, 1981) is em-
ployed. Each type is modified by adding one-half to
the histogram estimataeforeit is normalized to yield



56 Johnson et al.

atype. Thus, for th&th letter, the K-T estimate at bin
bis
(#timesr, occursin{Ryp, . . .,

Rw.o}) + 3
= .
M+ 5

PRT (1) =

Now, no letter will be assigned a zero estimate of its
probability of occurrenceand the estimate remains
asymptotically unbiased with increasing number of ob-
servations. When applied to joint types, we agd fo

nigues that attempt to provide auxiliary information—
variance, bias, and confidence intervals—about a sta-
tistical estimate. Another method in this family is the
so-called jackknife method, and it has been used for
removal of bias in entropy calculations (Fagan, 1978).
The book by Efron and Tibshirani (1993) provides ex-
cellent descriptions of the bootstrap procedure and its
theoretical properties.

In a general setting, I&® = {Ry, ..., Ry} denote a
dataset from which we estimate the quaniitir). Our

each bin and normalize according to the total number of quantities of interest here are the Kullback-Leibler and

letters in the joint type. For first-order Markovian de-

pendence analysis, we need the joint type defined overquence of bootstrap datas@®s = = (R},
two successive bins, and we apply the K-T procedure j = 1, .

according to

(# times(ry,, r,) occurs in{(Ryp-1, Rup), ...,

resistor-average distance measures. We create a se-
SRy

, Mg. Each bootstrap dataset has the same
number of elements as the original and is created by

(Rw.o-1. Rmp)}) + 3

lf)RKbtl Ry (rkl’ rkz) =

K2
M+ %

This estimation procedure is not arbitrary: it is based selecting elements from the original randomly and with

on theoretical considerations of wreapriori distribu-

replacement. Thus, elements in the original dataset

tion for the probabilities estimated by a type sways the may or may not appear in a given bootstrap dataset,

estimate the least.

5.2. Bootstrap Removal of Bias

and each can appear more than once. For example,
suppose we had a dataset having four data elements
{R1, Ry, Rs, Ry}; a possible bootstrap dataset might
beR* = {Ry, Rs, Ry, Ri}. The parameter estimated

All distance measures presented here have the propertyfrom the mth bootstrap dataset is denoted &y =

thatthey can only attain nonnegative values. Any quan- 6(R). From theMg bootstrap datasets, we estimate
tity having this property cannot be estimated without the guantity of interest, obtaining the collection of es-
bias. For example, if the true distributions are iden- timates{6;, ..., 63 }. The suggested number of boot-
tical, distance measures are zero, but types calculatedstrap datasets and estimates is a few hundred (Efron
from two datasets drawn from the same distribution and Tibshirani, 1993).
are unlikely to themselves be equal, and the result- The bootstrap estimates cannot be used improve the
ing distance estimate will be positively biased. While precision of the original estimate, but they can provide
the estimates are asymptotically unbiased, experienceestimates of(R)’s auxiliary statistics, such as vari-
shows that the bias is significant even for large datasetsance, bias, and confidence intervals. Tdumtstrap
and can lead to analysis difficulties. Analytic expres- estimate of biag found by averaging the bootstrap es-
sions for the bias of a related quantity—entropy—are timates and subtracting from this average the original
known (Carlton, 1969), and they indicate that bias ex- estimate: bias= — Zm 05 — 6(R). The bootstrap-
pressions will depend on the underlying distribution in  gebiased est|mate is, therefore,(R) — 1 Zm 0.
complicated ways. Calculation of bootstrap-debiased dlstances can re-
Fortunately, recent work in statistics provides away sult in negative distances when the actual distance is
of estimating the bias and removing it froamy esti- small.
mator without requiring additional data. The essence  Confidence intervals of levglcan be estimated from
of this procedure, known as theotstrapis to employ  the bootstrap estimates by sorting them and determin-
computation as a substitute for a larger dataset. Theing which values correspond to ti#g2 and 1— /2

bootstrap procedure is one of sevemslamplingech-  quantiles. Let6y,. . ... 6.} denote the sorted (from
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smallest to largest) estimates. A raw confidence inter- Assuming for the moment that the data are statistically
val estimate corresponds @y, _sms 2)) O1sms/27))- independent from bin to bin (Markov ord& = 0),
Thus, for the 90% confidence interval= 0.9, and the the computation of the Kullback-Leibler distance be-
raw confidence interval corresponds to the 5th and 95th tween two responses equals the sum of the distances
percentiles. Because we want confidence intervals onbetween the responses occurring within a bin. This
the bootstrapdebiased estimate rather than the original,distance will be proportional to binwidth if the bins
we reverse the interval and center it around the debiasedare small enough. However, when we add them up to
estimate: [2(R) — 61 ug,21)> 20 (R) =0 mg—pms/2p])- form the total interresponse distance, the value we get

will not depend on the binwidth. For this reason, we
prefer plotting accumulated distance (as expressed in
Egs. (2) and (9) in the independent and Markov cases,
respectively) across the response.

