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Abstract— Starting with an ordinary parallel concatenatedturbo en-
coder in a block fading Rayleighchannel,we intr oducebit-interleaving of
the outputs, not for time diversity, but to increasethe coding gain. We
develop a guideline metric for designing QPSK space-timecodeswhich
revealsboth the coding and diversity advantageof the system,as well as
shows that it is unnecessaryto guarantee full spacediversity to achieve
goodperformancein Rayleigh fading. Using channela priori information
in the MAP iterations for decoding,we achieve frame error rates within
1 dB of the outageprobability with only modestincreasesin decodingcom-
plexity.

I . INTRODUCTION

In the harshenvironmentof a wirelesschannel,deepfades
causedby multipathinterferencecanseverelydegradeperfor-
mance.Transmitdiversityis aneffectiveway to improveerror
rates,especiallywhenhaving multiple receive antennaswould
be difficult (e.g., when transmittingfrom a basestationto a
mobilephone).

Turbocodes[1] area classof codesthatareableto achieve
errorratesverycloseto capacity, but they typically requirevery
large block sizes,which canbe undesirablein delaysensitive
applicationssuchas voice or video. Orthogonalspace-time
codesdescribedin [2] only requireblock lengthsaslongasthe
numberof antennas,but do not exist for arbitrarynumbersof
transmitantennas.Furthermore,[3] and[4] show that space-
time turbo codesareable to achieve superiorperformanceto
space-timecodesfor thesameblock lengthsin both the time-
varyingandstaticblock fadingscenarios.

Startingwith thesystemin [4], we first createour own sim-
ulation andcompareresultsto checkfor accuracy. Then,af-
terestablishingabaselinecurve,weaddseveralimprovements
basedon our analysisto improvetheframeerrorrate(FER)of
thesystemin a block fadingRayleighenvironment.

A guidelinediversity metric is developedto help improve
coding performance,leading to channel interleavers being
addedeven in the static fadingcase. Additionally, channela
priori probabilitycalculationsareintroducedinto theturbode-
coderto significantlyincreaseperformance.Theeffectsof bit
versussymbollevel granularityin the extrinsic andchannela
priori calculationsareexplored,aswell ashow theQPSKmap-
ping and the orderof decodingaffect the performanceof the
code.

For space-timeturbo codedsystems,several metricshave
beendevised (e.g. [4], [5]) to ensurethat the outputsof the
turbo coderareguaranteedto have full diversity. We do not,
however, makeany attemptsto guaranteefull diversity, andin-
steadarguethatgoodperformancecanstill beachievedbecause
the probability of losing diversity for a given codeword be-
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Fig. 1. The baselinesystemwith the rate2/3 convolutional codeusedin the
CC blocks.

comesverysmallevenfor modestblocksizes.For random-like
codes,it is our experiencethat diversity is lost rarely enough
thatit makesnosignificantimpacton performance.

I I . BASELINE SYSTEM

The systemin Fig. 1 usestwo rate1/2 covolutional coders
in a parallelconcatenatedconvolutionalcoder(PCCC)config-
uration,which resemblesa commonturbo code. The rate2/3
convolutionalcodeusedis alsoshown in Fig. 1, with the first
systematicbit puncturedin theuppercode,andthesecondsys-
tematicbit puncturedin the lower code. The outputsof each
coderarethenfed througha channelinterleaver to spreadout
thebitsoverseveralfadesassumingatimevaryingchanneland
thenmappedasQPSKsymbolsto their respective transmitan-
tennas.Thereis alsoanoptionalmultiplexerwhich alternately
directstheoutputsymbolsof acodeto its own antennaor to the
antennaontheotherbranch.Thereasoningfor thismultiplexer
is allow theoutputsof eachconvolutionalcoderto experience
the fadesof both transmitantennas.As [4] show, however,
thismultiplexing actuallydecreasesperformanceby allowing a
deeplyfadedantennato causeerrorsin bothbranches.In order
to calibratethe performanceof our system,however, we use
thesameunoptimizedversionof theencoder.

Fig. 2 comparesour resultswith thosepublishedin [4] for
a staticblock fadingRayleighchannelwith a blocksizeof 260
informationbits anda randominterleaver. No channelinter-
leaver is used,andtheoutputsof theconvolutionalcodersare
multiplexed. We show goodagreementwith their results,and
thenremovethemultiplexing to createourbaselineFERcurve.

I I I . GUIDELINE DIVERSITY METRIC

In orderto designeffective changesto the turbospace-time
coder, we first want to developa metric to help usdecideif a
codewill performwell or not. Let’s assumethatwe have two
transmitantennas,bothusingidenticalQPSKconstellations.
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Fig. 2. Simulationcomparisonwith publishedsystem,aswell asthebaseline
curve.

