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Abstract

The nonparametric density estimation method proposed in this paper is computationally fast, capable of detect-
ing density discontinuities and singularities at a very high resolution, spatially adaptive, and offers near minimax
convergence rates for broad classes of densities including Besov spaces. At the heart of this new method lie multi-
scale signal decompositions based on piecewise-polynomial functions and penalized likelihood estimation. Upper
bounds on the estimation error are derived using an information-theoretic risk bound based on squared Hellinger
loss. The method and theory share many of the desirable features associated with wavelet-based density estimators,
but also offers several advantages including guaranteed non-negativity, boundd.erethar, small-sample quan-
tification of the estimation errors, and additional flexibility and adaptability. In particular, the method proposed
here can adapt the degrees as well as the locations of the polynomial pieces. For a certain class of densities, the
error of the variable degree estimator converges at nearly the parametric rate. Experimental results demonstrate the
advantages of the new approach compared to traditional density estimators and wavelet-based estimators.

Keywords: nonparametric estimation

|. DENSITY ESTIMATION

Accurate and efficient density estimation is often a fundamental first step in many areas,
including source coding, data compression, statistical learning, and signal processing. The ap-
proach presented in this paper involves using penalized likelihood estimation on recursive dyadic
partitions in order to produce near-optimal, piecewise polynomial density estimates. This results
in a multiscale method that provides spatial adaptivity similar to wavelet-based techniques [1].
Like wavelet-based density estimators, the new method admits fast estimation algorithms and
estimators that exhibit near minimax optimal rates of convergence in many function spaces. The

proposed method has several additional advantages: estimates are guaranteed to be positive,
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theoretical bounds provide an indication of performance even for small sample sizes, and the
method can be extended to free-degree piecewise polynomial estimation. Free-degree estima-
tion exhibits rates of convergence within a logarithmic factor of the parametric rate for some

classes of densities. We elaborate on these points below.

A. Relation to Classical and Wavelet Density Estimators

Classical nonparametric density estimation technigees, kernel or histogram methods,
have been thoroughly explored in the density estimation literature [2—7]. Most of the theoretical
analysis associated with these methods pertains to linear estimators, which are known to be
quite sub-optimal (in the sense of rates of convergence) for many classes of densities, e.g.,
Besov spaces [8]. Because linear estimators do not adapt to spatial changes in the structure of
the data, their density estimates are in practice frequently oversmoothed where the density is
changing rapidly or undersmoothed where the density is changing more slowly. Such estimators
do not preserve singularities or sharp changes in the underlying density. Spatially adaptive
kernel methods have been proposed to overcome such limitations [9], but these methods have
been outshined by recently devised wavelet-based density estimation techniques [8].

Wavelet-based techniques implicitly overcome this lack of spatial adaptivity because wavelets
are well localized in both time and frequency and hence can provide good local estimates of
the density. The estimation scheme presented by Dorethal,[8], is representative of many
wavelet-based density estimators and summarized here in order to highlight its similarities to
and differences from the method proposed in this paper.

Any piecewise smooth density(-), such as one in a Besov space, can be represented in terms

of scaling and wavelet coefficients:
F@O) = cionion(t) + DD dixtbin(t)
keZ j=jo k€L

In an orthogonal system, each wavelet coefficient is the inner product of the density and the
wavelet function at a particular scale and shift, and hence the wavelet coefficients are the expec-

tation of the wavelet function. [¥" is a random variable with density; then we can write the
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coefficients as:

dy = / FO); (D)t = E[;,(Y)].

Thus a Monte Carlo estimate of each wavelet coefficient can be computed as
~ 1 <&
dj,k = ﬁ Zl wj,k(yi)-

Assuming that there are enough observations falling in the suppgrt,othe central limit the-

orem can be invoked an@,k can be assumed to be approximately Gaussian distributed with
meand, ; and some variance. In wavelet-based density estimation, these coefficient estimates
are improved using a hard or soft thresholding scheme based on the Gaussianity of the coef-
ficients, and then the thresholded coefficients are used to synthesize the final density estimate.
To guarantee that (on average) a sufficient number of samples fall within the support of each
wavelet basis function to justify the Gaussian approximation, wavelet-based density estimates
are restricted to scales less than or equaltte(®/1osm)  This effectively erects a resolution

limit for wavelet-based density estimation that is insensitive to the particular distribution of the

data.

B. Improved Multiscale Density Estimation

Wavelet-based techniques are advantageous for both their near minimax convergence rates
and the computational simplicity of filter-bank implementations. Li&lpriori knowledge of
the density smoothness is required as long as the wavelet fungtibpis smooth enough. Sim-
ilarly, the method introduced in this paper admits a computational efficient analysis, is spatially
adaptive, and exhibits the same convergence rates as wavelet-based techniques. The new method
has several additional benefits. First, the estimator always resbibsanfide(i.e. non-negative)
density estimates. Next, the error bounds developed in this paper provide an indication of small-
sample performance as well as asymptotic rates of convergence. The risk analysis here produces
a bound on the expected error between the true histogram (the quantized density with bin width
inversely proportional to the sample size) and our density estimator. Asymptotically, the bound
produces the rates of convergence known for wavelet-based density estimators. These bounds

do not rely on the central limit theorem, and thus place no fundamental limit on the resolution
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of the estimate; the resolution limit of the new estimator is dictated by the specific distribution
of the data, not just the total number of observations. In particular, it may recover finer scale
structure in regions of high density than traditional wavelet-based estimators are capable. Fi-
nally, the proposed method is easily extendable to free-degree piecewise polynomial estimation.
It has been demonstrated for certain classes of densities that free-knot, free-degree estimation
can achieve exponential rates of decay in approximation error [10]. This fact is exploited here
to demonstrate near parametric rates of convergence for our density estimator.

Our approach, based on complexity-regularization, is similar in spirit to the seminal work of
Barron and Cover [11]. In the proposed method, either fixed- or free-degree polynomials are
fitted to a recursive dyadic partition (RDP) of the density’s support (herein assumed to be the
interval [0, 1]). Section Il describes the basic formulation of our method. The RDP leads to a
model selection problem that can be solved by binary tree pruning process. Appropriate prun-
ing of this tree results in a penalized likelihood estimate of the density, and computationally
efficient algorithms for computing either the fixed- or free-degree density estimates are pro-
posed in Section Ill. The main convergence results are summarized in IV. Upper bounds on
the estimation error (expected squared Hellinger distance) are established using several recent
information-theoretic results, most notably the Li-Barron bound [12, 13] and Nowak and Ko-
laczyk’s generalization of this bound [14]. Experimental results demonstrate the advantages of
the new approach compared to traditional wavelet-based estimators in Section VI. Section VIl

discusses some of the implications of our results and directions for future work.