5.3. Dependence on Binwidth

Ideally, the calculation of distance measures between
two responses would not depend on the binwidth
used in the digitization process. However, discharge 54. Example

probability at any specific time varies as binwidth

varies. Since distances measure how different two prob- Figure 4 illustrates a simple application of this proce-

ablllty distributions are, we eXpeCt that distance calcu- dure for simulated (Poisson) Sing|e_neuron dischargesl
lations could depend on binwidth. To analyze this sit- The two ways of computing the Kullback-Leibler dis-
uation, let's assume a single neuron population, with tance from the simulated responses differ substan-
the probability of an event equaling some rate times tjally. We find that this difference is statistically sig-
the binwidth: PrR, = 1] = AA and PrR, =0] = nificant and occurs frequently in simulations and in
1—AA. The Kullback-Leibler distance between two actual recordings. Because we have no clear refer-
such random variables (having ratgsanda.,) is given ence stimulus in this example, we use the Chernoff
by distance or its resistor-average approximation to com-
1A pare two responses. The resistor average depicted
Al in the top right panel consists of a series of straight
1-nA lines, which correspond to time segments of constant
rate differences between the responses. The greater
slopes correspond to greater rate differences. Note that
when the rates are equal, the distances do not change,
indicating no response difference. The middle plot
shows that the bias in the initial estimate of the resis-
A2 tor average is quite large. We have found the bootstrap
D2l 1) ~ ()‘2 log v A= )‘2> A. bias compensation procedure described in Section 5.2
to be necessary for obtaining accurate distance esti-
All the other distances are also proportional to bin- mates. To employ bootstrapinthe cyclostationary case,
width whenAA « 1. Once the binwidth is chosen we consider our dataset to consist of the responses
small enough, we have found the temporal resolution to individual stimulus presentations for a given pa-
necessary to maximally distinguish the two responses. rameter setting:{R1(0), ..., Ry (6)}, and our boot-
Distance calculations can also be deliberately made strap datasets contaM responses selected randomly
with larger binwidths to assess the role temporal reso- from this original. We independently perform the boot-

A2 A
D02 | A1) = A2Alog 222 + (1— 12A) log
MA

The first term is clearly proportional to binwidth;
if we assume that the discharge probability is small
(LA « 1), then the total expression is proportional to
the binwidth:

lution has on distinguishing two responses. strap on each response resulting from each stimulus
When we accumulate the distance across bins thatcondition, compute types from each bootstrap sam-
span a given time interval having duratidn as sug- ple, and calculate the distance between these sam-

gested in property 3 and Eqg. (9), the number of bins ples. As illustrated in Fig. 4, the bootstrap substan-
equalsT/A. If the discharge rates are such that dis- tially removes the inherent positive bias. We also see
charge probabilities are small, the accumulatwar a that half the resistor-average distance quite closely ap-
given time intervatancels the binwidth dependence, proximates the actual Chernoff distance between the
which leaves the accumulated distance independent ofresponses. Examining the bottom right panel of Fig. 4
the binwidth. Let’s be more concrete about this point. shows that the actual Chernoff distance would lie well
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Figure 4  Single-neuron responses were simulated based on a Poisson discharge model. The first response had a constant rate, and the second
response was a staircase; these constitute an example chosen to illustrate type-based analysis. These two responses equaled each other during the
initial and final 10 bins. The discharge probabilities controlled the occurrenbk-6200 simulated responses. The resulting PST histograms

are shown, with the actual discharge probability shown by dashed lines and the dotted vertical lines indicating when rate changes occurred.
The right column displays the various information-theoretic distance measures calculated from these responses. The top panel shows the
accumulated Kullback-Leibler distances estimated with the K-T modification using each response as the reference (dashed lines), along with

the resistor-average of these two shown (solid line). All of these were debiased using the bootstrap. In the middle panel, the resistor-average
(scaled by two) before (dot-dashed) and after (solid) applying the bootstrap is compared with the theoretical Chernoff distance (dashed). The
bottom panel again shows the debiased resistor-average (again scaled by two) along with the 90% confidence limits (dotted) estimated via the
bootstrap. In all cases, 200 bootstrap samples were used.

within the 90% confidence interval. Hence, we use precisely. Asymptotic error probability changes with
the computationally simpler resistor-average distance time roughly according to2®, whered (t) is the ac-
measure. Note how the confidence interval widens as cumulated distance, whether the Kullback-Leibler or
we progress across the response. This effect occursChernoff distance, antlis poststimulus time. Thus,
naturally because we are adding more and more sta-each unit (one bit) increase in distance corresponds to
tistical quantities as we accumulate the total distance. a factor of two smaller error probability. The accumu-
These intervals would be substantially smaller if we lation of distance with time is not an arbitrary choice.
considered accumulated distances over portions of theThis procedure corresponds to the Kullback-Leibler
response. distance’s property 3, which states that the distance
To interpret this distance calculation, we refer to between the joint probability distributions characteriz-
modern classification theory reviewed in the appendix. ing a response over a given number of bins equals the
Because Chernoff distance is related through Eq. (A3) sum of the component distances.
to the classification error rate, it reveals how easily  As the two responses are identical over the first
the two responses can be distinguished: the bigger thel0 bins, no distance is accumulated. As the rates differ
distance, the smaller the probability of an error in dis- more in each 20-bin section, we see that the distance
tinguishing the two. Note that this error probability is accumulated in each section increases. In this exam-
known only up to a constant: we cannot compute it ple, the accumulated (approximate) Chernoff distance
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increases from the beginning to the end of each section sponds to increasing some stimulus parameter by equal
are 0.1, 0.3, 0.55, and 0.95 bits. These quantities wereamounts. The smallest increment yielded a difference
calculated by subtracting the accumulated distance atof 0.1 bits over a 20-bin interval. Using the perturba-
section beginning from its value at the end. Finally, the tional results of Eq. (5), we find that the Fisher infor-
responses have identical rates during the last 10 bins,mation equals @ x 81n2/(80)? = 0.555/(56)2. This
and we see distance does not increase further. Whencalculation means that this parameter is encoded by a
we analyze responses, we concentrate on those portionsate code in such a way that the mean-squared estima-
of the response that contribute most to accumulated tion error incurred in determining the parameter from
distance since they provide the most effective coding this response must be at le&s)2/0.555= 1.8(56)?,
(in terms of classification errors). In our simple ex- where we need to know how the amount of perturba-
ample, the response during bins 70 to 90 contributes tion to produce a numeric value. Nf statistically inde-
most because the rate difference is greater there. Aspendent neurons represented the stimulus the same
we consider more complicated examples of coding, it way, the mean-squared error would decrease inversely
becomes increasingly important that we can use type- with N.
based analysis to determine important sections of the Figure 5 portrays how choice of analysis order
responseavithoutassuming the nature of the code. can affect distance calculations. Recall that explor-
To relate these distance calculations to estimation ing nonzero analysis orders amounts to seeking re-
error, let's assume that the staircase response corresponse differencamtconveyed by the PST histogram.
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Figure 5 The upper panels show the PST histograms of a simulated lateral superior olive neuron’s response to two choices of stimulus
level (binwidth equals 0.5 ms). The simulations modeled the neuron’s biophysics (Zacksenhouse et al., 1998). The bottom panels show the
resistor-average distance between these two responses; the computations were performed under several conditions. The first of these shows the
resistor-average distance (divided by two) between these responses compilited B2, 4 bins (corresponding to 0, 1, and 2 ms of temporal
dependence, respectively). The dotted lines straddlindtke 4 curve portray the 90% confidence interval. The curve superimposed on the