We know from [2] that for full diversity codewords, the
probabilityof mistaking

�
for �� is����� ��� ��! #"%$'&)(*,+.-0/21 34 5067584:9 (1)

where & (7; *0+ is the signalto noiseratio (SNR), theexponent
shows the diversity advantage,

5
is the Euclideandifference

betweenthetwo codewords
�

and �� , and
4 5 6 584

, is thecoding
advantage.Full diversityis lost when

5
doesnot have rank2,

but for useful blocksizes,the probability of this is very low,
asour own experienceshows. We will thereforeassumefull
diversity, andtry to increasethecodingadvantage.

Assumingthe usualmappingfrom a bit pair (dibit) < , to a
QPSKsymbol

�
( =>= � 3@?BA , = 3 � 3DCEA , etc),we calculateF

, the differencebetweentwo codewords < and �< in binary
spaceand

5
, thedifferencebetweentwo codewords

�
and ��

in Euclideanspace.Thesearesummarizedin TableI. We see

TABLE I

SUMMARY OF G AND H PROPERTIES.

c C f = c I c̃ F = C C C̃
00 3J?KA 00 =
01 3'CLA 01 M�N A10 C!3J?KA 10 M�N
11 C!3'CLA 11 M�N'MON A

that
4 584 1QPSR�T>U � FV where T�U � FV is theHammingweightofF

. If we performthis operationon eachdibit
5XW

and
5 1 from

theupperandlowerantennas,we canidentify 4 possibilities:T�U � F W  P =ZY\[ T>U � F 1  P =^] 5 6W 5 1 P =T>U � F W  PQT>U � F 1  P 3 ] 5 6W 5 1 P M R AT U � F W  ? T U � F 1  PQ_ ] 5 6W 5 1 P M R M R AT>U � F W  PQT>U � F 1  P N`] 5 6W 5 1 P Mba'MOa A>c (2)

Fromthesecases,we seethat
4 5 6W 5 1 4 PdR2e T�U � F W  T�U � F 1  .We define T W to be the total Hammingweight of the upper

antenna,and T Wgf h to betheHammingweightof the i th symbol
of theuppertransmitantenna,4 5 6 584 P 4j4 5XWk4j4 1 4j4 5 1 4j4 1 C 4j4 5 6W 5 1 4j4 1PmlVn h 4 5 Wgf h 4 1po lqn h 4 5 1 f h 4 1ro Ctsssss sssss n h

5 6Wgf h 5 1 f h sssss sssss
1

u 3rv l n h T Wwf h o l n h T 1 f h o C sssss sssss n h
4 5 6Wgf h 5 1 f h 4 sssss sssss

1
P 3rvEx T W T 1 C 4j4 n h e T Wgf h T 1 f h 4j4 1py c (3)

Thus,theerrorprobability is inverselyproportionalto (3), de-
creasesif T W T 1 grows larger, and increasesif the right hand
sumincreases.Unlike in the BPSK caseof [6], this degrada-
tion is not simply dependanton the numberof placesthat the
Hammingweightof theupperandlower antennasmatch. We
can,however, notethat for a givensymbol,thedegradationis
essentiallymonotonicwith theweight,whichsuggeststwo de-
signrules.

First, for a given codeword, we shouldtry to equalize T Wand T 1 asmuchaspossible.Second,we shouldminimize the
weight for eachdibit symbolto ensurethat thebits arenot too
“clumpy” in agivencodeword(i.e., theonesshouldnotbeun-
evenly spreadthroughoutthecodeword). This is certainlynot
theoptimalstrategy, but it doesprovidea guidelinein thecase
of largecodewordswhich make exhaustive searchesimpossi-
ble.

In order to try to keepthe symbol weightssmall, we use
randomchannelinterleavers to scramblethe outputsof the
coders[6]. Thus,the channelinterleaversshouldimprove the
performanceof thesystemevenif thechannelis constantover
theentireblock length. Equalizing T W and T 1 is difficult given
randominput, but the interleavers make the encoderoutputs
fundamentallydifferent, so the position of onesare not well
correlatedbetweenthetwo branches.

IV. USING CHANNEL A Prioris

Thesoft-input,soft-output(SISO)modulesin the turbode-
codertakein a priori probabilitiesof theinputbitsandtheout-
putsymbolsof theconvolutionalcode,andoutputsa posteriori
probabilitiesby usingtheMAP algorithm[7]. For aPCCC,the
a priori probabilitiesof theoutputsymbolsarecalculatedfrom
thereceivedvaluesfrom thechannel.