Il. PROBLEM FORMULATION

The basic set-up considered in this paper is as follows. A seriesrafependent and iden-
tically distributed observationg,;, ; = 1,...,n of a random variableY’, can be represented
as a histogram with arbitrarily small bin counts. In this setup, the collectiaN bfn counts,
{x;}¥ |, can be modeled using a multinomial distribution, and density estimation can be re-
framed as a problem of multinomial parameter estimation. The multiscale method presented
here finds the optimal piecewise polynomial fit to the bin counts using penalized likelihood esti-
mation. The resulting multinomial bin probabilities form the equivalent of the probability mass
function generating the discretized random variable observations.

The proposed method calculates density estimates by first determining the ideal partition of
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the range of observations (assumed td(he|) and then using maximum likelihood estimation

to fit a polynomial to each interval in the optimal partition. The space of possible partitions is

a nested hierarchy of partitions defined through a recursive dyadic partition (RDP) of the unit
interval, and the optimal partition is selected by optimally pruning a binary tree representation of
the complete RDP of the data range. The effect of polynomial estimation on dyadic intervals is
essentially an estimator with the same approximation capabilities as a wavelet-based estimator;
this is established using approximation theoretic bounds in [15] for fixed-degree polynomials
and [10] for free-degree polynomials. Thus there is neither an advantage nor a disadvantage (in
an approximation-theoretic sense) in using a piecewise polynomial basis instead of a wavelet
basis. It is the method (described below) by which the basis coefficients are computed that
makes the proposed technique better suited for density estimation. Specifically, wavelet-based
techniques typically only analyze the data up to some fixed resolution in order to ensure that
there are approximatelpg n observations within the support of each wavelet at the finest res-
olution. This places a fundamental limit on the resolution achievable by such methods. The
proposed method, in contrast, does not rely on any such assumption and hence could result in a
final estimate with a higher resolution dictated by the data.

The goal of density estimation is to estimate the true densitxsing several observations
drawn fromf. Assume that either by choice or perhaps the limitations of measuring instruments,
each of the observations has been discretized so that it can only be resolvet/Df tehere
N = 2fle2n1_ (Our approach is nonparametric, since the resolution increases like 1/n as the
number of samples increases.) It is assumed that the effect of the quantization is to yield a
vector of count measurements = {x; figl, where each; is simply the number of events
in the intervall; = [i/N, (i + 1)/N). The densityf can be similarly discretized by defining
F = {5 wheref, = fli f(t)dt. Note thatf is the probability mass function (pmf) of
the discretized random variables. The likelihood of obserwngiven the probabilitiesf, is
multinomial and denoted by(x| f).

As mentioned above, the piecewise polynomial multiscale analysis presented here is per-
formed on recursive dyadic partitions (RDPs) of the unit interval. An RDP of the count data

is obtained by associating a count statistic, = Zi:( x With each dyadic interval

N )€k

Lij = k)27, (k+1)/29), 5 =0,...,J — 1,k = 0,...,2 — 1, andJ = log,(N). The set
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of all dyadic intervals{I;, ;} corresponds to aompleterecursive dyadic partition (C-RDP) of
[0, 1]. There also exists a C-RDP of the pghivhich is defined analogously. This RDP is called
complete because all terminal nodes in the partition are intervals of Widftat the finest scale.

For a piecewise polynomial multiresolution analysis we consider an incomplete RDP that
would contain larger terminal intervals which could correspond to intervals of homogeneous or
smoothly varying densities. Such a partition can be obtained by meigegngruning) a C-RDP
to form an optimal RDPP and using the polynomial coefficienfison the terminal intervals of
P. Thus the density estimate is completely describe®and@; 1.e. f = f(P,0). For a given
RDPP, the likelihoodp(x|f) may be factorized as

p(z|f(P,0)) =
1T »Uzienay}r pr)

IENT(P)
< JI pUzitiverlzr.60). (1)
I€T(P)

where NT(P) is the set of all non-terminal intervals R, andT'(P) is the set of all terminal
intervals inP. The binomial splitting probability; is simply the ratio of the probability mass
in the left child of nodél to the probability mass in nodgi.e. p; = ficn(r)/ f1- The probability
termp({zicn(n) }1, pr) is the probability of observing,., ;) counts in the left half of the interval
I given that a total oft; counts were observed in the entire interand given the probability
mass ratiqp;. The model for the density of the process on each disjoint terminal intérgal
T(P) is constrained such th@t = 7'-0;, whereT is a known Vandermonde matrix transforming
the vectorf;, the polynomial coefficients to be estimated, to the polynomial sigfial,The
polynomial coefficient®; are further subject to the constraints thaff = 1 (sincep; ensures
correct normalization) ang, > 0. These constraint results in the desired piecewise polynomial
density estimatg (P, 8), where the breakpoints between the polynomial pieces are determined
by the partition? and the polynomial coefficients on each interval in the partition are contained
in the coefficient vectop. The terminal node likelihood factoys{z;}:/ncr|xr, 0r) are the

multinomial likelihoods of the observationsirgiven a polynomial coefficien®; of the density

fr.
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[11. M ULTISCALE DENSITY ESTIMATION

Piecewise polynomial approximation provides good approximations to piecewise smooth func-
tions, and in fact exhibits the same approximate error decay as wavelets [15]. As discussed
in the introduction, however, wavelet analysis is difficult to analyze for the multinomial data
encountered in density estimation and can lead to some undesirable artifacts in pegtice (
negativity). The alternative method proposed in this section can be computed as efficiently as a
wavelet analysis, and yields demonstrably nearly optimal density estimates.