PST histograms is thB = 4 curve. Finally, the bottom plot displays the resistor-average distance (divided by two) between the responses for

two choices of binwidth, but with the dependence paramitehosen so that the assumed temporal dependence for each spans the same time
interval. The 90% confidence interval for the= 0.5 ms is displayed with dotted lines.
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During the first few milliseconds, no significant re- or not. Note that during the latter portion of the re-
sponse differences are evident. After about 5 ms, sig- sponse the distance measures increase roughly linearly.
nificant differences occur, with the various choices of This effect usually indicates a difference in sustained
analysis orders yielding about the same result. Theserates, which can be discerned from the PST histograms.
distances then depart at about 7 ms, with Ehe-4 Furthermore, about half the total distance accumulated
curve being significantly larger. This result indicates over 25 ms (4.65 bits) is garnered in the first 10 ms. We
significant temporal dependence in the responses asconclude thatthe initial transient of the response allows
it differs greatly from theD =0 curve, which al- equal discriminability in the first 10 ms (actually 7 ms
ways corresponds to assuming the data are statisticallyas there is abdwa 3 mslatency) as does the response
independent from bin to bin. The value of depen- obtained duringthe last13 ms. Thus, the initial portion
dence parametdD is one of the few assumptions our of the response conveys as much as the stimulus does
information-theoretic approach must make. Ideally, all during the latter portion in less time.

values that can be computed based on the amount of Binwidth effects are also demonstrated in Fig. 5.
available data (Eqg. (8)) should be explored. B3n- From the example shown there, we conclude that the
creases, the distance calculations will eventually not larger binwidth of 0.5 ms would suffice as joint types
change, and the best value for the dependence parameomputed over the same time span but with differ-
eter is the smallest of these. In the example portrayed ent binwidths yield nearly the same results. The time
in Fig. 5, the resistor-average distance kept increas- epochs over which the distance calculations disagree
ing, leaving us no choice but to use the largest possible most occurs during the high-probability-of-discharge
value. What the actual distance might be, even whether segments of both responses, a result consistent with
it is larger or smaller than thB = 4 result, cannot be  the analysis of Section 5.3.

determined without more data. Using tBe= 4 re-
sult, the distance between the responses increases mo
sharply during the second portion of the transient re-
sponse.

If one sacrifices temporal resolution by using larger
bins, the distance computation can span longer time in-
tervals. The bottom panel of Fig. 5 shows two distance
calculations that span the same amount of temporal de-
pendence, one using twice the binwidth of the otherand
half the dependence order. The restrictions placed on
the dependence parameter by (8) apply to the Markov
order, not to the amount of time spanned by a dis-
charge pattern’s dependence structure. Thus, we could6.1. Assessing Neural Codes
analyze the data with the same maximal dependence or-
der allowed by the bound, but over longer dependence The simplest application of distance analysis is assess-
time intervals by manipulating the binwidth. It should ing which part of the response changes significantly
be reemphasized that the restrictions of (8) apply to as with stimulus changes. Perhaps the most powerful
any data analysis technique and the idea of choosing aspect of type-based analysis is that it makea pa-
different binwidths applies to other methods as well.  ori assumption about the nature of neural encoding. It

This way of displaying distance—accumulated as and other techniques that make agriori assump-
poststimulus time increases—also illustrates our gen- tions about the neural code are limited to Markov de-
eral finding that the distance measures smooth the re-pendence orders that (8) allows. Calculating response
sponse variations found in PST histograms. Although distance quantifies how well the code expresses stim-
the displayed responses came from simulations, ac-ulus changes regardless of its form, whether a timing
tual recordings also demonstrate rapid rate oscillations code, a rate code, or some combination of these. “Sig-
found during the first 10 ms. One of our analysis tech- nificant change” has two meanings here. The first is
nigue’s most powerful features is that it can assess re- whether the distance measure is significantly differ-
sponse differences without regard to whether responseent from zero during some portion of the response.
rates and/or interspike dependencies are time varyingInferring this statistical significance is the role for