In anordinaryturbodecodingprocedurefor a block of data,
theoutputa priori probabilitiesaretheprobabilitythata given
constellationpoint wassentgiventhereceivedsymbol. These
arefedto eachSISOmodule,andremainconstantfor all of the
iterations.Theiterative improvmentof theestimatesof thein-
putbitsarethusonly causedby thecross-couplingof theSISO
modules’inputa posteriori outputs,thereforeupdatingtheout-
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Fig. 3. Sample2x1QPSKconstellation(left), andwith channela priori infor-
mation(right). The circledconstellationpoint is the actualtransmission,and
thesolid circle is thereceivednoisysignal.

put a priori probabilitieson eachiterationshouldimproveper-
formance.

If thereare two transmitantennasusingQPSKto transmit
acrossaflat-fadingRayleighchannel(andassumingtheanten-
nasexperienceindependentfades),theresultingsymbolat the
receive antennawill bea point in a randomsixteen-pointcon-
stellationin the absenceof noise,asshown in the left sideof
Fig. 3. The circled constellationpoint is the actualtransmis-
sion,andthesolid circle is the receivedsignal. Thenoisehas
pushedthereceivedsignalfar enoughaway from thetransmit-
tedpoint thatit is now closerto a differentconstellationpoint.

The probability generatorthat feedsthe SISOoutputa pri-
oris normallycalculatestheprobability that thereceivedsym-
bol ~ wasproducedby the transmitantennassending��� and��� , or ����~�� � � �2�)�Q�p������� where�p� and �w� arepointsin thecon-
stellation� . By Bayes’rule,����~�� ���p� � �Q� � � � ��� �����V�g� � ��� � � � � ~��:����~������� � �2�Z���p�����r�� ����� � �2�)�Q�p������� ~��g� (4)

Assumingequiprobableconstellationpoints, and given that����~�� is presentin theequationfor all constellationpoints,we
seethat ����~2� � � ���8���p������� and ����� � ���8���p������� ~�� differ only
by a constant.Theprobabilitygeneratorthencalculatesoutput
a prioris by����~�� �V�D��� � ��������w�k  �������p� � �Q� � � � � ~��g¡ (5)

andsimilarly for ����~2� ����������� . AssumingtheupperSISOis
run first, theexecutionpathfor theprobabilitiesis probgen¢
SISO1 ¢ SISO2 ¢ SISO1,etc.

This algorithmdoesnot useany of theupdatedinformation
about the encoderoutputsproducedby the MAP, which are
usuallydiscardedor not calculated. Insteadof using (4), we
canmanipulatetheprobabilitiesto allow theupdatedprobabil-
ities to beused.Startingagainfrom ����~�� ���w� � �Q� � � � � , wecan
sumacrossall possiblevaluesof ��� andassumingtheantenna
symbolsareindependent,����~�� �V�D��� � �D���� � �k  ����~£¡¤� � �Q� � � �V�D��� � �

� ����w�k  ����~�� � � �2�)���7�������¥�§¦.�����b�������p� (6)

UsingBayes’rule,we get����~�� � � �Q�p���¨� ����~�� � � ���7���¥�§¦©��� � ���p�ª�����~��� ����~�� �V�D��� � �¥� ¦ �����D��� � �g¡ (7)

wherewe againrecognizethat ����~�� is in everyequation.Note
that the � ¦ �����b�t� � � and � ¦ ��� � �t� � � termsarethea posteri-
ori probabilitiesthatwereoutputby theSISOmodulesduring
the previous iteration. An identicalanalysiscanbe madefor
theothertransmitantennawith therolesof ��� and � � reversed.

Usingthea posteriori probabilitiesfrom theSISOdecoders
canbelikenedto interferencecancellationof theotherantenna.
Theupperantennasendsa QPSKconstellation,but theQPSK
output of the lower antennaspreadseachconstellationpoint
from theupperantennainto four distinctpoints,effectively in-
terferingwith theuperantenna.Thereceivedsignalwill there-
forebeoneof arandomlygeneratedsixteenpointconstellation.

Thea posteriori probabilitiesfrom theSISOdecoderfor the
secondantennawill accentuatepointsin therandomconstella-
tion basedontheprobabilitiesthatit calculates,asshown in the
right sideof Fig.3. Withoutusingthechannela prioris (theleft
sideof Fig. 3), the maximum-likelihood(minimum-distance)
detectorwoulddecideon thewrongconstellationpoint.