The proposed method operates by determining the optimal partition of the irfter\jdased
on the observations and then finding the optimal polynomial fit to the density on each interval
in the patrtition. This provides for a very simple framework for penalized likelihood estimation,
wherein the penalization is based on the complexity of the underlying partition. The complexity
of a given partition is proportional to the total number of intervals, The goal here is to

minimize the penalized likelihood function

L(f) = —logp(x| f) + pen(f), (2)

wherep(x | f) denotes a likelihood of the form (1) and g¢fitm, r)) is the penalty associated

with the estimatef. We penalize the piecewise polynomial estimates according to a codelength
required to uniquely describe each such model, (codes which satisfy the Kraft inequality).
These codelengths will lead to near-minimax optimal estimators, as discussed in the next section.
The codelengths are proportional to the size (number of intervals) in the partition associated with
each model, and thus penalization leads to estimates that favor smaller partitions. In particular,

for fixed-degree polynomial estimation,fifconsists of order-polynomials onn intervals, then

pen f(m,r)) = (2m — 1) log, 2 + % log, n. (3)

For free-degree polynomial estimation fifis defined by a total of coefficients onn intervals,

with thei'" interval having lengtlf;, i = 1,...,m, then

pertf(m, d. {£)) = (2m — 1)log, 2 + § log,n + > lo, . @
=1
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The penalties can be interpreted as a negative log-prior on the space of estimators. The penalties
are designed to give good guaranteed performance by balancing between fidelity to the data
(likelihood) and the estimate’s complexity (penalty), which effectively controls the bias-variance
trade-off.

The solution of

(P,6) = argminL(f(P,0))
f = fP.o (5)

is called a penalized likelihood estimator (PLE). Section IV demonstrates that this form of pe-
nalization results in near minimax optimal density estimates. Minimizing (2) involves adaptively
pruning the complete RDP based on the data. This pruning can be performed optimally and very
efficiently. The pruning process is akin to a “keep or kill” wavelet thresholding rule. The PLE
provides higher resolution and detail in areas of the signal where there are dominant edges or
singularities with higher count levels (higher SNR). The partition underlying the PLE is pruned
to a coarser scale (lower resolution) in areas with lower count levels (low SNR) and where the
data suggest that the density is fairly smooth.

Observe that the structure of the penalized likelihood criterion stated in (2) and the likelihood
factorization described in Section Il allow an optimal density estimate to be computed quickly.
The likelihood factorization allows the likelihood of the entire signal to be represented in a
tree structure in which both likelihoods and parameter vectors are passed from the children to
the parents [14]. Using this, it is possible to optimally prune an RDP of the data using a fast
algorithm reminiscent of dynamic programming and the CART algorithm [16, 17].

The goal is to estimate the densifyaccording to (5). In order to perform the fixed-degree
estimation, the algorithm iterates from bottom to top through each Jevellog, N, ..., 0 of
the C-RDP the observations. At levgla binary hypothesis test is conducted for each obthe
nodes at that level. The hypotheses for each node are as follows:

e H,: Orderr polynomially varying density segment (terminal node)

e H,: Keep optimal estimates of both children (non-terminal node)

The free-degree polynomial algorithm is similar, excepf\a2’ + 1)-ary hypothesis test is
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Initialize: j=J—-1
Loop: for each nodé;, ; at levelj
Calculate: L(Omy; I ;)
L(Om,; Ik,j) = Z Lmin(I')

I'ech(Iy ;)
Save: me([k’,j) = Zér{lég} L<0H17 [k’,j)
emin([k,j) = arg zér{lé}/ll} L(OHz7 [kJ)
Coarsen: Scalg=j -1

Goto Loop: ifj >0
Estimate: £ = f(0min(loo))

TABLE |
FIXED-DEGREEALGORITHM PSEUDOCODE

conducted for each of th¥ nodes at levej:

e H,: Orderd (d =1,2,..., N/27) polynomially varying density segment (terminal node)

e Hy /5,1 Keep optimal estimates of both children (non-terminal node)

In the fixed-degree case, when the maximum polynomial degreeris=01(), the algorithm
coincides with Haar analysis with a hereditary constraint [14]. The algorithm begins one scale
above the leaf nodes in the binary tree and traverses upwards, performing a tree-pruning op-
eration at each stage. For each node (i.e., dyadic interval) at a particular scale, the maximum
likelihood parameter vector is optimally determined for each hypothesis using the Vandermonde
matrix described in Section Il and the penalized log likelihoods for each hypothesis are cal-
culated. In particular, the penalized log likelihood for the split is computed using the optimal
penalized log likelihoods computed at the previous, finer scale for both of the two children.
The fixed-degree algorithm pseudocode is in Table I. In the pseudotéfg, ; I, ;) denotes
the penalized log likelihood term for segmdpt; under hypothesigd,. The free-degree algo-
rithm pseudocode is in Table Il. Here(0g,; I, ;) denotes the penalized log likelihood term for

segmentl;, ; under hypothesi#d,;.

IV. UPPERBOUNDS ONESTIMATION ERROR

While the proposed polynomial pruning algorithm described above yields the optimal PLE,
the analysis up to this point does not quantify the effectiveness of this method. The analysis in

[14] established statistical risk bounds associated with estimating a defisitith a piecewise

June 20, 2003



10

Initialize: j=J—-1
Loop: for each nodé;, ; at levelj
Calculate: L(0p,; Iy ;) ford=1...N/27
L(OHN/2]+1aIk]> Z Lmzn<1/)

I'ech(I ;)
ve: Lpin(l ;) = i L(Og,; I
Save mm( k,j) 1§dgjl\}?2j+1 ( Hy)» kvj)
0,in (I ;) = i L(Og,; Iy i1y
(Ij) = arg | min = L(Om,; sles)
Coarsen: Scalg=7—1

Goto Loop: ifj >0
Estimate:  f = f(0min(loo))

TABLE Il
FREE-DEGREEALGORITHM PSEUDOCODE

constant estimatof. In this section, their analysis is generalized for the case of piecewise
polynomial estimation, as described above, and the resulting bound is used to establish the near-
optimality of the proposed estimation method.