Sé. Applications

We have shown how information-theoretic distances
can assess how two responses differ in a meaning-
ful way: using them, we can infer the performance
limits of information processing systems. We can also
probe interdependencies in population responses. We
describe this and other application of our approach for
understanding the neural code.
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confidence intervals, which we compute using the boot- Both a stimulus-induced rate response and a transneu-
strap. The second type of significance is which portion ral correlation can be detected, and the relative con-
of the response contributes most to accumulated dis- tribution of each response component to sensory dis-
tance. We judge this by computing how much distance crimination quantified. Clearly, the initial portion of
changes over a given time interval. One consequencethe response produced the greatest distance change.
of making this kind of calculation is that we cali During the next 10 bins, when the latter portion of neu-
rectly evaluate one response component’s importance ron #1's oscillatory response and the rate responses
relative to another’s. For well-defined portions of the of the other two are present, about 0.5 bits of dis-
response, like the initial transient and later sustained re- tance were gained. This increase means that the prob-
sponse that typifies auditory neuron responses to toneability of not being able to discriminate between the
bursts, we can directly compare how different portions two stimulus conditions decreased by a factor of about
are. Furthermore, the cumulative distance reveals how 2°% = 1.4. A much larger change (1.4 bits) occurred
long it takes to yield a certain level of discrimination. during the first 10 bins. Consequently, the first por-
We canthen begin to answer questions such as how longtion of the response contributes much more to stimulus
it takes to determine from the population’s response a discrimination than the second. The third portion of
just noticeable stimulus change. the response contains only constant discharge rates.
An example of this analysis for the single neuron The distance accumulated during this time (bins 20
case is displayed in Fig. 5. Figure 6 illustrates applying to 29) roughly equals the distance accumulated dur-
this approach to a simple population of three neurons. ing the previous 10 bins, when neuron #1's response
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Figure 6 We simulated a three-neuron ensemble responding to two stimulus conditions. The left portion of the display shows PST histograms

of each neuron. As far as can be discerned from these histograms, the first stimulus yielded a constant-rate response in each simulated neuron.
The second stimulus produced different responses in each neuron. The first had an oscillatory response lasting 20 bins, the second a transient
rate increase for 10 bins, and the third a rate change. The dashed vertical lines in the PST histograms indicate the boundaries of these various
response portions. During the first stimulus, and until the last 10 bins of the second stimulus, the neurons produced discharges statistically

independent of the others. In the last 10 bins, the first and third neurons’ discharges became correlated (cedifié)enthroughout all
responses, the responses were produced by a first-order Markov model having a correlation coeffi€idntTie right panel shows the result

of computing the resistor-average distance between the two responses. The solid line shows half the resistor-average distance, with its 90%

confidence interval shown with a dotted line. Dashed vertical lines correspond to stimulus 2 response components.
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contained an oscillatory component. This equality of would have been produced by the ensemble if it
accumulated distance means that the oscillatory re- had statistically independent members (spatial depen-
sponse and the constant-rate response are equally efdence) and/or had no temporal dependence. Referring
fective in representing the stimulus difference. Inter- to Fig. 3 for an example, the probability of each neu-
estingly, the introduction of spatial correlation (found ron discharging in each bin can be calculated from the
in the last 10 bins) increased only slightly the accumu- joint probability of various response patterns occurring
lated distance beyond what the rate response by itselfin a bin. For example, Pr[discharge in neuron #1]
would have. Pr[R, = 4] + Pr[R, = 5] + Pr[R, = 6] + Pr[R, = 7]
because the leading bit of the binary representa-
tions of these symbols, which corresponds to neu-
6.2. Uncovering Neural Codes ron #1, equals 1: 4100, 5=101,, etc. From
these component probabilities, we estimate the
The calculation of distances between responses quan-{robability of all possible ensemble response pat-
tifies neural coding without revealing what the code terns by multiplying according to the ensemble re-
is. Distance calculations can offer some insights as sponse the probabilities of each neuron discharging
well into what aspects of the response contribute to or not (Pr[R, = 3]= Pr[no discharge in neuron #1]
the code. For example, we can determine the pres- Pr[discharge in neuron #XRr[discharge in neuron #3]
ence of correlation in an ensemble’s response, be it because 3= 011,). By calculating the distance be-
stimulus- or connectivity-induced. In the former case, tween these two types, we can infer when correlated
spike trains can be correlated merely because neu-responses are present; Fig. 7 illustrates an example.
rons are responding to the same stimulus. In the lat- The presence of interneuron correlation in the fourth
ter, the neurons receive common inputs or are in- response segment shown in Fig. 6 is not discernable
terconnected. We compute the type of the measuredwhen compared to the distance accumulated in the third
ensemble response and derive from it the type that segment, when only rate differences are present. One
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Figure 7. The resistor average (divided by two) between the type computed from response and the type computed derived from it that forces a
spatially independent ensemble response structure is shown for the two stimulus conditions used in Fig. 6. The dashed line shows the result for
the first response (histograms shown in the left column of Fig. 6), the solid line for the second (center column). As was simulated, the responses
to stimulus 1 demonstrated no transneural correlation. The second stimulus did induce a correlation in the latter portion of the response, and
the distance clearly indicates the presence of such correlation. The 90% confidence interval for the second response is indicated by the dotted

lines. Note that the confidence interval’s lower edge was less than zero for the first 30 bins.
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might infer from the analysis shown in Fig. 7 that the distance measure changes to the Fisher information
amount accumulated in the fourth segment should ex- matrix.
ceed that of the third by about®bit. The fact that In our approach, we measure responses recorded
this difference does not occur when analyzing the data in response to a reference stimulus parameterized
demonstrates a subtlety in using distance measureshby 6, and a family of responses parameterized by
The distance between responses does represent hovdy + §0, with §6 a perturbation. We compute types
easily an optimal classifier can distinguish them, but from ensemble responses to both stimuli and quantify
the various factors that contribute to this distance are the “distance” between them. We use the Kullback-
notnecessarily additive. Just because correlation anal- Leibler distance in this application since we have a
ysis reveals (& bit of difference does not mean thatin- natural choice for a reference response. Figure 8
terneuron correlation increases the distance contributedshows the surfaces generated by perturbing two stim-
by average-rate differences by the same amount. ulus parameters—sound amplitude and azimuthal lo-
In this analysis, we can use the Kullback-Leibler cation of the sound—about a reference stimulus. Our
distance directly. It equals the mutual information be- responses, obtained from accurate biophysical simula-
tween the component discharge patterns of the popula-tions of binaurally sensitive lateral superior olive (LSO)
tion (property 5). Zero mutual information corresponds neurons (Zacksenhouse et al., 1998), indicate that dur-
to statistically independent responses and it increasesing different portions of the response, the two stimulus
as the discharge patterns become more interdependentfeatures are coded with differing fidelity. We measure
When applying this analysis to populations of three or fidelity as the ability (standard deviation of error) of
more neurons, we are extending the definition of mu- an optimal system to estimate the stimulus parameters
tual information (property 5) ttN random variablesin  from the response. Early on, the transient response en-

a novel way: codes both stimulus features well. Twenty milliseconds
later, the fidelity of angle encoding remains about the