On the right, sincethe lower SISO modulehascalculated
which symbol the secondantennawas mostly likely to have
sent,the four pointsassociatedwith the secondantennasend-
ing that symbolareemphasized.The a prioris have in effect
cancelledthe output of the secondantenna. The maximum-
likelihooddecoder, if constrainedto thosefour points,would
choosethe correctsymbol for the upperantenna.Of course,
in actuality that kind of hard decisionwould degradeperfor-
mance. By using the output a posterioris, we are exploiting
thefactthatafterthefirst iteration,theprobabilitiesof thecon-
stellationpointsareno longerequal. Again assumingthat the
upperSISOis run first, theexecutionpathfor theprobabilities
is probgen¢ SISO1 ¢ SISO2 ¢ probgen¢ SISO1,etc.

Thus,by modestlyincreasingthe complexity of the proba-
bility generatormoduleandaddingsomeextra datapaths,we
are able to useall of the information generatedby the SISO
modules.This methodworks even if the constellationsof the
transmitantennasaredifferentsizes,andcaneasilybeextended
to morethantwo antennas.Theseoperationsscalelinearlywith
thesizeof theoutputconstellationsandthenumberof transmit
antennas,and sincethe processingonly dependson a single
symbolata time, it alsoscaleslinearlywith theblock size.

V. OTHER PERFORMANCE ENHANCEMENTS

In addition to adding the channelinterleavers and using
channelaprioris, there were also several small performace
tweaksthatwereimplementedandtested.



A. Bit vs. Symbol Extrinsics and A Prioris

Sincewe know that the inputs to the encodersare uncor-
relatedbits, it would be betterto calculateinput extrinsicsat
thebit-level ratherthanat thesymbollevel. Theoutputsof the
convolutionalcodersaresymbols,soit appearsit wouldbebet-
ter to calculateoutputextrinsicsat thesymbollevel. However,
giventhatoutputsof thecodersarepunctured,thesymbolsare
alreadyalteredat thebit level, soit turnsout thatbit-level out-
put extrinsicsalsoshouldimproveperformance.

For the a priori probabilitiesfed to the channelprobability
generator, onecould alsoenvision extendingthe interference
cancellationideato theactualbits of eachcoder’soutputsym-
bol, effectively usingtheotherthreebits of thesymbolto help
decideon which of the two remainingconstellationpoints is
morelikely. This is misleading,however, becausethe QPSK
symbolstransmittedby theantennasexperiencedifferentfades,
but thebitsin eachsymboldonot. Additionally, bit-levelcalcu-
lationsherewould destroy any joint informationaboutthetwo
bits in eachsymbol,thereforesymbol-level calculationsarethe
betterchoice.

B. QPSK Mapping

Given the resultsof [8], we might find that differentmap-
pingsof thebits to QPSKsymbolswould affect performance.
For QPSK,thereareonly 3 distinctmappingsof bits into sym-
bols, all othersbeing rotations. Gray coding is 0231 going
aroundthe circle, “natural” coding is 0123, and “reversed”
coding is 0213. Gray coding turns out to have the bestper-
formance,which is not surprising,giventhattheconvolutional
coderusedis optimizedfor linearcodes[9]. Thisdoesnot rule
out, however, thata differentcoderjointly optimizedwith the
mapping(especiallyfor higherorderconstellations)mightgive
betteroverallperformance.

C. Ordered Decoding

When thereare only two constituentcodesin the PCCC,
thereareonly two choiceson the orderto run theSISOmod-
ules.OnceoneSISOis chosen,they alternateuntil somestop-
ping criterion is reached.The usualchoicein decodingis to
startarbitrarily. In a gaussianchannelthis is appropriate,since
the outputof eachcoderexperiencesthe samechannel. In a
fadingenvironment,however, the orderof decodingmakesa
difference.By classifyingtheantennasin orderof strengthac-
cordingto themagnitudeof thefadingcoefficient experienced
by eachantenna,wecouldeitherchooseto decodethestronger
antennafirst, or theweaker, or we couldjust arbitrarily choose
oneregardlessof thechannelconditions,asin theAWGN case.
With more than two SISOmodules,thenwe could decideat
thebeginningof eachiterationtheoptimalorderingof thede-
coders.