In this paper risk is defined to be proportional to the expected squared Hellinger distance

between the true and estimated densities as in [11, 13]; that is,

R(F.$) = 7 [L(F. ) ©

whereE; denotes expectation with respect to the distribugfcand

L(F, 1) = B2z py) = /{ plalf) - \/Tlf] @)

is the loss and is the dominating measure. The squared Hellinger distance is an appropriate
error metric here for several reasons. First, it is a general non-parametric measure appropriate
for any density. In addition, the Hellinger distance provides an upper and lower bound.bn the
error because of the relatidd® (p;, p2) < [ |p1 — p2| < 2H(p1, p2) for all distributionsp; and

p2 [2]. The L; metric is particularly useful for density estimation because of Selsaffentity

[2], which states that i is the class of all Borel sets @, 1], then

f' 5 [1F-1]

sup
BeB
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Scheffe’s identity shows that a bound on theerror provides a bound on difference between the
true probability measure and the density estimator's measure on every event of interest. Similar
bounds cannot be derived from bounds onthe&orm or the KL divergence.

Finally, using the squared Hellinger distance allows us to take advantage of a key information-

theoretic inequality derived by Li and Barron [12, 13] to prove the following main theorem:

Theorem 1 Let f be a vector consisting af samples of a densityy-), which is a member of the
Besov spac®&? (L. ([0, 1])) whered < oo < r,1/7 = r+1/2andL»([0, 1]) is the approximation
space. Further assunte< Cy < f(-)C,. Letfbe the fixed-degree orderpenalized likelihood
estimator satisfying (5) using the penalty in (3). Then

A )\ 2
ijnng%”) @®)

n

for some constant'.

The penalization structure employed here minimizes the upper bound on the risk. Further-
more, this upper bound is within a logarithmic factor of the lower bound on the minimax risk,
demonstrating the near-optimality of the proposed method. In particular, the minimax risk for

all estimators is lower bounded by‘#il [8]. The upper bound derived here is also within

a logarithmic factor of the lower bound on ttig minimax error,n 771 [2], as stated in the

following corollary:

Corollary 1 Let f andfbe defined as in Theorem 1. Then

2 &
log n 2a+1
n

B[1F - fl] < (

for some constant'.

These results demonstrate the near-optimality of the penalization structyge) peri2m —
1)log, 2+ %" log, N for fixed-degree estimation when the system resolution is such that there is
an average of one observation per observation intereal{~ V). A similar bound is possible

for free-degree estimation:
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Corollary 2 Let f be a vector consisting of samples of a density of the forf(t) = Gyt* + 3,
for some constants;, : = 1,2,3 such that) < C;, < f(-) < C,. Letfbe the free-degree

penalized likelihood estimator satisfying (5) using the penalty in (4). Then

log*n

R(f.f)<C 9)

n

for some constant'.

Note that this is within a logarithmic factor of the parametric rate of convergehoe,
This result demonstrates the near-optimality of the penalization structutg¢’pend, {¢;}) =
2log, N + (2m — 1) log, 2 + > 7", log, ¢;. Furthermore, it is within a logarithmic factor of the
fixed-degree rate taken as— oo. Also observe that the penalty structure for free-degree esti-
mation is very similar to that of fixed-degree estimation. The only difference is that the lengths
of the intervals must be penalized for free-degree estimation; this choice will be explained in
detail in the proof of the theorem. Details on the risk bounds for both fixed and free-degree

estimation are in Appendix A.

V. COMPUTATIONAL COMPLEXITY

The previous section established the near-optimality of the proposed method using informa-
tion theoretic arguments to bound the statistical risk. This section demonstrates that the proposed
method is as computationally efficient as traditional wavelet analysis in addition to having the
theoretical advantages discussed in the previous sections.

The proposed method’s overall computational complexity depends on the complexity of the
polynomial fitting operation on each interval in the recursive dyadic partition. Consider a ter-
minal node in (1):p({xi}ﬁ-ef\x1,91). There is no closed-form solution to the MLE of the
polynomial coefficients with respect to the multinomial likelihood; however, they can be com-
puted numerically, for example using the algorithm for the closely-related Poisson case by Unser
and Eden [18]. The following lemma ensures that the polynomial coefficients can be computed

quickly:

Lemma 1 Let a mulitnomial likelihood be writtep(z|f, > . ;) and let f obey a polynomial

model of the formf = 76, wheref is a vector containing the polynomial coefficients &ni a
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known Vandermonde matrix relating the polynomial coefficients to the multinomial probabilities.
The multinomial likelihood can then be writtenag0) = p(x|160, ), x;). Let© denote the set
of all coefficient vector® which result in abona fidedensity. Them,(0) is a convex function

on ©, which is a convex set.

Lemma 1 is proved in Appendix C. Because the likelihood in the factorization is twice con-
tinuously differentiable and convex in the polynomial coefficients and the set of all admissible
polynomial coefficients is convex, a numerical optimization technique such as Newton’s method
or gradient descent can find the optimal parameter values with quadratic or linear convergence
rates, respectively.

This lemma is a key component in the computational complexity analysis of the proposed
method. The theorem below is also proved in Appendix C. An “approximate” estimate refers
to the result of the proposed method where the polynomial coefficients are computed using least
squares, and an “exact” estimate refers to the result of the proposed method where the polyno-
mial coefficients are computed by minimizing the multinomial log likelihood with a numerical

minimization method.

Theorem 2 A fixed-degree piecewise polynomial exact PLE can be computeghincalls to a
convex minimization routine and(n) comparisons of the resulting (penalized) likelihood val-
ues, where: is the number of observation intervals. An approximate estimate can be computed
with O(n log n) operations. A free-degree piecewise polynomial exact PLE can be computed in
O(nlogn) calls to a convex minimization routine aiid{n) comparisons of the resulting (pe-

nalized) likelihood values, and an approximate estimate can be comput&ain operations.

Note that the theorem does not imply that approximate estimates are more computationally
demanding than exact estimates. The computational complexities for approximate estimates are
based on the assumption that a least squaresrfitadta points tal polynomial coefficients can
be completed irO(md) operations, whereas the order of operations for the exact estimate can

vary with the choice of optimization method.