I (Xg5...;XN) = D(PX) || pX2) p(X2) - - - P(XN)). same, although the form of the response has changed
from a transient to a gradual rate change. During this

Here, p(x) denotes the joint distribution of the ran- period, the amplitude encoding has greatly worsened,

domvariables. We note that from an information trans- with the standard deviation increasing by over a factor
fer viewpoint, statistically independent responses do offive. During the constant-rate portion of the response
not always correspond to the best situation (Gruner and starting 20 ms later, the amplitude estimate has wors-

Johnson, 1998). ened more with the angle estimate’s quality remaining
about the same.
6.3. Uncovering Feature Extraction What these results indicate is that this LSO neu-

ron is processing its inputs (which greatly resemble
As part of developing these new techniques, we re- the primary neural outputs of the two ears) in such a
examined how the signal processing function of any way that stimulus amplitude and angle are encoded in
system should be assessed. Consider a nonlinearjts response. In short, the neuron’s discharge pattern
adaptive system—a neural ensemble—that accepts in-multiplexes stimulus information. The fidelity of this
puts and produces outputs (as shown in Fig. 1), about representation changes rapidly with time after stimulus
which we have only general insight into the system’s onset, with the azimuth being the primary stimulus at-
function (for example, it processes acoustic informa- tribute encoded in the response. Thus, the information
tion). Assume that the inputs depend on a collection of coding provided by this neuron’s discharges is multi-
stimulus parameters represented by the vegit@uri- dimensional and time varying. The initial portion of
ously, knowing the system’s input-output relation may the response could be used along with other neural re-
not be helpful in understanding its signal processing sponses in the auditory pathway to estimate stimulus
function: nonlinear systems are just too complicated. amplitude, but later portions are less useful. Because
Our approach examines response sensitivity to stimu- azimuth is consistently represented by these neural dis-
lus changes and derives from it the ability of an opti- charges, we conclude the primary, but not only, role for
mal signal processing system to estimate the stimulus the lateral superior olive, is sound localization. How-
parameters. The key idea underlying this approach ever, downstream neural structures could use the ampli-
is the perturbational result of Eq. (5), which relates tude information conveyed by these responses. Parallel



64  Johnson et al.

a 1 1 1

<} a b ‘ c
o

0 0.5 0.5 | 0.5

X

[=%

“ 0 0 0

0 Time (ms) 100 0 100 0 100

KL Distance

Amplitude (dB) 4 14 Angle (deg) 4 14 4 14

40
g

o
B,
@
§20
o
£
<

0

20 30 40
= Angle (deg)
320 T T T 20‘@
m / =l
ElMy g 1107
EO | | 0 DE
¥ 0 10 20

Start Time (ms)

Figure 8 We simulated (Zacksenhouse et al., 1998) the response of a single lateral superior olive neuron (Tsuchitani, 1988a; 1988b) to
high-frequency tone bursts presented at various amplitudes and azimuthal locations. The top row (panels A—C) shows the PST histogram of the
simulated response at the reference condition (20 dB, 3the light areas in each indicate the 40 ms portion of the response subjected to type-
based analysis. The next row (panels D—F) shows three-dimensional surfaces of the corresponding values of Kullback-Leibler distance between
the reference response and the responses resulting from varying stimulus amplitude and angle. From these surfaces, we fit a two-dimensional
third-order polynomial and used its parabolic terms to estimate the elements of the Fisher information matrix according to Eqg. (5). The inverse
of this matrix provides lower bounds on estimates of angle and amplitude derived from the analyzed portion of the response. Panels G-I show
sensitivity ellipses that trace one standard deviation that an optimal system would yield if it estimated amplitude and angle simultaneously. The
horizontal and vertical extents of these ellipses correspond to the standard deviations of angle and amplitude estimates, respectively, and these
determined the rectangles shown in each panel. Panel G’s rectangle is repeated in the other panels for comparison. The bottom panel shows how
these standard deviations changed during the response. The circles indicate the standard deviation of the amplitude estimate (left vertical scale)
and the asterisks the standard deviation of the angle estimate (right scale).

neural systems present in the auditory pathway clearly calculations can be used to measure and assess the
represent amplitude more effectively; presumably they neural code. In all of these, the basic procedure is as
have greater impact on amplitude processing. follows:

1. Given sets of individual or simultaneous recordings,

7. Conclusions and Discussion the analysis of the population’s response begins with
the digitization process described in Section 3. The
The goal of information-theoretic distance analy- important consequence of this procedure is that sin-

sis is to compute the distance between responses. gle and multiunit recordings have a common data
We explored several ideas on how these distance representation.
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2. Compute the joint type of user-specified order few assumptions as possible; the type-based analysis
employing the K-T modification if the Kullback-  described here fulfills that criterion.