VI . SIMULATION RESULTS AND DISCUSSION

The improvedencoder/decoderis shown in Fig. 4. The ad-
dition of the channelinterleaversand the feedbackpathsthe
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Fig. 4. Theimprovedsystem,with channelinterleaversandfeedbackpaths.

thechannelprobabilitygeneratorarethemostnotablechanges.
Because[4] shows thatmultiplexing theencoderoutputsactu-
ally decreaseperformance,andfrom our own experience,we
useseparateinterleaversfor eachencoder, to keepfrom “cross-
ing the streams.” The interleaverswereall createdusing the
randomnumbergeneratorof MATLAB, andthe systemswere
simulatedusing500errorsor ­\®°¯K±r®>² inputbits asastopping
criterion. Eachblock experiencesi.i.d. fadeson eachantenna
which are constantover the length of the block, and the de-
coderswererun for 10 iterations.

Fig. 5 shows the effectsof usingbit vs. symbolextrinsics
in thebaselinesystemof Fig. 2. ThecurvesrepresenttheFER
aftereachiterationof thedecoder. Wecanseethatwith justthis
simplechangein theSISOmodule,we areableto gainalmost
1 dB in FER.

In Fig. 6 we show the effect of decodingorderon bit error
rate(BER).Of thethreechoices,startingthedecodingwith the
“weaker” antenna(with thefadingcoefficient thatis smallerin
magnitude)givesthe bestperformance.The curvesin Fig. 6
comparethearbitrarydecoding(in this case,alwaysdecoding
theupperantennafirst) with decodingtheweakerantennafirst.
We seeabouta 0.5 dB gain in BER by decodingthe weaker
antennafirst. This is also a very simple modificationto the
decodingalgorithm,andit doesmanageto squeezeout a little
moreperformancefor almostno effort.

Becausethe first SISOthat is run hasasits input a prioris
equalprobabilitiesfor all inputsymbols,it wouldseemlikede-
codingthestrongerantennafirst wouldbebeneficialbecauseit
wouldbemorelikely to makecorrectestimatesof theprobabil-
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Fig. 5. Symbolextrinsicsvs. bit extrinsics
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Fig. 6. Using the “weaker” (solid line) decoderfirst comparedto choosing
arbitrarily (dashedline).

itiesgivenonly theoutputa prioris. ThesecondSISOandboth
SISOsin all subsequentiterationsget asinput a prioris the a
posteriori probabilitiesgeneratedby theotherSISO.

If bothantennasexperiencecloselymatchedfadesin ampli-
tude, this may give the strongerantennatoo muchof a head
start,andit becomesmoredifficult for the weaker antennato
affect the probabilitiesof the strongerone. This defeatsthe
purposeof thesecondencoder, which helpsto correcterrorsin
the first encoder. If the weaker antennais decodedfirst, then
in somesenseit hasa half iteration headstart in the decod-
ing process.This puts the two SISO moduleson more level
ground,allowing eachto betterhelptheothercorrecterrors.If
thestrongerantennais muchstronger, thentheweakerantenna
wouldnothavemucheffectanyway, sotheorderingwouldnot
beimportantin thesecases.

Fig. 7 is a comparisonof the effectsof usingthe channela
prioris aswell as the channelinterleaverson the FER of the
system. The resultsin this figure were all with systemsthat
alwaysdecodedtheupperantennafirst, dueto timeconstraints
and the small effect of the orderingin this SNR range. The
outageprobabilityis approximatein thisfigure,andtakenfrom
thegraphin [4]. Thedashedline is thebaselinecurvewecalcu-
latedin Fig.2,andtheline with circlesis thesamebaselinecal-
culatedusingbit extrinsicsinsteadof symbolextrinsicsaswith
thedashedline. It is apparentthatusingbit extrinsicsis supe-
rior to usingsymbolextrinsicsin every case,andthatusingbit
a prioris suffers slightly comparedto usingsymbola prioris.
Thusthebestresultsareproducedwhenusingbit extrinsicsand
symbola prioris with channelinterleaving, resultingin a FER
within 1 dB of theoutageprobability.

Notealsothattheslopeis verycloseto ³Z´ , which wouldbe
thefull diversityslope,but wehavenot guaranteeddiversityin
any way. Becausethe blocksizeand the channelinterleavers
make it very improbablethat the two antennaswould trans-
mit symbolsthatcausea lossof diversity, we cangetthesame
kind of performanceasif we hadworkedto gainfull diversity.
Thisallowsusto optimizetheinterleaverfor otherperformance
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gainswithout restrictions.

VI I . CONCLUSIONS

By usingchannela prioris andusing the guidelinemetric
we developed,we wereable to take an existing turbo space-
time systemandsignificantly improve performancewith only
modestgainsin complexity. We alsoshow that it is not neces-
saryto guaranteediversityin theencoder. Thetechniquesused
hereareapplicableto any otherwirelesssystem.
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