VI. APPLICATIONS AND SIMULATIONS

The analysis of the previous section demonstrates the strong theoretical arguments for using

optimal tree pruning for multiscale density estimation. These findings are supported by nu-
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merical experiments which consisted of comparing the polynomial density estimation technique
presented here with a wavelet-based method. Seven test densities were generated using the well
known test functions ‘HeaviSine’, ‘Blocks’, and ‘Bumps’ [19] and four of the Marron Gaussian
mixtures: normal (#1), kurtotic unimodal (#4), separated bimodal (#7), and claw (#10) [20].
Probability mass functions (pmfs) of length 1024 were constructed from these test signals by
shifting them to be strictly positive and normalizing them to one. This mimics a density estima-
tion problem in which the measurement system has an accuracy of 10 bits. To simulate a set of
observations from each density, 1024 iid samples from each pmf were generated by a random
number generator. Notice that the total number of samples is approximately the same as the
dimension of the pmfs, simulating the ideal situation in which the data are not binned.

The densities were estimated with the fixed- and free-degree PLE methods described in this
paper and the wavelet hard- and soft-thresholding methods described in [8]. Ten estimations
were performed using the wavelet thresholding method (with D8 wavelets and either hard or soft
threshold levels) and the proposed PLE (with either piecewise cubic or free-degree polynomial
fits). Cubic fits were chosen to provide the best comparison to D8 wavelets, which have three
vanishing moments. The hard and soft wavelet threshold levels were chosen to minimize the
average/; estimation error over the seven distributions. In the wavelet thresholding case, these
"clairvoyant” thresholds could not be obtained in practice, but here they provide an empirical
lower bound on the achievable MSE performance for any practical hard-thresholding scheme.
The MSE of these estimates are displayed in Figure 1. Clearly, even without the benefit of setting
the penalization factor clairvoyantly or data adaptively, the multiscale PLE yields comparable
errors to wavelet-based techniques for both smooth and spiky densities. When the proposed
PLE penalties are similarly weighted to minimize the averggestimation error over the seven
distributions, the polynomial techniques often outperform wavelet-based techniques, as shown
in Figure 2. Notably, unlike wavelet-based techniques, the polynomial technique is guaranteed

to result in a non-negative density estimate. Density estimates can be viewed in Figures 3 and 4.

VII. CONCLUSIONS ANDONGOING WORK

This paper presents a new method for density estimation based on fixed- and free-degree
piecewise polynomial approximations of functions at multiple scales. Like wavelet-based es-

timators, this method can outperform some linear estimators because of its ability to isolate
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Fig. 1. Density estimation using theoretical penalties.

discontinuities or singularities in the density function. It can also produce higher-resolution esti-
mates with small sample sizes than wavelet-based estimators. Experimental results support this
claim, and risk analysis demonstrates the minimax near-optimality of the proposed method.

The method presented and analyzed in this paper demonstrates the power of multiscale anal-
ysis in a more general framework than that of traditional wavelet-based methods. Conventional
wavelets are effective primarily because of two key features: (1) adaptive recursive partition-
ing of the data space to allow analysis at multiple resolutions, and (2) wavelet basis functions
that are blind to polynomials according to their numbers of vanishing moments. The alterna-
tive method presented here is designed to exhibit these same properties without retaining other
wavelet properties which are significantly more difficult to analyze in the case of non-Gaussian
data. Furthermore, this new method achieves the same minimax near-optimality as traditional
wavelet-based estimators for Gaussian observations [1]. Finally, these penalized likelihood es-
timators can be computed with the same computational complexity as traditional wavelet-based
estimators. This paper also presents a computationally efficient method for free-degree polyno-
mial density estimation. This new method allows the data to adaptively determine the smooth-

ness of the underlying basis function instead of forcing the user to select a polynomial order
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Fig. 2. Density Estimation using clairvoyant penalties.

or wavelet smoothness. These estimators have errors that converge nearly as quickly as the
parametric rate in some cases.

As with wavelet-based and most other forms of multiscale analysis, the estimates produced by
this proposed PLE method commonly exhibit change-points on the boundaries of the underly-
ing recursive dyadic partition. Smoother estimates with the same theoretical advantages can be
obtained through the use of Alpert bases [21] for moment interpolation as described by Donoho
[22]. Future work in multiscale density estimation includes the investigation of translation in-
variant methods for improved change-point localization.

The methods presented here are applicable to a wide range of applications due to the general
nature of the penalized likelihood objective function. For example, estimating the time-varying
intensity of a Poisson process is a problem closely linked to density estimation. In density
estimation,f represents the pmf and is constrained such Yhaf; = 1, while in the Poisson
case,f represents the Poisson intensity vector with no constraint on the total magnitude of the
intensity. This distinction has a trivial impact on the risk bounds established in Section IV.
Poisson intensity estimation is an important problem with several applications in astronomy and

medicine.
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Fig. 3. Density estimation results for the bimodal density.

Finally, we mention possible extensions to multivariate density estimation. It is straight-
forward to demonstrate, using arguments parallel to the ones presented in this paper, that the
near-minimax optimal convergence rates holdforR? — R whenf is in a Holder« smooth-
ness space. Extensions to multivariate Besov spaces are not straightforward using our piecewise
polynomial framework. On the other hand, wavelet methods are easily extended to deal with
densities belonging to multivariate Besov spaces, due to the simple characterizations of such
spaces in terms of wavelet expansions. However, the issue of characterizing spaces of inhomo-
geneous functions in multiple dimensions is an open problem in approximation theory. Besov
spaces are not necessarily the appropriate framework for dealing with multivariate densities, due
to the fact that singularities in multiple dimensioresq|, ridges) have a much richer structure

than singularities in one dimension.
APPENDIX

I. PROOF OFRISK BOUND THEOREM

Proof of Theorem 1A key step in proving this theorem and corollary involves bounding the
expected losgE ¢ [L(f, f)} , using the Kullback-Leibler (KL) divergence. Kolaczyk and Nowak

[14] accomplished this by proving the following theorem:
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Fig. 4. Density estimation results for the bumps density.