Leibler distance is needed: A second powerful aspect of our approach is its
. ability to cope with ensemble responses. As shown in
Pr,.. R 505 ---,ID) Fig. 3, the analysis technique can conceptually be ap-

(#timesR, =T, ..., Ry.p = p) + & plied to any sized population. The information bound
= M —’}-ZDiN*l 2 (Eq. (8)) suggests that the amount of data required for a

given level of analysis growexponentiallyn the num-

3. Compute the Kullback-Leibler distance or resistor- ber of neurons andinthe Markov parameerin prac-
average approxima’[ion to the Chernoff distance tical terms, our teChnique can be used Only for small
using the Markov decomposition expressed in Populations. However, since the bound applies to any
Eq. (9). The conditional distribution needed in this bin-based technique, without additional assumptions
Computation is found from the joint type by a for- about the neural code, all such techniques are simi-
mula that mimics the definition of conditional prob- 1arly data-limited. Whether a similar limitation applies

abilities: to other techniques, such as those based on interspike
intervals, is not known.
|5Rb|Rb,1A,...,b—D(ro |T1,...TD) For judging coding quality, we prefer the Chernoff
A distance. Because of its computational complexity, we
= Pf*b """ Roo(lo.M, -, fp) use the resistor-average distance to approximate it. The
2 PRoRy 1 R (M1, TD) Kullback-Leibler distance, despite its theoretical im-

o i ) portance, is difficult to use empirically because it is
4. Use the bootstrap debiasing and confidence interval asymmetric with respect to the two component re-
procedure onthe distance thus calculated. Whenan-gnonses. We used it in the stimulus perturbation analy-
alyzing cyclostationary responses, we consider the g5 hecause a natural reference response emerges, and
responsesto individual stimulus presentations asthe i is the simplest computationally to estimate.
fundamental “data quantum.” Our bootstrap sam-  The procedures we have described here can assess
ples are drawn from this collection M datasets. neural coding, but they do not directly reveal what the
5. Our examples.plot the cumulative (_:ieblased d|stan_ce code is. We showed one approach to assessing transneu-
as each term is accumulated (using an expression | correlation in Fig. 7. In general, coding mechanisms
similar to that of Eq. (9))- can be inferred from the component types; precisely
] ] o how we have not yet determined. Be that as it may,
We have presented information-theoretic distance the information-theoretic procedures developed here
measures that can be used to quantify neural coding sffer flexible but computationally intense analysis tech-

and described techniques that exploit them. These dis'niques that can meaningfully quantify the nature of
tances depend on the probabilistic descriptions of the g ral coding within populations.

neural discharges, about which we want to assume as

little as possible. The theory of types suggests that em-

pirical estimates of these distributions can be used to Appendix: Classification Theory

accurately compute these distance measures, with the

sole modeling assumption being the Markov depen- Classification theory concerns how observations can be
dence parameter. Given sufficient data, this parameteroptimally classified into predefined categories. Stat-
can also be determined solely by the data’s statistical ing the problem formally in the paper’s context of
structure. If this statistical structure spans a long time neural signal analysis, a set of measured responses
interval, our technique and any other will not fully re- {Rg4, ..., Rn} is to be classified as belonging to one
veal the neural code unless temporal resolution is com- of J categories. Here, the paramekérrepresents the
promised or more data are acquired. The examples wenumber of stimulus presentations, and e&ghrep-

have presented here, particularly the feature extractionresents the population response to each presentation.
one, demonstrate that neural information coding can be Each category is defined according to a known proba-
quite complex, being both time varying and expressed bilistic description (which may have unknown param-
by both discharge timing and rate. Thus, any technique eters or other controlled uncertainties). The most fre-
for assessing information-coding fidelity must make as quently studied variant of the classification problem is
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the binary classification problem: which of two cat- No general formulae for any error probabilities are
egoriesCy, C, best match the observations. Given known for any optimal classifiers except in special
the probabilistic descriptions of the categories, the op- cases, such as the classic Gaussian problem. We can
timal rule for classifying observations, the likelihood answerthe question “How does performance change as
ratio test, is well known (Hogg and Craig, 1995). What the amount of data becomes large?” When the observa-
is very difficult to calculate is how well this optimal tions are statistically independent and identically dis-
rule works. Developing approximations for calculat- tributed under both categoriegg, ({R1, ..., Ru}) =

ing performance leads to important notions that directly [], pc,(Rm), results generically known as Stein’s
apply to the neural response analysis problem. Classi-Lemma (Cover and Thomas, sec. 12.8, 12.9) state
fier performance is usually expressed in terms of error that error probabilities decay exponentially in the
probabilities. Terminology for the error probabilities amount of data available, with the so-callegpo-
originated in radar engineering, whee meant that nential rate being an information-theoretic distance

no target was present aj that one was. Théalse- measure:

alarm probability B, = Pr[sayC, | C4] is the proba-

bility that the classification rule annound@swhen the . logPra _

data actually were produced accordingo(the clas- Moo ==D(p:(R) Il pe,(R))
sifierincorrectly declared a target was present), and the for fixed Pniss  (12a)
miss probabilityis Pyiss= Pr[sayC; | C;] (the classi- . log Pniss

fier incorrectly announced that no target was present M@OO =-D (pcl(R) I pCz(R))

when one was). Thaverage error probability P for fixed P, (12b)
is the average of these individual error probabilities: _logPe.

Pe = 711 Pa + 72Pmiss Wherern,, 7, are thea priori lim =—C(pc,(R), pc,(R)). (12c)

M— o0

probabilities that data conform to the categories. Note

that in the two-category problem = 1 — . D(- || -) is known as th&ullback-Leibler distancée-
The likelihood ratio test results when we seek the een two probability distributions. It applies to both

_classifier that minimizes either the average probabil- probability densitiep, g or probability mass functions
ity of error or the false-alarm probability (Johnsonand p Q:

Dudgeon, 19935.Picking which error probability to

minimize would seem not to matter (the same classi- p(R)

fier results) if it were not for the fact that the optimized D(pllag) = f p(R) log——— dR (13)
error probabilities usually differ, easily by orders of a(R)

magnitude in many cases. Furthermore, in many situa-
tions the optimal classifier’s false-alarm probability can
differ significantly from its miss probability. Because
error pro_babilitie§ provide th_e portal t_hrough yvhich we ¢(p,q)= — min Iog/[p(R)]l‘“[q(R)]“ dR (14)
develop information-theoretic analysis techniques, ap- O=u=1

preciating which error probability best suits a given o o
experimental paradigm leads to better interpretation of NOte these definitions apply to both univariate and mul-
measured distances. In neuroscience applications, Wetlvarlafte d|s'Fr|but|ons. When the observations are not
want to present two different stimulus conditions and to Statistically independent, all these results apply to the
guantify how easily these stimuli can be distinguished multivariate distribution of the observations (Johnson
based on the responses of some neural population.@nd Orsak, 1993). For example,

Average error probability summarizes how well an op-

timal classifier can distinguish data that could arise Nll'ﬂlo
from either of two stimulus conditions. False-alarm

(or miss) probability better summarizes performance = — lim D (Pe; (R, - Rub) | Po, Ry, ... Ru})
when one of our stimuli can be considered a refer- Mo M

ence, and we want to know how well an optimal clas-

sifier can distinguish some neural response from a Stein’s Lemma (Al) is not stated directly in term
nominal. of error probabilities because of subtle, but important,

C(-, -) is theChernoff distancedefined as

log Pra

for fixed Priss.



Information-Theoretic Analysis of Neural Coding 67

technical details. Focusing on the false-alarm proba- use asymptotic formulas to compute error probabilities,
bility, Stein’s Lemma for the case of independent ob- but we do know that error probabilities ultimately de-

servations can be stated more directly as cay exponentially foanyclassification problem solved
with the optimal classifier, and we know the rate of
Pa — f(M)2-MPPa®IPeR)  for fixed Priss this decay. We can also say that if further observa-

tions increase any of these distances by one unit (a
with limy_[log f(M)]/M =0. The term f(.) bit), the corresponding error probability decreases by
changes more slowly in comparison to the exponen- a factor of two. Furthermore, having exponentially de-
tial, and it depends on the problem at hand. What this creasing error probabilities defines a set of “good” clas-
formula means is that if we plot any of the error prob- sifiers. Optimal classifiers produce error probabilities
abilities logarithmically againsM linearly, we will that decay exponentially with the quantity multiply-
always obtain a straight line for large values Mdf ing M equal to the Kullback-Leibler distance or the
(see Fig. 9). Stein’s Lemma says that the false-alarm Chernoff distance. Suboptimal but “good” ones will
probability’s slope on semi-logarithmic axes—its ex- have a smaller slope, with poor ones not yielding ex-
ponential rate—equals the negative of the Kullback- ponentially decaying error probabilities. The exponen-
Leibler distance between the probability distributions tial rate cannot be steeper than the Chernoff distance
defining our classification problem. Because of the for the classifier that optimizes average error proba-
presence of the problem-dependent quantity, we bility and Kullback-Leibler distance for the Neyman-
cannot determine in general the vertical origin for the Pearson classifier. Thus, these distances defitye
error probability or how largé/ must be for straight-  classification problem’s difficulty. The greater the dis-
line behavior to take over. Consequently, we cannot tance, the more quickly error probabilities decrease (the
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Figure 9 Using the Gaussian and Poisson classification problems as examples, we plot the false-alarm probability (left panels) and average
probability of error (right panels) for each as a function of the amount of statistically independent data used by the optimal classifier. The
miss-probability criterion was that it be less than or equal.fo hea priori probabilities are 12 in the right-column examples. As shown

here, the average error probability produced by the mininkdrtlassifier typically decays more slowly than the false-alarm probability for the
classifier that fixes the miss probability. The dashed lines depict the behavior of the error probabilities as predicted by asymptotic theory (Al).
In each case, these theoretical lines have been shifted vertically for ease of comparison.



68 Johnson et al.

exponential rate is larger) and the “easier” the classifi- References

cation problemWhether we use an optimal classifier

or not, the Chernoff and Kullback-Leibler distances Abeles M (1991 Corticonics: Neural Circuits of the Cerebral Cor-

quantify the ultimate performance any classifier can ~_ tex Cambridge University Press, New York.

achieve and therefore measure intrinsic classification Aﬁggzgésglzd_sﬁg' Jr. MH (1977) Multispike train analyssoc.

problem difficulty We therefore want to estimate these  aonso JM., Usrey WM, Reid RC (1996) Precisely correlated firing

distances from measured responses to quantify what in cells of the lateral geniculate nucletdature383:815-818.

response differences make distinguishing them easier. Basseville M (1989) Distance measures for signal processing and
Note that the Kullback-Leibler distance (Eq. (13)) pattern recognitionSignal Processind8:349-369.

. . . T Bialek W, Rieke F, de Ruyter van Steveninck RR, Warland D (1991)
is asymmetric with respect to the two distributions Reading a neural codScience?52:1852—1856.

defining_the C|?-53iﬁcati0n pmb_'em- The fa|se'a|_a.rm Carlton AG (1969) On the bias of information estimafesycholog-

probability achieved under a fixed miss-probability ical Bulletin71:108-109.

constraint and the miss probability achieved under a Cover TM, Thomas JA (1991flements of Information Theary

fixed false-alarm-probability constraint not only have . Vc\llr:ey, Ne}‘g’CYO’:'A‘- o MM (1656) P el

different values, they may have different exponential “©-12"Ms Rt Merzenic (1996) Primary cortical represen-
. . . tation of sounds by the coordination of action-potential timing.

ra_tes. The Chernoff distance (Eq (1_4))_|s symmetnc Nature381:610-613.

with respect to the two probability distributions and Efron B, Tibshirani RJ (1993An Introduction to the Bootstrap

should be used to assess the classification problem. Chapman & Hall, New York.