Theorem 3 LetI'y be a finite collection of estimatorg’ for f, and pen-) a function onl"y
satisfying the condition
> e P < (10)

el

Letfbe a penalized likelihood estimator given by

flw) = arg min {—logp (x| f) + 2pen(f)} . (11)
Then
E |1 (pg.ps)] < min {K(ps.pg) +2pen(f)} . (12)

Using the penalty function pé¢ifi’) as in (14) above, it is straightforward to demonstrate that

the first condition (10) holds wheny is defined as in the following lemma:

Lemma 2 LetI"y be the collection of allV-length piecewise-polynomial vectof§ where each
of m polynomial segments has at mestoefficients:; , € Dy[R1, R»], for someR; < R, for
k=1,...,randj = 1,...,m, and whereDy|R;, R,| denotes a uniform discretization of the

interval [R;, R,] into N''/2 equispaced values. Let peff; m,r) = % log, N + (2m — 1) log, 2.
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Then
> e P < (13)

el
In other words, let"y be a finite collection of order piecewise polynomial estimators defined
on a recursive dyadic partition of the observations. Using this, the estiﬁ]aiefined by (2),

can also be expressed as

flw) = arg min [—logp (x| ') +penf)] . (14)

In this expression, minimizing over a finite collection of estimatbrs, is equivalent to the min-
imization over the finite collection of recursive partitiots, and coefficients{a; ; }, described
in Section 1.

Proof of Lemma 2

Consider constructing a unique code for evérg I'y. If f/ consists of order-polynomials
on each ofn dyadic intervals, then both the locations of thentervals and then - coefficients
need to be encoded. The intervals can be encoded usi2g. — 1 bits. To see this, note that
dyadic intervals can be represented as leaf nodes of a binary tree, and a binary tredeeth
nodes has a total @n — 1 nodes. Thus each node could be represented by one bit—a O for an
internal node and a 1 for a leaf node. This can easily be verified with an inductive argument.
Next them - r coefficients need to be encoded. Since each coefficient has been quantized to
one of N'/2 levels, this requires a total &f" log, NV bits. Thus eaclf’ € I'y can be uniquely
encoded with a total dfm — 1 + = log, N bits.

From the Kraft inequality, we know that the existence of this uniquely decodable scheme

guarantees that
Z 2—(2m—1+%log2N) <1

feln

June 20, 2003



20

Therefore, if petf’) = 5" log, N + (2m — 1) log, 2,

Z e—peﬂf/) _ Z 9~ logz(e)(% log, N+(2m—1) log, 2)
f'el’n f'el’n
_ Z 2—(% logs N+2m—1)

f'el’n
< 1

Y

as desired.
|
The next step in bounding the risk is to bound the KL divergence in (12). Kolaczyk and
Nowak demonstrated that ff is a vector of multinomial probabilities, then

1 2n 12
NK(vapf’) < a”f = f e, (15)

wheren = ). z; is the total number of observations a6 is the lower bound on the true
densityf(t).

The following construction can be used to bound the approximation gifror f’HZ: First
let f,(-) be the besin-piece order- free-knot piecewise polynomial approximation ff-).
Next consider that the: — 1 knots in f,(-) will not normally lie on interval endpoints, but
rather within one of the discrete intervals. Defif;)é-) to consist of the same: polynomials
as f,(-) but with each of the knots shifted to the nearest discrete interval endpoint. Note that,
by constructionf,(-) = f,(-) on all butm — 1 of the N discrete intervals. Finallyf, must be
discretized to obtain a finite collection of models. This is accomplished by quantizing each of
the r polynomial coefficients in each of the polynomials to one ofV!/2 levels to yield the
approximationf’(-). (Recall thatNV = 2M°271 > p) Now recall thatf was defined onV
discrete intervals as followst; = [, f(t)dt fori = 0...N — 1l andl; = [i/N, (i + 1)/N).
Similarly, f/ is defined by integrating’(-) over the discrete intervals. This construction leads
to the following bound on thé, distance between the pnffand the approximatiogf/ (proved

in Appendix B):

Lemma 3 Let f be the sampled and quantized version of the true deri¢ilye B> using N
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integration samples, as defined above, andffebe a similarly sampled and quantized version

of the bestn-piece ordern- piecewise polynomial approximation $f Then

T

m m1/2

2
~ r
15 - £ < (ot o+ 5 (16)

for some constant'.

Recall that|| f — f'HjQ was bounded for piecewise polynomial approximation in (16) above.
This can be combined with (12) and (15) above to yield the bound
~ (1 , 2y 1og, (N
R(f.$) < min {N!\f - £l + %"’(){#eff}} -

T fleln
2 v\ Za5T
This in turn is bounded above Iy <%> ", as desired.
It has been established that
R(F.F) < min { CI1F — FI2 + ~penf)
0= prery | N LT N '

Note that the proposed method of estimating densities on recursive dyadic partitions typically
requires a larger number of polynomial pieces than free-knot approximation would require. The
term || f — f'||7, was bounded assuming polynomial approximation was conductead (ot
necessarily dyadic) intervals. In practice, however, the proposed method would construct this
approximation out ofn log, N dyadic intervals. For example,ff had one breakpoint & — 1,
this would encoded usinlyg, (V) dyadic intervals:[0, %), [§,2Y), etc. In general, any of
the m polynomial segments represented f)/ythat do not lie on a dyadic partition need to be

repartitioned a maximum abg, (V) times. This combined with Theorem 3 yields:
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. ~ 2 ~
win {ullf = 717, + 3 pen(Fmios, N.r) | <
Fery’
2
m r
Com 2 4+ Cy— + C.—
m + bN + N

m—a+1/2 m =% m1/2

r
+CabW + Cac + Cbc

N1/2 N
2 | N
2 (w log, N + (2m 1o, N — 1)log, 2) 17)

=1

This expression is minimized fon ~ (logQ#) ™ Substitution then yields theR(f, f)

is bounded above by ((h)ng(N)) 2511) for some constar®'.
|
Proof of Corollary 1
The risk bound of Theorem 1 can be translated into an upper bound ob, teeror be-
tween f and f as follows. First note thakE [Zi \ﬁ- - fi\} < 2E [H(f, f)} because, for

two densitiesp and g, H*(p,q) < [|p — ¢l < 2H(p,q) [2]. This in turn is bounded by
~ 1/2
2IE [(—ZIOgA(f,f)) ] which follows from the analysis in [14]. This is equivalent to

DI [(—(Q/n) log A(p;. pf))m] , which can be derived by noting tha( £, £) = >, (f.f;)"/2

and .A(p]?, pf) = <Zi(ﬁfi)1/2>n. An application of Jensen’s inequality leads to the bound

n

2 (E [—(2/n) logA(pf,pf)Dl/Q. Finally, this can be bounded by (‘Og%)zsﬂ, for some
constant”, which can be derived by noting from the analysis in [14] that the bounﬂ(q?n f)
is Theorem 1 is also a bound ¢t/ N)E[—2log A(pz, py)| and by recalling that ~ .
|
Proof of Corollary 2 The proof of the risk bound theorem for free-degree estimation requires

another Kraft inequality:

Lemma 4 Let I'y be the collection of allV-length free-degree piecewise-polynomial vectors
defined on a recursive dyadic partition of the observations, and ¢etunt the number of poly-
nomial coefficients where the polynomial coefficients Dy:[R:, R»|, for some aR; < R, for

k =1,...,d and whereDy:[R;, R»] denotes a uniform discretization of the intery&}, Rs]
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into N'/2 equispaced values. Jf has a total ofin dyadic intervals, with thé’” interval having
length¢; = N|I;|, and petif’;m, d, {(;}) = $log, N + (2m — 1) log, 2 + >_7", log, ¢;, then

> e P < (18)

f'el’n

Proof of Lemma 4 As in the fixed-degree case, this bound can be derived by considering
a uniquely decodable scheme for encoding eficle ['y. As before, the locations of the
dyadic intervals can be encoded usiag — 1 bits. Now each of these intervals has lengtand
represents a polynomial of ordef i = 1,...,m, wherer; € {1,...,¢;}. Thuslog, ¢; bits are
needed to encode the polynomial order, gnidg, N bits are needed to encode each coefficient
for the:*" interval. Thus the total number of bits needed to uniquely representféachy is
2m — 1+ 37", (logy £; + Zlogy N) = 2m — 1+ 2log, N + >, log, (.

The remainder of the proof follows that of Lemma 2. |

As in the fixed-degree case, the next step in bounding the risk is to use the bound

1 2n
< —

_K<p,f7pf/) ~ CZ

¥ If =77,

Similar to Lemma 3 in the fixed-degree case, thestimation error must be bounded for free-

degree estimation, which is accomplished with the following lemma (proved in Appendix B):

Lemma5 Let f be the sampled and quantized version of the true derfigity = 3,t”* + 3.
using N integration samples for some constaffsi = 1, 2,3 such that) < C, < f(:) < C,.
Let f’ be as above but with free-degree polynomial approximation on each patrtition interval,

represented by a total af coefficients. Then

~CVd  q1/2 d 2
‘ ) (19)

../2
”f_f”@?SC(WJFTJFN

for some constant'.

This bound quantifies the impact of shifting the knot locations and discretizing the polynomial
coefficients. For a large number of discrete intervalsthis impact is small relative to the free-

knot piecewise polynomial approximation of the true dengity
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In the case of free-degree estimation, equation (17) becomes

min) {n||f - fl||?2 + %per(f';m,d, {&})} <

frer”
m d?
Che 208V L 0y — 1 0,
e + bN + N
e—CsVdy,1/2 e—CsVdg ml/2d

+Cab + Cac

N1/2 N1/2 + Cle N

mlogy, N
2 (d.
+N (Eloge N + (2mlogy, N —1)log, 2 + 2 log, ﬁi)

Note thatm < d and that sincé; < & form > 1, 37" log, ¢; < mlog, N — mlog, 2. This

expression is minimized faf ~ log;# Substitution then yields thaﬂ(f, f) is bounded above
B

by C <$> for some constant’.

II. DISCRETEAPPROXIMATION ERRORBOUNDS

We begin with the proof of the corollary because of its relative complexity. The proof of the
theorem will then follow with only minor modifications to the proof of the corollary.

Proof of Lemma 5 Define d as the total number of coefficients required to represent this
polynomial, and letn be the number of polynomial piecesfg(-). Using the construction of

f’ outlined above and the triangle inequality,

If=FIE = I(F=F)+F—F)+(F, - IR
< f = £l +I1fa = F I3+ 1F, - FI2
+2/|f = Fulleo| Fa = Folles + 21 = Fallel £, — F lle
+2l|f, = Follell £, — Flles: (20)

Note that the last three terms are combinations of the square roots of the first three terms.

Thus, after bounding the first three terms, a total bound can be easily calculated. The first three
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terms of (20) can each be bounded as follows:

M 720[3\/&
Hf - fa”ég S Cll N )
Hfa - fp”?g < Cb N27 and
~ ~ d?
17,7 < o

Consider each of the three bounds separately.

Term a: As in Kolaczyk and Nowak’s work, the Haar basis is an effective tool for bounding
\f — faﬂz2 [14]. Specifically, leth; (i) be the(j, k)-th Haar function on the discrete space
{0,1,..., N — 1}; in other wordsh; 1 (i) = (Xj+1.2641(3) — Xj+1.2¢(2)) /N, 12 wherey;., is
the characteristic function for the discrete analogue of the intdryak= [k/27, (k + 1)/27),
forj =0,....,J — 1,k =0,...,2 — 1, andJ = log,(N); N;, = N/27 is the cardinality
of this set. Similarly, leth$,(¢) be the continuous analog &f;;.(i) on the intervall0, 1], or
he () = 2772(X5 11 apan (B) — X5, 01 (1)) It then follows that(f, hjx)e, = N7V2(f,hS )L,
combining this with Parseval’s relation yields

If = £z, = > <<f,hj,k>ez—<fmhj,k>eg>2

(j k)eJg

= 5 3 (R~ Ganin) (21)
(4,k)eT
whereJ is the setof allj, k) with j = 0,1,...,J—1andk =0, 1,...,2’ — 1. The expression
(21) is bounded above by a similar sum over(gll), which is equal to the squardd approx-
imation error,|| f — fa”%z([o,u)- The analysis in [10] establishes thgt — f,||2, = C,e 2%,
whenf(t) = Byt” + 3, for some constants;, i = 1,2, 3 such thad < C; < f(-) < C,. Inthe
L, bound,d is the total number of polynomial coeﬁicientsfg}(-) and(C, is a constant.
Term b: Becausd) < C; < f(-)C,, the analysis in [15] implie§f — f.|... < C» < oc. By

construction f,(-) hasm — 1 breakpoints. Thus for all but, — 1 of these intervalsf;; = f,..
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For the remainingn — 1 intervals,

’ff,i_fp,i’ < /
I;

Jol®) = Jo(0)| at

C,—Cy+2C
- N
which leads to the final bound
= = m
|Fo = Folle < Co (22)

where(, is a constant independentaf and V.