What prevents using it in applications is the required Fagan RM (1978) Information measures: Statistical confidence lim-

L . . D its and inferencel. Theor. Biol.73:61-79.

minimization process. Technically, this minimization - . . . -~

Lo ) ; L . Gabbiani F, Koch C (1996) Coding of time-varying signals in spike

Is S"_npk?- th_e funC“Qn to b? m'mm'ZGd Is bowl—_shaped, trains of integrate-and-fire neurons with random threshdaiiral

leaving it with a unique minimum. Computationally, Comput.8:44—66.

finding the quantity to be minimized can be quite com- Gardner WA (1994) An introduction to cyclostationary signals.

pIicated. In typical problems many more calculations In: Cyclostationarity in Communications and Signal Processing

. . . IEEE Press, New York. chap. 1.
are needed to find the Chernoff distance than required Gruner CM, Johnson DH (1999) Correlation and neural informa-

to compute the Kullback-Leibler distance. tion coding efficiency. InComputational NeurosciencElsevier,
Santa Barbara, CA.
Notes Hogg RV, Craig AT (1995)ntroduction to Mathematical Statistics

(5th ed.). Prentice-Hall, Englewood Cliffs, NJ.

1. Ourdistance measure has units of bits only because we use base-2ohnson DH (1996) Point process models of single-neuron dis-
logarithms in its computation and does not imply an information ~ chargesJ. Comput. Neurosc8:275-299. .
rate. We describe in succeeding sections how to interpret distance Johnson DH, Dudgeon DE (1998)ray Signal Processing: Con-

values. cepts and TechniqueBrentice-Hall, Englewood Cliffs, NJ.

2. The theory surrounding how to process information universally Johnson DH, Orsak GC (1993) Performance of optimal non-
without much regard to the underlying distribution of the data. Gaussian detectorlEEE Trans. Comnd1:1319-1328.

3. Asequence of random variablesish-order Markovif the con- Johnson DH, Swami A (1983) The transmission of signals by
ditional probability of any element of the sequence given val-  auditory-nerve fiber discharge patternk. Acoust. Soc. Am.
ues for the previous ones depermufdy on theD most previous: 74:493-501.

P(R|R_1,R_2..)=p(R|R_1, R_2, ..., R_p). Johnson DH, Tsuchitani C, Linebarger DA, Johnson M (1986) The

4. The term In 2 arises because the definition of Kullback-Leibler ~ application of a point process model to the single unit responses
distance (1) uses lggand the definition of Fisher information of the cat lateral superior olive to ipsilaterally presented tones.
uses natural logarithms. Hearing Res21:135-159.

5. This situation is particularly subtle. Even when the response can Krichevsky RE, Trofimov VK (1981) The performance of universal
be well modeled as a renewal process (interspike intervals are ~ €ncodinglEEE Trans. Info. TheoryT-27:199-207.
statistically independent from each other), the probability of a Middlebrooks JC, Clock AE, Xu L, Green DM (1994) A panoramic
discharge in a bin depends on how long ago the previous discharge ~ code for sound location by cortical neurorgcience264:842—-
occurred. 844.

6. Notethatin optimizing false-alarm probability (makingitassmall  Riehle A, Grun S, Diesmann M, Aertsen A (1997) Spike synchroniza-
as possible), we must constrain the miss-probability to not exceed tion and rate modulation differentially involved in motor cortical
a prespecified value. If not, we can make the false-alarm prob-  function.Science278:1950-1953.

ability zero by having our classifier announce “cl&smodels Rieke F, Bodnar DA, Bialek W (1995) Naturalistic stimuli increase
the data.” That way we are never wrong when the cateGorig the rate and efficiency of information transmission by primary
true, but we'll always be wrong if catego, is true (the miss auditory efferentsProc. R. Soc. Lond. B62:259-265.

probability will be one). The likelihood ratio test emerges when ~ Singer W, Gray CM (1995) Visual feature integration and the tem-
we minimize Py, subject toPmiss < «. poral correlation hypothesifnn. Rev. Neurosci8:555-586.



Information-Theoretic Analysis of Neural Coding 69

Tsuchitani C (1988a) The inhibition of cat lateral superior olivary ~Wehr M, Laurent, G (1996) Odour encoding by temporal sequences
unit excitatory responses to binaural tone bursts: I. The transient  of firing in oscillation neural assemblieNature384:162—166.
chopper discharged. Neurophysiol59:164-183. Wienberger MJ, Rissanen JJ, Feder M (1995) A universal finite mem-

Tsuchitani C (1988b) The inhibition of cat lateral superior olivary ory sourcelEEE Trans. Info. Theor¢1:643-652.
unit excitatory responses to binaural tone bursts: II. The sustained Zacksenhouse M, Johnson DH, Tsuchitani C (1992) Excita-
dischargesl. Neurophysiol59:184-211. tory/inhibitory interaction in the LSO revealed by point process

Vaadla E, Haalman L, Abeles M, Bergman H, Prut Y, Solvin H, modeling.Hearing Res62:105-123.

Aertsen A (1995) Dynamics of neuronal interactions in mon- Zacksenhouse M, Johnson DH, Tsuchitani C (1993) Excitation ef-

key cortex in relation to behavioural eventdature 373:515— fects on LSO unit sustained responses: Point process characteri-
518. zation.Hearing Res68:202—-216.

Victor JD, Purpura KP (1997) Metric-space analysis of spike trains: Zacksenhouse M, Johnson DH, Williams J, Tsuchitani C (1998)
Theory, algorithms and applicationsetwork: Comput. Neural Single-neuron modeling of LSO unit responsg&sNeurophysiol.

Sys.8:127-164. 79:3098-3110.