Term c¢: Quantization of each of thépolynomial coefficients produces the final error term. The
polynomials can be expressed in terms of a shifted orthogonal Chebyshev polynomial basis,
which allows the magnitudes of the coefficients to be bounded and hence quantized. Let
be the polynomial order on thg" interval I;, j = 1,...,m. Note thaty ", r; = d and

r; < {; = N|I;|. The basis representation can then be expressed as follows:

m rj—l

£ =>" " a; T, 1(t)xs, (1)

j=1 k=0

wherea;, is the basis coefficienty is the indicator function, andﬁ}j,k(t) is the normalized

k'™ Chebyshev polynomial with support shifted and scaled to the intdrvalSpecifically,

ﬁmw(t) = (i)l/2 (ﬁ)l/2 Ty <W> wheres = (k > 0) + 1 and T}, is the k" Cheby-

shev polynomial with the property th#f,(t)] < 1. Note that{ﬂa,w}k form an orthogonal
. b [T[a,b],k(t)]Q _ .

(but not orthonormal) basis fde, b]. In other words,| — A=z —dt = 1. This means that the

coefficienta; ;. can be expressed as the weighted inner produg¢f ahd77, .. The magnitudes

of these coefficients can be bounded above using,an L., bound argument; specifically, if
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Ij - [a’ b),

tT]k)

/
()
£ (Gt Co) (|f|> /V wen) !

(2]

— C//|Ij|l/2 )

dt

lajrl =

The second inequality relies on the initial assumption p@eits bounded. It is now possible
to quantize this coefficient to one af'/* levels in [—|1;|"/2C", |1;]'/*C"]. Let the quantized
version of coefficient:; , be denoteda; ;|. This quantization induces the following error for a

givent ¢ I;:

rj—l
15 = F O = 1D (e — las]) T, k(1)

k=0
p Ti—1 1/2
C | L]

< =1

< v 2 (1)

— CIIN1/2

The above bound leads to a bound on the difference between vector elementdwhere
(recall|l;] = 1/N):

foi = FiI < 1R = F(0)ldt
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This yields the final bound:

17, FIE < a0 (i)

VAN
=2|o
w
I
S
5}

2
for some constartt'.. The lastinequality holds because< N and becausgj rf < (Zj rj> =
d?.
The three bounds in the lemma can now be used to bound the remaining terms in (20). For
example, the fourth term is simply twice the square root of tetimes the square root of term

b, etc. Specifically,

_ ~ _ e—Cg\/aml/Q
20 = fallelfa = Folle = Co ——Fmp—
S e~Covig
2||f_fa||£2||fp_f ||£2 < Cac Wa and
e ~ ~ ~/ ml/Qd
2H-fa_prf2pr_fH52 < be N2

whereC,;,, C,., andC,. are constants. Now the entire quantjty — f’Hf2 can be bounded by
sum of the six bounds just derived.
|
Proof of Lemma 3
Define f as in the corollary, and I@‘L(-) be the bestn-piece free-knot piecewise polynomial
approximation off(-). Define the vector,, f,, andf as in the proof of the corollary. Now

the first three terms of (20) can each be bounded as follows:

_f2 < C,
T A e

~ ~ m
Ifo— £, < Cb~, and

~ ~
IF, = Fli < Cogm
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Consider each of the three bounds separately.

Term a: This term is bounded in a manner parallel to that in the corollary with the exception
that a differentl, bound is is applied. Thé, approximation error for either an-term wavelet
approximation or ann-piece piecewise polynomial approximation of ordefdegreer — 1)
decays faster thafi,m~" for some constant’, depending only om when f € B*(L,([0,1]))

[15].

Term b: This term is bounded in a manner identical to that in the corollary.

Term ¢: This term is also bounded in a manner parallel to that in the corollary, but in this case
r; = r. This results in the bound:

7,2

~ ~
pr_fH%g S Ccm

for some constant’..

The remainder of the proof follows the proof of lemma 5. |

[Il. PROOF OFCOMPUTATIONAL COMPLEXITY LEMMA AND THEOREM

Proof of Lemma 1 Because the multinomial probabilities must sum to one, there are only
M — 1 degrees of freedom in choosifgc R. Let0,,_, be M — 1 of the M polynomial
coefficients. It is easy to check that the log multinomial likelihood function is convex in the
multinomial probabilitiesf = 7' 0,,_,. To prove the lemma, we refer to Theorem 5.7 in [23],
which states that it is a linear transformation frof" to R*~!, then, for each convex function
g onRM~1 the functionh = ¢7 defined by

(9T)(0) = g(T0)

is convex in@ onRRY. This and the concavity of the multinomial log likelihood shows tht)
is convex inf.

To see thab is a convex set, consider two admissible coefficient vedpandé, defining
two bona fidedensitiesf; and f,, respectively. Then for any < 1 the densityf; = \f; +
(1 — \)f» is also abona fidedensity, and can be described by the coefficient ve@tor=

A0, + (1 — \)O, is also admissible. As a result, the set is convex. |
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Proof of Theorem 2Recalln ~ N.

Free-degree, exactAt level j in the binary tree, there at8 nodes andV/2’ — 1 possible
polynomial orders for each node. This means that all the polynomial coefficients aj level
can be computed wit® (V) calls to a convex optimization program. Thus the entire program
requiresO (N log V) calls to a convex optimization program afd/N ) comparisons between

different polynomial models.

o Free-degree, approximateNote that there aréV/2’ counts under each node at leyein

the binary tree; if a least-squares fit @fcoefficients toN/2/ data points take®(dN/27)

operations, then the total computational complexity can be expressed as

logy N—1  N/27-1

> 20> O(dN/2') = O(N?).

e Fixed-degree, exactAt level j in the binary tree, all the order{polynomial coefficients
can be computed witlh(27) calls to a convex optimization program. Thus the entire pro-
gram requireiﬁg N1 0(27) = O(N) calls to a convex optimization program a6d.N)
comparisons between different polynomial models.

e Fixed-degree, approximat&imilar to the fixed-degree exact case, the fixed-degree approx-

imate case total computational complexity can be expressed as

logy N—1
> 200(rN/27) = O(Nlog N).

=0
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